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Executive Summary

Quantum computing is entering a decisive phase in which progress in hardware performance must
be translated into clearly defined, economically meaningful use cases. The central question is no
longer whether quantum computing may deliver value in principle, but rather which problem classes
become executable at which stage of hardware maturity, and how that technical progression can be
aligned with viable commercial deployment.

This white paper presents the outcomes of a joint research initiative between SoftBank Corp.
and Quantinuum, conducted under a shared long-term vision of realizing quantum Al data centers
—hybrid computational infrastructures in which quantum processors operate alongside Al and HPC
systems. The core objective of this work is to construct a structured use-case timeline that connects
algorithmic resource requirements to Quantinuum’s hardware roadmap.

Two representative application domains are analyzed: quantum chemistry and topological data
analysis (TDA). These domains were selected because they combine structural computational chal-
lenges, industrial relevance, and scalability characteristics that are well aligned with quantum com-
putational paradigms.

In quantum chemistry, feasibility is expressed in terms of system size measured by the number
of spin orbitals. The study evaluates phase-estimation-based algorithms and, uniquely, incorporates
error-corrected circuit execution at the algorithmic level using the Steane [[7,1,3]] code. Rather than
demonstrating break-even behavior for isolated logical gates, this work evaluates break-even fidelity
for entire algorithm-inspired circuits, marking a significant step toward realistic fault-tolerant quantum
computation. The resulting timeline indicates a gradual expansion from small proof-of-concept sys-
tems to medium-scale excited-state calculations and, ultimately, chemically accurate simulations in
the large-scale fault-tolerant regime.

In TDA, feasibility is characterized through graph size and structured parameters in complete k-
partite graphs. Emphasis is placed on Noisy Intermediate scale quantum (NISQ)-executable circuits
and early-stage applications such as International Revenue Share Fraud (IRSF) detection in telecom-
munications networks. Because improvements in anomaly detection precision can directly translate
into measurable financial impact, TDA may represent a shorter commercialization pathway relative to
quantum chemistry.

By aligning technical feasibility for both application domains against the roadmap of each succes-
sive generation of Quantinuum’s quantum computers—Helios (current generation), Sol (anticipated
in 2027), Apollo (anticipated in 2029), and Lumos, it's planned large-scale fault-tolerant quantum
computing (FTQC) anticipated in the 2030s— the study provides a generation-indexed use case time-
line of executable workloads. Importantly, this roadmap is framed as an assumption-driven envelope
rather than a deterministic forecast, explicitly acknowledging uncertainties in qubit scaling, physical
error rates, and error-correction overhead.

Beyond technical feasibility, this white paper could potentially help future enterprise customers
of a quantum Al data center to connect executable workloads to value creation mechanisms and
indicative market opportunities.

Taken together, the use-case timeline developed in this study serves as both a technical roadmap
and a strategic governance framework. It aligns hardware evolution, algorithmic capability, market for-
mation, and long-term commercial value under a coherent vision of quantum-enabled computational
infrastructure.
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1 Introduction

1.1 Background and Motivation

In what is often referred to as the second quantum revolution, quantum computing has witnessed
remarkable and sustained progress. Initial expectations have been clearly surpassed, and the pace
of advancement continues to accelerate.

Quantinuum’s third-generation quantum computer, Helios, exemplifies this rapid development. As
one of the most advanced quantum systems currently available, Helios achieves the highest accuracy
of any commercial system in the world today' and enables the execution of quantum circuits that
extend beyond the reach of classical simulation. Such milestones mark a transition from proof-of-
principle demonstrations to increasingly ambitious computational experiments.

However, hardware progress alone is not sufficient to unlock practical value. To leverage these
capabilities for modeling and solving real-world problems, advances in quantum computing hardware
must be complemented by equally strong developments in quantum algorithms and system-level
integration. This requirement is particularly important because quantum computing relies on fun-
damentally different computational principles compared to established classical paradigms such as
high-performance computing (HPC) and artificial intelligence (Al).

A central challenge therefore emerges: which real-world problems can benefit from quantum
computation, at what scale, and under what hardware conditions? Answering this question requires
a structured and quantitative approach that connects algorithmic development, resource estimation,
hardware capabilities, and application needs.

1.2 Purpose of this White Paper

This white paper presents the results of a joint research effort between SoftBank Corp. and Quantin-
uum, conducted under the long-term vision of realizing quantum Al data centers. Within this vision,
quantum computers are considered as computational resources that operate alongside Al and HPC
systems in future hybrid infrastructures.

The primary objective of this document is to construct a use-case timeline. Rather than discussing
quantum computing in abstract terms, we aim to clarify which problem classes, at what scale and
accuracy requirements, and under which generation of quantum hardware may become practically
achievable.

To this end, the document details the development of quantum computational methods and ex-
periments for two major use cases: quantum chemistry and topological data analysis (TDA). Beyond
scalable quantum algorithm design and the quantum error correction layers required to execute them,
particular attention is given to the interplay between quantum computing, HPC, and Al, as well as to
the integration of quantum processors within modern computational infrastructures.

'Based on two-qubit gate fidelity as of December 31, 2025
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1.3 Target Domains
This study focuses on two representative domains:

- Quantum chemistry, particularly excited-state dynamics and photochemical reactions
- Topological data analysis (TDA)

Although these domains differ in application area, they share several important characteristics:

(1) They exhibit structural computational challenges in classical approaches, where resource re-
quirements grow rapidly with problem size.

(2) They involve high-dimensional, strongly correlated, or non-linear structures that are naturally
aligned with quantum computational frameworks.

(3) They maintain clear connections to industrially relevant applications.

Quantum chemistry is closely linked to advanced material design, photo-responsive molecules,
and energy-related technologies that underpin a sustainable society. In contrast, TDA provides tools
for analyzing structural patterns in large-scale graph data, with potential relevance to high-reliability
networks and anomaly detection. Together, these domains offer complementary perspectives on how
quantum computing may create value across different sectors.

1.3.1 Quantum Chemistry
Quantum chemistry plays a central role in understanding and designing molecular systems whose
behavior is governed by electronic structure. Of particular importance are excited-state dynamics
and photochemical reactions, which underpin photo-responsive materials, molecular switches, and
energy-conversion processes.

Modeling such phenomena presents fundamental challenges for classical computing. Excited
states often involve strong electronic correlation, near-degeneracies, and conical intersections, where
multiple electronic surfaces come close in energy and interact non-trivially. Accurately describing
these effects typically requires computational methods whose cost scales steeply with system size,
making high-precision simulations of larger molecular systems increasingly impractical even on ad-
vanced HPC platforms.

Quantum computing offers a conceptually different approach by directly representing and manip-
ulating quantum states. In principle, algorithms such as quantum phase estimation enable access to
energy spectra and phase information that are central to excited-state chemistry. Within this study,
quantum chemistry is therefore investigated as a domain where quantum algorithms may progres-
sively extend the tractable range of molecular complexity as hardware capabilities mature.

1.3.2 Topological Data Analysis

Topological Data Analysis (TDA) comprises mathematical methods rooted in topology and geometry
that extract structural information from high-dimensional data. The core idea is to interpret data as
occupying an underlying manifold and to then characterize the manifold’s global and local properties
through scaffolding constructions such as simplicial complexes and discrete Laplacian operators.

Two prominent branches are persistent homology, which captures multi-scale topological features
such as connected components and holes, and Laplacian-based approaches, which analyze flows
and spectral properties on high-dimensional structures. These methods provide descriptive and ex-
ploratory tools that complement both unsupervised and supervised machine learning.

Despite their expressive power, state-of-the-art classical TDA implementations face severe scal-
ing limitations. The combinatorial growth of simplicial complexes leads to exponential increases in
computational cost, often requiring aggressive sampling or dimensional truncation. This makes large-
scale or high-resolution analysis difficult in practice.

Because industrial and network data are frequently high-dimensional, correlated, noisy, and par-
tially unlabeled, TDA provides a natural analytical framework. Applications such as anomaly, relia-
bility, or fraud detection benefit from understanding the geometric structure and distributional shifts
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of system states, rather than relying solely on models trained on historical norms. In this context,
quantum-enhanced TDA is explored as a potential pathway to overcome classical scaling barriers.

1.4 Approach of this Study

The approach adopted in this white paper is structured and quantitative. For each selected domain,
we first define representative use cases and identify the corresponding quantum algorithms that
would be required to address them.

Next, we characterize the relevant problem sizes and complexity parameters, and perform re-
source estimations in terms of logical qubit counts, quantum gate counts, and circuit depth. These
estimates are then evaluated under explicit assumptions about quantum error correction schemes,
including code overheads and target logical error rates.

The resulting resource requirements are compared with projected hardware roadmaps, including
expected numbers of available qubits and achievable error rates at different stages of technological
development. By aligning algorithmic resource demands with hardware capabilities, we construct a
timeline that answers the question: which tasks are expected to become feasible, and at approxi-
mately what stage of hardware maturity ?

In addition to this forward-looking analysis, a distinguishing feature of this study is the execution
of proof-of-concept (PoC) demonstrations on currently available quantum hardware as of 2026. For
tasks that are predicted to be executable with present-day systems, we implement and run concrete
programs in order to validate feasibility and to benchmark performance under realistic experimental
conditions.

Figure 1.1: Conceptual framework for constructing a use-case timeline

1.5 Organization of this White Paper

The remainder of this document is organized as follows:

- Chapter 2 introduces the evaluation framework and the integrated roadmap used throughout the
study.

- Chapter 3 examines quantum chemistry use cases and their technological outlook.

- Chapter 4 analyzes quantum-enhanced approaches in topological data analysis.

- Chapter 5 synthesizes both domains into a consolidated use-case timeline and discusses strategic
implications.

Technical details—including algorithmic formulations, circuit constructions, resource estimations,
and experimental configurations—are provided in the Appendices. The main chapters focus on the
interpretation of results and their positioning along the proposed timeline.
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2 Methodology and Evaluation Framework

2.1 Overall Approach

In this study, we deliberately move beyond purely theoretical complexity analyses or abstract algo-
rithmic discussions. Instead, we place strong emphasis on explicitly constructing concrete quantum
circuits and, whenever possible, executing them on simulators and available quantum hardware. In
other words, we prioritize algorithms that can be written down at the circuit level, implemented under
realistic gate-set constraints, and evaluated in the presence of noise.

This implementation-driven approach is intended to narrow the gap between theoretical proposals
and practical realization. By grounding the analysis in executable circuits, we aim to provide a more
credible and actionable answer to the central question of this white paper: which tasks can become
feasible, and when?

2.2 Evaluation Strategy for Quantum Chemistry

For quantum chemistry, we focus on algorithms based on Quantum Phase Estimation (QPE). Com-
prehensive resource estimations for large-scale quantum chemistry calculations using QPE—covering
logical qubit counts, gate counts, and error-correction overhead—have already been investigated in
a previously published white paper. Accordingly, we do not repeat those detailed resource analyses
here, but instead build upon those established results.

The distinctive contribution of the present study lies in the experimental investigation of error-
corrected quantum circuits at the algorithmic level. Specifically, we implement proof-of-concept (PoC)
demonstrations in which quantum error correction is incorporated directly into benchmark circuits
inspired by QPE.

As an initial and conceptually clear code suitable for small-scale demonstrations, we employ the
Steane code [[7,1,3]]. While it remains uncertain whether this code will play a central role in long-
term large-scale architectures, it provides a well-understood framework for early-stage fault-tolerant
experimentation. Logical qubits are encoded using this code, and benchmark circuits representative
of phase-estimation-style computations are implemented at the logical level.

In this work, we define break-even as the point at which the overall execution fidelity of an error-
corrected logical circuit exceeds the fidelity obtained by executing the same algorithm directly on
physical qubits without error correction. This definition differs fundamentally from many previous
demonstrations of quantum error correction. Earlier break-even studies have typically focused on
metrics such as extended qubit lifetime, the fidelity of a single logical gate, or the preparation of
states using only a small number of logical operations. By contrast, our evaluation targets the fidelity
of an entire, algorithm-inspired quantum circuit. In this sense, the break-even condition is assessed
at the level of a realistic computational workload rather than at the level of isolated operations.

Furthermore, our implementation assumes a fully fault-tolerant setting. Controlled rotation gates
appearing in phase estimation must be decomposed into a universal fault-tolerant gate set, typically
expressed in terms of Clifford gates (such as the Hadamard gate) and the non-Clifford T" gate. Since
the T' gate cannot be implemented transversally in many codes, it requires ancillary resources such as
magic-state distillation and is therefore significantly more costly. While some previous experimental
studies have effectively treated rotation gates as physical-level operations—leading to partially fault-
tolerant demonstrations—we explicitly decompose these rotations and assume a fully fault-tolerant
implementation. To keep resource requirements within a demonstrable range, benchmark circuits are
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carefully designed to limit the number of required 7" gates while preserving the essential structure of
the algorithm.

2.3 Evaluation Strategy for Topological Data Analysis

In contrast to quantum chemistry, our investigation of Topological Data Analysis (TDA) concentrates
on feasibility within the NISQ regime and does not assume quantum error correction for every stage
of the timeline. We analyze quantum algorithms for Laplacian-moment-type computations under
realistic constraints on qubit counts, circuit depth, and shot requirements, and implement small-scale
instances on available hardware.

To enable controlled and systematic resource estimation, we do not rely on arbitrary real-world
graphs, whose intrinsic complexity is difficult to tune. Instead, we adopt complete k-partite graphs as
structured benchmark instances. Prior research has shown that computing Betti numbers for such
graphs (without, of course, using analytic results) can become classically challenging. Moreover, the
complexity of these graphs can be adjusted in a transparent manner through two parameters: the
number of clusters k& and the number of nodes within each cluster. This parametric control allows us
to scale problem difficulty in a systematic and reproducible way.

