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Question 1
Using the double angle formula,
. 1 .
sinacosa = 5 (2sinacos a)

1 .
= 55m2a.

. . . . 1
Since —1 < sin2a < 1, the maximum value of sina cos o is 3

Hence, the answer is A.
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Question 2

By the chain rule,

Hence, the answer is D.
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Question 3

Since y? > 0, the graph of 3* = f(x) only exists where f(x) > 0. From the graph, f(z) = 0atz = —2,0and 5,
with f(z) > 0for =2 <2 <0and z > 5, and f(x) < 0 for 0 < z < 5. For option C,

f(=1) = (=1)(1)(-6)
=6>0
f(1)=1)3)(—4)
=-12<0
f(6) = (6)(8)(1)
=48 > 0.

So f(x) = xz(x + 2)(x — 5) has the required roots and signs.

Hence, the answer is C.
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Question 4

An increasing function has a positive gradient, so the point must lie below the x-axis, where the line
segments slope upwards. This leaves points C' and D.

A function is concave down where its gradient decreases as z increases. Moving to the right through point D,
the line segments become less steep, so the gradient decreases and the solution curve is concave down.
Moving to the right through point C, the line segments become steeper, so the solution curve is concave up.
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The solution curve through D is increasing and concave down, while the solution curve through C'is
increasing and concave up.

Hence, the answer is D.
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Question 5

Adding the two equations eliminates ¢:

r+y= -3+ (5-1t)
=2
y=2—x.

Sincet? >0,z =t>—3> —3and y = 5 — t> < 5. So the graph is the part of the line y = 2 — z starting at
(—3,5) and continuing to the right.

Q\x

Hence, the answer is C.



Question 6

Since g is the inverse of f, f(g(x)) = x. Differentiating both sides with respect to z,

Now f’(z) = 32> — 7 and g(—6) = 2. Thus,

Hence, the answer is B.

Tuition
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Question 7

S(1) is true, since a single number is equal to itself.

The inductive step takes a list of £ + 1 numbers and applies S(k) to two subsets of numbers: the first k
numbers and the last k numbers. Each subset has all its numbers equal. When k > 2, the two subsets share
at least one number, so every number in the list equals that shared number. This makes “if S(2) then S(3)”
and “if S(3) then S(4)” true.

first 3 first 1
A ,—/g
T x2 €3 Ty T T2
~~ e
last 3 last 1

When k = 1, the subsets of 21 and x5 are meant to illustrate that the set {«;, x>} has all numbers equal.
However, these subsets share no number so S(1) gives no link between z; and z5. Thus “if S(1) then S(2)"is
false.

Hence, the answer is B.
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Question 8

From the position vector,

x=b—+/acost
cost = b-=
-7
1simf
=q— —
Y b
sint =b(a —y).
Using cos?t + sin®t =1,
(z —b)*

+ b2y —a)? =1.
For the path to be a circle, the coefficients of (z — b)? and (y — a)? must be equal:

= b2

ISR

N

ab® = 1.

Hence, the answer is D.
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Question 9

The largest selection with no matching pair contains the odd sock and one sock from each of the n pairs,
which is n 4 1 socks. Any selection of n + 2 socks must contain a matching pair.

Since 6 socks do not guarantee a pair but 7 socks do,

n+1=6

n=>5.

Hence, the answer is A.
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Question 10

4
There are (lg) equally likely sets of 10 drawn balls. For the player to win, the 10 drawn balls must include
all 6 of the player’s numbers. The remaining 4 drawn balls can be any of the other 40 balls, which can happen
in (44()) ways. Thus,

Hence, the answer is A.
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Question 11

(@) 2 marks

Since 927 — 1 = (3z — 1)(3z + 1),
Plz)=Bx—-1)Bz+1)Q(x)+ 3z +7

for some polynomial Q(z). By the remainder theorem, the remainder when P(z) is divided by 3z — 1 is

1 1 1 1
P<3>0.<3~3+1>Q<3)+3.3+7

=38.

