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Abstract

There exists a closed-form expression equivalent to an integral that
is commonly encountered in the study of Calculus. After proof of this
formula, special cases are investigated and connections to other famous
formulas are found. Finally, it is shown that the sums of permutations of
roots allow for a solution to be found for any given constant values present
in the integral.
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1 Introduction

There is a very simple recursive formula for [e"z™dz that is derived by the
method of Integration by Parts:

1
/emx”dx = —e"z" — ﬁ/m"*le”dx. (1.1)
T r

This gives the recursive formula. Most math texts I have seen stop there and
delve further into integral equations and the like, but I was curious to see if a
pattern developed. To my surprise, there was one.

1.1 Derivation of a Summation Formula

Evaluating the integral on the right-hand side of the formula above expands it
into the following;:

1 1 -1
/er:rxndx :767’2350717? (xnlerx (TL )/anGTdeZ) )
r r\Tr r

Distributing the n term through the large parenthesis and evaluating the in-
tegral, we see a falling factorial term n(n — 1)(n — 2)---(n — k + 1) after k
derivations develop. So we have that [e"”z"dxz can be expressed as

y N .1 nn-—1) (1 5 . n—2 _3
e — 721,” lemc _ ( S ) Zpn 267:8 _ ( ) P 367xd$ )
T T T r

Continuing the pattern, it becomes obvious that each term, including the last,
will have an " multiplied by it. Noting that the falling factorial notation n* ,

read “n to the ¢ falling,” can be expressed as n(n —1)---(n—i+1) = (n"f'z),,

and restricting n € N and r € R, we can define the summation formula as such:
. e’ n . . .
/e’xaﬁ"dx = Z(—l)%l "t 4+ C
i=0

To simplify the work, I defined a new function o*(z):

ol (x) = <Z(—1)ini 7""_"3:"_"> .

=0

This makes the summation formula for [e"2™dz into something a bit less
cumbersome to read:

/ema:"dx = ﬁa"(x) +C
pntl 7T :

From formula 1.1 above, consider the trivial case when n = 0. It should be easy
to see that if n = 0, the integrand reduces to €, whose derivative is simple to
find:

1
/emdx = - +C.
r



Now let us see what happens when we apply our conjectured formula using the
special value of n = 0. As with most applications of n!, we will let 0! = 1. So
forn =20

Tr T O
ra,.0 _ ¢ 0 _ € ini ..0—i, 0—i
/e mdx—mor(x)—&—C— " (E (=0t r" 'z >—|—C.

=0

Evaluating this leaves

67 (—1)902 10200y 1 ¢ — ?((1)(1)(1)(1)) o %e” el
For n =1 through n = 5, we have
Integral Evaluation
Jertatda eTL:(mc -1)+C
Jertatdx erg(rzw? —2rz+2)+C
[eradda g(r3m3 —3r?22 +6rz —6) + C
Jertatda g(’IAIA —4r3z3 + 127222 — 24rz +24) + C
Jertabdx %(r5m5 — 5rtzt + 207322 — 60r2z? + 120rz — 120) + C
Figure 1: Evaluations from n =1 ton = 5.
Compare the constants with the following values of nt = #‘2),, remembering

that 0 < i < n:

i |0 1 2 3 4 5
n=1]1 1

n=21 2 2

n=31 3 6 6

n=4|1 4 12 24 24
n=5|1 5 20 60 120 120

Figure 2: Values of falling factorials.

Note that these values correspond exactly to the constants in front of each of
2" ~%. Together with the knowledge that the signs alternate, we can see how
each term could be represented by (—1)nt r"~iz" =% if we let our value of i run
from 0 to n.



1.2 A Proof of the Formula
First, we reiterate a famous theorem.

Theorem (Second Fundamental Theorem of Calculus). If f a continuous func-
tion on an open interval I and a any point in I, if F' is defined by

P = [ s

then F'(x) = f(x) at each point in I.

