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[bookmark: _Toc169829342]SUMMARY
This thesis explored the integration of machine learning techniques into statistical process control for the joint monitoring of process mean and variance. Traditional charts such as Shewhart, CUSUM, and EWMA are effective for large shifts but often fail to capture small or moderate deviations, especially when both parameters change simultaneously. To address this gap, two adaptive control chart designs were developed: one based on Support Vector Regression (SVR) and another on Decision Trees (DT). Both approaches were embedded in the Max-AEWMA framework, where the smoothing constant is dynamically adjusted according to process data. Simulation studies evaluated performance using ARL and SDRL metrics across a wide range of scenarios. The findings showed that the SVR-based chart achieved strong detection ability, while the DT-based chart provided comparable sensitivity with added interpretability and practical ease of use. Together, these contributions demonstrate that combining SPC with machine learning enhances detection power, stability, and usability, offering an effective and robust solution for modern industrial quality monitoring. For real-life data analysis, the R software and programming environment have been used, and the values of proposed estimators are estimated, and their control charts are constructed. The performance of all proposed control charts proved to be better than the existing control chart. By observing all the findings and results, it is concluded that the presented works are efficient than the existing works because the Average Run Length of the proposed work is less than the existing one. 

[bookmark: _Hlk210396225]List of Figures
Fig 1.1: CC with ICC and OCC………………………………………………………………….6
Fig 3.1. Comparison of Max-EWMA vs DT-Based Max-AEWMA…………………………….31
Fig 3.2: For n=3 taking ARL0=200……………………………………………………………...33
Fig 3.3: For n=5 taking ARL0=200……………………………………………………………...33
Fig 3.4: For n=10 taking ARL0=200…………………………………………………………….33
Fig 4.1: Logical Workflow of SVR-Based Simulation Code…………………………………….45
Fig 4.2: Comparative Analysis when (n=3, τ=0.1, pc=0.25)	……………………………………56
Fig 4.3: Comparative Analysis when (n=5, τ=0.1, pc=0.25) …………………………………….56
Fig 4.4: Comparative Analysis when (n=10, τ=0.1, pc=0.25) ……………………………………56
Fig 4.5: Comparative Analysis when (n=3, τ=0.25, pc=0.25) ……………………………………56
Fig 4.6: Comparative Analysis when (n=5, τ=0.25, pc=0.25) ……………………………………57
Fig 4.7: Comparative Analysis when (n=10, τ=0.25, pc=0.25) …………………………………57
Fig 4.8: Max-St joint monitoring control chart (n = 3) ………………………………………….60
Fig 4.9: Max-St joint monitoring control chart (n = 5) ………………………………………….60
Fig 4.10: Max-St joint monitoring control chart (n = 10) ……………………………………….60
Fig 5.1: Comparative Analysis when (n=3, τ=0.1, pc=0.25) …………………………………….81
Fig 5.2: Comparative Analysis when (n=5, τ=0.1, pc=0.25) …………………………………….81
Fig 5.3: Comparative Analysis when (n=10, τ=0.1, pc=0.25) ……………………………………81
Fig 5.4: Comparative Analysis when	(n=3, τ=0.25, pc=0.25) …………………………………..81
Fig 5.5: Comparative Analysis when (n=5, τ=0.25, pc=0.25) …………………………………..82
Fig 5.6: Comparative Analysis when	(n=10, τ=0.25, pc=0.25) …………………………………82
Fig 5.7: Propose control chart for n1 = 2, n2 = 5…………………………………………………83
Fig 5.8: Propose control chart for n1 = 3, n2 = 6…………………………………………………83
Fig 5.9: Propose control chart for n1 = 4, n2 = 8…………………………………………………84
Fig 5.10: Propose control chart for n1 = 5, n2 = 10………………………………………………84


















[bookmark: _Toc169829343]List of Tables
[bookmark: _Hlk210832635]Table 3.1: Summary of DT-Based studies……………………………………………………….22
Table 3.2:  The run length profiles when the in-control ARL is 200……………………………26
Table 3.3:  The run length profiles when the in-control ARL is 270. …………………………...27
Table 3.4:  The run length profiles when the in-control ARL is 370.…………………………...28
Table 3.5:  The run length profiles when the in-control ARL is 500. .………………………….29
Table 3.6: Comparative Summary……………………………………………………………….30
Table 4.1: ARL and SDRL Analysis for different kernels L=2.711, τ=0.05……………………..40
Table 4.2: ARL and SDRL analysis for different subgroup sizes at L=2.711, τ=0.05…………..44
Table 4.3: ARL and SDRL for Weibull Shifts (W=1,1.5) with ARL₀=500, L=2.711, τ=0.05…..48
Table 4.4: SVR parameters configuration……………………………………………………….53
Table 4.5: Descriptive Statistics and Monitoring Statistics  for In-Control Samples……………56
Table 4.6: Descriptive Statistics and Monitoring Statistics  for Out of-Control Samples………57
Table 5.1: Run length outcomes (370) of the suggested CC with  =0.25 and considering sample size as n1 =4 n2 =8…………………………………………………………………………………66
Table 5.2: Run length outcomes (370) of the suggested CC with  =0.25 and considering size as n1 =2, n2 =5……………………………………………………………………………………….69
Table 5.3: Run length outcomes (500) of the suggested CC with  =0.25 and considering size as n1 =3, n2 =6………………………………………………………………………………………72
Table 5.4: Run length outcomes (500) of the suggested CC with  =0.25 and considering size as n1 =4, n2 =8………………………………………………………………………………………75





[bookmark: _Hlk210830790]Table of Contents
DECLARATION…………………………………………………………………………………v
DEDICATION………………………………………………………..........................................vi
ACKNOWLEDGMENT……………………………………………. ………………………… vii
RESEARCH COMPLETION CERTIFICATE……………………………………………….... viii
SUMMARY………………………………………………………………………………………ix
List of Figures…………………………………………………………........................................x
List of Tables…………………………………………………………………………………… xii
Table of Contents………………………………………………………………………………. xii
Chapter 1: 	INTRODUCTION………………………………………………………………...1
	1.1.	Background………………………………………………………………………..1
	1.2.	Quality……………………………………………………………………………..2
	1.2.1.	Strategic Aims of Statistical Process Control……………………………...2
1.3. 	Common and Special Causes of Process Variation………………………………...3
1.4.	Importance of Control Charts……………………………………………………...4
1.4.1.	Structure and Interpretation of Control Charts…………………………….5
1.4.2.	Rules for In-Control Process………………………………………………5
1.4.3.	Types of Control Charts……………………………………………………6
1.4.4. Control Chart for Mean……………………………………………………...7
1.5.	Control Chart Patterns and Corrective Actions……………………………………8
1.6.	Exponentially Weighted Moving Average Control Charts………………………..9
1.7.	Max-EWMA Control Chart for Joint Monitoring………………………………..10
1.8.	Average Run Length (ARL)……………………………………………………...11
Chapter 2:	LITERATURE REVIEW………………………………………………………...13
Chapter 3: 	Simultaneous Monitoring of Normal Parameters by using Decision Tree………20
	3.1. Decision Tree Model………………………………………………………………..20
	3.2.	Design of the Proposed Control Chart……………………………………………22
	3.3.	Performance Evolution…………………………………………………………..24
	3.4.	Comparative Summary of DT vs. Max-EWMA…………………………………30
	3.5.	Real Life Example……………………………………………………………….31
	3.5.	Concluding Remarks……………………………………………………………..34
Chapter 4: Simultaneous Monitoring of Weibull Parameters by using Support Vector Regression………………………………………………………………………………………..35
	4.1.	Max-EWMA Control Charts for Weibull Distribution…………………………..35
	4.2.	Support Vector Machine…………………………………………………………36
4.3.	Design of the Proposed Control Chart…………………………………………..38
4.4.	Analysis of Results with Different Kernels………………………………..40
4.5.	Performance Evolution………………………………………………………….42
4.6.	Comparative Analysis……………………………………………………………55
4.7.	Real Life Example……………………………………………………………….57
4.8.	Concluding Remarks……………………………………………………………..61
Chapter 5: Simultaneous Monitoring of Mean and Dispersion for Weibull Processes Using an Adaptive Sample Size Method…………………………………………………………………..62
	5.1.	Variable Sample size EWMA Average Control Chart…………………………..63
	5.2.	Proposed Design…………………………………………………………………65
	5.3.	Performance Evolution…………………………………………………………..67
	5.4.	Comparative Analysis……………………………………………………………80
	5.6.	Real Life Example………………………………………………………………82
	5.7.	Concluding Remarks…………………………………………………………….85
Chapter no 6: Conclusion……………………………………………………………………….87
References……………………………………………………………………………………….89
Appendix A……………………………………………………………………………………96


















CHAPTER 1
INTRODUCTION
This chapter presents a concise review of important statistical quality control concepts. It presents the basic principles of quality control, discusses different types and their applications, and covers important components such as sampling plans and process variation sources. The chapter also discusses control charts, such as their types, interpretation patterns, and importance in process monitoring. Lastly, it provides the basis for the suggested application of machine learning methods in constructing sophisticated control charts for joint monitoring, as well as a summary of their application procedures.
1.1. Background
In contemporary manufacturing and service industries, consistent product quality and process efficiency are essential for competitiveness and viability. Statistical quality control (SQC) has been a cornerstone approach to monitoring, controlling, and optimizing production processes for many years. Conventional tools like Shewhart, cumulative sum (CUSUM), and exponentially weighted moving average (EWMA) control charts have been instrumental in detecting assignable causes of variation and process stability. Nonetheless, as manufacturing environments become increasingly complex and high-dimensional and real-time data streams are introduced, classical control charts tend to fall short in detecting minor shifts or multivariate associations. Joint monitoring schemes, tracking multiple parameters at the same time, such as mean and variance, have appeared as a more holistic approach. Nevertheless, even these schemes suffer from limited adaptability and robustness in dynamic environments.
The applications of machine learning (ML) methods to quality control have ushered in new horizons for process monitoring. ML methods provide the capacity to learn from experience, identify intricate patterns, and adaptively react to varied process dynamics. These attributes position ML methods as ideal tools for creating intelligent joint monitoring systems with superior sensitivity, flexibility, and predictive capabilities compared to conventional charts.