12
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(b) 3 marks
Since x # 3, multiply both sides by (z — 3)* > 0:

r+6

z—3

(x+6)(z —3) > 4(x — 3)?
(x+6)(z—3)—4(x—-3)2>0
(x=3)[(x+6)—4(x—3)] >0
(x—3)(18 =32) >0
3(x—3)(6—x) > 0.

(z —3)* > 4(x —3)?

The parabola y = 3(z — 3)(6 — z) is concave down with roots x = 3 and x = 6, so it is positive between
its roots.

y=3(x—3)(6-=2)

T

Hence, 3 < x < 6.
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1

(c) 2 marks
The domain of sin"tzis —1 < < 1 and its range is —g <sin~
1< <
<3<
—3<x<3.
For the range,
—— <sin™! (f) < il
3 2
—7 < 2sin! (g) <.

Hence, the domainis —3 < x < 3 and therangeis -7 <y < 7.

14
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(d) 2 marks

Since the vectors are parallel, one is a scalar multiple of the other:

m _ \ m— 2 -
-8 1
Equating the second components gives A = —8. Equating the first components,

m=—8(m —2)

m = —8m+ 16
9m = 16

16
m=—.

9
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(e) 3 marks
Factorising by grouping,

2cos®r —2cos’z —cosz+1=0
2cos?z (cosz —1) — (cosz —1) =0
(cosz —1) (2cos®z — 1) = 0.

Casel:cosxz =1

r=0
Case 2: 2cos?z—1=0
cos2x:1
2
cos jzl
r=x—.
V2
For T < <7rcos >0, so cos 1and ﬁ:7r
——<z< T , rT=— r==x—.
2 =772 = V2 4
™ ™
Hence,z = ——, 0 or —.
Ty 4
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(f) 3 marks
Let u = 22
du = 2z dx
1
xdxzidu
1 1
Whenz =0,u =0. Whenx:—2,u:§.Thus,
7 e 1
2 €T 2
76156:/ r dx
o V1—a% 0 1— (22)2
1
1/5 1 d
= - — du
2 0 \/1—u2
1
= [sm_lu]g

[N R e

7 N
v,
3
|
—
—

—_— .71
5 sin 0)

N
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Question 12

(@) 2 marks

Let X be the number of people with blood type B+. Then X ~ Bin(20,0.12).
P(X>2)=1-P(X=0)—P(X =1)
2 2
=1- (00> (0.12)°(0.88)*° — ( 10) (0.12)*(0.88)*

=1—(0.88)% —20(0.12)(0.88)*°
~ 0.711
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(b) 3 marks
We proceed by mathematical induction.

Basecase:n =1
1(17 +2) =3,

which is divisible by 3.

Assumption: n = k, for some integer k£ > 1
k (k* +2) = 3M, where M is an integer
Inductive step: n =k + 1

RTP: (k + 1) [(k + 1)* + 2] is divisible by 3
(k+1)[(k+1)*+2] = (k+1) (k* + 2k +3)
=K%+ 3k +5k+3
= (k*+2k) +3k* + 3k +3
=k(K+2)+3 (K +k+1)
=3M + 3 (k* + k + 1) by assumption
=3(M+K +k+1).

Since M + k* + k + 1is an integer, (k + 1) [(k + 1)* + 2] is divisible by 3.

Hence, by mathematical induction, n (n2 + 2) is divisible by 3 for all integers n > 1.

Tuition
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(c) 2 marks

20
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(d) 2 marks
Let o = tan~'(52) and 8 = tan~!(3z), so tan a = 5z and tan 3 = 3xz. Taking the tangent of both sides,

1
tan(a— ) = 1
tana—tanf 1
l+tanatan3 4
5r —3z 1
1+1522 4

8 =1+ 1527

1522 -8z +1=0
bz —1)B3x—1)=0

1
r=—-0orx= .
5 3

1
For both values z > 0,s0 5z >3x >0and 0 < a— 3 < g Since tan(a — 8) = 1 with o — 8 in this

3
Alternatively, test each solution in the original equation with a calculator:

1 1 1
interval, « — f =tan™! (4) Hence, z = £ orx = —.