Let F(x) = Te—fla,’}(x) and f(z) = e"2™. If we can show F'(x) = f(z), then by
the above theorem we will have proven the conjecture.

Note: It is important that the reader realize that we are not proving the
Second Fundamental Theorem of Calculus. We are simply using the FTC to
prove our conjecture.

Proof. To begin, we will define the function o*(z) as such

ol (x) = (Z(l)ini r"ix"l) .

=0

Now we will derive [f;—flo,’}(x)]’ by the Product Rule as follows:

ereT ! re’® erT 1 1
Lnﬂaf(i’?)} = [Waf(l") + W(Uf(x))/} =" [MU?(IE) + m(af(x))/

Note that our strategy is to prove that [Ter—jlaf(x)]’ = e""z™. Since we just
showed that there exists an e"* term on each side, we can cancel each by division
and proceed, noting that we are trying to show that o (z) + (o7 (x)) = 2™. Tt

therefore it follows that we should find (o7 (z))’ :

(@) = < <Z<_1w ) .

=0

Remembering that the derivative of a finite sum is the sum of the derivatives

we have
n o d .
n r_ 1)t gt pnt |
(o7 (2) (g Yt i )
So by the Power Rule this evaluates to

(O’?(x))/ = (i(—l)znl rn_i(n _ i)xn—i—1> .

=0

The careful reader may have noticed that the nth term was effectively canceled
when the derivative was taken. This is because it was the topmost term and



for i = n was a constant. The derivative of a constant is zero. With that said,
putting this all back together, we have that [e"* o7 (x)]’ can be expressed as

|ﬂnln <Z(_1)1nl TniJUni) + 'rn1+1 (z_:(_l)lnl rnJ(n — l)x”zl>] .

=0 i=0

We may now recall that what we are dealing with is assumed to be 2. Setting
our expression equal to x™ sees us arrive at what is the key to our proof, which
is that

1 (& o I iy o i
ey (2:(—1)’71Z i 1) + T <Z(—1)1nl i — 1)z ="
i=0 =0
(1.2)
However, we cannot use this result just yet, since we have yet to prove that our
formula is actually true. So compacting this down, we must now prove that

1 1
o ,r.n+1

(0] (x)) =™

To simplify our work, we will use these identities to distribute each of the
fractions through the sums in equation 1.2 to see that we are now trying to
prove that

" o1 i .
(Z(_1>znz Timn—z> + (Z(_l)znz T (n _ 1)xn—z—1> G

i=0 i=0
To do this, we will first note that, for Kk =n — 1,

rn /r’L Tn
Let k = n—1i. Note that as i ranges from 0 to n, k ranges from n to 0. Since we

are working with a summation, k also ranges from 0 to n. So rewriting o7 (x)
with our new variable k, noting again that

nt =nn-1)...(n—i+1)=

(n—14)!"
From this, we obtain

n n
1 1 )= knrkxk Z(_l)n—kﬁ! 1 k.

rn or( o k! pn—k
k:O k=0

Recall that we found (o7 (z))" earlier. Note that when we change our variables
using k = n — i, we reverse the order of the polynomial. Because of this, instead
of running from ¢ = 0 to n — 1 in order to omit the last term i = n, we run from
k =1 to n to omit the first term k& = 0. Knowing this, we now have

n

1 n!
n( k .
o] (o ( r"+ Z kx .
k




Canceling the k with the first term in k! yields

1 n!
n _ ek k-1
r"+1(0 *rn+1z 1)7"x .