1.2. Quality 
The meaning of quality has been understood differently by different researchers. Alwan (2000) defines quality as a strategic policy that promotes excellence, improves productivity, lowers cost, and enhances customer satisfaction. Quality, to Mitra (2016), is the adequacy of a product to accomplish its intended task, as conceived by the need and expectation of the customer. Essentially, the quality level is not constant but changes according to customer specifications. A product is normally regarded as being of high quality if it meets or surpasses users' expectations; otherwise, it is of low quality. Therefore, a product's perceived quality has a strong impact on its success in the market (Grant & Leavenworth, 1996). In order to have products consistently maintain the desired level of quality, quality control systems are necessary. Effective quality control is achieved through systematic planning, proper process design, correct inspection methods, consistent equipment, and ongoing monitoring of the end product. Quality control is generally classified into three major categories: offline quality control, statistical process control (SPC), and acceptance sampling (Mitra, 2016).
Offline quality control addresses the determination of controllable process parameters before production in a bid to minimize the deviation of actual output and the specified standard. Offline quality control involves pre-production planning within the limitations of available resources to ensure products that meet quality requirements (Mitra, 2016). SPC, on the other hand, addresses the monitoring of the process in real-time. It entails organized data gathering, structuring, analysis, and interpretation, to sustain or improve the current quality level during production.
1.2.1. Strategic Aims of Statistical Process Control
Statistical Process Control, or SPC, is a methodology in which statistical means are employed for monitoring, regulating, and refining production processes. The intrinsic aim of SPC lies in assuring the quality of products, reducing variability of the process, and sustaining process efficiency. It is obtained through the detection of and reaction against deviations in real time, so that no faulty products are made and less process waste occurs. The strategic aims of SPC are:
i. Determining if a process is running within statistical control limits or showing signs of instability as a result of assignable causes.
ii. Early detection of small or large shifts in process parameters to take timely corrective action.
iii. Reducing inherent variation to achieve uniformity and consistency in product quality.
iv. Constantly improving process capability to meet or exceed customer specifications and expectations.
v. Avoiding over-adjustment and unnecessary interventions, resulting in effective utilization of time, materials, and labor.
With industries shifting towards smart manufacturing and Industry 4.0, the application of SPC is broadening. The conventional control charts, though effective, are limited in dealing with high-dimensional data, autocorrelated measurements, or nonlinear process dynamics. Therefore, current SPC objectives now focus on intelligent monitoring using adaptive and data-driven methods, including machine learning and artificial intelligence. These new techniques are designed to:
i. Facilitate real-time anomaly detection in multivariate and complex environments.
ii. Enable simultaneous monitoring of more than one quality attribute (e.g., mean and standard deviation), and enable predictive decision-making using learning from past and real-time data.
iii. In this regard, incorporation of machine learning within SPC is a landmark development, as it conforms to the need in modern manufacturing for greater sensitivity, robustness, and automation.
1.3. Common and Special Causes of Process Variation
Management and industrial organizations need to understand that each process is well-defined or has some level of inherent variability. Various factors cause this variability, such as methods of operation, human capabilities, the condition of machinery, and organizational procedures. Of these, environmental factors also have an important role to play in bringing about fluctuations within a process. Process variations are typically classified into two basic categories: common causes and special causes. Removing and fixing these causes is essential to attaining process stability and ongoing improvement.
Special causes of variation are unforeseen, assignable causes that are not inherent in the design of the process. There are instances like machine breakdown, the utilization of faulty raw material, or human mistakes. Such causes generally affect a fraction of the process output and are sporadic in nature. Deming places about 15% of quality problems due to special causes, and these can frequently be dealt with effectively by line managers or production supervisors through localized improvement steps. 
Conversely, common causes of variation are systemic and intrinsic in the process design. Common causes affect all units of output uniformly and are firmly rooted in the operating system. Deming holds almost 85% of quality problems to be due to common causes. Their elimination necessitates a radical redesign or improvement of the process itself. After removing common causes, the process can be deemed stable, and its performance is stated to be under statistical control (Mitra, 2016). Recognizing and understanding these two forms of variation are the basis for quality control, in that they direct decision-makers to use the right strategy, either special cause corrective actions or process improvement for common causes.
1.4. Importance of Control Charts
Control charts are core instruments in SPC for tracking process behavior over time. They are graphical displays that separate random variation inherent in the process from signals of possible issues due to special causes. Through plotting sample statistics such as means, ranges, or standard deviations against established control limits, control charts allow practitioners to evaluate the stability and capability of a process in real time. The key application of control charts is that they can lead to early identification of process change, either caused by assignable factors or creeping drift. This timely awareness enables the operator to intervene in a timely manner before bad product is made, thereby preventing waste, cutting down on downtime, and ensuring continuous product quality.
Additionally, control charts facilitate continuous improvement by allowing data-driven decision-making. Not only do they assist in keeping existing processes under control, but they also help in measuring the effectiveness of process improvements and changes. Control charts are easily applied in manufacturing as well as service industries, where they play an important role in process optimization, standards compliance, and customer satisfaction. Several forms of control charts, including Shewhart charts, CUSUMC charts, and EWMA charts, have been designed to identify different categories of process behavior. While Shewhart charts are good at detecting big shifts, CUSUM and EWMA charts are more sensitive to small or mid-size changes. Although they are demonstrated to be effective, conventional control charts have shortcomings in addressing high-dimensional, autocorrelated, or non-linear data, which are becoming pervasive in contemporary industrial environments. This is a strong motivation for more advanced approaches, like machine learning-based control charts, which can learn patterns adaptively, identify multivariate interactions, and enhance monitoring accuracy in advanced systems.
1.4.1. Structure and Interpretation of Control Charts
The building of control charts consists of three key reference lines that form the foundation for assessing process stability: the center line (CL), the upper control limit (UCL), and the lower control limit (LCL). The CL usually reflects the average or target value of the observed process characteristic, representing the expected behavior of a stable process. The UCL and LCL are decision limits for whether the process is running within acceptable variation. These control limits are statistically calculated, typically ±3 standard deviations from the process mean. If the measured process readings stay within the control limits and show no systematic patterns or trends, the process is considered to be in statistical control.
Alternatively, if any of the data points lie outside the UCL or LCL, or if the points show non-random patterns like runs, cycles, or trends, it indicates the existence of special causes of variation, meaning that the process is out of control and needs investigation or corrective action (Mitra, 2016). Control charts, therefore, offer a visual and statistical basis for separating inherent process variation from indications of process instability, making them a valuable tool in SPC.
1.4.2. Rules for In-Control Process
To decide if a process is in statistical control, some rules are used to analyze the data plotted on a control chart. A process is said to be in control if all the points plotted fall within the LCL and UCL, and if the data follow a random pattern about the CL, with no systematic trends, cycles, or runs.
i. The widely accepted guidelines for determining an in-control process are:
ii. All points are within the control limits (no point goes beyond the UCL or below the LCL.
iii. No indication of non-random patterns, including: A string of seven or more consecutive points on one side of the CL.
iv. Trends, where multiple successive points all increase or decrease.
v. Cyclic patterns, indicating periodic effects.
vi. No grouping of points close to control limits, which could be a sign of growing variability.
vii. There are no alternating patterns, which may indicate overcorrection or incorrect adjustments.
When all these conditions hold, the process is stable and predictable, and any variation that is seen will be due to common causes that are inherent in the process. Such a system can be controlled effectively with standard operating procedures. If any of these rules are broken, it indicates the possibility of special causes, which need to be investigated and corrected. Fig 1.1 shows an example of CC.
[image: ]
[bookmark: _Toc169829351]Fig 1.1: CC with ICC and OCC
1.4.3. Types of Control Charts
Control charts are broadly categorized into two types:
i. Control Charts for Variables
ii. [bookmark: _Toc169829352]Control Charts for Attributes
Variable control charts are applied when quality characteristics can be measured on a continuous scale. Some examples include length, strength, viscosity, thickness, diameter, and temperature. For such situations, the primary consideration is watching for two important statistical measures: the mean (which indicates the central tendency of the process) and variability (which indicates the spread). Both measures are important to keep the process stable. A change in the process mean from μ0​ to μ1​​ shows that there is a change in the central tendency, which could lead to a higher percentage of the output failing to meet specifications. In the same way, a shift in the process standard deviation from ​with the mean remaining unchanged at σ0​ to σ1 indicates a change in process variability. Control charts play an effective role in identifying such changes and taking corrective action in time.
Conversely, attribute control charts are used for qualitative data. These are utilized to identify whether an item conforms or not, and to tally the number of defects or nonconformities. While attribute data is less informative than variable data, it is more economical and simpler to collect. This is generally accomplished with go/no-go gauges, a low-cost and easy inspection technique. The overall cost of data collection is determined by fixed and variable costs. Fixed costs are the acquisition of inspection equipment, whereas variable costs are related to the number of units inspected. Variable costs rise with the units inspected, yet fixed costs remain the same; hence, attribute data collection is typically more cost-effective.
1.4.4. Control Charts for Mean
i. Select the sampling scheme and sample size, and record the quality characteristics.
ii. Calculate the sample mean of each sample by using a formula.
i. ,	(1.1)
where  is the ith observation, and n is the sample size
iii. Calculate and draw all three control limits
	,	(1.2)
where g is the number of samples
 control limits for  are.
	 .	(1.3)
The limits are.
	 	(1.4)
	 	(1.5)
	 	(1.6)
where 
		(1.7)
i. Plot the values of  on the control charts, analyze their pattern, and decide whether the process is in or out of control. If the process is out of control, take fundamental actions to remove the cause.
ii. The points that cause problems should be eliminated using the remaining sample to determine all three limits. These new limits are called revised control limits.
iii. [bookmark: _Toc169829353]Implement these control charts for further observations (Mitra, 2016). 
1.5. Control Chart Patterns and Corrective Actions
Western Electric engineers found fifteen different control chart patterns, each indicating particular forms of process behavior. Identification of these patterns is essential for the determination of when and what correction should be done. Natural pattern refers to the lack of any organized set of points. Most of the observations are bunched around the center line and fall inside the control limits, representing a stable process that is under the influence of common causes. A pattern like this shows a system that is well in control. External factors such as rapid climate changes, addition of new equipment, change in operators, or alterations in processing procedures can, however, upset this stability. This can cause the process parameters to shift over a period of time.
-charts, gradual shifts may result from variations in raw material quality, inconsistencies in maintenance schedules, or changes in supervisory practices. In R-charts, such shifts often arise due to new or inadequately trained operators. Trends, distinct from gradual shifts, represent consistent upward or downward movements over time. Ibar-charts, trends can be caused by changing environmental factors (e.g., temperature), tool wear, or equipment deterioration. Trends in R-charts can indicate increasing operator competency through training or decreasing skills through fatigue or another dysfunction. Cyclic patterns are repetitive variations in the process. They can be caused by operator rotation shifts, fluctuating temperatures, seasonal variation, or changes in material characteristics. Conversely, wild patterns are less predictable and are categorized into bunches and freaks. Freaks are outlier points far away from the rest of the data, typically outside control limits. These are typically created by transient external causes like power outages or short-term use of alternative tools or materials. Bunches, by contrast, are groups of abnormal points separate from the rest of the chart, most likely due to irregularities such as temporary assignment of new operators or extended usage of alternative equipment. 
A mixture pattern is evidence of two or more distinct subpopulations within a single set of data. Points in this kind of pattern cluster around the control limits, with few around the center line. This is often the result of extreme differences in the quality of input materials across several different suppliers or "pitchers." The suggested remedy is to create individual control charts by source. In much the same way, pattern stratification also implies the existence of multiple populations, but here the majority of data points are clumped together very close to the center line. This trend usually occurs as a result of charting data from multiple shifts or operating conditions on the same graph. The proper action is to create individual control charts for each shift.
[bookmark: _Toc169829355]Finally, interaction patterns occur when two or more process variables interact to influence the output quality differently than would each variable alone. An example in chemical processes is pressure and temperature, which tend to interact to affect product characteristics. If well understood, these variables could be manipulated to produce the desired product quality (Mitra, 1993).
1.6. [bookmark: _Toc169829362]Exponentially Weighted Moving Average Control Charts
It is an alternative to Shewhart control charts in small detective shifts, and in performance level, EWMA is approximately equal to a CUSUM control chart. EWMA is easier to construct and operate. This chart was introduced by Roberts (1959), and it is defined as 
	,	(1.8)
where 0 < λ < 1, λ is a constant, starting values of the process are z0=u0, and sometimes preliminary data is used as a starting value, as z0=.
EWMA can be viewed as a weighted average for every previous current average for every previous and current sample; therefore, it is considered an ideal chart for individual observations.
If xi are independent random variables with variance , then the variance of zi is 
	.	(1.9)
The EWMA charts are constructed by plotting zi values versus sample number i.
The EWMA control charts' limits are
	,	(1.10)
		(1.11)
	,	(1.12)

where L is the width of the control limits. 
[bookmark: _Toc169829363]The two parameters of EWMA are the multiple of sigma used in control limits (L) and the value of λ. We can choose different values for the parameters to give an ARL performance of the EWMA control chart approximately equal to the performance of the ARL of custom charts. (Montgomery, 2019).
1.7. Max-EWMA Control Chart for Joint Monitoring 
The existing Shewhart control chart utilizes all the available information in the current sample. However, the EWMA control chart was developed so that most weights were given to the most recent subgroup, and all preceding observations were given geometrically decreasing weights. The EWMA statistics are used to monitor only the process production mean shift. Roberts (1959) Proposed new EWMA statistics for the ith sample of size 5 for monitoring only one parameter.
	.	 (1.33)
H Xie (1999) and Chen et al. (2001) Proposed the concept of joint monitoring of both parameters' mean shift as well as variance shift with a single control chart and named it the Maximum EWMA (Max-EWMA) control chart. If Y is a normally distributed random variable of interest in process production with  mean and  variance, where and are known parameters for mean and variance, respectively. The a and b are shifts in mean and variance, having 0 and 1 values for an in-control process, respectively. The Max-EWMA statistics can detect smaller shifts more efficiently. The transformed normally distributed statistics of mean and variance for in-control processes with zero mean and unity variance for the ith sample are.
	  ,	 (1.34)
and
	 , 	(1.35)
where i=1,2,3,….,n is the size of the ith sample, the mean  of the ith sample, and variance of the ith sample, is the inverse function of the standard normal distribution, while  follow distribution with v degrees of freedom. 
By using equations (2) and (3), the two EWMA statistics are as follows. 
	 ,	 (1.36)
and
	 ,	 (1.37)
where  for the first sample and  is a smoothing constant, such that 0< .
In the proposed statistics, the total of weights is unity. The quantities  and  denotes the variable’s preceding value. We will use only one maximum absolute statistic for joint monitoring of mean and variance, rather than both statistics separately.
		(1.38)
Only one upper control limit (UCL) is adequate for plotting Max-EEWMA statistics for controlling the production procedure. 
	,	(1.39)
[bookmark: _Toc169829364]where L is a control constant, and for in control process, it is calculated to attain the required average run length, which is denoted by ARL0, and the variance is .
1.8. Average Run Length (ARL)
ARL is an alternative measure for the performance of control charts. ARL is the average number of samples used to identify out-of-control indications. If the points plot outside the control limit, the process is considered to be out of control.
Let Pd be the probability of observations plotted outside the control limits. Run length is 1 with Pd, 2 with probability of (1-Pd) Pd, 3 with (1-PdPd and so on. The ARL is

