
 

Understanding Non-Linear Strain-
Displacement Relations In The 
Elliptical Co-ordinate System 

 

(with applications to holes in a thin plate) 

 

Rajen Merchant 

Introductory Sample 
(not for sale) 

0

1

2

3

4

5

6

0 0.1 0.2 0.3 0.4 0.5 0.6

σyy/E 

Syy/E 

Tip Stress σyy/E for six models at various 
uniaxial far field stress Syy/E levels    

Singh et al Eng.

1. Eng Cau

2. Green Cau

3. Log Cau

4. Log Kir

5. Alman Cau

6. Alman Kir

as = 1 

bs = 0.1 
ν = 0.3 Sxx/E = 0 





Understanding Non-Linear
Strain-Displacement

Relations In The Elliptical
Co-ordinate System

(with applications to holes in a thin plate)

Rajen Merchant

Introductory Sample

(not for sale)



Copyright 2019

It is illegal to reproduce, duplicate, or transmit any part
of the full version of the monograph by either electronic
means or in printed format. Recording of the full version
of the monograph is strictly prohibited and any storage of
the full version of the monograph is not allowed unless writ-
ten permission from the author is obtained.

However, this introductory sample may be trans-
mitted by any means to interested parties.

The information provided in the full version of the mono-
graph is checked for accuracy. However, any liability arising
from any usage of formulas and/or concepts contained in the
full version of the monograph is the sole responsibility of the
reader. Under no circumstances will any legal responsibil-
ity or blame be held against the author and the publisher,
jointly or severally, for any reparation, damages, or monetary
loss due to the use of information therein, either directly or
indirectly.

This introductory sample which may be distributed
without the consent of the author is a brief excerpt
from the full version of the book with 240 pages.

Please note that the information contained within this
book is for educational and research purposes only. Any
commercial use without the written permission of the author
is strictly prohibited.
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Preface

The second monograph is also specially written for stu-
dents and researchers in mechanical and/or civil engineering,
solid mechanics, materials science, physics, and mathemat-
ics. Professors teaching this subject will find it very useful.

The first monograph (titled Understanding the Elas-
tic Stress Field Around an Elliptical Hole in a Thin
Plate (in the deformed configuration)- ISBN 978-1-
48359-262-6 ) utilized stress equilibrium conditions to de-
velop expressions for stress components which contain a pa-
rameter αe. This second monograph does not deal with stress
equilibrium conditions. It deals with strain-displacement re-
lations as well as stress-strain relations and shows how to
evaluate αe for linear elastic materials.

I thank Prof. Rajendra Dubey for introducing me to the
basic concepts of current configuration and the use of el-
liptical co-ordinate system. Prof. Mahesh Pandey provided
initial financial support for Phase 1 of this research. Prof. G.
Glinka often set aside time out of his busy schedule whenever
I requested help. I am indeed thankful to Prof. Katerina Pa-
poulia for providing partial financial support for Phase 1 of
this research as well as pointing out difficulties in the original
model. However, most of this Phase 2 research was devel-
oped after 2013. Dr. Amin Eshraghi devoted (and continues
to devote) a lot of time verifying my work. Dr. Anup Sahoo
also spent a considerable amount of time reviewing my work
and providing me encouragement when I needed it most. His
guidance was useful since he had worked on similar models.
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The University of Waterloo provided some financial support
while I was registered as a graduate student. Prof. Rashmi
Desai was always available for any difficulties I faced. I am
thankful to Prof. Amit Singh for a detailed review of this
second book and Prof. Jit Sharma for writing the Foreword.
Prof. Bhalchandra Puranik’s guidance was very helpful.

I sincerely thank Rekha (my wife) for logistical support
and being supportive when I was spending hours at a time
analyzing various scenarios. My children Reena and Himan-
shu helped a lot in the production of this monograph and
related video presentations. My special thanks to the pub-
lisher bookbaby.com for taking care of all details related to
printing and distribution of this monograph.

I bear full responsibility for the content and presentation
including any errors and omissions in this work. However,
I and the publisher assume no responsibility for damages
resulting from the use of the information contained herein. I
will greatly appreciate any comments and suggestions. I can
be reached at 1-416-725-0909 or rajen.merchant@gmail.com.