To make this easier to work with, we will shift the index down one to get

1 (0" (2)) = Z n(k+1)n PRk
T'rH—l - rn—i—l |

Factoring out a negative term and reincorporating the n” terms gives

1 - n! n! n!
(U?(l‘))/ — Z n k k+1xk _ 7,rn+lxn + 7rn+1xn
ptl rn+1 n! n!

k=0

We will now note the identity

it —(n—k+1)—1 —(n—k—1+41) 1
=T =TrTr =

pn+1 rn—k: '

Distributing through the outermost fraction allows us to cancel both of the r*+!
terms attached to their respective ™ terms and gives that

n—1
1 _gnt 1 n! n!
A+l (U:L(;E))/ = [<_ E :(_1)n Ernka ) N Em" + n'l‘n] '

k=0

Collecting the terms gives us that

(@) = (—Z(—U"’CZEM{M’“) ran,

k=0

Noting that we have just shown that —tr (o7 (z)) = — ko7 (z) 4+ 2", surely

rvoTr

—ol(x) + (o) (z)) = 2™

Tn+1
Therefore [%a}}(z)]’ = €"2z" and by the Second Fundamental Theorem of

Calculus,
rT,n e’ - Gt —1 gt
/e xdx:rnﬂ<§ (=)'n*r >+C (1.3)

i=0
0



1.3 The Definite Integral
Now we call on the other part of the FTC:

Theorem (First Fundamental Theorem of Calculus). If f is continuous on the
closed interval [a,b] and F is the indefinite integral of f on [a,b] then

b
/ f(x)dz = F(b) — F(a).

We have found a closed-form expression which is equal to the indefinite integral
of e"®z™. Then it would make sense that

b
rT_n _ 1 br _n ar _n
/a ertdr = o) [€”"ar(b) — e o (a)]. (1.4)

2 Relation to the Gamma Function

First, we need an aside. Consider (—1)"*!(—1)*(—1)"~¢. Using laws of expo-
nents, we can simplify this expression considerably

(_1)n+1(_1)i(_1)n7i _ (_1)(n+1)+i+(n7i) _ (_1)n+n+(i7i)+l _ (_1)2n+1.

Recall that any integer of the form 2n + 1 is odd by definition, and that any
number raised to any odd power is simply retains its sign. Therefore we have
that (—1)2"*! = —1. This will be useful when considering the case when we
have that r = —1:

i=0

Note that % = (=1)"*"le=® Further, we are allowed to distribute the

(—1)"*! term through the sum and gather like bases to obtain

/efma:"dx =e* (i(—l)”“(—l)i(—l)"ini a:"1> +C.

i=0

Using our aside and recalling that we may factor out the —1 term, we now have
that

/e‘”’x"dx =—e " (Z nt x”_i> +C. (2.1)
=0

This is interesting enough on its own just because of its beautiful simplicity, yet
it looks quite close to another very famous function.



Definition. The gamma function I'(n) is an extension of the factorial func-
tion n! from the integers to the real and complex numbers. Since we are not
concerned with complex numbers, the gamma function is defined for all positive
real numbers. Under these restrictions, it is defined by an improper integral that
converges, namely

[e%e) t
L'(j) = / e %/ ldt = lim e Tl ldx . (2.2)
0

t—o0 0

We will prove that I'(n + 1) = nl. Once proven, for j = n + 1, equation 2.2
becomes

e} t
F'n+1)= / e Ta"dt = lim e z"dx =nl.
0

t—o0 0

2.1 A Proof of T'(n+1)=n!

Usually the proof for this identity involves a proof using Integration by Parts and
the Principle of Mathematical Induction, but we have developed a summation
formula based on Integration by Parts that we may use to do away with an
induction proof entirely.

Proof. Recall equation 1.4:

b
T, n 1 T __n ar __n
/a erdr = o] [’ a™(b) — e 0" (a)]. (1.4)
Now we will evaluate it for » = —1. First, recall that
o™ (z) = — Z nt "t
i=0
So we are evaluating
b
/ e %z"dx =e Yo" (b) — e %" (a).