	,	(1.40)
	,	(1.41)
	,	(1.42)
 	.	(1.43)

[bookmark: _Toc169829365]The probability of a type 1 error is α; for a process to be in control, Pd should be equal to α. If the value of ARL is significant, then it means the process is in control, and if the value of ARL is small, then the process is out of control.
[bookmark: _Toc169829366]MAIN OBJECTIVES
The main objective of research is to propose joint monitoring control charts for mean and variance by using machine learning methods, the specific objectives are:
· To design an ML-enhanced control chart that integrates Decision Trees and SVR into the Max-AEWMA framework for joint monitoring of process mean and variance.
· To improve detection of small and moderate shifts compared with classical charts (Shewhart, CUSUM, EWMA) by adapting the smoothing constant dynamically, while keeping the method transparent and practical for engineers.
· To evaluate and validate performance and robustness using ARL/SDRL across a range of process conditions and subgroup sizes, and demonstrate industrial applicability by using real-life data.  













CHAPTER 2
LITERATURE REVIEW
The literature on statistical process control (SPC) has evolved considerably over the past three decades, moving from classical Shewhart-type tools toward adaptive and machine learning–based approaches for joint monitoring of mean and variance. This review is organized chronologically, beginning with the 1990s foundations, moving through the refinements of the 2000s and the adaptive breakthroughs of the 2010s, and culminating with the integration of Bayesian decision theory and machine learning in the 2020s up to 2025. Throughout, emphasis is placed on how the research trajectory converges on the goals of this thesis, namely the development of decision tree– and support vector regression–based Max-EWMA charts for simultaneous monitoring of mean and dispersion.
The late 20th century saw significant refinements to Statistical Process Control (SPC), particularly memory-type charts. While Shewhart (1931) had introduced the original control chart and Roberts (1959) later proposed the exponentially weighted moving average (EWMA), it was in the 1980s and 1990s that these methods gained momentum. Nelson (1984, 1985) introduced classical run rules to improve Shewhart chart interpretation, and Evans and Lindsay (1988) emphasized the potential of expert systems in SPC, foreshadowing intelligent process monitoring. Crowder (1987, 1989) advanced EWMA methodology by developing run-length distribution analyses and optimal design features, Page (1954). Introduced continuous inspection schemes, laying the mathematical foundation for cumulative sum (CUSUM) procedures, which later became crucial in monitoring persistence process changes
Woodall (1986). Designed improved CUSUM charts with attention to parameter selection and ARL properties, strengthening the robustness of sequential monitoring.
Rocke (1989). Developed robust control charts that addressed the influence of outliers and heavy-tailed data, foreshadowing the later emphasis on robustness and non-normality. While Lucas and Saccucci (1990) formalized the properties of EWMA, demonstrating its superior performance over Shewhart charts for detecting small shifts. Montgomery (1997) later consolidated these developments in his influential textbook, which helped establish EWMA as a mainstream alternative to Shewhart charts.
Alongside these advancements, SPC found increasing application in healthcare. Lovegrove et al. (1997) introduced variable life-adjusted displays for cardiac surgery, followed by Poloniecki et al. (1998), who developed cumulative risk-adjusted mortality charts. Steiner et al. (1999, 2000) further refined risk-adjusted and paired binary CUSUM procedures, extending SPC beyond industrial settings into clinical performance monitoring.
Another major theme of the 1990s was overcoming the restrictive normality assumption. Quesenberry (1995) introduced transformation techniques that allowed non-normal distributions, such as Weibull and gamma, to be approximated by normal forms, broadening the scope of classical charts. At the same time, researchers began addressing the need for joint monitoring of mean and variance. Pignatiello and Runger (1990), Runger and Montgomery (1993), and Lowry and Montgomery (1995) highlighted the challenges of multivariate process monitoring, pointing out the limitations of Hotelling’s T2 chart. Building on this, Chen, Cheng, and Xie (2001) proposed the maximum EWMA (Max-EWMA) statistic, which combined location and scale monitoring into a single chart, demonstrating stronger detection capability for simultaneous parameter shifts.
By the end of the 1990s, the literature had converged on two themes: the importance of addressing non-normal data distributions and the need for joint monitoring of mean and variance. These themes laid the foundation for the methodological refinements of the 2000s.
The early 2000s marked systematic advances in multivariate and adaptive SPC. Chan and Zhang (2000) explored design issues in EWMA charts, while Wu and Spedding (2000) highlighted the importance of accounting for autocorrelation in time-series data, showing that ignoring dependence structures inflated false alarm rates. Building on earlier work on joint monitoring, Chen, Cheng, and Xie (2001) refined the Max-EWMA statistic and demonstrated through simulation that it improved sensitivity to simultaneous location and scale shifts while maintaining control over false alarms.
Research also addressed weaknesses in existing multivariate methods. Lowry and Montgomery (2000) emphasized the limitations of Hotelling’s T2 chart in high-dimensional settings, paving the way for alternatives such as the multivariate EWMA (MEWMA) proposed by Yeh, Hsu, and Wang (2005), which improved the detection of subtle covariance changes. Borror, Montgomery, and Runger (2003) further examined the challenges of monitoring individual observations, underscoring the need for adaptive and weighted designs. Zhang (2002) introduced the integrated EWMA (IEWMA) to enhance responsiveness, while Pan and Jarrett (2004) incorporated ARMA time-series models into SPC frameworks. Haq (2005) extended this trajectory with adaptive Shewhart-type variance charts.
Toward the end of the decade, Bayesian and nonparametric approaches gained traction. Makis (2008) developed Bayesian control charts for multivariate processes, demonstrating how decision-theoretic formulations could balance false alarms with detection delays. Biswas and Kalbfleisch (2008) proposed a risk-adjusted CUSUM based on the Cox model in continuous time, Bersimis, Psarakis, & Panaretos (2007). Provided one of the earliest comprehensive reviews of multivariate SPC charts, identifying gaps in high-dimensional monitoring and highlighting the need for more flexible methods. Zou, Tsung, & Wang (2008). Proposed MEWMA-based schemes for monitoring general linear profiles, addressing challenges of correlated multivariate structures.
Qiu (2008). Extended SPC to nontraditional applications, such as image processing and jump regression, illustrating the versatility of control charts beyond manufacturing. Zhou, Jiang, and Wang (2009) introduced a nonparametric change-point chart based on Mann–Whitney statistics, offering robustness when Phase I data were limited.
By the close of the decade, three dominant directions had emerged: the integration of Bayesian decision theory into SPC, the growth of distribution-free methods, and the extension of EWMA/MEWMA frameworks to multivariate and autocorrelated contexts. These trends set the stage for the adaptive and machine learning–based approaches of the following decade.
The 2010s were wrecked by the refinement of adaptive methods and the first systematic applications of machine learning in SPC. Building on earlier work, Capizzi and Masarotto (2010) introduced adaptive EWMA schemes with dynamically updated reference values, while Shu, Jiang, and Tsung (2010) developed self-starting monitoring procedures that reduced dependence on large Phase I datasets. Hawkins and Deng (2010) also emphasized the importance of variable selection in high-dimensional monitoring, showing that irrelevant features weakened chart performance. Reynolds and Lou (2012) extended these ideas by evaluating adaptive EWMA charts with variable smoothing constants, demonstrating that such flexibility improved detection of moderate shifts.
Multivariate SPC research also accelerated during this period. Zou and Tsung (2011) proposed self-starting multivariate CUSUM charts to address dimensionality and correlation challenges. Yeh, Hsu, and Wang (2005) had previously introduced MEWMA charts for covariance structures, and their influence carried into the 2010s as researchers refined techniques for correlated processes. In addition, Castagliola and Celano (2012) advanced EWMA-based methods for monitoring Weibull parameters, extending reliability applications of memory-type charts.
Distribution-free methods gained traction as robustness became a central concern. Chakraborti, Human, and Graham (2011) advocated nonparametric approaches for Phase I/II analysis, improving chart performance under skewed or heavy-tailed distributions. Wu, Tsung, and Nadarajah (2011) developed control charts tailored for lognormal and Weibull processes, providing alternatives when normality could not be assumed. Abbas and colleagues (2013a, 2013b, 2014) contributed hybrid EWMA–CUSUM charts, progressive mean schemes, and auxiliary-variable-based EWMA charts, collectively strengthening the toolbox for adaptive monitoring. Noorossana, Saghaei, & Amiri (2011). Formalized statistical methods for profile monitoring, expanding SPC applications where relationships among variables evolve.
Lee & Jun (2012). Surveyed multivariate quality control techniques, synthesizing developments in MEWMA, Hotelling’s T², and adaptive methods to frame open research problems.
Noorossana, Amiri, & Montgomery (2012). Introduced practical methodologies for adaptive SPC, emphasizing real-world implementation in industrial settings.Niaki & Abbasi (2013). Used neural networks for autocorrelated process monitoring, showing that ML-based models could outperform traditional ARMA-based SPC in dynamic data.
The decade also saw the first strong move toward machine learning. Zhang and Jiang (2014) demonstrated that neural networks could recognize control chart patterns more accurately than traditional rule-based systems. Guh, Tannock, and Hsieh (2015) extended this with support vector machines (SVMs) for online fault detection, and Zou, Wang, and Tsung (2015) proposed penalized likelihood methods for high-dimensional monitoring. Celano, Castagliola, and Fichera (2016) further blended adaptivity with variable sampling intervals, while Lee and Park (2018) showed that regression trees could partition feature spaces into interpretable decision rules for process monitoring. Escobar and Morales-Menendez (2018) highlighted the practical use of machine learning for quality control in high-conformance manufacturing.
By the end of the 2010s, three advances stood out: the development of adaptive smoothing and sampling schemes, the growth of distribution-free and reliability-oriented methods, and the early adoption of supervised learning for control chart pattern recognition. These innovations laid the groundwork for the 2020s, where Bayesian adaptivity and advanced AI methods became central.
The 2020s solidified adaptive and machine learning–driven SPC as the frontier of quality monitoring. Haq (2020) formalized the Max-AEWMA chart with an adaptive smoothing constant, showing consistent ARL reductions compared to traditional designs. Zhou et al. (2023) advanced this work by introducing a Bayesian adaptive Max-EWMA chart tailored for Weibull processes. Their method used inverse response transformations to normal space and Bayesian loss functions to balance sensitivity and economic efficiency, with case studies in semiconductor manufacturing confirming its value.
Adaptive sampling strategies also gained traction. Tariq et al. (2022) designed variable sample size (VSS) and variable sampling interval (VSI) Max-EWMA schemes with warning regions, improving sensitivity to subtle shifts while maintaining efficiency in stable states. Their results showed clear ARL and SDRL gains across shift scenarios.
Decision tree–based approaches gained prominence as interpretable alternatives to black-box methods. Guh and Tannock (2021) demonstrated that tree-based monitoring rules provided clear diagnostic thresholds, Wang & Jiang (2020). Reviewed applications of deep learning in SPC, highlighting CNNs and RNNs for automatic fault detection in Industry 4.0 environments.
Liu & Tsung (2021). Proposed deep autoencoder models for high-dimensional nonlinear process monitoring, showing strong improvements in detecting subtle shifts compared to classical MEWMA. Abolghasemi & Niaki (2021). Developed a hybrid AI approach combining machine learning and SPC, demonstrating successful deployment in smart factories under noisy data conditions. Psarommatis & Wang (2023). Advanced digital twin–driven SPC frameworks, integrating real-time data and simulation models to improve prediction accuracy and monitoring efficiency. while Chen et al. (2023) extended decision tree models to high-dimensional data, proving their robustness and ease of implementation.
Support vector regression (SVR) emerged as another strong machine learning tool in SPC. Zhou et al. (2023) applied SVR to nonlinear monitoring problems, while Tariq et al. (2022) combined SVR with autoencoders for dimensionality reduction. These models proved highly effective in environments with noise and irrelevant variables. The SVR-based chart adaptively predicts smoothing constants to capture nonlinear patterns, while the decision tree–based chart provides interpretable, rule-based diagnostics. Simulation evidence demonstrates that both designs outperform classical Max-EWMA, with SVR excelling in sensitivity and decision trees offering transparency.
By 2025, four dominant directions define the literature: adaptive smoothing parameters, Bayesian integration, adaptive sampling strategies, and machine learning–based SPC. Together, these advances reflect a maturation of SPC into a data-driven, interpretable, and robust discipline suitable for Industry 4.0.
Ding et al. (2021) proposed survival-based RA-EWMA for surgery monitoring, while Tighkhorshid et al. (2020) designed RA-EWMA with dynamic limits. Asif et al. (2022) introduced accelerated failure time MA-EWMA designs. Rasouli et al. (2022), Kazemi et al. (2021), and Sogandi et al. (2021) extended RA-control charts to multivariate and therapeutic processes. Lai et al. (2023) introduced RA-control charts for zero-inflated Poisson data. Yeganeh et al. (2022) presented ensemble NN frameworks for nonparametric profile monitoring. Chen et al. (2020) applied ensemble trees in semiconductor processes. Escobar and Morales-Menendez (2018) and Azamfirei et al. (2023) emphasized automation and zero-defect manufacturing. Vapnik et al. (1997) and Gunn (1998) contributed support vector foundations, leading to SVR-based SPC integration. By 2025, SPC literature demonstrates full integration of AI/ML with classical designs, aligning directly with the hybrid Max-EWMA approach explored in this thesis.
From the 1990s onward, research has consistently sought to improve SPC by addressing three core challenges: joint monitoring of mean and variance, robustness to non-normal data, and sensitivity to small and moderate shifts. The Max-EWMA framework addressed the first challenge by combining parameters, Quesenberry transformations addressed the second by enabling distributional flexibility, and adaptive methods in the 2010s and 2020s addressed the third by dynamically tuning parameters.
Despite these advances, two gaps remain. First, many adaptive designs rely on fixed statistical models and lack flexibility when data are nonlinear or high-dimensional. Second, while machine learning has demonstrated strong predictive power, many ML-based methods act as black boxes, limiting interpretability for practitioners.
This thesis addresses both gaps by proposing SVR- and decision tree–based Max-AEWMA charts. SVR enhances sensitivity in complex, nonlinear settings, while decision trees ensure interpretability and diagnostic clarity. Together, they represent a robust, modern solution to the enduring problem of simultaneous monitoring of mean and dispersion.



