While theoretical analyses often relate computational difficulty to the magnitude of the spectral
gap (i.e., the smallest non-zero eigenvalue of the Laplacian), this quantity is generally not directly
controllable in advance. For this reason, we do not use the Laplacian gap as a primary complex-
ity parameter in this study. Instead, we rely on the structurally tunable parameters of the k-partite
construction to characterize and scale problem instances.

2.4 Positioning of This Chapter

Taken together, this methodology integrates theoretical resource considerations, explicit circuit con-
struction, NISQ-level demonstrations, and fault-tolerant proof-of-concept experiments. The frame-
work established in this chapter serves as the common foundation for the domain-specific analyses
presented in Chapters 3 and 4, and ultimately supports the construction of the consolidated use-case
timeline in Chapter 5.
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3 Quantum Computing in Quantum Chemistry

3.1 Industrial Relevance of Quantum Chemistry

Quantum chemistry is a high-impact arena for quantum computing because many industrial mate-
rials depend on phenomena that are too complex to model reliably at scale with classical methods.
As hardware matures, quantum simulations promise predictive accuracy for light-driven reactions in
large, realistic systems. Unlocking design insights that are currently out of reach, quantum chemistry
turns R&D from trial-and-error into model-driven engineering.

Optical switching materials are a flagship example. These molecules power reconfigurable pho-
tonics, smart windows, augmented-reality displays, high-density data storage, and responsive coat-
ings. Their performance-speed, energy efficiency, contrast, and durability hinges on ultrafast elec-
tronic transitions that determine whether a photon triggers the “right” structural change or funnels
energy into side reactions and degradation reactions. In real devices, substitutions, heavy-atom ef-
fects, and host environments all shift these transitions in ways that classical multireference methods
struggle to capture at industrial scales. Quantum simulations at scale allows map and tune these
critical transitions in chemically realistic settings. This helps to accelerate discovery by screening
switch architectures in silico before synthesis. Furthermore, raise hit rates by targeting structures
with the desired switching thresholds, fast write/erase times, and long cycle life. Co-optimize devices
by co-designing molecules with hosts and optical stacks to improve contrast and reduce power. Fi-
nally, accelerated quantum-accelerated R&D cycles enable early go/no-go decisions allowing for a
significant de-risking of complex materials-science investments.

A practical roadmap starts with near-term pilots demonstrating a end-to-end quantum error cor-
rected workflows implementing small, yet scalable quantum phase estimation circuits. Later work
gradually extends the size of quantum computing experiments while leveraging increasingly higher
fidelity quantum error corrected logical qubits. Finally, increased simulation sizes enable also vastly
more complex models culminating, on fault-tolerant hardware, in end-to-end predictive pipelines from
molecular design to device specification. As such, optical switching materials offer a credible path to
first, tangible quantum advantage as well as a durable source of competitive differentiation.

3.2 Target Application Domains

Optical switches are materials and devices that reversibly modulate light with light, heat, or electrical
stimuli. Such switches are foundational enablers for multiple growth markets. Their value stems
from fast response, low energy per operation, compact footprints, and compatibility with integrated
photonics.

Telecom & Datacom: In backbone networks and data centers, optical switches power wavelength
routing, protection switching, and dynamic bandwidth allocation. They enable flexible, low-latency re-
configuration with minimal optical - electrical-optical conversions, improving throughput and energy
efficiency.

On-Chip Interconnects & HPC: In silicon photonics, switches provide nanosecond-to-picosecond
path selection for memory and compute disaggregation, photonic Al accelerators, and chiplet fabrics
which reduce congestion and energy per bit while scaling bandwidth density.

Displays, AR/VR & Spatial Light Modulation: Ultrafast, high-contrast switching underpins holo-
graphic and near-eye displays, dynamic beam steering, and pixel-level dimming, improving bright-
ness, color fidelity, and refresh rates for immersive systems.
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Smart Infrastructure: Photoresponsive coatings and switchable windows deliver adaptive tinting,
privacy on demand, and glare control, contributing to building energy savings and user comfort with-
out bulky mechanics.

Sensing, Imaging & Lidar: Optical shutters and modulators enable time-gated imaging, background
suppression, hyperspectral selection, and rapid beam control-boosting signal-to-noise and range pre-
cision in autonomous systems and scientific instruments.

Reconfigurable Photonics & Neuromorphic Computing: Nonvolatile or low-power switches pro-
gram photonic circuits, optical FPGAs, and synaptic weights in analog photonic processors, support-
ing agile, edge-deployed Al with high throughput per watt.

Security & Data Storage: Switchable optical states support anti-counterfeiting features, optical en-
cryption, and multilayer/holographic storage, increasing data density and tamper resistance.

Across these domains, business value concentrates in lower total cost of ownership (via energy
and component reductions), new performance envelopes (speed, contrast, endurance), and faster
product cycles enabled by model-driven quantum computational co-design of materials, devices, and
systems.

Furthermore, the techniques developed for studying optical switches can be readily applied to
other excited-state chemical reactions, including those in batteries and solar cells, because their po-
tential energy surfaces share many common features. For example, Fig. 3.1 shows the potential
energy curve along the double-bond rotation of an ethylene molecule. The reaction starts by ab-

Figure 3.1: Potential energy curves of ethylene obtained from classical electronic structure calcula-
tions using the STO-3G basis set. To capture the essential degrees of freedom governing the conical
intersection (Cl), we adopt a minimal active space of (2e,20), corresponding to two electrons in the 7
and 7* orbitals.

sorbing a photon to reach an excited state at the equilibrium geometry (torsion angle = 0 degrees),
then follows the excited-state potential energy surface, passing through the conical intersection (tor-
sion angle = 90 degrees) to return to the ground state. The industry-relevant chemical reactions are
way more complicated than those of the ethylene molecule. See App. A.1 for a classical analysis of
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photochromic molecules.

Excited-state calculations are generally more challenging than ground-state calculations due to
stronger configuration interactions, i.e., involving more spin orbitals. This leads to an exponential in-
crease in the memory requirements of classical computers, which quantum computers may mitigate.
Once the mapping of chemistry information to the quantum computers is complete, we can use a
scalable quantum algorithm as described below.

3.3 Quantum Algorithms for Quantum Chemistry

Quantum chemistry is a leading near-term domain for quantum advantage. This is due to the ability
of quantum computing to solve electronic structure problems that describe many industrially criti-
cal phenomena around strong electron correlation, multiple near-degenerate states, and couplings
with atomic degrees of freedom. High-accuracy electronic structure models like CASSCF/CASPT2
or MRCI become prohibitive for classical high-performance computing as problem sizes and model
capabilities grow. However, such models and problems are precisely where predictive power mat-
ters most for real computational materials science R&D. On future fault-tolerant hardware, quantum
algorithms promise scalable, accurate and reliable solution of ground and excited state properties,
accurate energy gaps, and electrodynamic responses. Such predictive capabilities are central to
design-grade simulation rather than post-experimental rationalization.

Optical switching materials provide a compelling exemplar where quantum simulation can move
decisively beyond classical reach. Their function-fast, reversible, and fatigue-resistant photoisomer-
ization depends on traversing conical intersections that funnel population between electronic states
on sub-picosecond timescales. Engineering device - level figures of merit for materials design re-
quires controlling the conical intersection topography (location, slope, and seam connectivity) and
nonadiabatic couplings in chemically realistic settings. These scenarios demand large active spaces,
multiple state manifolds, and explicit environment modeling across hundreds of atoms.

Quantum computational pipelines can natively target these bottlenecks. Quantum Phase Esti-
mation (QPE) is a quantum subroutine that provides an exponential speedup for energy estimation.
Given the desired precision ¢, the QPE circuit generally grows O(%) while the shot overhead remains
constant. In other words, we need to double the circuit to double the accuracy. Given the practi-
cal limitations on the fidelity of physical quantum operations, QPE requires QEC to exploit its full
potential.

We take a top-down approach to the end-to-end QPE, as in Ref. [1], where we first build the
end-to-end pipeline and then improve its components step-by-step. This complements the bottom-up
approach, which is a common practice among QEC researchers.

3.4 Molecular Hamiltonian

In this work, we consider the ethylene molecule (CoH,4) as a prototypical and minimal photochemical
model system exhibiting a conical intersection (Cl) [2]. Ethylene is one of the simplest 7w-bonded
unsaturated molecules, and it is well established that torsion about the C=C double bond, together
with pyramidalization, leads to a degeneracy between electronic potential energy surfaces, giving
rise to a conical intersection. Thus, it serves as a simple model system for photoinduced chemical
reactions.

To capture the essential degrees of freedom governing the Cl, we adopt a minimal active space
of (2e,20), i.e., two electrons in the = and =* orbitals. We employ the minimal basis set (STO-3G)
throughout this work. Fig. 3.1 shows the potential energy curves of ethylene obtained from classical
electronic structure calculations. Near a torsion angle of approximately 90 degrees, the structure
corresponding to the conical intersection emerges. Our objective is to evaluate the energy difference
between the ground state and the first excited state at this 90-degree geometry.

First, the electronic Hamiltonian at the 90-degree structure is computed using classical electronic
structure methods. The resulting second-quantized Hamiltonian is mapped to a qubit Hamiltonian
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via the Jordan—Wigner transformation. We then reduce the number of qubits by exploiting particle-
number and spin symmetries through tapering. As a result, the problem is reduced to an effective
two-qubit Hamiltonian given by

H = h1Z1 + hoZa + h3Y1Yo + hyZ1Z5 + hs1, (3.1)

where {X;,Y;, Z;} denote the Pauli operators acting on the i-th qubit, I is the identity operator, and
{h;} are real coefficients. The Hamiltonian coefficients are below in atomic units [3].

(h1, ha, h3, ha, hs) = (—0.000302, —0.000302, —0.122188, 0.001280, —76.856020). (3.2)

These parameters are evaluated with InQuanto v4.2 [4] and its extension to PySCF v2.4 [5] by per-
forming the Hartree—Fock method.

This two-qubit model serves as a minimal effective Hamiltonian describing the energy gap be-
tween the ground and first excited states in the vicinity of the CI. It therefore provides a suitable
framework for evaluating the performance and error resilience of quantum phase difference estima-
tion.

3.5 Quantum Phase Difference Estimation

Let {|¢i>}f.V;gg‘1 be the eigenstates of the unitary U = et
Ulgi) = e |¢) (3.3)

We consider two quantum states expressed in the eigenbasis as

Neig—1

|Bg) = Z ci i) (3.4)
N

D)= > djly). (3.5)
j=0

The goal of phase difference estimation is to determine a subset of eigenphase differences A¢;; :=

¢; — ¢;. In the present work, we use information-theoretic sampling method [6] to estimate the phase

difference. The measurement statistics of the ancilla qubit contain contributions weighted by |c;|?|d;|?.
The Quantum phase difference estimation(QPDE) [7—-9] uses the following circuit:

+) R () H20m
) AU Hor H ot ———

This circuit has 5 key components:

(1) Preparation of |®,) and |+).

(2) Application of a controlled excitation operation that prepares |®.) conditioned on the ancilla
qubit (ctrl-Uex).

(3) Application of U* on the system register.

(4) Application of a phase-shift gate, Rz (5) = e 157,
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(5) Measurement of the ancilla qubit in the X-basis.

The parameters {k;} and {3} are randomly sampled from k € {1,2,...,knax} and g € {0, 3},
respectively, where k.« controls the precision of QPDE, and determines the maximum depth of the
circuit (3.6). The probability of measuring m € {0, 1} from a single ideal execution of the circuit (3.6)
is expressed as,

1
P(m|{ci,dj, Ay} k. B) = 5 | 1+ > leil*|dy]? cos (kAgy; + 8 — mm) | . (3.7)
2%

We run the circuit (3.6) Ny times and collect the measurement outcomes {m;}1,.
Provided {ml}fvzsl, we calculate the following distribution over ¢ € [—7, 7),

N
Qb | {mi}s {ki B1}) == [ [ QU | $3 k1, 1) (3.8)
=1

1+ cos(ky + B — mym)

with  Q(my | 3 ki, B1) = 2

(3.9)
Eq. (3.9) represents the probability of obtaining a measurement outcome m; if the input state were
an eigenstate pair associated with a phase difference ¢. The resulting distribution is peaked around
{A¢;;}i ;, and the dominant peak corresponds to A¢;- ;. Hence, the target phase difference can be
estimated by maximizing the likelihood function,

argmax Q(¢ | {mi}; {ki, Bi})- (3.10)
¢

For phase-difference estimation, we approximate the time evolution operator U* = e~ *#** yp to a
global phase by a first-order Lie—Trotter product formula

Uk; - (e—zhlth6—2h2Z2t6—1h3Y1Y2t) % 6—1h4ZlZ2kt (31 1 )
= uFv. (3.12)

Here, we define v and v as below.

w = e—ih1the—ihQZQte—ih3Y1Y2t' (31 3)

v = e*ih4Z1Z2kt. (314)

Because v commutes with w, the Lie—Trotter decomposition is unnecessary.

In this work, the evolution time is set to ¢ = 7/(16h,), leading to e~ %1t = ¢~ic%1 = \/T} and
e~ihaZot — ¢~i75%2 — \/T,. Moreover, we approximate hst/m and hyt/m with a 5-bit binary frac-
tion. With this approximation, we obtain e~#3Y1Y2t — =0.5000imV1Ye — Ry (1/2) and e~theZ172kt —
e~ 1:5000ikn 2122 — R, - (3km/2). These rotations correspond to Clifford operations and can therefore
be implemented using only Clifford gates.