1
tan—! (4) ~ 0.2450

1
Wh =,
enz=¢

When z = 1
3

21
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(e) 3 marks

Using the dot product,

Cos

N

(=) 6)- 16
m+6=/m?+4-V10-
m+6=+/5(m?+4).

The right-hand side is positive, so m > —6. Squaring both sides,

Sl

(m+6)>=5(m*+4)

m? + 12m + 36 = 5m? + 20
4m? —12m —16 =0
m2—3m—4=0
(m—4)(m+1)=0

m=4orm= —1.

Both values satisfy m > —6. Hence, m = 4 or m = —1.



(f) (i) 1 mark

Since CD is the perpendicular bisector of AB, E is the midpoint of AB. Thus,

OF = OA+@>

1
5

71 3cosf —4sinf+ 3cosh+4sinfd
2 \3sinf+4cosf +3sinf — 4cos b

1 6 cosf
2 \ 6sind
:3<Cc,)s ) as required.
sind

Tuition
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(i) 2 marks

AE = OE - OA

_ [3cosf —(3cosf —4sinb)
~ \3sinf — (3sin6 + 4cosh)

[ 4sind
"\ —4cosé
2
‘ﬁ‘ =16sin’60 + 16 cos? 0
=16

‘O?‘ = 3v/cos26 + sin?6

=3

Since F lies on the radius OC and the radius of the circle is 5,

CE|=5-3
—2

DE|=5+3
=3

‘C_é’ DE| =28
— 16

2
= ‘E‘ as required.

)
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Question 13

(@) 3 marks
1
Withp = —,
ithp =7
1.3
o2 — 44
n
-3
~16n
V3
4/n’
The student passes when p > 0.2. Converting into z-scores,
2-0.2
P(p>0.2) P(Zz 005>
g

=P <Z < 005) by symmetry.
g

From the table, P(Z < 2.33) = 0.9901. For at least a 99.01% chance of passing,

005 - 5 33
g
0.05 - 4 > 2.33
V3
2.33v/3
>
Vi = 0.2
. 2.332.3
= 0.04
= 407.1675.

Hence, the smallest value of n is 408.

25
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(b) 2 marks

ws=(5)+ () + (1) ()

m(m—1) n(n-—1)

= 5 + 5 +mn
~m®—m+n®—n+2mn
B 2

(m? + 2mn +n?) — (m +n)
B 2
~ (m+n)?—(m+n)
B 2
_ (m+n)(m+n-—1)

2

_[m+n
(")
=LHS

Alternate Method:
Consider the identity

(1+2)™™ = (1+2)™(1 + )™
By the binomial theorem, the coefficient of 2 on the left-hand side is <m ; n> On the right-hand side,

aeararay = [(0)+ (7)o (1) [(0) + () ()]

The 22 terms come from multiplying the z° and 2 terms, the 2! and z! terms, and the z2 and z° terms.
So the coefficient of 22 is

GG+ +G)E) =66+ G)

Equating the coefficients of 22,

26
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(c) 4 marks

. . 9 . . .
Rearranging y = §x2 gives 2 = Ey The volume of water when it has height i is

h
V:7r/ z? dy
0
h
9y
=7 dy
I
97 [yQ]
5 2],
_97rh2
10
Yy
y=10---
5
y=§m2
y=n----
T

The capacity of the glass is the volume when h = 10:

97 (102
L om (102)
10
= 907.
At half capacity, V = 45
9rh?
T 457
h? = 50

h =5v2 since h > 0.

By the chain rule,

v _dv. dh
dt — dh dt
9rh dh
15="—+.2
g 5 dt
dh 75
dt — 9mh
_ 25
© 3wh’
When h = 5v/2,
dh 25
dt 37 -5v2

27
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~ 0.375 cms™ 1.
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(d) (i) 3 marks

The plane makes an angle of 45° with the horizontal and passes through O, so it lies along the line
y = x. The particle hits the plane when its horizontal and vertical components are equal:

20t sin § — 5t* = 20t cos 6
5t — 20t sin@ + 20t cos = 0
5t(t —4sinf +4cosf) =0
t =4(sinf — cos ) since ¢t > 0.