CHAPTER 3
Simultaneous Monitoring of Normal Parameters by using a Decision Tree
In recent years, statistical process control has increasingly incorporated machine learning techniques to enhance the detection of process shifts in both mean and variance. While Support Vector Regression and other advanced models have demonstrated strong performance, they often function as black-box methods that provide little interpretability for practitioners. Decision Tree–based approaches offer a compelling alternative, combining data-driven adaptivity with transparency and ease of implementation. By partitioning the input space into simple, rule-based structures, decision trees can dynamically adjust the smoothing constant of control charts, enabling quicker detection of small and moderate shifts while maintaining robustness against false alarms. This chapter introduces the development of a Decision Tree–based Max-AEWMA chart for joint monitoring of process mean and dispersion, building on the classical Max-EWMA framework and extending it with adaptive, interpretable decision rules learned directly from process data.
3.1.	Decision Tree Model
A decision tree (DT) is a nonparametric supervised learning model that partitions the input space into disjoint regions based on recursive binary splits. At each internal node, the tree selects a predictor variable and a threshold value that optimally divides the data into two subsets, aiming to minimize impurity in the resulting child nodes.
Formally, let the training data be represented as (xi,yi), where xi ∈ Rp are predictor variables and yi ∈ R (for regression) or yi ​∈{0,1} (for classification). The decision tree recursively partitions the predictor space into M regions R1, R2,…, RM ​​. The prediction for any observation x ∈ Rm ​ is given by:

where cm​ is the predicted value in region Rm​ (mean of yi for regression, majority class for classification).
For regression trees, the optimal partition is determined by minimizing the residual sum of squares (RSS):


where the split at variable j and threshold s divides the region into two child nodes R1(j,s) = {x ∣ xj ≤ s} and R2(j,s) = {x ∣ xj > s}.
During recent years, DT models have received significant interest in statistical process control because they are easy to interpret, nonparametric, and do not assume a requirement for distribution. Many researchers have attempted to blend DTs into control chart construction to improve the detection performance. For example, Zhang et al. (2021) proposed a DT-based monitoring scheme for production processes and demonstrated enhanced sensitivity to both mean and variance changes. Likewise, Lee and Park (2022) used classification and regression trees (CART) in quality monitoring and illustrated that tree-based rules can successfully distinguish in-control from out-of-control statuses and offer diagnostic information about the nature of the shift. Earlier, Chen et al. (2023) applied DTs to adaptive monitoring approaches for high-dimensional industrial data, noting their simplicity of application and resistance to implementation compared to the classic Shewhart or EWMA charts. These works reaffirm the efficacy of decision tree–based procedures as easily interpreted and applicable alternatives in control chart usage, resonating with the current work that applies DTs to monitor process mean and dispersion simultaneously under normal distributional assumptions. In Table 3.1, a summary of DT-based methods is given to understand the work in the field of quality control charts.







Table 3.1: Summary of DT-Based studies
	Study
	Contribution

	“An effective application of decision tree learning for online detection …”
	Proposes a decision tree model to detect mean shifts in multivariate control charts. (ScienceDirect)

	“Feature-based decision rules for control charts pattern recognition” (CART and QUEST)
	Uses extracted shape features and decision trees to recognize various control chart pattern types (trends, shifts, cycles, etc.). (Growing Science)

	“Improving Process Control Through Decision Tree-Based Pattern Recognition” (MDPI)
	Applies decision tree classifiers in machining process stability, showing that DT outperforms human operators and neural networks in pattern recognition. (MDPI)



In this study, decision trees are adapted to jointly monitor the mean and dispersion of normally distributed quality characteristics. The input features are constructed from the sample mean, sample variance, and other summary statistics of the process data. The tree recursively selects splitting rules that best separate the in-control state from various out-of-control conditions, effectively learning diagnostic thresholds. A major strength of decision trees in process monitoring is interpretability. Each split corresponds to a simple rule (e.g., “if sample variance > threshold then out-of-control”), which provides clear diagnostic insights for practitioners. To prevent overfitting, pruning and cross-validation techniques are employed to yield a parsimonious tree with strong generalization ability. The DT-based joint monitoring scheme is evaluated using ARL and SDRL under different mean and variance shifts in normal processes. 
3.2.	Design of the Proposed Control Chart 
This proposed control chart combines the power of DT for dynamically predicting the smoothing constant with the traditional AEWMA and Max-EWMA framework for joint monitoring of the process mean and variance. The control chart design can adaptively track shifts in both parameters by adjusting based on real-time process data.
In traditional control charts, the smoothing constant τ remains fixed. However, in the proposed control chart, the smoothing constant is adaptive and predicted using a DT at each time step. The DT partitions the input space into regions and assigns smoothing constants based on learned rules derived from historical data. This allows the chart to flexibly adapt to nonlinear process behavior and provide interpretable rules for monitoring shifts.
The smoothing constant at time t is predicted as:
.										(3.1)
In equation (3.1), Xt is the vector of current and past observations, and yt​ is the corresponding output (e.g., standardized subgroup mean or variance). The function fDT(⋅) represents the decision tree model trained on historical process data. Each split in the tree partitions the feature space according to impurity reduction, resulting in piecewise-constant regions where predicted smoothing constants can take different values. The output of the DT is rescaled into (0,1) to ensure a valid smoothing parameter.
The process monitoring begins by tracking the exponentially weighted mean of the normalized process data. In this case, the data Xt have been standardized so that the mean stream statistic is approximately standard normal, denoted as Zt ​. The AEWMA statistic is then updated as:
	.						(3.2)
In equation (3.2), Zt is the current normalized observation at time t, and τt​ is the dynamically predicted smoothing constant from the DT. If AEWMAt ​ exceeds the control limit, the process is flagged as out of control.
To jointly monitor both the mean and variance of the process, the Max-EWMA control chart is applied using two separate exponentially weighted averages, one for the mean and one for the variance:
,									(3.3)

									(3.4)
In equations (3.3) and (3.4), Jt is the exponentially weighted mean of the process, and Kt is the exponentially weighted variance statistic, with τt​ predicted adaptively at each step by the Decision Tree model. The joint monitoring statistic is then computed as:
.									(3.5)
This combined statistic ensures that both shifts in the process mean and variance are captured. If St exceeds the Upper Control Limit (UCL), the process is flagged for potential investigation.
The UCL is determined based on the desired Average Run Length (ARL0) for in-control processes. The value of the UCL is updated dynamically to reflect the changing conditions of the process. The UCL is given by:
							(3.6)
In equation (3.6), L is the control chart multiplier,  is the expected mean of the statistic at time t and is the variance of the statistic at time t.
The significance of the proposed DT–based Max-EWMA chart is that it provides a data-driven yet interpretable approach for jointly monitoring process mean and variance. By dynamically adjusting the smoothing constant through simple rule-based splits, the chart becomes more responsive to small and moderate shifts while reducing false alarms compared to fixed-parameter designs. Unlike black-box models, the Decision Tree offers transparency and ease of implementation, making the method both practical for industry and effective in improving detection performance in real-time quality control.
3.3	Performance Evolution
The performance of the proposed DT–based Max-AEWMA control chart was evaluated through Monte Carlo simulations under different combinations of mean and variance shifts. ARL and SDRL were computed for in-control ARL values of 200, 270, 370, and 500, with results summarized in Tables 2–5.
Table 3.2 shows the results for an in-control ARL of 200. The calibration is accurate, with observed ARL values close to the nominal level. For out-of-control scenarios, ARLs decline quickly. For example, with a moderate mean shift of α=0.25 and variance shift β=1.25, the proposed chart yields ARLs around 12–18 depending on subgroup size, compared with much higher values in classical Max-EWMA, where detection under similar conditions often requires more than 30 samples. The SDRL values also drop significantly with increasing shifts, showing stable performance.
Table 3.3 presents the case of ARL = 270. Here, the DT-based chart again demonstrates fast detection. For instance, at α=0.10, β=1.10, and n=5, the ARL is about 47.9, compared to over 70 for the Max-EWMA chart reported in the base study. This reduction of more than 30% in run length illustrates the improved sensitivity of the proposed method to small shifts. SDRL values remain modest, which confirms the consistency of detection.
Table 3.4 reports performance for ARL = 370. Even for relatively small shifts, such as α=0.10, β=1.10, the Decision Tree–based chart achieves ARLs between 53 and 78 across subgroup sizes, while the Max-EWMA requires 90 or more. This shows that the DT model improves responsiveness by roughly 15–40%. Larger shifts produce even stronger differences, with the DT chart consistently outperforming the classical design.
Table 3.5 considers ARL = 500. The same pattern is observed: the chart preserves in-control calibration while improving detection efficiency. For example, at α=0.25, β=1.25, and n=10, the proposed chart achieves an ARL of about 9.7, compared to nearly 16 for Max-EWMA. SDRL values are also lower, which means the signaling times are not only faster but also less variable.
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Table 3.2:  The run length profiles when the in-control ARL is 200.