The input state |®,) is

1

V2

To generate an approximate excited state, we apply the unitary operator

) (|01) +]10)). (8.15)

Use = XoZ1. (3.16)
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Figure 3.2: Convention of the stabilizer generators and logical operators for the [7,1, 3] color code
in the present work. Physical qubits are indicated by white circles. Logical operators and stabilizer
generators are defined as tensor products of single-qubit Pauli operators. For each cell, the four
qubits at the vertices define both X-type and Z-type stabilizer generators.

The action of U, on the ground-state reference yields

B,) = Uy |,) (3.17)
_ \2(|00) — 1), (3.18)

3.6 Error correction with [7, 1, 3] code

The [7,1,3] color code [10, 11] (Steane code) takes 7 physical qubits to encode 1 logical qubit to
distance 3, enabling the correction of any single-qubit errors. The generating set of stabilizers and
logical operators are given in Fig. 3.2 with the overhead bar indicating the logical operation. In the
Steane code, all the Clifford operations can be implemented transversally, whereas the non-Clifford
gate, e.g., an arbitrary-angle single-qubit rotation, requires heavy lifting. We use the recursive gate
teleportation gadget expressed as: [1]

|4) Rz(20) = Rz(0) |¢)

(3.19)
o) ~b—12)

Gate teleportation is understood by considering the state before the measurement,

SRAO)0) @ [0)+ S5 Ba(=0) [0 1), (3.20)
Measuring “0” in the second register (bottom register in circuit (3.19)) results in the desired state, and
otherwise, the rotation angle is applied with an opposite sign. Each case happens with probability
1/2. If the latter happens, this protocol with the rotation angle 26 is applied to correct the angle to
6. This procedure is repeated until “0” is measured to indicate a successful application of Rz(9).
Provided a rotation angle represented by an n-bit binary fraction, i.e. 6/ = by +b1/2+ ... by, /2™ }
with b; € {0, 1}, the protocol succeeds after at most n;, — 2 recursions. This is because Rz (2™ 26) =
Rz(m(bn,—1 + bpn,/2)) is a Clifford gate, which can be applied transversely, and thus does not require
gate teleportation.

The encoded QPDE circuit consists of logical state preparation, logical gate operations, QEC
cycles, and final measurements. While fully fault-tolerant (FT) circuit constructions suppress logical
errors to second order in the physical error rate, they typically require a large circuit overhead. In-
stead, we adopt a partial fault-tolerant design that introduces minimal error-detection components to
reduce the logical error rate while keeping the circuit overhead small. In particular, arbitrary-angle
logical rotations Rz (6) are implemented using recursive gate teleportation (RGT) with resource states
and quantum error detection (QED). This approach avoids the costly procedures of magic-state dis-

SoftBank Q QUANTINUUM



tillation and Clifford+7" synthesis required for fully FT implementations, providing an efficient method
for realizing logical rotations with arbitrary angles in the encoded QPDE circuit [12].

In the following, we describe the specific circuit implementation used in this work. All logical gates
are given in App. A.2. The logical circuit for preparing |®,) is compiled to

0) {H
Bg) = _ (3.21)

2
>
>

1. [ = _ (3.22)

Uex 1
- - —X_

To encode U" = "7, we decompose the unitary operator U in Eq. (3.11) into the Clifford+R
gate set. Each logical Rz gate is implemented using the RGT gadget EI;GT.

The operation u = e~ 1Z1tg—ihaZat o—ihsY1Y2t congists of single-qubit Z rotations and a two-qubit
Y1Y; rotation. With the chosen evolution time, the single-qubit terms become

e—ih1Z1t — \/ﬁ, e—’ihQZQt — \/E’ (323)
while the two-qubit interaction reduces to
e"HhaVIVal — R\ (7/2). (3.24)

Since the rotation angle is /2, this operation belongs to the Clifford group. The non-Clifford Z

rotations are implemented using the RGT gadget E}Z{GT. The circuit representation of u is shown
in (3.25).

1R ) { VXS X vt
u|l = (3.25)
1R (hot) {7 s
The operation v = e~#1%122kt corresponds to a two-qubit Z; Z, rotation
e~ i 22k — R o (3kT/2). (3.26)
For the values of k£ considered in this work, the resulting rotation angles are multiples of /2,
0 e€{rn/2, m, 3n/2, 2r}. (3.27)

Since these angles correspond to Clifford rotations, the operation belongs to the Clifford group and
can therefore be implemented using only Clifford gates such as S, ST and Z. The circuit representa-

tion of ¥ is shown in (3.28).
:_

We insert Steane QEC gadgets as follows. After every two applications of u, we apply an X-type

Rz(0) |

(3.28)

o— |
*— |
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quantum error correction gadget (QEC y) to the ancilla qubit. Thus, during the implementation of %",
the gadget QEC y is applied |k/2] times. In addition, after the application of U, both X- and Z-type

ex’

QEC gadgets (QECy ») are applied to the ancilla. The overall QPDE circuit is given by (3.29).

) QECH/? QECy 7 m

’69> Ean Uex Ek @ UT

ex

(3.29)

3.7 Calibration

To evaluate the accuracy of the circuit execution, we employ a mirror benchmark circuit. In contrast
to the calibration procedure used in [1], where the rotation angle g of Rz () can be tuned such that
the measurement outcome is always zero, the present setup contains multiple phase differences.
Therefore, the calibration cannot be performed by simply adjusting the rotation angle.

Instead, we use a mirror circuit that ideally returns the system to the initial state in the absence
of noise. The circuit used for benchmarking is shown in (3.30). Thus, the measurement outcome
is expected to be 0 with unit probability in the noiseless case. With hardware noise, however, the
probability is reduced.

) QeCy”? QECy , H QEC, +/2) (X m

(3.30)

nl| —

Bg) # Uex 7" {0 HTL HTUex H ot ath Ul

To model the effect of decoherence, we introduce a parameter ¢ and describe the probability of
obtaining the correct measurement outcome as

Pl () =1 — g (3.31)

Since the mirror benchmark runs the time evolution both forward and backward, a circuit labeled by %

applies the evolution block u a total of 2k times. We therefore model the decoherence parameter as

q(k) =1 — ¢kt (3.32)

where a approximately represents the decay rate of the signal per U application.
Using this model, we analyze the encoded circuits both with and without Steane QEC gadgets,
expecting that it captures the dominant influence of physical and logical errors on the circuit outcome.

3.8 Experiment of Circuit Calibration

To evaluate the utility of the Steane QEC gadgets and to compare the accuracy with and without
encoding, we benchmark the circuit fidelity under the following three conditions: (i) with Steane QEC
gadgets, (ii) without Steane QEC gadgets, and (iii) unencoded logical circuit. For each condition,
we fit the estimated success probability with P(d¢¢) to provide a quantitative estimate of the circuit
infidelity.

3.8.1 Experimental Setup

Devices.

The QEC-encoded circuits are executed on Quantinuum System Model H2-2 [13, 14], Quantinuum
Helios-1 [14, 15], and Quantinuum Helios-1E [14, 15]. The logical circuits are executed on Quantin-
uum H2-2E [13, 14]. Details of the device noise parameters for each system are summarized in
App. A.3.
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Dynamical Decoupling.

To suppress coherent memory errors during idle periods, Dynamical Decoupling (DD) [16] is applied
in all experiments. On System Model H2-2 and H2-2E, DD pulses are inserted automatically by
the hardware compiler: whenever a qubit remains idle for a duration exceeding a threshold time,
the compiler opportunistically inserts DD pulses to decouple accumulated coherent errors [17]. The
threshold time was set to 0.03 seconds in all H2-2 and H2-2E experiments. On Helios-1 and Helios-
1E, DD pulses were inserted manually at the logical circuit level, as automatic DD compilation is not
yet available on that system. The timing is set to align with the state preparations.

Sampling settings for the calibration circuit.

For each experimental configuration and exponent k in the unitary U* (k = 1-5), we collect 500 shots
of the QPDE calibration circuit shown in (3.30) to estimate the probability of obtaining the zero-
measurement outcome m = 0. For experiments performed on Quantinuum Helios-1, we report the
actual number of completed shots as well as the number of unitary exponents & considered.

3.8.2 Results

The calibration results are shown in Fig. (3.3). Data points without a suffix correspond to circuits with
Steane QEC gadgets; those labeled “(NoQEC)” correspond to circuits without QEC gadgets; and
those labeled “(L)” correspond to the logical circuit. The dashed curves are fits to Eqg. (3.32), and the
extracted fitting parameters a and b are summarized in Tab. 3.1.

3.8.3 Discussion

Comparison between Helios-1E and H2-2.

As discussed in [1], the most influential noise channel is the memory error in the present type of
experiments. There are two main strategies to suppress this: reducing idling time and applying DD.
Helios has a real-time engine that can dynamically schedule the ion transport. Our circuit has many
repeat-until-success (RUS) operations, and the Helios stack can literally execute them, whereas the
H2 stack redundantly transports the ions if the RUS completes before its upper bound. On the other
hand, in the Helios stack, automatic DD pulse insertion is not available at the time these experiments
are conducted, and thus coherent memory noise suppression relies on manual implementation. The
difference between H2 and Helios generations are interpretted from these two aspects, among others.
Fig. 3.3 suggests that these two effects are competing with each other to show similar . We expect
that once automatic DD compilation becomes available on Helios-1E, its lower physical noise rate
should translate into improved circuit fidelity compared to H2-2.

Effect of Steane QEC gadgets.

On H2-2, a comparison between the with QEC gadgets and without QEC gadgets reveals a crossover
behavior as a function of circuit depth k. For k& > 3, the encoded circuit with QEC gadgets exhibits a
smaller decoherence effect than the circuit without QEC, indicating that error correction provides a net
benefit at larger circuit depths. In contrast, for £ = 1 and k = 2, the without QEC circuit outperforms
the encoded one, as the overhead associated with the QEC gadgets exceeds the benefit of error
suppression at shallow depths. On Helios-1E, there is a marginal difference between the with-QEC
and without-QEC cases. It may be due to the remaining coherent error, which causes a phase-flip
error with a probability that is quadratically dependent on the idling time.

Comparison with the unencoded logical circuit.

While the goal of our top-down approach here is to implement the end-to-end chemistry workflow for
benchmarking, it would be worth comparing the encoded and unencoded cases to clarify the current
status. At present, as in the other similar work in literature [1, 18], the QEC-encoded implementation
does not achieve the performance of the logical circuit. This is primarily due to the accumulation
of errors beyond the correction capability of the current distance-3 code, particularly memory noise.
During the encoding, decoding, and error-correction processes, the ions experience extended idle
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periods. Memory errors accumulated over these intervals increase the logical error rate beyond the
physical baseline.

Recall that break-even has been demonstrated at the level of individual QEC gadgets on current
devices [19-24], realizing effective error correction at the full-circuit level, including many non-Clifford
operations, remains challenging. Achieving break-even at the application circuit level is therefore a
key objective for future work, which will likely require a combination of techniques to suppress memory
errors and the use of higher-distance error-correcting codes, together with hardware advancements.

Figure 3.3: Decoherence parameter ¢ as a function of circuit depth &, obtained by fitting the probability
of the zero-measurement outcome from the QPDE benchmark circuits to P4 (Eq. (3.31)). Data
points without a suffix correspond to circuits with Steane QEC gadgets; “(NoQEC)” denotes circuits
without QEC gadgets; “(L)” denotes the logical circuit. Dashed curves show fits to Eq. (3.32). In the
ideal (noiseless) case, ¢ = 0.

Device a b

Helios || 0.1086(201) | —0.0613
Helios-E || 0.0692(71) | —0.0452(303
H2 0.0741(67) | —0.0680
H2-E (L) | 0.0031(23) | 0.0293

Table 3.1: Fitting parameters a and b in Eq. (3.32) extracted from the calibration data shown in
Fig. 3.3.

3.9 Experiment of QPDE

We proceed to the phase difference estimation following Sec. 3.5. To assess the performance of
QPDE under realistic noise conditions, we perform experiments using the noise-aware likelihood
model calibrated in Sec. 3.8.
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3.9.1 Experimental Setup

Devices.

The QEC-encoded circuits are executed on Quantinuum System Model H2-2 [13, 14]. Details of the
device noise parameters are summarized in App. A.3.

Sampling strategy.
We randomly draw N,/10 samples of (k, ) with a maximum circuit depth k,,.x = 10. For each
sampled pair (k;, 5;), we execute the circuit 10 shots, resulting in a total of V; measurement outcomes.

Noise-aware likelihood.
To incorporate hardware noise effects in the classical post-processing, we use the noise-aware dis-
tribution

14 e~ aki=b cos(k:ngN) + B — mym)
2 )

Q(my|d; ky, By) = (3.33)

instead of Eq. (3.9). Here, the parameters a and b are obtained from the circuit calibration in Sec. 3.8.

Estimation procedure.

From the experimentally obtained measurement outcomes {m; }1-,, we construct the posterior distri-
bution over the phase ¢ using Egs. (3.8) and (3.33). To estimate the phase and its uncertainty, we
employ a bootstrap procedure: we draw N samples with replacement from the dataset, compute
the phase estimate ¢(*) using Eq. (3.10), and repeat this procedure R times to obtain {¢(*)}2 . The
phase is then estimated by the circular mean Arg(} _, ew(i)/R), and the uncertainty is quantified using
the Holevo variance.

Target phase.

The target quantity considered in this work is the energy difference at the conical intersection. Let E,
and E, denote the ground- and excited-state energies, respectively. We define the energy difference
as AE := E, — E., and the corresponding phase difference as A¢ := —AFE't.

3.9.2 Results
The experimentally obtained distributions over the phase ¢ for different numbers of samples N, are
shown in Fig. 3.4. As N, increases, the dominant peak of the distribution becomes sharper, con-
centrating around the target phase A¢. This demonstrates that increasing the number of samples
improves the precision of the phase difference estimation, and consequently the accuracy of the
energy gap estimation.