I appeal to you not to copy any part of the full version
of the monograph. Monographs are usually not sold in large
numbers. Also, monographs that involve complicated math-
ematical expressions are not easy to typeset. I have tried
my best to keep the cost of each book to an affordable level
so that as many students (and researchers) can buy, read,
understand, and apply these concepts in their work.

Rajen Merchant

Toronto, August 2019
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Foreword

It gives me great pleasure to write this foreword for Mr.
Rajen Merchant’s second book on the stress-strain analysis
of an elliptical hole (representing a defect in a continuum) in
an infinite thin plate. The first book focused exclusively on
the evaluation of stress field based upon the stress equilib-
rium conditions. The Airy stress functions were developed
in the first book so as to satisfy the field equations of equi-
librium, expressed in the current (deformed) configuration.
The results presented in the first book showed stress concen-
trations that are orders of magnitude higher in certain condi-
tions once the defect changes shape. This second book incor-
porates non-linear strain-displacement relations as well as a
constitutive (stress-strain) relation for isotropic linear elastic
materials. The most innovative aspect of these two books is
Rajen’s use of the elliptical coordinate system, which enables
a clearer evaluation of the parametric trends of the resulting
stress terms.

Students and researchers from a wide range of disciplines
from mathematics, physics, and material science to solid
mechanics and engineering would find these two books ex-
tremely useful for analyzing a wide range of problems, such
as glass panel fractures (in car windscreens, for example),
tunnelling in soft ground and hard rock, reservoir geome-
chanics problems associated with carbon dioxide sequestra-
tion, etc. In the case of tunnelling and reservoir geomechan-
ics problems, it is not clear how well the finite element and
boundary element models capture the deformed state and
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the risk of localized rupture and subsequent progression of
failure; the solutions contained in these two books will be
of tremendous help in this regard. Last, but not least, this
is a standard problem in steel connections (perforated mem-
bers bolted to each other) where establishing the strength of
the critical crack / tear path is an important design issue.
The equations described in these two books could be used
to analyze and design plates containing multiple holes via
superposition, thereby deriving critical values for the spac-
ing of openings to preclude tear-off prior to global yielding
of the steel plate overall.

I commend Rajen for his very detailed and innovative
analysis of this age-old problem in classical theory of elas-
ticity using a more general elliptical coordinate system of
which the polar coordinate system is a special case. I have
no doubt that these two books will be well received and ex-
tensively used by the scientific community.

Jitendrapal (Jit) Sharma Ph.D., P.Eng.

Professor and Inaugural Department Chair (2013-2018)

Department of Civil Engineering

York University

Toronto, Ontario, Canada
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Introduction

Stress at the tip of a central elliptical hole in a thin plate
(very long in other two dimensions) has not been understood
well because of difficulties in determining displacement and
deformation gradients when an elliptical shape deforms to
form another elliptical shape. It is indeed convenient to use
elliptical coordinate system while analysing elliptical holes.
However, the grid in an elliptical coordinate system is not
fixed; it can shift when an elliptical shape deforms to form
another elliptical shape.

In this second book, it is shown that when displacement
caused by such a shift is included in the total displacement,
it leads us to correct expressions for displacement and de-
formation gradients and consequently to a much improved
analytical solution.
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In the first book (titled Understanding the Elastic
Stress Field Around an Elliptical Hole in a Thin
Plate (in the deformed configuration)- ISBN 978-
1-48359-262-6 ), only stress analysis was carried out in the
deformed configuration. We did not involve strain-displacement
relations, stress-strain relations, and material properties. Hence,
the complete solution could not be attained. That is why
expressions for stress components presented at the end of
Chapter 2 in the first book contained a parameter αe. How
to determine the value of αe is shown in this second book.

Not to involve strain-displacement relations, stress-strain
relations, and material properties in the first book was in-
tentional. By doing so, the dichotomy present in the to-
tal solution can be emphasized and the sole impact of geo-
metrical non-linearity can be readily interpreted. Further-
more, since strain-displacement relations, stress-strain rela-
tions, and material properties are not considered in the first
book, the analysis and the results presented in the first book
are applicable to all materials.