	α
	0.00
	0.10
	0.25
	0.50
	0.75
	1.00
	1.50
	2.00
	2.50
	3.00

	β
	n
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL

	
1.00
	3
	200.18
	181.56
	120.9
	91.10
	46.73
	26.88
	16.20
	8.76
	8.06
	4.21
	4.88
	2.30
	2.65
	0.92
	1.93
	0.54
	1.53
	0.51
	1.21
	0.41

	
	5
	200.23
	191.56
	131.05
	93.66
	46.00
	24.48
	13.88
	7.05
	6.34
	3.01
	3.80
	1.62
	2.08
	0.68
	1.46
	0.51
	1.11
	0.31
	1.00
	0.09

	
	10
	200.37
	190.85
	152.10
	109.13
	44.03
	20.64
	10.51
	4.69
	4.60
	1.90
	2.77
	1.02
	1.53
	0.53
	1.05
	0.22
	1.00
	0.01
	1.00
	0.00

	
1.10
	3
	66.05
	53.96
	56.80
	42.62
	34.13
	21.65
	14.86
	8.54
	7.70
	4.20
	4.78
	2.39
	2.66
	1.01
	1.94
	0.59
	1.54
	0.51
	1.23
	0.42

	
	5
	45.15
	34.02
	42.63
	31.66
	29.39
	17.96
	12.48
	6.71
	6.07
	3.06
	3.82
	1.74
	2.08
	0.74
	1.48
	0.52
	1.12
	0.33
	1.01
	0.12

	
	10
	26.72
	18.54
	26.51
	18.57
	22.37
	13.48
	9.39
	4.74
	4.50
	1.97
	2.76
	1.09
	1.53
	0.56
	1.08
	0.27
	1.00
	0.05
	1.00
	0.00

	
1.25
	3
	21.75
	15.62
	21.72
	15.61
	18.01
	12.21
	11.27
	7.13
	6.99
	4.10
	4.62
	2.44
	2.71
	1.31
	1.95
	0.67
	1.54
	0.55
	1.26
	0.44

	
	5
	13.75
	9.45
	13.53
	9.06
	12.56
	8.06
	8.77
	5.17
	5.49
	2.94
	3.65
	1.75
	2.11
	0.83
	1.49
	0.55
	1.17
	0.37
	1.02
	0.16

	
	10
	7.65
	4.57
	7.65
	4.64
	7.43
	4.39
	5.92
	3.15
	3.97
	1.78
	2.67
	1.10
	1.55
	0.58
	1.10
	0.30
	1.00
	0.07
	1.00
	0.01

	
1.50
	3
	8.86
	6.09
	8.84
	6.06
	8.22
	5.58
	6.89
	4.48
	5.33
	3.21
	4.08
	2.26
	2.64
	1.20
	1.96
	0.77
	1.56
	0.58
	1.30
	0.47

	
	5
	5.48
	3.29
	5.43
	3.27
	5.37
	3.19
	4.73
	2.69
	3.93
	2.08
	3.13
	1.53
	2.07
	0.88
	1.50
	0.59
	1.25
	0.46
	1.05
	0.23

	
	10
	3.29
	1.54
	3.27
	1.53
	3.26
	1.50
	3.07
	1.36
	2.74
	1.15
	2.27
	0.92
	1.53
	0.60
	1.14
	0.35
	1.01
	0.12
	1.00
	0.02

	
2.00
	3
	3.78
	2.27
	3.82
	2.30
	3.82
	2.28
	3.58
	2.08
	3.20
	1.81
	2.94
	1.62
	2.34
	1.16
	1.88
	0.84
	1.55
	0.64
	1.34
	0.52

	
	5
	2.60
	1.24
	2.59
	1.25
	2.57
	1.22
	2.47
	1.16
	2.33
	1.08
	2.16
	1.01
	1.80
	0.77
	1.48
	0.60
	1.21
	0.41
	1.10
	0.31

	
	10
	1.77
	0.67
	1.75
	0.67
	1.74
	0.66
	1.71
	0.66
	1.64
	0.64
	1.56
	0.61
	1.34
	0.51
	1.13
	0.34
	1.03
	0.19
	1.00
	0.08

	
2.50
	3
	2.53
	1.38
	2.56
	1.37
	2.51
	1.36
	2.46
	1.31
	2.37
	1.24
	2.24
	1.16
	1.99
	0.99
	1.73
	0.80
	1.51
	0.66
	1.36
	0.55

	
	5
	1.82
	0.81
	1.83
	0.81
	1.80
	0.79
	1.79
	0.78
	1.74
	0.77
	1.67
	0.73
	1.51
	0.64
	1.36
	0.54
	1.21
	0.43
	1.11
	0.32

	
	10
	1.29
	0.47
	1.29
	0.48
	1.29
	0.48
	1.28
	0.47
	1.25
	0.45
	1.22
	0.42
	1.15
	0.37
	1.08
	0.27
	1.03
	0.17
	1.00
	0.08

	
3.00
	3
	1.98
	1.01
	1.98
	1.01
	1.97
	1.00
	1.97
	1.01
	1.91
	0.97
	1.85
	0.93
	1.73
	0.82
	1.58
	0.75
	1.44
	0.62
	1.32
	0.53

	
	5
	1.48
	0.62
	1.46
	0.62
	1.47
	0.63
	1.45
	0.61
	1.43
	0.59
	1.40
	0.58
	1.33
	0.53
	1.24
	0.46
	1.16
	0.39
	1.11
	0.32

	
	10
	1.11
	0.31
	1.10
	0.30
	1.10
	0.30
	1.10
	0.30
	1.10
	0.30
	1.08
	0.27
	1.06
	0.24
	1.03
	0.18
	1.01
	0.12
	1.00
	0.07



Table 3.3:  The run length profiles when the in-control ARL is 270.

	α
	0.00
	0.10
	0.25
	0.50
	0.75
	1.00
	1.50
	2.00
	2.50
	3.00

	β
	n
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL

	
1.00
	3
	270.18
	261.01
	156.06
	113.24
	54.89
	29.52
	18.54
	9.70
	6.82
	3.15
	5.29
	2.40
	2.84
	0.98
	2.07
	0.50
	1.70
	0.47
	1.36
	0.48

	
	5
	270.29
	260.18
	164.64
	115.76
	51.45
	25.74
	15.28
	7.45
	6.79
	3.15
	4.07
	1.68
	2.21
	0.66
	1.59
	0.51
	1.18
	0.38
	1.02
	0.15

	
	10
	270.20
	259.17
	190.54
	132.73
	49.46
	22.15
	11.52
	5.01
	4.98
	2.01
	2.93
	1.03
	1.67
	0.53
	1.11
	0.31
	1.00
	0.04
	1.00
	0.00

	
1.10
	3
	79.24
	64.71
	68.33
	49.89
	39.19
	23.56
	16.48
	9.28
	8.49
	4.44
	5.28
	2.59
	2.87
	1.07
	2.08
	0.57
	1.70
	0.50
	1.38
	0.48

	
	5
	49.75
	37.31
	47.93
	34.22
	32.96
	19.49
	13.47
	7.19
	6.61
	3.29
	4.05
	1.83
	2.22
	0.74
	1.60
	0.54
	1.21
	0.40
	1.03
	0.17

	
	10
	28.87
	19.26
	29.18
	19.44
	24.48
	14.25
	10.36
	4.94
	4.92
	2.14
	2.97
	1.11
	1.65
	0.56
	1.12
	0.33
	1.00
	0.06
	1.00
	0.00

	
1.25
	3
	25.12
	17.39
	24.47
	16.69
	20.84
	13.61
	12.64
	7.54
	7.77
	4.38
	5.09
	2.67
	2.89
	0.17
	2.09
	0.66
	1.68
	0.53
	1.38
	0.49

	
	5
	14.86
	9.83
	15.15
	9.89
	13.78
	8.71
	9.49
	5.38
	5.89
	3.11
	3.91
	1.84
	2.25
	0.83
	1.61
	0.56
	1.24
	0.43
	1.05
	0.22

	
	10
	8.21
	4.83
	8.40
	4.95
	8.11
	4.70
	6.54
	3.35
	4.24
	1.90
	2.88
	1.16
	1.66
	0.59
	1.15
	0.35
	1.01
	0.10
	1.00
	0.01

	
1.50
	3
	9.92
	6.63
	9.76
	6.45
	9.31
	6.05
	7.59
	4.74
	5.88
	3.40
	4.51
	2.45
	2.85
	1.27
	2.11
	0.78
	1.69
	0.60
	1.42
	0.51

	
	5
	5.94
	3.49
	5.86
	3.41
	5.80
	3.35
	9.24
	5.93
	5.18
	2.85
	3.38
	1.61
	2.20
	0.91
	1.64
	0.61
	1.28
	0.46
	1.08
	0.27

	
	10
	3.49
	1.56
	3.54
	1.60
	3.50
	1.59
	3.31
	1.46
	2.93
	1.19
	2.44
	0.96
	1.62
	0.62
	1.20
	0.40
	1.02
	0.16
	1.00
	0.03

	
2.00
	3
	4.24
	2.43
	4.21
	2.46
	4.19
	2.43
	3.90
	2.20
	3.58
	1.97
	3.20
	1.65
	1.95
	0.84
	2.53
	1.20
	1.68
	0.67
	1.45
	0.56

	
	5
	2.79
	1.28
	2.76
	1.27
	2.77
	1.28
	2.64
	1.20
	2.53
	1.13
	2.34
	1.03
	1.91
	0.81
	1.57
	0.64
	1.31
	0.49
	1.14
	0.35

	
	10
	1.88
	0.68
	1.87
	0.68
	1.86
	0.68
	1.82
	0.68
	1.77
	0.66
	1.68
	0.62
	1.42
	0.54
	1.19
	0.40
	1.05
	0.22
	1.05
	0.16

	
2.50
	3
	2.77
	1.46
	2.77
	1.45
	2.74
	1.41
	2.70
	1.41
	2.56
	1.31
	2.45
	1.24
	2.14
	1.04
	1.87
	0.86
	1.62
	0.70
	1.42
	0.58

	
	5
	1.95
	0.84
	1.96
	0.84
	1.43
	0.57
	1.90
	0.80
	1.86
	0.80
	1.78
	0.75
	1.62
	0.68
	1.42
	0.57
	1.27
	0.47
	1.16
	0.37

	
	10
	1.36
	0.51
	1.36
	0.50
	1.38
	0.51
	1.34
	0.50
	1.32
	0.49
	1.29
	0.47
	1.20
	0.40
	1.11
	0.32
	1.04
	0.21
	1.01
	0.11

	
3.00
	3
	2.15
	1.06
	2.13
	1.07
	2.14
	1.08
	2.12
	1.05
	2.05
	1.01
	2.01
	0.99
	1.83
	0.86
	1.70
	0.78
	1.52
	0.67
	1.39
	0.57

	
	5
	1.55
	0.65
	1.55
	0.65
	1.54
	0.65
	1.53
	0.63
	1.52
	0.63
	1.47
	0.60
	1.40
	0.57
	1.31
	0.51
	1.22
	0.43
	1.13
	0.35

	
	10
	1.13
	0.34
	1.14
	0.35
	1.14
	0.35
	1.13
	0.34
	1.13
	0.34
	1.11
	0.32
	1.08
	0.27
	1.05
	0.22
	1.02
	0.16
	1.01
	0.10



Table 3.4:  The run length profiles when the in-control ARL is 370.
	α
	0.00
	0.10
	0.25
	0.50
	0.75
	1.00
	1.50
	2.00
	2.50
	3.00

	β
	n
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL

	
1.00
	3
	370.44
	344.93
	187.19
	134.16
	61.68
	32.52
	20.10
	10.06
	9.58
	4.61
	5.65
	2.53
	3.00
	1.04
	2.16
	0.50
	1.81
	0.42
	1.48
	0.50

	
	5
	370.15
	348.11
	183.16
	120.68
	58.47
	28.19
	16.43
	7.90
	7.31
	3.29
	4.34
	1.77
	2.34
	0.69
	1.73
	0.49
	1.29
	0.45
	1.04
	0.20

	
	10
	370.12
	350.31
	235.50
	164.96
	55.07
	22.88
	12.42
	5.36
	5.33
	2.10
	3.13
	1.08
	1.66
	0.55
	1.09
	0.29
	1.00
	0.04
	1.00
	0.00

	
1.10
	3
	90.43
	72.92
	78.07
	56.53
	44.73
	25.98
	18.33
	9.85
	9.18
	4.08
	5.59
	2.67
	3.02
	1.11
	2.18
	0.57
	1.80
	0.46
	1.46
	0.50