Expanding each of the o™, (x) functions gives that

b n n
/ e gy = —e? (Z nt b”_i> +e <Z nt a”") .
a i=0 i

=0

Let us now consider o (0).

n n—1
o”1(0) = — Zni 0"t = (Z nt O"_i> +n" (1) =n" =nl
i=0 i=0

We now consider our integral for r = -1, a =0, and b=t as t — oo:



t

: —z_n I I —t n _ ,—0_n
tlirgo ; e Ta"dx fthj&[e o™ (t) —e "o, (0)].

Putting the limit with the relevant function and ¢”,(0) = —n!, we have that

t

lim e “z"dr = lim e ‘0" (t) + nl.
t—=o0 /o t—oo

Expanding the o™, (t) term, we have

t

n
lim e~ 2x"dx = — lim e~! E nt "t 4+ nl.
t—o0 0 t—o0 o

im

In the numerator of our fraction, there is a polynomial of degree n in the variable
t. In the denominator, there is the exponential function e?. Since for n > 0 our
limit gives an indeterminate form, we may apply ’Hopital’s rule, which allows us
to take the derivative of both the polynomial and the exponential. This reduces
the degree of the polynomial by one, but the limit still gives an indeterminate
form. We may repeat this process n — 1 more times to see that

ot
lim e fo™,(t) = lim ot (0 =0.

t—00 t—oo et

Then we have that, for j =n + 1,

t e8]
lim [ e *a"dz = / e i e =T(G) =G -1)!'=T(n+1)=nl
0

t—o0 0

3 Vieta’s Formulas

We begin with a definition.

Definition (pth symmetric sum). The pth symmetric sum, denoted <y, of a set
to be the sum of the elements multiplied p at a time.

As an example, consider the set Ry = {r4,rs, 2,71}, the set of each of the 4
roots of a degree 4 polynomial Then the symmetric sums of R are

1 = r1+r2+r3+ry,

So = Tire +1rir3 +1rir4 + ror3 + Tory + 137y,
S3 = Tirer3 +Trirery + 117374 + T2T3Ty,

S4 = TT2Tsry.

Knowing this, Vieta’s Formulas state that for a polynomial of degree n with
TOOtS 11,72, ..., Tn,




for 1 < p < n with a,...ap being the coefficients to any polynomial of general

form
n
x) = E Az F.
k=0

Recall our function o”(x). It is a polynomial of degree n, so it is subject to
Vieta’s Formulas as well. Letting & = n — i as usual, our function is expressed
as

n n|
§ : —k % k.%‘k.

k=0

Then we have our a,, the first coefficient in our summation, which is when
k =0. So it is

an, = (-1)"" n' =r".
Note that a,,_, is the pth coeflicient in our summation, which is when & = n—p.
So then we have

| n
Ay = (—1 n—(n-p) "™ n—p _ (_qy ©__np,
= T = O
Then we have that
Gy (—1)p opn—p n!
= (=1)P. 2P _ (_1)P. (n—p)! — (—1)% n—p—n
G = (<17 22— (1) = (1P

Noting that (—1)?” =1 and r"P~" = 7~P_ we have that

1 n! nk
SR A 3.1
° = (n—p)! rp (3:-1)

This is simultaneously both powerful and fascinating. For instance, consider
Gp =772 -+ - Tp. By Vieta’s Formulas, we know that this is simply

1 n! _nl
T (n—mn) 7

Even more powerful is ¢; = r; + 79 + - - - 4+ 7,,, which can be evaluated as

1 nl  n
1= 7“717 : m = ;

Since each of these symmetric sums are the sums of roots taken p at a time

with order mattering7 they are permutations. We now make an observation

that n2 = (n p), = P, where P} is the permutation of n things taken p at a

time, with order mattering.

11



3.1 Roots of Our Integral

For our integral [ €™ z"dx , let n = k. Then there exists a vector

Define a function R(fk) that maps the k x 1 vector fk onto a square k X k matrix
via

- AT
R(&k) = &k Lk n)s
where I 1) is the k X k identity matrix. Then

T
o1 10 0 g 0 0
R 52 0 1 0 0 o 0
Sk—1 00 1 0 0 k
Sk

n

P,
we know that ¢, = —-.