With R = 1000 bootstrap samples and N, = 1400 circuit samples, the energy diference is
estimated as AE = —0.0025561(24) Ha, which agrees with the approximation energy differnce
AFEapprox = —0.002559 Ha with the statistical uncertainty of o.

3.10 Numerical simulations with tunable noise parameters

We investigate the impact of hardware noise on the partially fault-tolerant QPDE circuit through nu-
merical simulations with tunable noise parameters. All simulations in this section are performed using
the H2 emulator.

The noise sources considered in the simulations are summarized in Tab. 3.2. The two-qubit
gate fault is modeled by an anisotropic two-qubit Pauli channel. Readout faults flip a measurement
outcome from “1” to “0” with probability p, 10 and from “0” to “1” with probability p. o—1. Memory
noise acting on idling or transported qubits is modeled by the dephasing channel

p— e_ift“‘Z/Q((l — gtm)p + gthpZ)eift“‘Z/Q, (3.34)
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Figure 3.4: The distributions [Egs. (3.8) and (3.33)] obtained by experimentally collecting the mea-
surement outcomes of the circuit (3.29) for different numbers of samples N;. The target phase A¢
computed from the Hamiltonian is shown as a gray dashed line, while the target phase including

Trotter error is shown as a red dashed line.
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where t,,, denotes the idling or transport time. The parameters f and g characterize the coherent and
incoherent components of memory noise, respectively. Further details of the noise model are given
in [25].

To identify the dominant noise source in the partially fault-tolerant setup, we simulate the encoded
QPDE circuits while activating each noise component separately (Tab. 3.2). The H2-2 quantum
computer is emulated with the parameters ps = 1.29 x 1073, p, 91 = 0.9 x 1073, p 150 = 1.8 x 1073,
f=43x10"2[rad-s7!],and g = 2.8 x 1073 [s~'] [25].

Tab. 3.3 shows that incoherent memory noise and gate readout error are the dominant error
source under the present setup. The encoded circuit involves long idling periods caused by nested
conditional operations in the RGTs and QEC gadgets, which enhances the impact of memory noise.
In contrast, coherent memory noise remains well suppressed even at the current value f = 4.3 x
10~2rad-s~!. This suppression is attributed to the use of dynamical decoupling (DD), which mitigates
the accumulation of coherent phase errors. Fig. 3.5 illustrates the decoherence parameter ¢ obtained
from the k = 3 and k£ = 5 mirror benchmark circuits for each noise model.

Noise model Parameter
Two-qubit gate fault D2
H1 l!%HOI! N
Readout fault ( ) Pr,170
(051 | prosn
_ coherent f
Memory noise —
incoherent g

Table 3.2: Noise sources included in the numerical simulations and their associated parameters.

Noise type q(k=3) | q(k=5)
Gate & readout error 0.136 0.224
Coherent memory noise 0.120 0.116
Incoherent memory noise 0.104 0.160

Table 3.3: Simulation results of the encoded circuit with different noise sources activated individually.
The first row uses ps = 1.29 x 1073, p, o1 = 0.9 x 1073, and p, 10 = 1.8 x 1073. The second and
third rows use the coherent memory noise parameter f = 4.3 x 10~2 [rad- s~'] and the incoherent
memory noise parameter g = 2.8 x 1073 [s~!], respectively. All other noise sources are turned off in
each setup.

3.11 Discussion and Outlook

This work builds on the QEC-assisted QPE pipeline [1], implemented on the Quantinuum H2 trapped-
ion processor with the [7,1,3] color code (Steane code). We introduced two update points: (1)
replacing QPE with iterative quantum phase difference estimation (IQPDE), and (2) expanding the
logical system register from one to two qubits. Three implementations were benchmarked—logical
with QEC, logical without QEC (NoQEC), and unencoded physical—to evaluate QEC effectiveness
in this setting.

The logical QEC implementation achieved higher fidelity than NoQEC, confirming that QEC gad-
gets improve circuit performance. This is consistent with the calibration results of the original work [1].
However, the physical implementation outperformed the logical one, and break-even with respect to
the physical baseline was not reached as in the previous work [1, 18].
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Figure 3.5: Decoherence parameter ¢ obtained from the k£ = 3 and & = 5 mirror benchmark circuits
for different noise models using the H2 emulator. The dark red markers represent the H2 emulator
backend with dynamical decoupling enabled. (DD) and (noDD) denote the noise model results with
each noise channel activated, with and without dynamical decoupling, respectively.

This contrasts with existing QEC demonstrations, where break-even has been widely achieved at
the component level. On the same trapped-ion platform, physical-level fidelity has been surpassed
for logical CNOT and SPAM [19], Bell state preparation [20], cat state preparation [21], and logical
qubit teleportation [22]. The same trend holds across other qubit modalities: the Google Willow
superconducting processor benchmarked surface-code memory and demonstrated that the logical
error rate is lower than that of the best physical qubit [23], and the Harvard/QuEra neutral-atom group
demonstrated logical advantage in a 48-logical-qubit sampling circuit [24]. In these cases, break-even
is confined to low-depth circuits or component benchmarks. Break-even has been established at the
component level, but has not been demonstrated at the algorithmic level, mainly due to the heavy-
lifting non-Clifford operations (arbitrary-angle single-qubit rotation in the present work). The present
work benchmarks QEC performance at the algorithm level using IQPDE, an algorithm for energy gap
estimation.

The dominant factor behind this shortfall is the accumulation of errors beyond the corrective ca-
pacity of the code, particularly memory errors. During encoding, decoding, and error correction,
ions experience extended idle periods. Memory errors accumulating during these intervals drive the
logical error rate above the physical baseline.

This work extends QEC-assisted energy estimation [1] to energy gap estimation, providing a
reference point for the practical utility and current limitations of QEC at the algorithm level. Revisiting
this experiment on next-generation hardware will serve as a natural benchmark for progress toward
algorithm-level fault tolerance.

We note that the present chemistry pipeline, along with the use cases (e.g., an optical switch),
will remain virtually unchanged even after fault-tolerant quantum computing is achieved. The target
molecular system will grow larger as the number of logical qubits we can use increases. The number
of logical qubits will remain modest until we reach sufficient logical fidelity for chemistry analysis,
as the additional qubits would be allocated to further protection of the logical qubits in the early
stage. We will continue developing the software components to keep pace with advances across
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all relevant software/hardware layers. In particular, the development of the error correction code is
rapidly proceeding. Our pipeline is designed to incorporate such a new QEC code without changing
the overall workflow. In the later stage, most likely in the Apollo generation, we start expanding the
system size to tackle the industry-relevant problems.
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4 Quantum Computing in Topological Data Analysis

4.1 Foundations of Topological Data Analysis

Topological Data Analysis (TDA) is an approach to data analysis guided by the principle: data has
shape, shape has meaning, and meaning produces value. Rather than treating data merely as col-
lections of numerical values, TDA interprets data as objects possessing an intrinsic “shape,” and
seeks to extract essential structural information from this geometric and topological perspective. The
central feature of TDA is the use of topological invariants. These quantities remain unchanged under
continuous deformations such as stretching or bending, and are therefore robust against noise and
small perturbations in the data, when accommodated for in the ‘discretization’ step (for example, as
is done for persistence diagrams [26]). This robustness arises because topological invariants cap-
ture global correlations within a dataset that are invariant to certain local transformations. They are
insensitive to local coordinate transformations or minor fluctuations, and instead describe the funda-
mental large-scale structure of the data. At the same time, precisely because they encode global
structure, topological descriptors are ‘coarse-grained’ properties. They do not preserve detailed local
information, and therefore may overlook fine-grained structural differences. This dual nature—robust
yet coarse— constitutes both a strength and a limitation of TDA.

TDA has been applied to a variety of use-cases across many scientific disciplines. One historically
representative example is the identification of glassy states [27—29]. Structurally, glass and liquid
states can appear remarkably similar at the level of local molecular configurations, making them
difficult to distinguish using conventional measures. However, when TDA is applied to such systems,
differences in topological invariants become apparent, enabling discrimination between these states.
This example illustrates how TDA can detect structural distinctions that are not readily visible through
traditional local or statistical analyses (see [28, 29]).

Early developments in TDA primarily focused on unsupervised, exploratory tasks in which struc-
tural differences were identified through comparisons of topological invariants (see [30]). In this
setting, the goal was to uncover intrinsic organization within the data without relying on labeled exam-
ples. More recently, TDA has evolved toward integration with modern machine learning frameworks.
Two major directions have emerged:

- incorporating topological invariants directly into learning objectives, for example as loss terms or
regularizers (see [31-34]), and

- vectorizing topological summaries (such as persistence-based descriptors) and using them as input
features in supervised learning models (see [35—39]).

In this work, we focus on the second of these approaches.

4.2 Limitations of Classical TDA and Quantum Advantage

A natural starting point for investigating the usefulness of TDA primitives for real-world data is look-
ing at Betti numbers of cligue complexes as simple global descriptors of network/graph data. Betti
numbers are topological invariants that summarize global structural properties such as the number
of connected components and higher-dimensional holes. These quantities capture correlations that
are often invisible to purely local statistics but can be very computationally expensive to calculate,
particularly in high dimensions.
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Figure 4.1: Conceptual diagram of a clique complex

4.2.1 Exact Computation and Its Limitations
To illustrate why exact Betti-number computation does not scale well classically, we consider a highly
structured example with analytical properties: the complete k-partite graph. This follows the example
set by Berry et al. [40]. A graph G = (V, E) is called a complete k-partite graph if its vertex set admits
a decomposition

V=ViuWU---UV,

such that no edges exist within each partition V;, and every pair of vertices belonging to different
partitions is connected by an edge. For simplicity, we assume equal partition sizes, |V;| =n (i =
1,...,k).

Given a graph G, its clique complex X (G) is the simplicial complex whose simplices correspond
to cliqgues (complete subgraphs) of G. The vertices of X (G) are the vertices of G, and a clique of size
(r + 1) corresponds to an r-simplex. In a complete k-partite graph, any clique is formed by selecting
at most one vertex from each partition, which makes the combinatorial structure of X (G) explicit (see
Fig. 4.1).

Let S, denote the set of r-simplices of the clique complex of a complete k-partite graph, where
r € [0,k — 1]. The number of r-simplices is

— k r+1
15:] = (r+1)n '

In particular, |S,_1| = n*, so the size of the clique complex scales as O(n*).

Betti numbers are computed via linear-algebraic operations on chain groups. For each dimension
r, one considers the chain group C, = span(S,), where each simplex is formally associated with
an independent unit vector. Betti numbers are then defined in terms of the rank of the associated
boundary operators. Thus, the computational bottleneck is governed directly by the dimension of C.
and the resulting matrix sizes (see the left panel of Fig. 4.2).

In practice, many algorithmic improvements exist, including sparse-matrix techniques and opti-
mized reduction procedures. In particular, flagser [41] is a highly optimized implementation spe-
cialized for computing Betti numbers of clique complexes of graphs and is among the most efficient
classical tools currently available. Nevertheless, the fundamental combinatorial growth in the number
of simplices remains unavoidable (see the right panel of Fig. 4.2).

As k increases, memory usage grows rapidly and computation time increases sharply. Beyond
a certain threshold, the computation becomes infeasible due to memory exhaustion or excessive
runtime. Therefore, even in this structurally simple setting—where simplex counts are known exactly
—classical explicit computation of Betti numbers faces intrinsic scalability limitations.

Moreover, from a complexity-theoretic perspective, computing Betti numbers exactly is known to
be #P-hard in general [42]. This further confirms that large-scale exact evaluation is fundamentally
intractable.
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Figure 4.2: (Left) The dimension of the highest-dimensional vector space in the clique complex of a
k-partite graph is n*. A matrix acting on this space therefore has n?* entries. If stored densely, the
required memory usage would be 8n%* bytes (assuming double-precision representation). Note that
in actual computations the matrix is not stored in dense form. (Right) Memory usage when computing
all Betti numbers of the clique complex of a k-partite graph using flagser [41]. Values exceeding
8GB are extrapolated and should therefore not be regarded as exact measurements.

4.2.2 Approximation Problems
Given the hardness of exact computation, we consider approximation. In particular, we discuss both
multiplicative and additive approximation schemes.

Multiplicative Approximation. For a Betti number 3;, an estimate /3, is called an e-multiplicative
approximation if )
(1-e)Br < B < (1+¢)bk-

However, multiplicative approximation of Betti numbers is NP-hard in general [42].

Additive Approximation. Instead, we consider the additive approximation of the normalized Betti
number
B

k= dim Cy,

An estimate 3, is called an e-additive approximation if

B

‘Bk _Bk‘ <e.

The computational complexity of this additive approximation problem for Betti numbers remains
an open problem. However, since homology decision problems for clique complexes are known to be
QMA-hard, it is conjectured that this problem is also QMA-hard [43, 44]. In other words, even additive
approximation is unlikely to be efficiently solvable, even with quantum computation.

To proceed, we introduce the k-th Hodge Laplacian. Let C; denote the k-chain space and 9y, :
C — Cx_1 the boundary operator. The k-th Hodge Laplacian is defined as

Ay = O19),, + OF Ok

A key property of this operator is that the multiplicity of the zero eigenvalue coincides with the Betti
number 3. Thus, computing Betti numbers can be viewed as a spectral problem.

Since counting exact zero eigenvalues is computationally difficult, we instead introduce the no-
tion of quasi-Betti number [43]. For a threshold A\, we define quasi-Betti number as the number of
eigenvalues smaller than A. For sufficiently small A, this provides a good approximation of the Betti
number.
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In this way, we relax the problem from counting exact zero modes to estimating the number of low-
lying eigenmodes under additive error. This problem is known to be DQC1-hard for general simplicial
complexes [43]. While the precise complexity for clique complexes remains open, it is expected to be
similarly hard.