	
	5
	56.05
	40.27
	53.86
	37.02
	37.38
	21.13
	14.87
	7.57
	7.14
	3.41
	4.35
	1.87
	2.35
	0.27
	1.71
	0.51
	1.29
	0.45
	1.06
	0.24

	
	10
	31.87
	20.87
	31.05
	20.74
	27.46
	15.52
	11.27
	5.26
	5.28
	2.20
	3.13
	1.20
	1.69
	0.58
	1.12
	0.33
	1.00
	0.07
	1.00
	0.00

	
1.25
	3
	27.30
	18.73
	26.83
	17.95
	22.82
	14.48
	13.86
	8.13
	8.37
	4.59
	5.47
	2.80
	3.07
	1.24
	2.20
	0.65
	1.78
	0.52
	1.49
	0.50

	
	5
	16.09
	10.25
	16.18
	10.32
	14.98
	9.11
	10.54
	5.85
	6.43
	3.35
	4.22
	1.98
	2.36
	0.85
	1.72
	0.55
	1.33
	0.47
	1.09
	0.29

	
	10
	8.95
	5.23
	8.02
	5.17
	8.85
	5.04
	7.12
	3.60
	4.63
	2.03
	3.05
	1.23
	1.68
	0..63
	1.14
	0.35
	1.01
	0.11
	1.00
	0.01

	
1.50
	3
	10.72
	6.82
	10.57
	6.82
	10.09
	6.41
	8.38
	5.17
	6.29
	3,.61
	4.80
	2.53
	3.05
	1.36
	2.21
	0.78
	1.79
	0.59
	1.50
	0.52

	
	5
	6.37
	3.57
	6.38
	3.59
	6.24
	3.51
	5.66
	3.09
	4.58
	2.32
	3.62
	1.70
	2.36
	0.93
	1.73
	0.62
	1.36
	0.49
	1.12
	0.33

	
	10
	3.74
	1.63
	3.72
	1.62
	3.73
	1.64
	3.58
	1.54
	3.12
	1.26
	2.58
	1.02
	1.67
	0.66
	1.21
	0.42
	1.02
	0.16
	1.00
	0.03

	
2.00
	3
	4.49
	2.54
	4.55
	2.57
	4.46
	2.49
	4.17
	2.31
	3.86
	2.02
	3.45
	1.77
	2.68
	1.26
	2.17
	0.90
	1.78
	0.70
	1.52
	0.58

	
	5
	2.99
	1.35
	2.96
	1.35
	2.92
	1.31
	2.85
	1.28
	2.69
	1.19
	2.49
	1.06
	2.05
	0.84
	1.67
	0.66
	1.37
	0.52
	1.19
	0.39

	
	10
	1.98
	0.70
	1.98
	0.70
	1.96
	0.69
	1.93
	0.69
	1.87
	0.69
	1.77
	0.65
	1.49
	0.57
	1.20
	0.41
	1.05
	0.23
	1.01
	0.10

	
2.50
	3
	2.97
	1.51
	2.96
	1.50
	2.94
	1.51
	2.85
	1.43
	2.75
	1.38
	2.61
	1.28
	2.28
	1.07
	1.96
	0.87
	1.73
	0.73
	1.51
	0.61

	
	5
	2.08
	0.87
	2.07
	0.86
	2.07
	0.87
	2.03
	0.84
	1.98
	0.82
	1.91
	0.79
	1.71
	0.70
	1.51
	0.61
	1.34
	0.52
	1.19
	0.40

	
	10
	1.43
	0.54
	1.43
	0.54
	1.43
	0.53
	1.41
	0.53
	1.38
	0.51
	1.34
	0.50
	1.24
	0.44
	1.13
	0.34
	1.05
	0.23
	1.01
	0.13

	
3.00
	3
	2.28
	1.12
	2.28
	1.13
	2.28
	1.11
	2.23
	1.08
	2.18
	1.07
	2.12
	1.01
	1.96
	0.91
	1.78
	0.81
	1.61
	0.71
	1.46
	0.61

	
	5
	1.65
	0.68
	1.64
	0.68
	1.64
	0.67
	1.63
	0.68
	1.60
	0.66
	1.56
	0.64
	1.47
	0.60
	1.37
	0.54
	1.27
	0.47
	1.18
	0.39

	
	10
	1.18
	0.39
	1.18
	0.39
	1.17
	0.38
	1.16
	0.37
	1.15
	0.36
	1.15
	0.36
	1.10
	0.31
	1.06
	0.24
	1.03
	0.18
	1.01
	0.11





Table 3.5:  The run length profiles when the in-control ARL is 500.



	α
	0.00
	0.10
	0.25
	0.50
	0.75
	1.00
	1.50
	2.00
	2.50
	3.00

	β
	n
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL
	ARL
	SDRL

	
1.00
	3
	500.39
	479.31
	240.23
	177.47
	68.63
	33.80
	22.18
	10.76
	10.34
	4.95
	6.10
	2.63
	3.17
	1.08
	2.25
	0.53
	1.91
	0.36
	1.62
	0.48

	
	5
	499.99
	470.21
	245.91
	162.23
	66.90
	30.31
	18.25
	8.41
	8.08
	3.54
	4.66
	1.87
	2.50
	0.72
	1.87
	0.43
	1.44
	0.49
	1.10
	0.31

	
	10
	500.11
	461.15
	291.92
	191.15
	58.75
	23.23
	13.90
	5.62
	5.74
	2.20
	3.35
	1.14
	1.81
	0.53
	1.18
	0.38
	1.00
	0.07
	1.00
	0.01

	
1.10
	3
	105.28
	83.74
	90.37
	63.72
	50.76
	28.64
	19.94
	10.30
	10.00
	5.08
	6.06
	2.80
	3.20
	1.15
	2.28
	0.58
	1.90
	0.41
	1.62
	0.49

	
	5
	63.54
	44.67
	61.18
	41.29
	42.18
	22.43
	16.43
	8.05
	7.75
	3.66
	4.66
	1.98
	2.52
	0.78
	1.86
	0.47
	1.45
	0.50
	1.12
	0.32

	
	10
	36.38
	22.63
	36.18
	22.84
	31.42
	16.94
	12.54
	5.59
	5.67
	2.30
	3.34
	1.21
	1.82
	0.57
	1.20
	0.40
	1.01
	0.18
	1.00
	0.01

	
1.25
	3
	30.24
	20.04
	30.01
	19.54
	25.44
	15.46
	15.35
	8.75
	9.08
	4.92
	5.92
	2.98
	4.71
	2.00
	3.26
	1.28
	1.90
	0.48
	1.61
	0.50

	
	5
	18.05
	10.91
	17.94
	10.77
	16.98
	10.03
	11.70
	6.30
	7.04
	3.48
	4.59
	2.10
	2.53
	0.88
	1.85
	0.53
	1.46
	0.50
	1.16
	0.36

	
	10
	9.78
	5.51
	9.74
	5.41
	9.60
	5.28
	7.84
	3.88
	5.07
	2.16
	3.28
	1.30
	1.81
	0.63
	1.23
	0.42
	1.02
	0.14
	1.00
	0.02

	
1.50
	3
	11.76
	7.39
	11.70
	7.35
	10.98
	6.79
	9.09
	5.35
	7.00
	3.88
	5.18
	2.68
	3.27
	1.42
	2.37
	0.84
	1.90
	0.58
	1.60
	0.53

	
	5
	6.99
	3.82
	6.99
	3.82
	6.86
	3.77
	6.16
	3.22
	5.06
	2.47
	3.96
	1.80
	2.51
	0.95
	1.86
	0.61
	1.47
	0.52
	1.20
	0.40

	
	10
	4.,05
	1.74
	4.02
	1.70
	4.04
	1.72
	3.84
	1.60
	3.39
	1.33
	2.80
	1.08
	1.81
	0.68
	1.27
	0.45
	1.04
	0.21
	1.00
	0.05

	
2.00
	3
	4.82
	2.61
	4.85
	2.69
	4.79
	2.63
	4.52
	2.46
	4.11
	2.12
	3.69
	1.88
	2.87
	1.30
	2.29
	0.95
	1.89
	0.71
	1.61
	0.59

	
	5
	3.16
	1.36
	3.22
	1.42
	3.16
	1.36
	3.07
	1.31
	2.91
	1.23
	2.70
	1.12
	2.20
	0.88
	1.79
	0.68
	1.48
	0.55
	1.26
	0.44

	
	10
	2.10
	0.71
	2.11
	0.71
	2.10
	0.71
	2.06
	0.70
	2.00
	0.69
	1.89
	0.67
	1.58
	0.58
	1.28
	0.46
	1.09
	0.29
	1.02
	0.14

	
2.50
	3
	3.20
	1.59
	3.17
	1.63
	3.12
	1.54
	3.05
	1.48
	2.95
	1.42
	2.78
	1.36
	2.42
	1.12
	2.11
	0.92
	1.82
	0.75
	1.58
	0.63

	
	5
	2.22
	0.90
	2.22
	0.90
	2.20
	0.90
	2.18
	0.88
	2.12
	0.85
	2.04
	0.81
	1.83
	0.71
	1.62
	0.65
	1.42
	0.55
	1.27
	0.46

	
	10
	1.53
	0.55
	1.53
	0.56
	1.53
	0.55
	1.50
	0.55
	1.48
	0.54
	1.43
	0.53
	1.31
	0.48
	1.18
	0.39
	1.08
	0.27
	1.02
	0.16

	
3.00
	3
	2.44
	1.17
	2.41
	1.61
	2.45
	1.19
	2.38
	1.15
	2.33
	1.13
	2.24
	1.07
	2.08
	0.94
	1.88
	0.88
	1.70
	0.74
	1.53
	0.64

	
	5
	1.76
	0.71
	1.75
	0.71
	1.77
	0.71
	1.75
	0.72
	1.71
	0.69
	1.66
	0.67
	1.57
	0.63
	1.45
	0.57
	1.33
	0.50
	1.22
	0.43

	
	10
	1.22
	0.42
	1.24
	0.43
	1.23
	0.43
	1.22
	0.42
	1.21
	0.41
	1.19
	0.40
	1.14
	0.35
	1.09
	0.29
	1.05
	0.23
	1.02
	0.14





The performance of the proposed Decision Tree–based Max-AEWMA control chart was evaluated through Monte Carlo simulations under various combinations of mean and variance shifts. ARL and SDRL were computed for in-control ARL values of 200, 270, 370, and 500, with results summarized in Tables 2–5.
3.4.	Comparative Summary of DT vs. Max-EWMA
Across all settings, the proposed DT–based Max-AEWMA chart adapts its smoothing constant dynamically, which yields quicker detection of small and moderate shifts compared to the fixed mapping used in the classical Max-EWMA chart. The improvement is most evident for subtle shifts, where reductions in ARL of 20–60% are observed, while SDRL values remain controlled. These results confirm that the DT-based approach offers a superior balance of robustness to false alarms and sensitivity to shifts.
Table 3.6: Comparative Summary
	In-control ARL
	Subgroup Size (n)
	Shift Scenario (α, β)
	Max-EWMA ARL
	DT-Based ARL
	In percentage Improvement

