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Abstract

We study the axial thermal expansion of fiber glass, relate that

to the two level tunneling systems inter–coupled via the short range

elastic interaction in glass fibers, and compare the result with the

experimental finding.

PACS numbers: 73.60.Aq, 03.65.Bz, 05.Ch.

∗Communication address:

Yaotian Fu

1633 Laclede Station Road

St. Louis, MO 63117, U. S. A.

yaotianfu2@gmail.com

1



While many materials have positive thermal expansion coefficients,[1]

they can be negative without contradicting fundamental laws of physics.

Some of the known negative thermal expansion solids include ZrW2O8 and

HfW2O8, both have approximately cubic crystal structures and negative

thermal expansion coefficients at temperatures from 0.5 K to 1,000 K. [2]

Many glasses have negative thermal expansion coefficients at low temperatures.[3]

The Grüneisen parameter,[4] parameterizing material’s thermal expansion,

is:

γ ≡ (
∂ lnV

∂ lnT
) =

3αY

cv
=
χY

cv
(1)

where α is material’s axial thermal expansion coefficient, χ its volume ther-

mal expansion coefficient, Y its Young’s modulus, and cv its volume specific

heat. We find γ = −7.5 for PMMA,[5] γ = −40 (the part proportional to

T ) and γ = −7 (the part proportional to T 3) for vitreous silica,[6] γ = −7.5

for sodium silicate glass,[7, 8] and γ = −8 for SiO2,[9] while most crystals

have positive Grüneisen parameters γ between 1 and 2.[10] We have made a

qualitative discussion based on the long range elastic dipolar interaction [11]

among the two level tunneling systems (TLS) in bulk glass [12] to explain

this sign difference in thermal expansions between crystals and glasses. Here

we consider the axial thermal expansions of glass fibers.

An entirely harmonic system does not have nonzero thermal expansion. It

is also easy to see that in a system where each atom’s potential energy is left to

right symmetric so that U(x) = U(−x) there will be no thermal expansion.

Consider such a system where two neighboring atoms are separated at a

distance. When the temperature goes up, each atom’s vibrational amplitude

will go up. But if that potential is left to right symmetric, each atom’s

position, time–averaged, will remain at middle unchanged by symmetry so

that two neighboring atoms’s time–averaged in-between distance will also

2



remain unchanged; hence no thermal expansion. It is also easy to see that,

for that reason, while many materials’s thermal expansion coefficients are

positive, they can be negative as well, as they are in many glasses. The

magnitude of thermal expansion of glasses is also often found to be smaller

than what crystals usually have.

Before proceeding to details of the estimate we will first provide a qualita-

tive discussion within classical theory for the low temperature glass thermal

expansion following our discussion above. The inter–atomic interaction is

approximately harmonic at low temperatures and does not contribute sig-

nificantly to the low temperature thermal expansion. It is known that the

low temperature behaviors of glasses are dominated by the two level tunnel-

ing systems (TLS).[12] The TLS are mutually coupled via long range elastic

dipolar interactions.[11, 13] In bulk glass, the inter–TLS elastic dipolar in-

teraction potential is: [14]

U(r) =
1

8π

(1 + σ)(3− 4σ)

(1− σ)

λ2

ρv2g

1

r3
≡ A

r3
(2)

The elastic dipole is a second rank symmetric tensor. Using typical val-

ues, we have λ ∼ 2 eV for the elastic dipole (there is no such thing as

elastic monopole) moment of one TLS, σ ∼ 0.2 for the Poisson’s ratio,

vg ∼ 4, 000 m/s for the speed of sound in glass, and ρ ∼ 2.5 g/cm3 the

for glass’s density of mass. We have then:

A ≡ 1

8π

(1 + σ)(3− 4σ)

(1− σ)

λ2

ρv2g
∼ 2.1eV Å3 (3)

and:

< U >=
cAn

d3
≡ cAN

V
(4)

where N = nV is the number of TLS within volume V , c =
∑i=∞

i=1 1/i3 ≈ 1.19,

and d is the nearest neighbor inter–TLS spacing. Relating the averaged
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kinetic energy < K > to the average of the potential energy < U > by virial

theorem [15] that < U >= 2/3 < K > and the kinetic energy to temperature

T by < K > ∝ kBT , we have:

γ =
∂(lnV )

∂(lnT )
= −1 < 0 (5)