Therefore, instead of counting strictly zero eigenvalues, we consider the normalized number of
eigenmodes within a small low-eigenvalue window. Under this formulation, the problem is expected
to become DQC1-hard, making it intractable for classical computation while remaining potentially
efficiently solvable by quantum algorithms.

4.2.3 Normalized Laplacian moments (LM)

Laplacian moments play a central role in the practical implementation of this problem. They provide
a natural framework for realizing quasi-Betti quantities within a quantum algorithm. The quasi-Betti
number is defined via a spectral threshold A, effectively counting eigenvalues below A\. This cor-
responds to a discontinuous function of the spectrum, which is not directly amenable to efficient
quantum implementation. To overcome this difficulty, we replace the discontinuous threshold func-
tion with a polynomial approximation. Laplacian moments arise precisely from this approximation,
enabling an efficient and physically realizable quantum procedure.

We define the normalized k-th Hodge Laplacian as

_ !

A
FTA

(akHa,Z+1 + a,iak),
where A is chosen so that Spec(Ay) C [0, 1].
The normalized Laplacian moment is defined as
_ 1 _
T\ = Te(I — &))"

imk

Let {)\;} be the eigenvalues of A,. Since the number of zero eigenvalues equals 3, we obtain

d _ = 1 d
T =t dim Cj, > (1=X)
Ai>0
Hence,
hm T](Cd) = /Bk:

In the following, we demonstrate that quantum advantage emerges in estimating such approxi-
mate Betti numbers under additive error, by analyzing the sample complexity of concrete algorithms.
Detailed derivations and simulation results are presented in Ref. [45].

Even though we move to Laplacian moments for calculation purposes, in that we can approximate
the normalized Betti number as d increases, this project investigates the usefulness of the vector of
Laplacian moments for values of d from one to some manageable number. This move naturally allows
the Laplacian moments to contain information that is beyond just the invariant topological information
and includes geometric information present in the moments of the Laplacian (see subsection 4.4.2).
Thus, not only does the Laplacian moment approach address the exact computational limitation
outlined above but also the coarseness limitation introduced in Section 4.1.

Classical Monte Carlo Complexity To approximate the normalised Betti number within accuracy
€, one requires
log(2
d > Og((s/e?) = (1- 5)61 <

I

DO ™

where § denotes the spectral gap.
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Figure 4.3: As shown in Section 4.2.1, a 6-partite graph with 11 nodes per partition lies at the bound-
ary of feasibility for supercomputer-based exact computation. This figure shows the result of comput-
ing the same 6-partite graph (with 11 nodes per partition) using the classical sampling algorithm for
Laplacian moments. The error bars in this plot are derived from the Hoeffding bound used by Apers
et al. [46]. We observe that the empirical variance for this algorithm does not attain this bound in this
case. For more on this question see [47]

In classical trace estimation, the number of required samples scales as

2+ log(2/1)
~ 8—2

)

and total matrix queries scale as
2d+1 1 2
N og( m .4
e
Thus,

Classical complexity: O(2%).

While classical Monte Carlo simulation suffers from an exponential increase in the number of required
samples, it can still provide approximate results, unlike exact computation, which becomes infeasible
at scale.

Quantum Sampling Complexity We conclude by introducing the sampling cost of the quantum
algorithm; a detailed description of the algorithm itself will be provided in the next section. In contrast,
quantum sampling requires

_ log(2/n)
62
samples, independent of d, and total query complexity

- los/m) o

e2

Hence,
Quantum complexity: poly(d).
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Figure 4.4: Circuit diagram demonstrating the general structure of the circuit for estimating Tffl) Each
dotted box represents a “block”.

4.3 Quantum circuits and resource estimates for computing Laplacian
moments

In this section, we discuss a quantum algorithm used to generate the normalized Laplacian moments
and provide resource estimates for three regimes in which this algorithm could be run on quantum
hardware. The algorithm we focus on here is based on Algorithm 6 described in Akhalwaya et al. [45].

4.3.1 Algorithm structure
(d)

The algorithm we consider produces a vector of estimates for T, for each d = 1,2,... D where D is
a number given as input to the algorithm. Similar to the classical algorithm of Apers et al. [46], the
algorithm produces these estimates using a core subroutine which estimates, for an input k-clique v,

the quantity Ti’f,)f = (v| (I — Ay)?%|v) for each d in the chosen range. This subroutine is leveraged to

compute normalized Laplacian moments by observing that T,(Cd) = E,[(v] (I — Ax)?|v)] where v is a
k-clique of G chosen uniformly at random.

Sampling simplices As in [46], we will assume access to an efficient sampling algorithm for the k-
cliques of our input graph. Such an assumption is empirically reasonable on the small graph sizes we
deal with in this investigation. Furthermore, the proof of Cade and Crichigno that quasi-Betti number
estimation on general simplicial complexes is DQC1-hard holds in the presence of an efficient oracle
for sampling from the simplices [43].

Circuits for Tff,)c Given a k-clique v of G we run the two circuit blocks Cp, and Cp, which block-

encode matrices Dy and Dy such that I — A, = DODI. The query counts discussed in the previous
section refer to the number of uses of either of these circuits. These circuit blocks, seen in Figure
4.4, each consist of a unitary B (the Hermitian boundary operator) and a projection P, or I — Pr,
which consists of entangling operations between the main register and some ancilla qubits followed
by measurements and post-selection on a particular set of results. The output of the algorithm is a
random variable 7, which is the number of blocks that succeed in a row (that is the post-selection
succeeds up until the first failure). It is shown in [45] that E[r, > d] = Tfjl,)c. For more detail on circuits,
see Appendix B.

4.3.2 Quantum resource estimates
Given the descriptions of the components in the quantum Laplacian moments algorithm, we can
estimate the quantum resources required to run a single shot of this algorithm on given graph inputs.

These resource estimates allow us to better understand the scope for using quantum computers
to explore Laplacian moments on graphs which are beyond the reach of existing classical methods.
To this end, we look at resource counts in three regimes: the first corresponding to validating this
algorithm’s performance on hardware, the second towards demonstrating quantum advantage with
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Figure 4.5: Resources required for running one shot of Laplacian moments algorithm (up to Ti,m)) on

complete k-partite graphs. These circuits in question are optimised to exploit this k-partite structure.

the algorithm and the third corresponding to searching for advantage in real-world data on early fault
tolerant quantum computers.

Regime 1: Validating the algorithm on complete k-partite graphs On the example of complete
k-partite graphs which are defined above and studied by Berry et al. [40], we can optimise the pro-
jections to get resource counts that are amenable to running on current hardware. The ground truth
for the Laplacian’s is known exactly for these graphs so running the algorithm here would not be a
demonstration of quantum advantage. However this extra structure allows us to test the functioning
of the algorithm in the presence of noise and develop noise mitigation strategies. In Figure 4.5, we
show that running the algorithm for any complete k-partite graph on up to 9 parts for up to 15 steps
will take less than 4000 two-qubit gates. In Figure 4.6, we show the results of the output of such
circuits running for the complete k-partite graph K (5,4) on the Quantinuum Helios emulator.

Regime 2: Exploring early targets for quantum advantage As identified in Figure 4.2, graphs
with small vertex counts but large clique counts represent a limitation for current classical TDA meth-
ods. These graphs are natural targets for exploring early quantum advantage for this algorithm. In
Figure 4.7, we provide resource counts for running 30 steps of the algorithm on the same range of
graphs in Figure 4.2. These resource counts do not make use of the optimisations for complete
k-partite graphs in Figure 4.5. This means that such resources will be sufficient to perform the Lapla-
cian moments algorithm on a wide range of generic graphs that are built from perturbing complete
k-partite graphs. This class of graphs is studied by Berry et al. [40] as a promising target for guantum
advantage in the related problem of estimating the normalised Betti number.
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Figure 4.6: Results of 1000 shots of the quantum algorithm on a complete k-partite graph K(5,4) on
20 vertices, run on a noisy emulator of Quantinuum Helios.

Regime 3: Towards advantage on real-world data Moving towards more general application of
the quantum Laplacian moments algorithm, we consider the regime of graphs arising from real-world
data. To this end we take the range of graph sizes occurring as 2-hop ego-graphs in the data from
Section 4.6. This range is empircally observed to be from 10 to 2 x 10* vertices for the majority of
ego-graphs. While we didn’t find the high clique counts needed to make classical methods infeasible,
we expect that target data sets which do require the quantum Laplacian moments algorithm can
be found (see for example Section 4.5) and may be good targets for commercial advantage in the
early fault tolerant era. In Figure 4.8, we provide T gate counts and depths for performing 50 blocks
of the algorithm on graphs whose number of complement edges scales proportionally to n? and
complement degree scales proportional to n. We use GRIDSYNTH (whole circuit accuracy 10~1) for
converting the rotations in the circuit’'s Hermitian boundary operator B to Clifford +T.

4.4 Quantum-Enhanced TDA and Quantum-HPC-AIl Workflows

4.4.1 Baseline

We consider graph-structured data as the primary input. Graphs provide a broadly applicable rep-
resentation: many data modalities can be interpreted geometrically through graphs (e.g., images
can be viewed as grid graphs). Adopting a graph viewpoint therefore enables a natural geometric
interpretation of data.

On top of this representation, we employ graph neural networks (GNNs), which respect graph
structure when aggregating information. Conceptually, GNNs can be viewed as a generalization
of convolutional neural networks (CNNs): they learn by repeatedly aggregating and transforming
information along edges.

However, the fundamental aggregation mechanism in standard message-passing GNNs is local.
Each node can access information only within a limited neighborhood determined by the number
of network layers, and even within this hop-limited region, the representation is dominated by local
interactions. As a result, structurally global information within that neighborhood is not necessarily
captured explicitly. This motivates augmenting GNNs with complementary descriptors that summa-
rize more global structural properties, such as topological invariants.

We therefore propose to compute TDA-derived descriptors and use them as additional node fea-
tures for GNN training. Concretely, for each node we construct its ego-graph, i.e., the induced sub-
graph consisting of the node and all nodes within a fixed hop distance (together with all edges among
them). We then apply TDA to this local subgraph, enabling the resulting descriptors to be attached
as node-level features and passed downstream to the GNN.

As discussed previously, exact TDA computation can become computationally prohibitive. We
thus focus on additive-approximation approaches implemented via Laplacian moments. Since nor-
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Figure 4.7: Resources required for running one shot of the Laplacian moments algorithm (for 30
steps) on generic graphs formed by perturbing complete k-partite graphs.

malized Betti numbers arise only in the infinite-depth limit of Laplacian moments, we do not attempt to
compute the limit directly. Instead, we provide the GNN with a finite sequence of Laplacian moments,

(T(l),T(Q), A ,T(d))7

as structured features.

In summary, our baseline Quantum—HPC—-AI workflow is as follows: (i) given a graph, construct
an ego-graph for each node; (ii) compute a sequence of Laplacian moments for each ego-graph
using quantum computation; (iii) attach these moment sequences as node features; and (iv) train the
downstream GNN on HPC infrastructure.

This division of labor is natural: quantum computation is used for geometric/topological feature
extraction, while classical Al and HPC handle large-scale model training and deployment.

Finally, it is important to emphasize the motivation for this hybrid design. Direct quantum ma-
chine learning approaches face well-known challenges such as barren plateaus and data-loading
bottlenecks. In contrast, extracting quantum-derived features and leveraging them within strong clas-
sical machine learning pipelines is a highly promising path. The present baseline follows exactly this
philosophy: quantum resources are used to produce features that enrich the classical model.

4.4.2 Beyond Topological Data Analysis
We now highlight an important perspective briefly raised in Section 4.2.3: Laplacian moments are
useful beyond their asymptotic connection to topology.

The k-th Hodge Laplacian is defined as

A = O10f | + 0}k
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Figure 4.8: T-gate resources required to run one shot of the Laplacian moments algorithm (up to 50
steps) on graphs of varying sizes assuming the number of complement edges grows as n?/20 and
the max complement degree grows as n/20.

This operator can be interpreted as a diffusion operator on k-simplices. The first term mediates
interactions through (k + 1)-simplices, while the second term mediates interactions through (k — 1)-
simplices. In this sense, A, governs how information propagates across the simplicial complex at
dimension k.

Under this diffusion viewpoint, (I — A;)? corresponds to d-hop diffusion on k-simplices, and the
Laplacian moment

T = Te(1 — Ag)*

can be interpreted as the total self-correlation of a d-step diffusion process. The role of d is therefore
transparent: small d emphasizes local structure, while larger d progressively incorporates broader
and more global correlations.

In the limit d — oo, only the zero-eigenvalue subspace survives, and the Laplacian moments
converge to (normalized) Betti numbers. This shows that Betti numbers represent the most global
correlation information accessible through this diffusion process.

Crucially, finite-d Laplacian moments retain intermediate-scale correlation information that is lost
in purely topological summaries. Betti numbers are robust but can be overly coarse: distinct struc-
tures may share identical Betti numbers. By contrast, finite-d moments interpolate between local and
global organization, providing descriptors sensitive to mesoscopic structural changes. In Appendix
B.2, we explore an application of this Laplacian feature to the study of heterophily in networks.

This is particularly relevant for real-world network applications such as communication networks,
where anomalous or fraudulent behavior may not alter global topological invariants, yet can modify
intermediate-scale correlation structure. Finite-d Laplacian moments can capture such changes and
therefore serve as informative features for anomaly or fraud detection.

Taken together, this framework is not only a candidate route toward quantum advantage, but also
a practically useful feature-augmentation strategy that introduces additional structural information
beyond what standard classical TDA pipelines typically provide.