The first book does not deal with deformation. It shows
that, even without dealing with deformation (small or large),
the stress field depends on the final configuration. Further-
more, there are special features (e.g. the zero stress point,
localized nature of the disturbance, tip stress depends on the
shape and not the size of the hole) of such a stress field which
are presented in Chapter 3 onward in the first book.

Since the first book does not deal with deformation, it can
be a strong reference book for a beginning course on stress
analysis where deformation is not introduced (or discussed).
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The first book shows how to exploit features of the elliptical
co-ordinate system and the complex analytic functions to
obtain expressions for the stress field that contain only one
parameter αe (in comparison with only one parameter in
polar co-ordinate system i.e. radius r). It illustrates how to
apply the boundary conditions in the deformed configuration
to study the sole impact of geometric non-linearity.

In this second book, we study non-linearity in strain-
displacement relations. However, we consider only the linear
portion of stress-strain relations. We assume Young’s mod-
ulus, E, and Poisson’s ratio, ν, are constant. Consequently,
the analysis and the results presented in this second book
are applicable to only linear elastic materials.

Thus, the second book addresses mathematical aspects
of only kinematics of this topic and subsequent solutions.
Historical perspective and references to any other articles or
books are not included. Details of analysis related to stress
equilibrium are also not included here. Historical perspec-
tive, references, and detailed stress analysis are presented in
the first book. However, results derived from the first book
which focussed on analysis involving stress equilibrium are
used here.

As in the first book, we assume there exists a central el-
liptical hole in a plate whose length (along X axis) and width
(along Y axis) are much larger than its thickness (along Z
axis) such that we can treat it as a two dimensional (XY)
plane stress problem. It has been shown in the first book
(page 32) that at the tip of such an elliptical hole with
its major axis along X axis, there exists only vertical stress
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σyy = [Syy]
[
1 + 2ae

be

]
− [Sxx], where Sxx and Syy are far field

applied stresses (in horizontal i.e. X and vertical i.e. Y direc-
tions respectively) while ae and be are semi major and semi
minor axes of the elliptical hole at the end (not in the begin-
ning), i.e. in the deformed state. Similarly, at the top of an
elliptical hole with its minor axis along Y axis there exists

only horizontal stress σxx = [Sxx]
[
1 + 2be

ae

]
− [Syy]. Many re-

searchers do not distinguish between the predeformed (start-
ing) and deformed (ending) values for a and b. Many have
formulas for tip stress for uniaxial loading only where terms
involving Sxx are not involved.

In this second book, first we develop expressions for dis-
placement and deformation gradients when an elliptical shape
deforms to form another elliptical shape. Subsequently, these
developed expressions for displacement and deformation gra-
dients are linked with the above mentioned expressions for
stresses (from the first book) through Hooke‘s law using four
different definitions of strains (Green, engineering, logarith-
mic, and Almansi) to obtain lengths of semi major axis ae
and semi minor axis be of the deformed elliptical hole.
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REVIEWS AND
ENDORSEMENTS
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A REVIEW

by

Amit Singh
Assistant Professor

Department of Mechanical Engineering

Indian Institute of Technology, Bombay, India

July 8, 2019

This monograph by Rajen Merchant is a welcome addition
to the vast literature around the stress distribution in a thin
plate with circular and elliptical holes. Kirsch [1] in 1898
came up with the first analytical solutions for the stress
concentration around a circular hole in an infinite plate us-
ing Airy function approach. Then Inglis [2] in 1913 used
complex potential functions and developed solutions for the
stress field around elliptical holes in an infinite plate with
the help of elliptical coordinate system (ECS). This led to
further growth in literature [3, 4] where many such problems
have been solved.

The attempts have also been made to develop closed-form
solutions in Cartesian coordinates since solutions in ellipti-
cal coordinates are not convenient for application to strength
analysis [5]. However, any information about the deformed
configuration is not explicit in these relations developed in
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Cartesian coordinates, moreover, the relations become cum-
bersome, therefore, the author likes the ECS and presented
the stress field in terms of a shape parameter αe of the de-
formed configuration in a monograph published earlier [6].