Recalling equation 3.1 and that n2 = (n%lp)! =Py,
In order to condense this matrix equation into something more manageable, let

there exist a j x 1 vector £ so that

k k
BT=<P1'€ L Pj) (3.2)

rl r2 ri rd

with 1 < j <k. Let p be a j x 1 column vector containing in order each of

1 1 1 1
(TT7T727...,7‘j717ﬁ)

and 1[) be a 1 X j row vector containing in order each of j permuations
(Pf.Py,....P},,PF).
Then we may rewrite equation 3.2 as
B = p. (3.3)

Then to find solutions to the equation

/emx"dx =0,

one must find all solutions to the nonlinear system R.(&;) = /.

12



3.1.1 Using the Quadratic Formula to Find Roots

Say we wished to find all roots of the equation [e"*z?dz = 0. We know by
equation 1.3 that we may rewrite the integral as follows:

rr 2
re, 2 _ ¢ igi p2-i2—i _
eazdx—mg(—l)2r 7t =0.
i=0

Evaluating the sum gives < (r?z% — 2rz + 2r) = 0. We may multiply through
both sides by % and then use the zero factor property to note that either the
exponential or the polynomial must be zero in order for their product to be
zero. Since we know that exponentials can never equal zero, we must conclude
that we are solving r?z2 — 2rxz 4+ rx = 0. This is a simple application of the
quadratic formula. We have

(=2 (202 —A(r2)(2)  2r VA2 -8 2rk2ri 14
= 2(r?) n 2r2 o2

3.1.2 Using a Nonlinear System to Find Roots

The symmetric equations for a second degree polynomial are

g1 = Tr1+7r2
G2 = Tira.

Form R(&,) = f as

P2
v e 0ON_(m+r 0\ _ [
wo- (3 0)-(m )= (5)

So then we are solving the nonlinear matrix equation

2
T1 -+ T2 O _ 7,.71
0 r17r2 B 3 ’

2

<

or written as a system

(2) T17T2 =

Solving equation (1) for r; gives r; = % — r9. Plugging this into equation (2)
gives (2 —ro)ry = % = 22 — 2 = 2 Placing all terms on one side, we now

r’
have the following quadratic:

13



Then a = -1, b = %7 and ¢ = —r%. Plugging into the quadratic equation then
gives that

r

—OEE - (F)_ EEVEF 2aw g
2 -2 —2 -2
Since we know that complex roots always occur in conjugate pairs, we have
found both roots. Yet we will plug both results back into equation (1) for the

sake of checking our work.

2 1+2 2—1—1 1—1
4 - - _

r r r r
Oy 2_(lzi) L o2oiwi L

r r o r o ro

So for either value of ro, the value of r; assumes the conjugate, as required.

3.1.3 Advantages of Using a Nonlinear Approach

As we saw, using the nonlinear method still resulted in us solving a quadratic.
Indeed, any application of this method on a degree n polynomial will result in
a system with n equations and n unknowns. When solving them directly, one
could expect to find a degree n polynomial set equal to zero after some intense
basic algebra.

The strength in this approach is that while we cannot easily solve for the roots
of most polynomials above degree four, there are several fields of mathematics
that can use the language of nonlinear algebra in order to apply all the tools
from that discipline. Algebraic geometry is an entire field concerned with zeros
of polynomial equations, and differential geometry has plenty of uses for both
nonlinear and multilinear algebra, and could provide an interesting way to view
this problem.

While it is beyond the scope of this paper, further study could be done in these
fields to see if there exists a formula dependent on n and r that could give the

roots of
/emx”dx =0.

With such a deep connection to permutations, the gamma function, and combi-
natorics in general, such a proof linking any form of advanced geometry to such
topics would be extraordinary.

14