4.5 Synthetic ML Dataset with likely advantage for Quantum over GNNs

Before we apply the new pipeline introduced in the previous section to real-world data, we first pro-
vide a proof-of-concept example to show that likely classically-inaccessible Laplacian moments can
provide an advantage over GNNs. In this section, we demonstrate a (highly engineered) synthetic
dataset that shows the maximal possible benefit that Laplacian moments could have.

In Figure 4.9 we have constructed a toy dataset where the labels are associated with substruc-
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Figure 4.9: Synthetic dataset where the “fraud” and “non-fraud” labels accompany different WL indis-
tinguishable substructures.

tures that are indistinguishable by Weisfeiler-Leman hashes and therefore vanilla GNNs. These
same substructures are distinguishable by high-order Laplacian moments. Indeed we run the full ML
pipeline and achieve 100% classification accuracy with Laplacian moments and 50% without, the best
possible situation. Furthermore, by virtue of the construction we can move the valuable information
into an arbitrary Laplacian order of high power.

The details of the construction are as follows. Our goal is to produce two graphs that are in-
distinguishable by Weisfeiler-Leman but distinguishable by Laplacian moments. Graphs that satisfy
the first condition are well studied in the literature. We simply borrow one such example which also
differs by homology and then push the homology to arbitrary dimension. One of the most famous
examples is the circulant graph with n = km nodes with » = (m — 1)/2 skip connections for skips
j mod n,j € [1,r], versus the disconnected graph consisting of & cliques of size-m. When k = 2
and m = 3, we have Figure 4.10 consisting of two triangles versus one hexagon. These two graphs
are indistinguishable by Weisfeiler-Leman because nodes in both graphs have the same one-hop
neighbourhood structure. They are however distinguishable by their topologies, namely the number
of disconnected components (5y) and the number of loops (/51). Now to make them distinguishable
by high powers of the Laplacian moments we would like one of the graphs to have exponentially
many more holes than the other. We know that the best candidate for this is the complete k-partite
graph. Fortunately, the & m-clique graph complement is exactly the k-partite graph with m parts. So
taking the complement of both graphs keeps them WL indistinguishable and makes them Laplacian-
moment distinguishable, see Figure 4.11. The complement also has the advantage of making both
graphs connected (so they no longer differ in Betti 0) and the topology differs exponentially in order
k, which can be pushed to high dimension either by making & larger or by using the procedure called
suspension. Suspension has the advantage of making low order Laplacian moments more indistin-
guishable. Alternative low order obfuscation techniques have also been investigated with success
such as using a perturbed k-partite graph versus a k-partite graph.

It is very believable that real-world mechanisms could correspond to producing circulant versus
clique structures, for example neighbourhood vs hemisphere collaboration preferences of participants
arranged on a circle (see an example with 10 nodes in Figure 4.12). Depending on the domain, going
straight to the complement picture may be more natural, where k-partite edges are swapped for inner-
partite edges, (see the complement picture in Figure 4.13).

Even if real-world mechanisms do not always produce cleanly separable structures, the incorpora-
tion of the Laplacian moments in an ML pipeline allows the network to automatically learn the value of
Laplacian moments on a class-by-class, approximative and weighted basis. Finally, this engineered
example does illustrate that the question of Laplacian moment advantage and then quantum advan-
tage is very domain and use-case specific. In this project, the search has just begun and we have
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Figure 4.10: Standard example of WL indistinguishability

Figure 4.11: Modified example for Laplacian moment distinguishability

found our first case of Laplacian advantage (without quantum advantage). It is possible that there
might even be use-cases whose Laplacian advantage only becomes evident in the quantum advan-
tage regime. Nevertheless, this section makes a strong case for TDA data-scientists to embrace the
Laplacian ML approach.

4.6 Role of Topological Data Analysis in Fraud Detection

In Al, performance is strongly influenced not only by the choice of models and learning algorithms but
also by appropriate data analysis. Even without acquiring additional data, accuracy can sometimes
be improved by analyzing the available data more deeply and transforming it into more informative
representations before training. In real-world operations, data collection and labeling entail cost and
constraints; therefore, the value of achieving improvements solely through analysis of existing data is
substantial.

As a concrete example where this perspective is particularly important, this work focuses on the
task of telecommunications fraud detection. Telecommunications fraud has been increasing year
by year, and a CFCA report estimates that losses in 2023 reached $38.95 billion [48]. Given this
scale, even a 1% improvement in detection performance could, by a simple calculation, correspond
to suppressing losses by $0.3895 billion, implying a very large social and economic impact even for
a modest gain [48]. At the same time, acquiring new data for telecommunications fraud tasks is not
straightforward. Due to privacy and operational constraints, the difficulty of labeling, evolving fraud
tactics, and the scarcity of positive examples, even a small accuracy improvement using the original
data, without further expensive forensics, can lead to a meaningful reduction in losses.

In telecommunications fraud detection, interactions such as calls, messages, transfers, and ac-
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Figure 4.12: Extended example of WL indistinguishability

Figure 4.13: Modified extended example for Laplacian moment distinguishability

count relationships can be represented as a network, making graph neural network (GNN) ap-
proaches particularly promising [49-53]. GNNs respect graph structure and learn representations
by aggregating information from neighborhoods, providing a natural framework for handling anoma-
lies and fraud on telecommunications networks. In this work, we take GNNs as a central baseline
and examine whether additional features obtained through data analysis can contribute to improving
fraud detection performance.

However, it is not the case that adding arbitrary features will necessarily help. Because GNNs
already incorporate basic graph features such as node degree through neighborhood aggregation,
simply adding elementary local statistics is unlikely to yield substantial improvements. As a next
step, one may compute more advanced structural features such as various centrality measures.
However, as shown in Fig. 4.14, the distributions of centrality measures may exhibit little difference
between normal and fraudulent nodes. This is consistent with the idea that fraudsters intentionally
mimic normal behavior to evade detection, suggesting that discrimination is difficult at least through
straightforward extensions of purely local structural features.

Nevertheless, fraudsters must not only evade detection rules but also accomplish their objectives,
such as transferring funds or accumulating rewards. In other words, they must simultaneously satisfy
both “remaining inconspicuous” and “achieving the intended outcome,” and this dual constraint can
induce structural regularities in their behavior. As a result, patterns such as the following are often
generated:

- distributing edges to avoid threshold-based detection,
- constructing detour paths to avoid direct connections,
- forming multi-stage structures by combining nodes with distinct roles (e.g., collection, relay, and
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Figure 4.14: Comparison of centrality measures between normal and fraudulent nodes. From left to
right: degree centrality, closeness centrality, and betweenness centrality for the BUPT dataset.

cash-out).

These patterns may not drastically change local quantities such as degree or neighborhood statistics,
but they can manifest as more global geometric structure at the network level. Therefore, to extract
differences that are difficult to capture using only local statistics or centrality measures, we require
a framework capable of handling global shape information such as connectivity, loop structure, and
cavity-like structures.

Therefore, in this work, we investigate whether applying QTDA- HPC - Al workflows to telecom-
munications network data can improve detection performance compared to conventional approaches.

4.7 Experimental Results on Fraud Detection

In this work, we use the BUPT dataset [49, 51], which is widely recognized as a benchmark dataset
for fraud detection in telecommunications networks. The graph is relatively sparse, with low edge
density, and therefore remains tractable for exact classical computation. Accordingly, in the anal-
yses that follow, both Betti numbers and Laplacian moments are computed exactly rather than via
approximation.

We first compute Betti numbers for ego-graphs in the communication network. We observe that

Be=0 (k=>2).

For k = 0, there is no information because by definition the ego-graph has one exactly one connected
component. For 2 < k < 4 there are sometimes k-simplices present but there is no homology. For
greater k there are simply no k-simplices. In the range, 2 < k < 4, it is interesting that higher-
dimensional homology is entirely absent; the ego-graphs contain no nontrivial higher-dimensional
topological features when they could have. This observation has important implications. Pure topo-
logical invariants are extremely global quantities. When higher-dimensional structure is absent, they
assign identical values (zero) to all nodes and therefore lack discriminative power. In other words,
topological invariants can be “too global” and discard information essential for classification.

Here is where Laplacian moments become crucial. When finite-d Laplacian moments are com-
puted for ego-graphs in the communication network, the resulting distributions exhibit nontrivial higher-
dimensional contributions, even though the corresponding Betti numbers vanish (see Fig. 4.16). This
indicates that Laplacian moments retain spectral information beyond zero modes and therefore cap-
ture structural differences invisible to pure topology. Moreover, for moderately large d, Laplacian
moments incorporate increasingly global information that standard GNNs do not naturally encode
through localized aggregation. Empirically, incorporating Laplacian moments as additional features
in GNN-based fraud detection improves classification accuracy( see Table 4.1). We evaluate the
statistical significance of this improvement using a two-sample t-test. Comparing the recall obtained
with and without LM across 10 random seeds, we obtain a p-value of 0.026. This result indicates a
statistically meaningful improvement and suggests a moderate level of advantage when LM features
are incorporated.

By evaluating the model at multiple threshold values, we obtain the full Precision-Recall (PR)
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Figure 4.15: Comparison of Betti numbers between normal and fraudulent nodes.

Macro AUC Macro recall Macro F1 G-mean
with LM 0.9243 4+ 0.0169 | 0.8449 + 0.0237 | 0.8415 4+ 0.0122 | 0.8327 4+ 0.0283
without LM | 0.9204 + 0.0169 | 0.8317 4+ 0.0219 | 0.8315 £+ 0.0101 | 0.8170 4+ 0.0275

With LM Without LM
Fraud Normal Fraud Normal

Fraud 2421 +215 971+£142 230.5+21.6 108.7 £+ 14.8
Normal 106.8 £31.1 6972.0 +41.1 109.5+30.2 6969.3 £ 37.0

Table 4.1: (Top) In threshold = 0.5, performance comparison on BUPT dataset. (Bottom) Confusion
Matrices Comparison. We use 15% of the total nodes as the test set.

curve (see Left of Fig. 4.17). At a given operating point, if we fix precision and compare the cor-
responding recall values, the difference in recall directly reflects the improvement in fraud detection
achieved by incorporating LM as additional features. Using this improvement in recall, we can esti-
mate how much of the annual telecom fraud loss could potentially be mitigated. In this analysis, we
focus on approximately 25% of the global annual loss, corresponding to about USD 10 billion, as the
target loss volume for evaluation. Our analysis indicates that the gain translates into a reduction on
the order of several hundred million dollars annually (see Right of Fig. 4.17). For example, at a fixed
precision of 0.9, the improvement in recall corresponds to an estimated reduction of approximately
USD 0.220 billion in annual fraud losses. In addition, we also evaluate the performance with and with-
out LM at the precision level where the difference in recall is the largest (see Table 4.2). Importantly,
finite-d Laplacian moments are computationally far simpler than exact topological invariants such as
Betti numbers, yet in practice they contain strictly richer structural information for discrimination tasks.

We conclude the results discussion by noting that the fraud dataset turned out to be too sparse to
contain higher-order cliques. There are at least two strategies we could employ to find more suitable
graphs. Firstly, we could investigate pre-processing steps that increase the edge-density but in an
actually useful way, for example, contracting nodes which meaningfully belong together. Secondly,
we could take inspiration from the synthetic dataset constructions and look specifically for related
real-world graph-generating mechanisms. For example, the synthetic graphs have hidden repeating
dense regions which could correspond to waves of compression and rarefaction in high-dimensional
embedding space. From a fraud detection point of view, this suggests we should look beyond simple
anomalous behaviour in static datasets, perhaps Laplacian-based TDA is better suited for detecting
co-ordinated and dynamic anomalous behaviour such as is, for example, found in Denial-of-Service
(DoS) attacks.

Although the communication network considered contains little higher-dimensional structure and
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Figure 4.16: Comparison of Laplacian moments (LM) computed on 600 randomly selected fraud and
normal nodes with 2 hop ego-graph. The upper panel shows the one-dimensional LM, while the
lower panel shows the two-dimensional LM. Note that, in this case, the trace is computed by exact
diagonalization rather than by Monte Carlo estimation.

therefore does not directly demonstrate quantum advantage, the observed improvement arises from
quantities that are naturally implementable on quantum hardware. The advantage thus stems from
a paradigm shift: rather than directly targeting pure topological invariants, we begin with quantities
that are naturally compatible with quantum implementation. In doing so, new structural information
and practical advantages emerge organically. In this sense, the benefit of this approach is not merely
computational speedup, but a transformation in the framework of geometric information extraction
itself.

4.8 Discussion and Outlook

This exploratory project into the usefulness of Laplacian moments for real-world data has yielded
promising results. With a theoretically possible (under widely-held computational complexity assump-
tions) exponential quantum advantage on offer for high-order normalised Betti numbers the goal was
to find evidence for real-world realisations of this advantage. We provided motivation for the claim that
powers of the Laplacian may be valuable carriers of a mix of geometric and topological information
beyond Betti numbers. We developed classical tools to calculate approximations to the normalised
Laplacian moments to allow searching for Laplacian advantage in the regime before the power be-
comes too high for classical tractability. Indeed this suggested not only a path to discovering quantum
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Figure 4.17: (Left) Comparison of PR curves with and without LM. (Right) Estimated reduction in the
total fraud loss (USD 10 billion) achieved by incorporating LM, calculated based on the difference in
recall at fixed precision levels between the two models.