The present monograph develops relations for displace-
ments and deformation gradients in ECS and uses four dif-
ferent definitions of strain (Engineering, Green, logarithmic
and Almansi) as well as Hooke’s law as constitutive equa-
tion, to obtain lengths of semi major and minor axes, ae
and be, respectively, of the deformed elliptical hole. Then,
the monograph derives expressions for stress distribution in
terms of material parameters, Youngs modulus E and Pois-
sons ratio ν, applied stresses and initial geometry described
by as and bs.

The real substance of the whole book has already been
presented by the author in the final Chapter 12 where sum-
maries and conclusions of each chapter from 1 to 11 have
been provided. The first two chapters are very interesting
from the point of view of understanding nuances of the ECS
when compared to Cartesian coordinate system (CCS), espe-
cially for the beginner. The first chapter tries to find analo-
gies of straight lines x = constant and y = constant in the
CCS with ellipses α = constant and hyperbolas β = constant,
when the coordinate transformation of a point (x, y) in the
CCS to (α, β) in the ECS reveals that x = c coshα cosβ
and y = c sinhα sinβ, where tanhα = b/a, a = c coshα
and b = c sinhα. Thereafter, the effects of changes in c and
α upon the nature of elliptical and hyperbolic curves have
been explored. Chapter 2 deals with the displacements in
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the ECS and concludes that displacements at the tip and
top of the elliptical curve are horizontal and vertical, respec-
tively, whereas they are not perpendicular to the ellipse at
other points on the curve. Furthermore, it has also been
shown that any displacement vector can be decomposed into
two components, one due to change in c and the other due
to change in α from the starting elliptical configuration to
the end elliptical configuration. The analogy of a deforma-
tion with constant α and changing c with constant passenger
coordinates with respect to driver in a moving car is illumi-
nating and helps build the intuition among the readers about
the meaning of α, β, and c in the ECS.

Chapter 3 provides a detailed derivation of both α in
terms of x, y, c and x, y, β, and β in terms of x, y, c and x, y,α.
Chapters 4 and 5 help derive the displacement and deforma-
tion gradients for the displacement u ≡ (ux, uy) of a point
from (xs, ys) to (xe, ye). Chapter 6 presents Hooke’s law for
the plane strain/stress and derives strains at the tip and top
of the hole in terms of material constants, applied stresses
and the ratio ae

be
. Chapter 7 presents four different definitions

of strain. Chapter 8 provides the expressions for ae and be
for the deformed configuration when the engineering strain
is chosen for Hooke’s law showing relationship between the
Cauchy stress and the engineering strain. This helps find
solutions for stresses in final configuration and both tip and
top of the holes have been analyzed in great details. The
expressions for stresses were compared with Singh, Glinka
and Dubey (1994) [7] and it was found that the results ob-
tained by them are the special cases (ν = 1) of the general
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solution developed in the monograph. A comparison with
small deformation theory has also been provided and it was
concluded that stress values obtained by small deformation
theory serve as upper bound for the general results.

Chapter 9 develops equations for obtaining ae and be
when Green, logarithmic and Almansi strains are used in
the analysis. Chapter 10 describes procedures for solving the
equations obtained in Chapter 9 for Hooke’s law based five
different constitutive equations relating (a) the Green strain
with the Cauchy stress, (b) the logarithmic strain with the
Cauchy stress, (c) the logarithmic strain with the Kirchoff
stress, (d) the Almansi strain with the Cauchy stress, and
(e) the Almansi strain with the Kirchoff stress. Thus we get
six different models, five described in Chapter 10 and one in
Chapter 8.

Finally, Chapter 11 compares results for six different mod-
els under four loading conditions. It was found that, for the
loading case Sxx = 0, be does not depend upon as for all six
models, i.e., it does not matter if the initial hole is circular,
elliptical or a sharp long crack. Similarly, when Syy = 0, ae
does not depend upon bs for all six models. The displace-
ments of points on the contour of the elliptical hole were
also compared for all four loading conditions and important
conclusions were drawn with regard to expansion and con-
traction of the semi major and minor axes. Zero stress points
and tip stress were also compared. In the last section of the
Chapter, limitations of models were considered, where it was
first noted that material non-linearity was not discussed at
all and secondly, the geometrical non-linearity implicit in
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strain definitions may not find any solutions for particular
loading conditions and/or initial geometry.