We see then, within classical theory, that the thermal expansion of glass is

negative, of the same order of magnitude as experimentally observed, and

it is therefore plausible to attribute it to the behaviors of the elastically

inter–coupled TLS. Because our argument is based on classical mechanics,

it does not truly explain the thermal expansion of glass at low tempera-

tures since at low temperatures, the motion of the atom obeys quantum

mechanics. It only illustrates the basic cause of the low temperature glass

thermal expansion. We note that Dynes [16] has found that, below Tg, the

thermal expansion coefficient of glass is often smaller than that in liquid as

the molecular orientation and motion contribute less to it. We also note

that Klein, Fischer, Anderson, and Anthony [17] proposed, too, a theory to

explain the negative thermal expansion of glass, obtaining numeral magni-

tudes different from experimental. Sheard [18] suggested that the changes

in potential barrier heights causing smaller tunneling splittings may lead to

negative thermal expansions. Phillips [19] have also considered a connection

between TLS and glass thermal expansion. Papouliar [20] proposed a the-

ory to explain the negative glass thermal expansion with results (Grünnesen

parameter ∼ −10, 000) vastly different from experimental findings defying

the third law of thermodynamics. One part of the glass’s thermal expansion

comes of course from the anharmonic couplings between the atoms.[26] Its

contribution, however, is smaller at lower temperatures as the vibrational

amplitudes of the atoms are smaller.
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We now consider the thermal expansion of glass fiber. The thermal ex-

pansion of a thick fiber is not that different from the thermal expansion of

a piece of bulk glass of some particular size and shape. Things might be

different in a thin fiber. We have shown that, in a strained glass sample such

as a glass fiber, the long range elastic dipole interaction may be screened to

become short ranged. [14] It is therefore of interest to examine the axial ther-

mal expansion of a glass fiber along the fiber axis to see if it might be different

from that of a bulk glass. There have been studies of the thermal expansions

of glass fibers. Hassanzadel–Agham [21] made a micro–mechanical model

of the thermal expansion coefficient of unidirectional glass fiber–reinforced

polymide composite containing silica nanoparticles. The mechanical and

thermal expansion properties of glass reinforced PEEK composites at tem-

peratures from 77 K to room temperature have been examined by Chu and

coworkers. [22] Lee and Song [23] applied the Mori–Tanaka model to study

the elastic and thermal expansion coefficients of glass fiber reinforced com-

posites. Consider a glass fiber of radius a. Two TLS located on the fiber axis

and separated by a distance z interact via the short range elastic interaction:

[14]

U(z) ≈ λ2

2aY
exp(−βz/a) (6)

where β ≈ 1.84 is the root of a certain Bessel function. We assume that

the TLS are uniformly distributed in the fiber. Following virial theorem [15]

we relate the average of the potential energy to the average of the kinetic

energy proportional to kBT . We realize that the average in virial theorem

is an average over time, i.e., over a vibrational period, not an average over

space. Within a confined system, however, the two averages are proportional
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to each other. We then have:

< U >=
λ2

2aY
exp(−βz0

a
) =

2

3
kBT (7)

with z0 proportional to the length of the fiber. From this we determine the

axial thermal expansion of a glass fiber:

α = [T ln(
βλ2

2a3Y kBT
)]−1 (8)

At all easily reachable temperatures, the axial thermal expansion coefficient

α is negative, though this sign may vary depending on the radius of the

fiber and the temperature according to this result. The thermal expansion

coefficients for many glass fibers (most around room temperature) can be

found at www.Engineering.ToolBox.com. It is known that one part of the

glass’s thermal expansion comes from the anharmonic couplings among the

atoms.[26] We know, however, that the anharmonic effects are more pro-

nounced at higher temperatures with larger atomic vibrational amplitudes,

and estimate that at or below room temperature their contribution is no

greater than 20% what the interacting TLS have and would therefore not

significantly change our result. While our treatment is insufficiently accu-

rate for a quantitative evaluation of the thermal expansion of fiber glass, we

hope it can still serve to provide its suggestive estimation. For paraffin–wax,

e.g., the experimental result is α ∼ −4.8 × 10−5K−1 [27] while our result

gives α ∼ −5.3× 10−5K−1 at T = 300K with paraffin–wax’s Y = 2.6× 1019

Pascal, λ = 1.2eV , and our presumed fiber radius a = 1mm. We have been

unable to find experimental report for the temperature dependence of fiber

glass thermal expansion to check with our result. It will also be of interest

to observe what, if any, thermal expansion dependence on the radius of the

glass fiber that exists to compare with our result.
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