Macro recall Macro F1 G-mean
with LM 0.8270 + 0.0253 | 0.8409 + 0.0150 | 0.8106 £ 0.0315
without LM | 0.8119 + 0.0205 | 0.8311 + 0.0125 | 0.7920 + 0.0259

With LM Without LM
Fraud Normal Fraud Normal

Fraud 2259 +20.6 113.3+183 2156+ 18.7 123.6 + 14.7
Normal 835+9.2 69953+21.8 81.7+11.3 6997.1+22.1

Table 4.2: (Top) In precision = 0.737, performance comparison on BUPT dataset, where 0.737 is the
precision level at which the largest difference in recall is observed when precision is held constant.
(Bottom) Confusion Matrices Comparison. We use 15% of the total nodes as the test set.

advantage in real-world datasets when large enough quantum computers become available, but also
allows for a plausible case to be made with purely classical compute: in particular, if we could demon-
strate that high-powers of increasing Laplacian order contain valuable information, then it is believable
that this trend would continue into the regime that is classically unreachable. This more subtle goal
was achieved in all the settings on the spectrum of synthetic to real-world data that we considered.
We passed through three categories: firstly highly structured, engineered, examplary datasets; sec-
ondly marginally-structured statistical models of graphs and finally real-world datasets. In all three
categories, we established the goal, namely that higher order can indeed provide extra independent
predictive value. For the first category, we constructed an example with provable maximal advantage
of arbitrarily high-order Laplacian moments (which can be pushed into the quantum advantage terri-
tory) over classical GNNs. In the second category (see Appendix B.2), using the rigourous statistical
measure of mutual information, we empirically demonstrated that higher-order moments increase the
mutual information with the predictive label. In the third category, for real-world fraud data, using sim-
ple statistical standard deviation from the mean, we showed that the second-order Laplacian moment
has a larger separation than the first-order. Unfortunately, we could not go to even higher-order be-
cause of the dearth of higher order structure. Nevertheless, for the two orders meaningfully present
we showed that both orders improved ML prediction scores, thereby validating the end-to-end ML
pipeline including the idea of augmenting node features with Laplacian moments and training large
classical ML models on powerful GPU/HPC architecture.
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Having discovered classical Laplacian advantage for real-world problems and designed synthetic
examples with quantum advantage, we can therefore confidently invite the TDA community to join
us in researching this promising, fresh approach of normalised higher-order Laplacian moments that
has benefit starting in the classical regime today and that seamlessly extends into a potentially expo-
nentially powerful algorithm in the quantum future.
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5 Roadmap and Use-Case Timeline

5.1 Aligning Hardware Evolution with Executable Use Cases

This chapter translates the technical analyses presented in the previous chapters into a structured,
forward-looking roadmap. The goal is not to describe quantum computing capability in abstract terms,
but to provide a disciplined assessment of how executable problem classes expand as hardware
matures.

We anchor the analysis to four successive generations of quantum hardware on Quantinuum’s
development roadmap: Helios (current generation), Sol (anticipated for 2027), Apollo (anticipated for
2029), and it’s large-scale fault-tolerant generation, Lumos, anticipated in the 2030s. These mile-
stones correspond to projected increases in qubit counts, improvements in physical error rates, and
growing feasibility of logical-layer execution with quantum error correction.

For each generation, we assess how projected device-level characteristics—available qubits, con-
nectivity, error rates, and realistic error-correction overhead—interact with the resource requirements
identified in Chapters 3 and 4.

In quantum chemistry, feasibility is expressed in terms of the number of spin orbitals, which di-
rectly reflects molecular complexity and electronic degrees of freedom. This provides a chemically
meaningful scaling axis that connects hardware capability to industrially relevant molecular systems.
Within this framework, we distinguish two execution paradigms. At the physical level, circuits are
implemented directly on hardware, optionally with quantum error detection (QED), enabling larger
spin-orbital counts but only for shallow circuits due to the exponential decay of success probability,
Pouee ~ e PN At the logical level, computations are performed on error-corrected qubits, where the
available number of spin orbitals is reduced by encoding overhead but deep circuits become feasible,
enabling algorithms such as quantum phase estimation (QPE) for systematically accurate simula-
tions.

In TDA, feasibility is characterized by graph size and structural parameters, particularly the num-
ber of clusters and nodes per cluster in complete k-partite graphs. These parameters allow compu-
tational complexity to be controlled in a reproducible manner and serve as a bridge between abstract
algorithmic scaling and real-world network analysis tasks.

We summarize these feasibility boundaries in Table 5.1 and Table 5.2, respectively. Importantly,
the progression is not binary. Rather than a sudden transition from “impossible” to “possible,” the
hardware roadmap suggests a gradual widening of the executable envelope: from small proof-of-
concept circuits, to pilot-scale workloads, and ultimately to application-relevant problem sizes.

Uncertainty naturally increases toward later milestones. Logical overhead, non-Clifford gate syn-
thesis costs—particularly for 7' gates—and the realized performance of physical qubits will influence
effective computational capacity. Nevertheless, the trajectory outlined here reflects a consistent ex-
pansion of viable problem classes rather than speculative discontinuities.

5.2 Domain Progression, Joint Vision, and Strategic Positioning

As outlined in Chapters 1 and 2, the purpose of this white paper is to construct a use-case time-
line that connects technical feasibility to strategic action. The joint research between SoftBank and
Quantinuum is conducted under a shared vision: the long-term realization of quantum Al data cen-
ters in which quantum processors operate as integrated computational accelerators alongside Al and
HPC systems.
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Hardware  Year Expected Chemistry Expected Chemistry Expected Potential Potential Expected
Generation (Target) (Spin Orbitals) - (Spin Orbitals) - Technical Representative  Customer Improvements
Physical/QED Logical (FTQC) Characteristics  Use Cases Segments
Helios Current - ~50 spin orbitals -~10 spin orbitals Proof-of- Small-molecule  Materials R&D  Technical
(2025) " Py ~107 - p,~107 concept excited-state divisions validation
- Subspace methods, -d=3-5 focused PoC
dynamics simulation - Steane code early
QPE/T-gate
benchmarks
Sol 2027 - ~100 spin orbitals - ~10 spin orbitals Initial scaling Limited Pharmaceutical R&D
- QED with high -p,~107 phase excited-state and materials efficiency
rejection rate -d=5-7 applications firms gains
- Subspace methods, - Early logical
dynamics simulation  stabilization, toy
QPE (small active
space)
Apollo 2029 - ~100 spin orbitals -~100 spin orbitals  Transition Medium-scale  Global Quantifiable
- QED or partial - p,~1077 toward materials manufacturers  R&D cost
fault-tolerant -d=7-9 application- modeling reduction
- Dynamics simulation - Excited-state QPE  relevant regimes
Lumos 2030+ N/A - 100+ spin orbitals  Full fault- Integrated Industrial Sustained
- p,~<1071° tolerant materials infrastructure ~ competitive
- Chemical accuracy regime discovery operators advantage
- Scalable workflows workflows

Table 5.1: Hardware roadmap for quantum chemistry applications across hardware generations.

Hardware Year Expected TDA Expected Potential Potential Primary  Expected
Generation  (Target) (Graph Size) Characteristics Representative Customer Improvements
UseCases Segments
Helios Current - Complete k-partite graphs  Fault-tolerant Structured IRSF Telecom Detection
(2025) K(m,k) for kxm<90 quantum computing  validation innovation units accuracy
- Error mitigation on bridge validation demonstration
noisy qubits stage
Sol 2027 - 100 nodes, 30 steps Improved logical Pilot fraud Tier-1telecom Measurable
- Early advantage layer stability detection operators fraud-loss
demonstrations on more deployment reduction
general graph families (few
- Integration with error percentrange)
correcting codes
Apollo 2029 - 100-300 total nodes Transition toward Commercial Telecom Annual
. Structured real-world application-relevant IRSF exploration operators fraud-loss
approximations regimes mitigation
- Enhanced anomaly
detection modeling
Lumos 2030+ - Hundreds to thousands Infrastructure- Large-scale Telecom and Infrastructure
of nodes grade capability security analytics  finance sectors level service
- Production-scale quantum- platforms revenue

enhanced graph analytics

Table 5.2: Hardware road map for TDA applications across hardware generations.
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Within this shared vision, quantum chemistry and TDA play complementary roles. Quantum
chemistry represents a longer-term, high-impact domain in which large-scale fault-tolerant capability
unlocks transformative industrial applications in materials discovery and molecular design. TDA—
particularly in use cases such as IRSF (International Revenue Share Fraud) detection— offers earlier
opportunities for commercialization, as even incremental performance improvements can produce
measurable financial impact.

The staged progression across hardware generations therefore naturally maps onto a staged
business strategy for deploying quantum Al data center services. Early milestones establish tech-
nical credibility and ecosystem positioning. Intermediate milestones enable pilot deployments and
early customer engagement. Later milestones support scalable, infrastructure-level service offerings
embedded within a quantum Al data center model. The use-case timeline therefore functions not
only as a technical roadmap, but as an integrated strategic framework for potential future customers.
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A  Technical Details of Quantum Chemistry

A.1 Photochromic reactions

Photochromic reactions are reversible reactions that happen under light stimulation. The reactants
undergo geometrical and electronic changes to yield isomeric products with different colors. Such
photochromic systems are broadly used as switches with various applications. Common steps in
photochromic reactions include cis/trans isomerization and ring opening/closure. Examples of pho-
tochromic molecules are stilbene, diarylethene, spiropyran, and rhodopsin. These conjugated sys-
tems can be used as ligands to construct more complex structures, e.g., transition-metal complexes,
metal-organic frameworks, dendrimers, and polymers. More interestingly, the new structures re-
tain the photochromic properties of the parent ligands, thereby expanding the spectrum of applica-
tions [54-57].

The elucidation of photochromic reaction mechanisms has been an active field of research for
many years. It is common for these reactions to proceed through multiple local minima, which are dif-
ficult to predict computationally. More importantly, the existence of one or more conical intersections
(Coln) ensures the reversibility of the reactions, which is important for the above-mentioned applica-
tions. From a computational chemistry perspective, predicting geometry and electronic properties is a
well-known challenging problem [58]. Typically, two potential energy surfaces (PESs) are degenerate
at the Coln point, facilitating reversible transitions between electronic states. For this reason, single
referenced methods, e.g., Hartree-Fock (HF) and Density Functional Theory (DFT), fail to reproduce
this degeneracy and often exhibit a cusp at the Coln point [58—60].

Selecting the active space is a crucial step. In the context of the calculation of PES for a reaction,
the most important orbitals are those that involve electronic density in the spatial region of the system
that is changing for each step of the reaction, e.g. dissociating bond, formation of a new bond etc.
Evidently, the number and type of orbitals that need to be considered may vary along the reaction
coordinate. This creates the problem of consistency of the active space throughout the different
structures considered along the reaction pathway. The development of tools for automated selection
of orbital sets for chemical reactions is an active area of research.

Ethylene is usually used as a benchmark for excited-state methods. The system exhibits a
Coln when the HC=CH dihedral angle is set to 90°. Common TDDFT approaches exhibit a cusp
at the Coln region. In recent years, TD-DFT has been augmented with corrections that can capture
the degeneracy of the excited states at the Coln region [59]. Here, we present our CASCI results in
Figure A.1(a). We used a minimal active space of two spatial orbitals, the highest occupied molecular
orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO) and the STO-3G basis set for
all the atoms. Evidently, the degeneracy of the ground state and the first excited state at 90°is well
reproduced. In the middle and right panels of Figure A.1 we show the valence occupied (with red)
and unoccupied (with blue) orbitals and energy levels at 0°and 90°respectively. As expected, the
HOMO-LUMO gap becomes smaller at the Cl level and the symmetry of the obritals is reduced at
the Coln level.

Now we proceed to the photoisomerization process of stilbene. Stilbene is a photochromic
molecule that transforms from trans to cis configuration reversibly, by twisting the central C=C bond,
similarly to ethylene. We focus on the trans-cis isomerization process, which involves a Coln. We
show in Figure A.2(a) the CASCI+NEVPT2 results for the ground state and the first singlet excited
state. We employed 12 electrons in twelve spatial orbitals (12,12). The associated geometries were
taken from Ref. [61] and the 6-31G basis set was used for all the atoms. The CASCI+NEVPT2 cal-
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(a) Potential energy curves (b) MO energy (0°)

S2

51

(c) MO energy (90°)

Figure A.1: a) PES of the ground and three first excited states. The calculations were performed with
CASCI with an active space of two electrons in two spatial orbitals. (b) The HF eigenvalues and the
plots of HOMO-1, HOMO, LUMO, LUMO+1 for the 0°configuration, and (c) the 90°configuration.

(a) Potential energy curves (b) MO energies

Figure A.2: a) PES of the ground and the excited states of a stilbene molecule. The calculations
were performed with CASCI with an active space of (12,12). (b) The RHF eigenvalues and the plots
of HOMO and LUMO.
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culation qualitatively reproduces the behavior of Coln, where the low-lying energy levels are closer to
each other at the S0/S1_Cl geometry. The spatial distributions of HOMO and LUMO are not contin-
uously connected, and thus tracking experiments along the reaction coordinates are likely to break
down. As such, the chemistry around the conical intersection is sensitive to the level of computation
and the chemist’s intuition. The canonical approach to overcoming this problem is to extend the active
space to include all relevant orbitals, and a quantum computer may, in the long term, allow us to take
this approach because the exponential scaling of resource requirements in classical computation
does not appear.

As shown above, the excited electronic states are far from the single-reference picture even for a
relatively simple stilbene molecule. The consistent description of photochemical reactions requires
an impractically large active space for classical computers, highlighting the potential of quantum
computers to push the boundaries of quantum chemistry.

A.2 Logical components
We collect all the logical components in the encoded quantum circuits used in the main text.

A.2.1 Clifford operations
The logical Clifford gates {S, H, C X} admitted by the color code can be implemented transversally.

b|OCk1 9

fan)
3

D
Ay

blocks |

D
Ay

a
A\

[
A\

fan)
A\

where H®7 and ST®7 act on all the qubits transversally in a single code block, and block; in the CX
circuit represents a code block.