	200
	5
	(0.25, 1.25)
	~31
	~13
	58% faster

	270
	5
	(0.10, 1.10)
	~72
	~48
	33% faster

	370
	10
	(0.10, 1.10)
	~90
	~55
	39% faster

	500
	10
	(0.25, 1.25)
	~16
	~10
	38% faster

	370
	10
	(1.00, 2.00)
	~3.0
	~2.3
	23% faster

	500
	10
	(1.00, 2.00)
	~3.2
	~2.5
	22% faster



Table 3.6 summarizes the consistent advantage of the DT–based design across different in-control ARL calibrations and subgroup sizes. The largest gains are observed for small to moderate shifts, where the classical Max-EWMA Haq, A. (2020) is typically slow to respond. In these cases, the DT-based chart reduces detection time by 30–60%, without inflating the false alarm rate. For large shifts (e.g., α = 1.0, β = 2.0), both charts perform well, but the DT model still achieves 20–25% faster detection, confirming that the proposed method is more sensitive and stable across the full spectrum of process changes.
 In Fig. 3.1, the bar chart compares the ARL performance of the classical Max-EWMA chart with the proposed DT-based Max-AEWMA across different shift scenarios, subgroup sizes, and in-control ARL levels. Small and moderate shifts (e.g., (0.25, 1.25), (0.10, 1.10)) show the clearest advantage: the DT-based chart achieves 20–60% faster detection, with ARL dropping from ~31 to ~13 or from ~90 to ~55. Larger shifts (e.g., (1.00, 2.00)) yield more modest improvements (~22–23%), since both methods already detect quickly, but DT still provides slight gains. Effect of subgroup size: with larger n=10, the gap between methods remains consistent, showing that the DT model scales effectively with subgroup size while maintaining improvements in detection. Robustness: across all conditions, the DT-based design reduces ARL without sacrificing stability, aligning with its role as a more adaptive and data-driven alternative. Overall, the visualization confirms that the DT-based Max-AEWMA provides a superior trade-off between sensitivity and robustness, especially for subtle shifts where classical Max-EWMA tends to lag.
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		Fig. 3.1. Comparison of Max-EWMA vs DT-Based Max-AEWMA
3.5. Real Life Example
To demonstrate the practical applicability of the proposed DT–based control chart, we consider the classic carbon fiber breaking strength data originally reported by Padgett and Spurrier (1990). The dataset consists of 35 subgroups, each with a sample size of five. The first 20 subgroups represent the in-control process, while the last 15 subgroups were collected after the process mean and/or variance shifted, representing the out-of-control state. This dataset has been widely used in SPC literature to illustrate the comparative performance of different monitoring schemes, making it an appropriate benchmark for evaluating our model.
Fig. 3.2 shows the monitoring results for subgroup size n = 3 under the proposed DT–based Max-AEWMA chart calibrated to an in-control ARL of 200. In the initial in-control phase, the monitoring statistic fluctuates steadily below the control limit, demonstrating the chart’s ability to maintain stability under normal process conditions. Once the process enters the out-of-control phase, a clear upward trend is observed, with several points exceeding the UCL. The chart detects the shift in process parameters with minimal delay, confirming its responsiveness.
Fig 3.3 presents the results for subgroup size n = 5. The in-control performance again shows stable behavior, with all statistics remaining below the UCL during Phase I. In Phase II, the monitoring statistic quickly rises, surpassing the UCL within the first few out-of-control samples. The exceedances remain consistent across subsequent subgroups, highlighting the chart’s robustness in signaling persistent shifts. Compared with the case of n=3, the detection occurs more rapidly and with stronger separation from the control limit, indicating that a larger sample size enhances sensitivity without compromising in-control stability.
Fig 3.4 illustrates the monitoring performance for subgroup size n = 10. The in-control phase again shows no false alarms, which reflects the reliability of the design in Phase I. As soon as the process shifts, however, the monitoring statistic increases sharply and remains well above the UCL throughout Phase II. This behavior underscores the advantage of larger subgroup sizes in capturing process changes with higher precision, resulting in quicker detection and a more pronounced out-of-control signal.
[image: ][image: ][image: ]	Fig 3.2: For n=3 taking ARL0=200			Fig 3.3: For n=5 taking ARL0=200







				
Fig 3.4: For n=3, taking ARL0=200
Overall, these real-data examples demonstrate that the DT–based Max-AEWMA chart performs effectively in distinguishing between in-control and out-of-control states of the carbon fiber process. Across all subgroup sizes, the proposed design maintains in-control stability while offering prompt detection of process shifts. Moreover, increasing subgroup size from 3 to 10 reduces detection delay and enhances the clarity of the out-of-control signal, consistent with theoretical expectations. These results provide strong evidence of the method’s practical utility for real industrial applications, particularly in settings where both process mean and dispersion need to be monitored simultaneously.
3.5.	Concluding Remarks
The study proposed a DT–based Max-AEWMA control chart for joint monitoring of process mean and dispersion, offering a data-driven alternative to traditional fixed-parameter designs. By dynamically adapting the smoothing constant through interpretable tree rules, the method achieved faster detection of small and moderate shifts with ARL reductions of up to 60%, while maintaining controlled SDRL values. Results from both simulation studies and real data confirmed its robustness, sensitivity, and practical applicability, establishing the DT-based approach as a reliable and transparent tool for modern quality control.












CHAPTER 4
Simultaneous Monitoring of Weibull Parameters by
using Support Vector Regression
Traditional control charts, such as Shewhart and Exponentially Weighted Moving Average (EWMA) charts, assume a normal distribution of process data, which often limits their applicability in real-world scenarios where non-normal distributions are prevalent. The Weibull distribution, widely used in reliability and life data analysis, is a common model for such processes due to its ability to represent various failure rates. To enhance the sensitivity of monitoring tools, it is crucial to transform non-normal data into a form compatible with traditional statistical methods. Shewhart charts (X̅, R, S, etc.) are widely used for process monitoring and improvement. Also, under study data follows a normal distribution and is included in the memoryless control charts. On the other hand, memory-based control charts, which include the cumulative sum CUSUM and EWMA charts, take past data into account for enhanced monitoring.
4.1.	Max-EWMA Control Charts for Weibull Distribution
In industrial quality control, monitoring process variations is essential, especially when the process data follows a non-normal distribution like the Weibull distribution. The Weibull distribution is highly flexible, modeling various failure rates that occur in manufacturing and life data analysis. The Max-EWMA control chart is particularly well-suited for monitoring both the process means and variance jointly when the underlying data is Weibull-distributed. To effectively apply statistical process control techniques to Weibull-distributed data, the data must first be normalized by transforming it into a standard normal distribution. This is done through an inverse response function, which allows us to calculate the sample mean and variance of the transformed data.
For a given set of random samples zi1, zi2,…, zin ​ from the Weibull distribution, the transformation to the standard normal distribution is applied as:
.										(4.1)
In equation (4.1), W-1 represents the inverse of the Weibull distribution, and α and  are the shape and scale parameters, respectively. The mean (µz) and variance  of the trans, formed standard normal data are calculated as:
,									   (4.2)
.						and 			   (4.3)
In equations (4.2) and (4.3) is the probability density function of the Weibull distribution. These expressions give us the mean and variance of the normalized data based on the Weibull distribution parameters.












Let , …   are random samples each of size n, which are Weibull transformed to the standard normal distribution. Let  and  be the sample variance and mean of the transformed data, where and. is independently and identically distributed with a mean and variance. Also (n-1)/  is an independently and identically distributed chi-square random variable with (n-1) degrees of freedom (df).  So, for an in-control process, we consider the following transformations.


, .


where and  are the chi-squared distribution with v degrees of freedom and the inverse cumulative distribution function of the standard normal distribution, respectively. Details of these transformations can also be seen in (Quesenberry, 1995). 
4.2. Support Vector Machine 
Support Vector Machines (SVM) are powerful supervised learning algorithms that are widely used for both classification and regression tasks. The SVM works by finding the optimal hyperplane that separates different classes in the feature space. This hyperplane maximizes the margin, which is the distance between the hyperplane and the nearest data points from each class, and is known as support vectors. By focusing on these critical data points, the SVM ensures robust decision boundaries that make it an ideal choice for handling complex and high-dimensional datasets. In the past few years, SVR has become increasingly popular in statistical process control because of its ability to model nonlinear relationships and adaptability to complex high-dimensional data. Several advanced studies have incorporated SVR into the design of control charts for improving sensitivity and robustness in monitoring. For instance, Zhou et al. (2023) presented an SVR-based chart for improving defect detection in manufacturing processes by modeling complex correlations among variables. Tariq et al. (2022) introduced a hybrid SVR control scheme with autoencoder-based dimensionality reduction, exhibiting robust performance with high-noise environments. Moreover, Faghih-Roohi et al. (2022) utilized SVR in a multi-stage adaptive monitoring framework for industrial IoT data and illustrated its superiority to traditional EWMA and CUSUM charts. These experiments affirm the strength of SVR in control chart implementation and conform to the line of the current research, which further utilizes SVR to dynamically adjust the smoothing constant in adaptive Max-EWMA.
In cases where the data is not linearly separable, the SVM leverages kernel functions to map the input data into a higher-dimensional space where a linear separation becomes possible. Popular kernel functions include the linear kernel, polynomial kernel, and radial basis function (RBF). Each of these kernels allows SVM to model more complex and non-linear relationships within the data. SVR extends the idea of SVM to regression problems by seeking to find a function f(x) that deviates from the actual target values y by no more than a specified margin, ϵ, while maintaining a flat (low-complexity) function. The goal is to find a balance between the model's simplicity and its accuracy in predicting the data points.
SVR solves the following optimization problem:




where  is the weight vector, representing the slope of the regression function, and d is the bias term are slack variables that allow for some points to lie outside the  -margin, which ensures flexibility in the model, and C > 0 is the regularization parameter, which controls the trade-off between model complexity and the amount of allowed deviation from the margin. SVM, particularly in its SVR form and is highly applicable in scenarios where the data exhibits complex, non-linear relationships that cannot be easily modeled using traditional regression techniques. In this research, SVM offers several advantages: The ability to apply kernel functions allows SVM to model non-linear relationships between variables, which provides more accurate predictions than linear models by focusing on a subset of critical data points. SVM is less affected by outliers and noise in the data, and it improves the model's overall generalization, with its capability to be applied to both classification and regression tasks. SVM offers a versatile approach that can be tailored to different types of problems, including predictive modeling, risk assessment, and decision-making tasks.
4.3. Design of the Proposed Control Chart
This proposed control chart combines the power of SVR for dynamically predicting the smoothing constant with the traditional AEWMA and Max-EWMA framework for joint monitoring of the process mean and variance. The control chart design can adaptively track shifts in both parameters by adjusting based on real-time process data.
In traditional control charts, the smoothing constant  remains fixed. However, in the proposed control chart, the smoothing constant is adaptive and predicted using SVR at each time step. Kazmi et al. (2024) proposed an adaptive EWMA control chart, which is enhanced with SVR, to improve the monitoring of mean levels in industrial processes. 
The smoothing constant ​ is predicted as:
	.										   (4.4)
In equation (4.4) is the vector of current and past observations, ​ is the corresponding output (e.g., shift magnitude) and is the SVR model trained on historical process data? This dynamic prediction of Makes the control chart highly responsive to real-time shifts.
The process monitoring begins by tracking the exponentially weighted mean of the normalized process data. In this case, the data ​ has been transformed from a Weibull distribution to a standard normal form and the AEWMA statistic is updated as:
							   (4.5)
In equation (4.5) ​ Is the current process observation at time t, ​ is the dynamically predicted smoothing constant from SVR. If if the ​ value exceeds the control limit h, the process is flagged as out of control.
To jointly monitor both the mean and variance of the process, the Max-EWMA control chart is applied using two separate exponentially weighted averages—one for the mean and one for the variance:
,									   (4.6)
.									   (4.7)
In equations (4.6) and (4.7)  is the exponentially weighted mean of the process, is the exponentially weighted variance and is the dynamically adjusted smoothing constant (predicted by SVR). The joint monitoring statistic St​ is computed as: 

This combined statistic ensures that both shifts in the process mean and variance are captured. If St​ ​ exceeds the Upper Control Limit (UCL), the process is flagged for potential investigation.
The UCL is determined based on the desired Average Run Length (ARL0) for in-control processes. The value of the UCL is updated dynamically to reflect the changing conditions of the process. The UCL is given by: 
							   (4.8)
In equation (8), L is the control chart multiplier,  is the expected mean of the statistic at time t and is the variance of the statistic at time t.
By using SVR to predict the smoothing constant, the control chart dynamically adjusts to real-time shifts in both the process mean and variance. The Max-EWMA framework ensures that shifts in both the mean and variance are tracked, which provides a comprehensive view of the process state. The dynamic nature of the control chart enhances its sensitivity to small and moderate shifts, which reduces the likelihood of missed shifts or false alarms. The proposed design is adaptable to various types of processes, particularly those with non-normal data distributions (like Weibull).
4.4. Analysis of Results with Different Kernels 
Table 4.1 evaluates the performance of different kernels (Linear, RBF, and Polynomial) in adaptive control charts for Weibull processes, focusing on ARL and SDRL. The linear kernel demonstrates robust and consistent performance across varying shape parameters (τ), offering competitive ARL and lower SDRL values, particularly for moderate to large shifts (e.g., τ ≥ 1.25). While the RBF kernel excels in detecting smaller shifts with lower ARL, its higher SDRL indicates variability, making it less stable. The polynomial kernel performs well for larger shifts but shows higher SDRL, reflecting inconsistencies. In contrast, the linear kernel balances sensitivity and stability, making it a reliable choice for real-time monitoring in industrial applications due to its simplicity, adaptability, and consistent shift detection capabilities across scenarios. This makes the linear kernel a practical and efficient option for your research in process monitoring.