At this time, the horizontal displacement is

2 =20-4(sinf — cos ) cos
= 80cosf(sinf — cosb).

Since P lies on y = z, the vertical displacement of P equals its horizontal displacement. Thus,

£ =22+ 22

=2z

= 80v/2 cos A(sin# — cos ) as required.

29



30

HSC exam solutions

(i) 3 marks

0= 80V2 (sinfcosd — cos 0)
df

i 80v/2 (cos®  — sin” @ + 2 cos fsin 0)

= 80v/2 (cos 26 + sin 26)

dr
Stationary points occur when i 0:

cos 20 +sin20 =0
tan 260 = —1.

The particle must be projected above the plane, so % <0< I, thatis g < 20 < 7. Thus,

2
3
20 = —
4
3
0=—.
8

Testing the nature of the stationary point,

d*¢

—3 = 801/2 (—2'sin 20 + 2 cos 26)

= 160v/2 (cos 26 — sin 26)

When 0 = :%T

d2¢ 1 1

— =160V2 [ —— — —

d6? ( V2 ﬁ)
= —320

< 0.

Hence, ¢ is a maximum when 0 = ?%T thatis § = 67.5°.



Question 14

(@) 2 marks

Since g is the inverse of f, f(g(x)) = z. Differentiating with respect to z,

Tuition

Since f is increasing, f'(x) > 0 for all z, so [f’(g(a:))]3 > 0. Since f is concave up, f”(x) > 0 for all z, so

" (g(z)) > 0. Thus, ¢"(z) < 0, so g(z) is concave down.

31
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(b) 3 marks
Since the curve passes through (%, —e), y # 0. Separating the variables,

dy
2
cos®r—= =
xdm 4
1d
YW _sec?y
y dx

1
/fdy:/seCQJsdx
Y

Injy| =tanz +C

|y| _ 6tan z+C

y = Ae®™"? where A = +¢©.

When x = % y = —e. Thus,
—e = Ae®"%
—e = Ae
A=-1



(c) 3 marks

Rearranging,

3cosx —3sinz+msinz =5

3cosx + (m —3)sinz = 5.

Let 3cosz + (m — 3) sinx = Rcos(x — «), where R > 0.

Rcoszcosa+ Rsinxsina =3cosz + (m — 3)sinz
Rcosa =3
Rsina=m—3
R?* = 3%+ (m — 3)?

R=+/94+ (m—3)?

Since —1 < cos(x — «) < 1, the equation R cos(x — a)) = 5 has no solutions exactly when R < 5:

9+ (m—-3)2<5
9+ (m—3)2<25
(m—3)% <16
—4<m-3<4
-1<m<T.

Tuition
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(d) 4 marks

Separating the variables and using the given result,

dP _ P(5000 — P)

dat 5000
5000 dP _

P(5000 — P) dt

1 1
/<P+5000—P> dP—/ldt

In|P| —n|5000 — P| =t + C.
When ¢t =0, P = 7000. Thus,

ln 7000 — n [5000 — 7000| = C

C = In 7000 — Ln 2000
7
=1ln bk
When P = 5100,

7

(n 5100 — Ln [5000 — 5100| = ¢ + ln =
7

n 5100 —n100 =t + ln -

7

t=1lb1—-1ln_

n ng
102

:li
"

=~ 2.68.

Hence, it takes approximately 2.68 years for the population to reach 5100.
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(e) 3 marks

By the product rule,

1

y=ztan "z
dy 1
— =tan —
dx T 1+ 22
When z = 0,
dy 1 0
—=tan "0+ ——
dx + 1+0
p— O7
so there is a stationary point at (0, 0).
-1 T dy -1 dy
Forx > 0,tan™ " 2 > 0 and >0,s0—= >0. Forz<0,tan” "2 < 0and <0,s0 —= < 0.
14 22 dx 14+ 22 dx

Thus, dy # 0 for x # 0.
dx

1

Hence, y = xtan™" z has only one stationary point, at (0, 0).
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