Overall, the chapters have been written clearly with
enough details and therefore can aid teaching of any under-
graduate or graduate level courses without much difficulties.
The uncluttered graphs and explicit tables help understand
the equations and procedures. There are couple of sugges-
tions though:

• The notion of β appears on page 6 without any intro-
duction. It assumes familiarity with the ECS or the
monograph published earlier. We felt that upper por-
tion of the first paragraph on page 7 can be shifted to
the beginning of second paragraph of page 6.

• The trial and error procedures introduced in Chapter
10 are not very sophisticated. Some advance methods
to solve the non-linear equations of Chapter 9 based on
iteration and convergence in different function spaces
such as non-linear Gauss - Seidel method and other
methods [8, 9] could have been introduced.

Regardless of these minor issues, which can be easily ad-
dressed, the monograph is excellent in convincing the reader
that working with the ECS and final shape parameters in de-
formed configuration makes the analytical solutions simpler
to understand, which also helps think about the problems
in a much clearer way with better intuitions. Its inclusion
for both students and teachers of the subject as a nice text
cannot be recommended more.
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Author’s note : The first suggestion by Prof. Singh
is implemented by reshuffling the text on pages 6 and 7.
For the second suggestion, a paragraph on top of Chapter
10 has been inserted noting that a discussion on sophisti-
cated computational procedures is beyond the scope of this
book. However, if there is sufficient interest, such a dis-
cussion in detail may be presented in future as part of the
third book on ”Applications” where analytical results can be
compared with results from FEM codes and/or experimental
studies. Suggestion have been made to use analytical results
as benchmarks to evaluate FEM codes.
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AN ENDORSEMENT

by

Rashmi C. Desai
Professor Emeritus, Department of Physics

University of Toronto, Toronto, Canada

July 12, 2019

The science of elasticity and especially the stress-strain re-
lations are fundamentally important due to their relevance
both in Physics and in a large variety of applications. Non-
linear relations play very important role in analysis of stresses
and associated strains. The first two books by Rajen Mer-
chant in this area are remarkable and outstanding. First one
deals with geometrical non-linearity and develops a stress
function for elastic stress for a thin plate system with an el-
liptical hole. The second book describes his derivations and
ideas about non-linear strain displacement expressions for
the same system.

Rajen uses the elliptical coordinate system since it is
much more versatile. This is very challenging; his derivations
are impressive and resulting exact expressions are truly new
results emerging from his research. He has compared his the-
ory and various approximate models by others, which is also
very useful to researchers in this area. This series of books
by Rajen Merchant should be in various University libraries,
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so that they are available to students in Civil Engineering,
Physics and other areas where elasticity theory is of use and
value. I congratulate Rajen for this novel accomplishment.
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AN ENDORSEMENT

by
Amin Eshraghi Ph.D., P.Eng.,

Senior Materials and Structures Engineer

Ottawa, Canada

July 18, 2019

In his first book, Rajen derived closed form solution for the
stress field for an elliptical hole in an infinite plate using the
stress equilibrium equations. The stress components were ex-
pressed in terms of a single parameter αe. The present book
develops expressions for deformation gradients in the ellip-
tical co-ordinate system. These deformation gradients are
used to set up both non-linear and linear strain-displacement
relations and are used to determine the parameters ae, semi-
major axis and be, semi-minor axis of the deformed elliptical
hole for linear elastic materials.

These two books provide detailed analysis for the stress
and the strain fields of cracks and holes in linear elastic thin
plates. The developed expressions in these two books can be
used for a wide variety of applications. I commend Rajen
for these well written books and I am sure these two books
will be strong references for courses where these topics are
taught.
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AN ENDORSEMENT

by
Anup Sahoo Ph.D.,

Senior Engineer/Scientist

Toronto, Canada

July 24, 2019

Rajen’s first book dealt primarily with geometric non-linearity.
This second book deals primarily with non-linearity in strain-
displacement relations and non-linearity in definitions of strain.
Six different models based on four definitions of strain and
two definitions of stress are developed. It is shown that all
expressions for all models contain E, Young’s Modulus and
ν, Poisson’s Ratio. Researchers around the world will find
these two books very useful while analyzing problems that
involve thin sheets made of linear elastic materials. Some
libraries have already included the first book in their collec-
tion.
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