A.2.2 Preparation of |0) - -
We summarize a circuit to fault-tolerantly encode the state [0). A FT preparation of the state |0) is
accomplished by the circuit [62]:

qo: 10) { H |
q1: |0) D D
g |0) O @
g3’ |0) DD
0 = o) {H] (A2)
gs: |0) P
go: 0) { H |
ao: |0) SO ~Fce o1}

where a represents the ancillary qubit. The circuit first encodes the state |0) non-fault-tolerantly and
then measures the bottom qubit to check if the state is correctly prepared up to a weight-1 X error. A
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successful encoding is indicated by ¢ = 0. The circuit is discarded when ¢ = 1 is measured, and the
protocol repeats the circuit executions until ¢ = 0 is measured.

A.2.3 Measurement
The quantum circuit to destructively measure a logical Pauli P € {X, Z} is given by

o
C1
c2
c3 (A.3)
C4

Cs

=)
SOLHHLE

C6

From the seven bits of measurement outcome {¢;}, we extract the syndromes s, s, s3, associated to
the stabilizers Sxo, Sx1, Sx2 in Fig. 3.2, to identify and correct a weight-one error. Then, we evaluate
the logical readout ¢,

c=cyDc Dy, (A.4)

with the corrected bits.

A.2.4 Steane QEC gadgets
The Steane QEC gadget using all the X stabilizers is given by,

OEC 1X *| ZEC |‘
= D) -

The gate represents the Z gates that correct the detected Z errors. Similarly, the Steane
QEC gadget using the Z stabilizers is given by

Xgc

—QEC; + —

-

A.2.5 Preparation of |0)
We show quantum circuits to encode the state |0) := Rz(6) |+).
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The non-FT |§) preparation circuit is expressed as

0) {#]

| [}
0) —&—— (H}
0) P S{H}
7%y _ [0) DD - (H} (A7)
o) {2
0) O-P [}
0) {7} iy
This circuit is combined with the recursive gate teleportation gadget:
Rye0)|
i EPZ{GT(G) g (A.8)

9Ey {x

A.3 Default noise parameters

Tabs. A.1 and A.2 list the default noise parameters employed in the H2 and Helios emulators, re-
spectively, for the simulations. The one and two-qubit gate faults are modeled by anisotropic Pauli
channels. The initialization of a qubit suffers from a bit-flip with the probability pi.;;. The readout fault
flips a result from “1” to “0” with the probability p, 10, and from “0” to “1” with the probability p; o—1.
The memory noise on idling or moving qubits is modeled by the channel Eq. (3.34). See [63, 64] for
a complete list of the noise models and corresponding parameters.

Noise model Parameter
1-qubit-gate fault (p;) 7.3 %1075
two-qubit-gate fault (p) 1.29 x 1073

Initialization fault (pinit) 4%x107°
“1"0” (pr.150) 1.8 x 1073

Readout fault

“0"—“1” O?r’g_ﬂ) 0.9 x 1073
coherent (f) 4.3 x 10 %rad-s~ !

Memory noise rate

incoherent (g) 2.8 x 1073s7!

Table A.1: The default noise parameters used in our numerical simulations with the H2 emulator.
The memory noise rates f and g are defined in EqQ. (3.34).
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Noise model Parameter

1-qubit-gate fault (p;) 2.5 x 107°
two-qubit-gate fault (p2) 8.0 x 104
Initialization fault (pinit) 5x 1074
“1"5%0” (pr.1—0) 1.0 x 1076

Readout fault

“0"—="1" (pr,0—1) 1.0 x 1076
coherent (f) 5.8 x 10~ %rad - s~!

Memory noise rate

incoherent (g) 7.9 x 1073s7!

Table A.2: The default noise parameters used in our numerical simulations with the Helios emulator.
The memory noise rates f and g are defined in Eq. (3.34).
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B Quantum Algorithms for Topological Data Analysis

B.1 Quantum Circuits for Laplacian Moments

The algorithm of Akhalwaya et al.[45] for estimating Laplacian Moments T,gd) for a given input graph
G = (V, E) which we presented in Section 4 relies on the modular circuit construction given in Figure
4.4. We present some technical details for understanding this circuit construction and the resource
estimates in Section 4.3.2.

B.1.1 Representing cliques on qubits
The circuit operates on two registers: the main register and an auxilliary register.

Main register qubits In the standard implementation of this algorithm, the main register contains
n qubits, with the ith qubit corresponding to the ith vertex of the graph under some ordering. There
is a one-to-one mapping between computational basis states |x) = |z1x2...xz,) on this register and
subsets Vi = {v; € V|z; = 1} of vertices in the graph G. At the beginning of a shot of this circuit

estimating T(CQ for some randomly chosen clique v in G, we prepare the computational basis state

(2

|z129 .. X)) with x; = 1iff v; € v, we write this state as |v).

Auxilliary qubits To perform projection operators (red boxes in Figure 4.4), we create clean ancilla
qubits, entangle them with qubits from the main register and then measure and post-select on de-
sired outcomes to perform the projections. We provide more details on these projections in the next
section. In the qubit counts provided in Section 4.3.2 we count the max number number of qubits re-
quired simulataneously at any point in the algorithm. In reality, the ancilla qubits will be continuously
measured and replaced throughout the computation.

B.1.2 Circuit components

There are three components of the circuit in Figure 4.4. These are a unitary B which depends only
on the number of nodes in the graph G and two projections Pr, (onto the clique states of ) and
I — Pr, onto the non-clique states which depend on the edges in the complement graph G¢. We
describe them briefly in this section.

Unitary Boundary Operator As described by Akhalwaya et al. [65], the (unrestricted) Hermitian
boundary operator can be written in terms of even fermionic Majorana operators B = ﬁ > i Ye2i- This
gives rise to a simple v-shaped circuit for the the unitary ﬁB in the Jordan-Wigner encoding shown

in Figure B.1. In this project, we have explored alternative constructions of this operator and these
feature in the resource estimates given in Section 4.3.2.

Clique projection The clique projection is defined as Pr, = _ cr_ |v) (v| where v ranges over
subsets of the vertices V' of G and I'¢; is the clique complex of G containing all subsets v s.t. z,y €
v = (x,y) € E. This can be broken up as a product of simpler projections for each of the edges in
the complement graphs as Pr, = [].cp(-) P Where the edge projection is defined in Figure B.2.
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Figure B.1: V-shaped Unitary Boundary Operator under the Jordan-Wigner mapping from [65].

—o{A

Figure B.2: The edge projection P; ;) is performed by entangling the ith and jth qubits of the main
register with a clean ancilla qubit and measuring. The projection is performed by post-selecting on
the outcome 0.

Non-clique projection As noted in [45], to estimate the normalised Betti number we need both
the clique projection and its complement I — Pr. In that work an unoptimised implementation of
this circuit is given requiring O(n?) ancilla qubits to perform the complement of Pr, from the circuit
for Pr,. The same effect can be achieved by introducing a count register of size 2 x [log(n)] and
replacing the Toffolis from P, with controlled additions to this register, performing uncomputation
as you go. Then project onto non-zero states of the count register and uncompute. We incorporate
resources for an O(n)-ancilla qubit, optimised version of this in Section 4.3.2.

B.2 Laplacian features for graph-based tasks

Having introduced the Laplacian moments and the machine learning pipeline (see section 4.4) from
ego-graphs to classification we now present evidence that the Laplacian moments make good fea-
tures for mildy structure graph-generation models. The statistical framework we employ to investigate
the usefulness of the Laplacian moments in a machine learning pipeline is Bayesian statistics and
Mutual Information (see B.3.3 for definitions). This is not only a principled and fundamental approach
to studying arbitrary correlations between input and output variables, it also gives us, in the form
of Bayes’ Law a method to extract predictive value and anticipate and explain the improvement in
accuracies we might see from the ML pipeline.

B.2.1 Heterophily and the Stochastic Block Model (SBM)

We began by investigating how Betti numbers and more generally the vector of Laplacian moments
correlate with SBM graph structure. In particular, we are interested in the correlations between
Betti numbers and the degree of heterophily. Heterophily is the notion of the frequency with which
dissimilar labelled nodes are connected to each [66]. There are many reasons to be interested in
heterophily and the topic has been extensively studied in the field of Graph Neural Networks[66]. We
use it as our starting point to investigate the usefulness of Betti numbers. Our setup is to assume
that graphs are generated under a stochastic block model process with unknown parameters and
our task is to learn those parameters [67]. The stochastic block model posits a partitioning of graph
nodes with fixed probabilities assigned to the occurrence of edges within and between partitions. In
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the case of the same inter- and intra- edge probabilities being used for all pairs of partitions, we get
the so called Planted Clique model [68].

B.2.2 Predicting the SBM parameters

Using the Bayesian perspective, with the observed data being the Betti numbers of a drawn graph,
we can write the probability of the model’s parameters in terms of our prior and the probability of the
Betti number given different model settings. The latter allows us to run experiments and empirically
visualise how the Betti numbers change as a function of model parameters, the more ‘invertible’ and
rapidly changing the landscape the more valuable the information (which could be formalised with the
notion of Fisher information).

Pr[F | M]PriM]
Pr( 4]

arg max Pr[M | ?] = arg max = arg max Pr[? | M| Pr[M]
M M M

In Figure B.4, we can visually see how ;-5 correlates well with the generating process’ parame-
ters. Any one Betti number has regions of the parameter plane were the variability is poor, but taken
together, a full set of observed betti numbers can ‘place’ ourselves on the SBM parameter plane well.

B.2.3 Predicting the number of clusters

While the SBM experiment begins to demonstrate the value of Betti numbers, we still need to build
up a proper use-case. To this end, we can imagine the following two step process. First we have
a random process where we choose the number of partitions/clusters and then we have an SBM
process with known inter and intra- edge probabilities. Now the task is to estimate the number
of clusters. This situation can be found in the real-world where the mechanism generating edges is
understood (for example, biological assay statistics) but the number of operative clusters is the sought
after piece of information (for example, the number of sets of interacting genes). Indeed clustering
raw data is a well known, highly important primitive in unsupervised machine learning.

argmax;, P(k|G, F) = argmax;, P(G, F!k)P(k)

In Figure B.5, we can see how the Laplacian moments of random graphs generated by the above
two-step process distribute. Each figure corresponds to a different power of the Laplacian moment.
Each 3D datapoint in each figure corresponds to a triple of Laplacian moments of orders one through
three of a randomly drawn graph from the two-step process. The colour of the datapoint corresponds
to the setting of the number of clusters in the SBM that generated that graph. The main insight is
that even though different clusters have overlapping Laplacian moments in any one dimension, taken
together (across orders, for some high power), the clusters begin to separate.

B.2.4 Mutual Information Results

The separation of the marginally overlapping clusters constitutes a wonderful example of the useful-
ness of joint mutual information. If one were to naively focus on the mutual information of any one
input variable with the number of clusters, one would get a mediocre result. However, the joint mutual
information grows to a high value because each extra variable jointly brings additional discriminative
power. In Figure B.3, we can see the mutual information increase as we add the laplacian moments
from higher order. Going to higher order (and higher power) is the regime of classical intractable.

B.3 Laplacian features for graph-based tasks: Figures and Definitions

B.3.1 Predicting the SBM parameters

The figures B.4 that demonstrate the value of Betti numbers for predicting SBM parameters should be
understood collectively. Taken together, a given graph’s sequence of Betti numbers will make regions
of the SBM parameter space more likely.
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Figure B.3: Mutual Information between k and growing set of Laplacian moments

Figure B.4: Average Betti; vs SBM parameters, fori =1,...,5.

B.3.2 Predicting the number of clusters Figures

The figures B.5 demonstrating how cluster sizes correlate with Laplacian moments should be read by
noticing that the colours are separable in moment space. An extra observation is how even though
there is some redundancy in the discriminatory power of moments of different powers, the pattern
changes as the power increases and for very high power the points start to separate less well. This
shows that for some applications, intermediate powers may be more valuable than Betti numbers.

B.3.3 Bayes’ Law
Bayes’ law from a Bayesian statistics point of view, is a simple theorem building on Kolmogorov’s
axioms of probability theory that allow a rational agent to update the parameters of their model of the
world given new experimental data.

Bayes’s law simply states that the probability of a model (called the posterior), with it's internal
parameters set to specific values, given data from experiments, can be calculated from the predictions
made by the model, multiplied by our initial probability of the model (called the prior), divided by the
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Figure B.5: k-colour-coded Laplacian Moment (order 1-3, power p) forp =1,2,...,7

probability of the data:
Pr[D | M]Pr[M]
Pr[D]
In our investigations of the usefulness of Laplacian moments, our model, M, produces a prob-
ability distribution over graphs. Graphs drawn from an ‘unknown’ distribution and their properties
constitute the data that we are trying to model.

PriM | D] =

B.3.4 Mutual Information

While Bayes’ law allows us to think about modelling the correlations in our data, mutual information
is a model-agnostic measure of the correlations present in the data waiting to be learnt. Given the
feature space X and label space Y, the mutual information is given by

Pr[z, y]

MI = P 1 —_—
Z I'[.T, y] 089 PI'[:E] Pr[y]
zeX,yeYy

Here for example X would be the laplacian moments and Y would be some label that we would
like to predict. This quantity can be estimated by taking a subset of the data set as the “test dataset”
and empirically approximating the joint probability with an advanced ‘histogram’ method. Difficulties
with the last step is the reason why mutual information does not feature more in machine learning re-
search. For example, in the space of natural images it would be intractable to approximate the mutual
information between pixels and the label of the picture. For us, things are more manageable since
we have a small set of features that we are interested in studying, namely the mutual information.
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