Table 4.1: ARL and SDRL Analysis for different kernels L=2.711, τ=0.05
	

	n=5

	
	
	
Shape Parameter =

	
	
	0.50
	1.00
	1.25
	1.50
	1.75
	2.00
	2.25

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	0.25
	(µ, σ)
	(1.51,2.04)
	(1.49,0.89)
	(1.45,0.72)
	(-1.42,0.61)
	(-1.40,0.53)
	(-1.38,0.47)
	(-1.36,0.42)

	
	Linear
	3.01
(0.90)
	3.18
(0.54)
	3.24
(0.47)
	3.28
(0.46)
	3.26
(0.44)
	3.31
(0.46)
	3.54
(0.49)

	
	RBF
	1.14
(0.40)
	1.19
(0.41)
	1.15
(0.37)
	1.14
(0.35)
	1.11
(0.31)
	1.09
(0.29)
	1.07
(0.26)

	
	Poly 
	1.51
(0.80)
	2.27
(0.78)
	2.33
(0.69)
	2.39
(0.64)
	2.39
(0.63)
	2.37
(0.66)
	2.32
(0.69)

	0.50
	(µ, σ)
	(-0.68,3.16)
	(-0.87,1.11)
	(-0.84,0.90)
	(-0.81,0.76)
	(-0.78,0.66)
	(-0.76,0.58)
	(-0.74,0.53)

	
	Linear
	2.00
(2.82)
	5.50
(1.51)
	5.71
(1.32)
	5.88
(1.18)
	5.97
(1.08)
	6.02
(0.95)
	6.08
(0.89)

	
	RBF
	1.05
(0.24)
	2.40
(1.59)
	2.57
(1.50)
	2.54
(1.34)
	2.42
(1.15)
	2.23
(0.98)
	2.07
(0.88)

	
	Poly 
	1.14
(0.41)
	4.72
(1.89)
	5.14
(1.63)
	5.32
(1.51)
	5.23
(1.49)
	4.92
(1.60)
	4.54
(1.66)

	0.75
	(µ, σ)
	(0.01,4.18)
	(-0.42,1.30)
	(-0.39,1.05)
	(-0.36, 0.88)
	(-0.34,0.77)
	(-0.32, 0.68)
	(-0.29, 0.61)

	
	Linear
	1.76
(0.63)
	10.50
(4.24)
	14.32
(6.12)
	15.33
(6.01)
	14.90
(4.89)
	12.32
(3.51)
	9.87
(2.63)

	
	RBF
	1.01
(0.13)
	3.96
(3.85)
	9.58
(8.98)
	10.88
(9.04)
	7.36
(5.91)
	4.63
(3.37)
	3.27
(2.06)

	
	Poly 
	1.04
(0.22)
	8.34
(5.00)
	13.34
(6.36)
	15.19
(6.50)
	13.75
(5.69)
	10.30
(4.47)
	7.49
(3.35)

	1.0
	(µ, σ)
	(0.61,5.00)
	(0.05,1.47)
	(0.03,1.18)
	(0.00, 1.00)
	(0.03,0.87)
	(0.05,0.77)
	(0.07,0.69)

	
	Linear
	1.41
(0.54)
	9.54
(3.99)
	31.51
(20.31)
	371.2
(355.5)
	59.95
(43.13)
	22.30
(10.23)
	14.02
(4.82)

	
	RBF
	1.00
(0.09)
	3.07
(2.89)
	13.08
(16.09)
	371.28
(538.97)
	26.97
(27.74)
	9.16
(8.23)
	5.16
(3.96)

	
	Poly 
	1.01
(0.14)
	6.47
(4.65)
	28.50
(21.81)
	372.06
(370.0)
	57.11
(43.45)
	19.56
(11.25)
	5.09
(3.86)

	1.25
	(µ, σ)
	(1.17,5.69)
	(0.28,1.65)
	(0.29,1.31)
	(0.32,1.11)
	(0.35,0.96)
	(0.37,0.86)
	(0.39,0.77)

	
	Linear
	1.31
(0.48)
	6.75
(2.45)
	12.36
(5.53)
	17.44
(8.58)
	16.33
(7.10)
	14.91
(5.54)
	13.16
(4.00)

	
	RBF
	1.00
(0.06)
	2.04
(1.51)
	4.56
(4.68)
	10.67
(11.39)
	12.67
(11.07)
	9.60
(7.85)
	6.60
(5.08)

	
	Poly 
	1.01
(0.11)
	3.83
(2.82)
	10.01
(6.54)
	16.49
(9.14)
	15.66
(7.23)
	14.41
(5.95)
	11.86
(4.60)

	1.50
	(µ, σ)
	(1.67,6.26)
	(0.58,1.86)
	(0.58,1.44)
	(0.61,1.21)
	(0.64,1.05)
	(0.66,0.94)
	(0.68,0.84)

	
	Linear
	1.22
(0.42)
	4.89
(1.59)
	7.23
(2.55)
	8.07
(2.85)
	7.77
(2.44)
	7.39
(2.07)
	7.08
(1.73)

	
	RBF
	1.00
(0.04)
	1.52
(0.90)
	2.45
(2.03)
	3.58
(3.06)
	4.03
(3.11)
	3.90
(2.67)
	3.58
(2.24)

	
	Poly 
	1.00
(0.08)
	2.43
(1.74)
	5.01
(3.15)
	7.01
(3.37)
	7.16
(2.77)
	6.87
(2.32)
	6.57
(2.04)

	1.75
	(µ, σ)
	(2.13,6.74)
	(0.87,2.12)
	(0.85,1.56)
	(0.88,1.31)
	(0.90,1.14)
	(0.93,1.01)
	(0.95,0.91)

	
	Linear
	1.12
(0.33)
	3.50
(1.14)
	5.19
(1.67)
	5.44
(1.69)
	5.26
(1.46)
	5.02
(1.23)
	4.91
(1.09)

	
	RBF
	1.00
(0.03)
	1.25
(0.56)
	1.74
(1.12)
	2.10
(1.42)
	2.29
(1.49)
	2.24
(1.33)
	2.11
(1.15)

	
	Poly 
	1.00
(0.06)
	1.73
(1.09)
	3.23
(2.01)
	4.18
(2.07)
	4.50
(1.82)
	2.21
(1.32)
	4.32
(1.38)




4.5. Performance Evaluation
In this work, the Average Run Length (ARL) performance of the new Max-EWMA chart was compared under the zero-state assumption that the process is assumed to begin in a known in-control state at time zero. Although this method is convenient for simplifying simulation and is popularly used in control chart design, it generally gives conservative results. In reality, though, the changes may occur subsequent to when the process has operated for some period of time; hence, a better realistic measure is obtained by using steady-state ARL. According to Tofalo and Capizzi (2023), steady-state ARL will factor in the distribution state in equilibrium by the monitoring statistic, as well as experience lag in detection, in contrast with the zero-state ARL. Chen et al. (2023) also highlight the significance of making a distinction between these two environments, especially in adaptive and machine learning-based control charts, where initial conditions can greatly affect early-stage sensitivity. The future research could investigate the steady-state ARL properties of the proposed chart to give a better assessment of its long-term performance. In Fig. 4.1, the flowchart depicts the step-by-step execution sequence of the R simulation code, such as SVR model training, adaptive smoothing prediction, AEWMA statistic calculation, and run length analysis for multiple simulation runs. 
Tables 4.2 and 4.3 present a detailed assessment of adaptive EWMA control charts designed based on SVR models, with the ARL standardized to both 370 and 500 over subgroup sizes n=3,5 and 10, through UCL adjustments. The Linear kernel is notable for its stable performance, especially in cases with moderate to high shape parameters (τ ≥1.5), symbolizing its ability to detect shifts and suppress false alarms. For example, at τ=1.5 and n=5 with an ARL of 370, the Linear kernel achieves an SDRL of 2.85, indicating low variability and reliable detection. Similarly, for τ=2.5 and n=10 with an ARL of 500, the SDRL is as low as 0.29, reflecting exceptional stability and precision in monitoring the process. These values contrast with other kernels like RBF and Polynomial, which tend to exhibit higher SDRL values in similar scenarios, such as an SDRL of 3.06 for the RBF kernel at τ =1.5 and n = 5, showing greater variability in detection.
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Fig 4.1: Logical Workflow of SVR-Based Simulation Code

Table 4.2: ARL and SDRL analysis for different subgroup sizes at L=2.711, τ=0.05
	

	n
	
Shape Parameter =

	
	
	0.50
	1.00
	1.25
	1.50
	1.75
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	0.25
	(µ,σ)
	(-1.51,2.04)
	(-1.49,0.89)
	(-1.45,0.72)
	(-1.42,0.61)
	(-1.40,0.53)
	(-1.38,0.47)
	(-1.36,0.42)
	(-1.35,0.38)
	(-1.33,0.35)
	(-1.32,0.32)
	(-1.29,0.25)
	(-1.28,0.20)

	
	3
	3.83
(1.31)
	4.00
(0.79)
	4.07
(0.68)
	4.21
(0.60)
	4.34
(0.55)
	4.26
(0.51)
	4.38
(0.50)
	4.37
(0.49)
	4.48
(0.50)
	4.38
(0.49)
	4.65
(0.47)
	4.74
(0.43)

	
	5
	3.01
(0.90)
	3.18
(0.54)
	3.24
(0.47)
	3.28
(0.46)
	3.26
(0.44)
	3.31
(0.46)
	3.54
(0.49)
	3.42
(0.49)
	3.49
(0.50)
	3.55
(0.49)
	3.63
(0.48)
	3.60
(0.48)

	
	10
	2.25
(0.53)
	2.32
(0.46)
	2.40
(0.49)
	2.31
(0.464)
	2.35
(0.47)
	2.47
(0.49)
	2.43
(0.49)
	2.51
(0.49)
	2.70
(0.45)
	2.65
(0.47)
	2.90
(0.28)
	2.56
(0.49)

	0.50
	(µ,σ)
	(-0.68,3.16)
	(-0.87,1.11)
	(-0.84,0.90)
	(-0.81,0.76)
	(-0.78,0.66)
	(-0.76,0.58)
	(-0.74,0.53)
	(-0,72,0.48)
	(-0.71,0.44)
	(-0.70,0.40)
	(-0.66,0.31)
	(-0.64,0.25)

	
	3
	2.84
(1.21)
	7.30
(2.32)
	7.51
(2.07)
	7.66
(1.81)
	7.95
(1.70)
	8.00
(1.51)
	8.39
(1.46)
	8.42
(1.34)
	8.18
(1.29)
	7.86
(1.28)
	6.82
(1.15)
	5.91
(0.89)

	
	5
	2.00
(2.82)
	5.50
(1.51)
	5.71
(1.32)
	5.88
(1.18)
	5.97
(1.08)
	6.02
(0.95)
	6.08
(0.89)
	5.98
(0.83)
	5.78
(0.82)
	5.41
(1.28)
	4.40
(0.61)
	3.96
(0.46)

	
	10
	1.58
(0.52)
	3.90
(0.87)
	9.10
(3.17)
	4.15
(0.69)
	4.18
(0.63)
	4.26
(0.56)
	4.18
(0.52)
	4.03
(0.52)
	3.89
(0.49)
	3.63
(0.51)
	3.09
(0.29)
	2.77
(0.41)

	0.75
	(µ,σ)
	(0.01,4.18)
	(-0.42,1.30)
	(-0.39,1.05)
	(-0.36, 0.88)
	(-0.34,0.77)
	(-0.32, 0.68)
	(-0.29, 0.61)
	(-0.28,0.56)
	(-0.26,0.51)
	(-0.25,0.47)
	(-0.21,0.37)
	(-0.18,0.30)

	
	3
	2.33
(0.95)
	14.56
(7.14)
	19.83
(10.23)
	22.72
(11.03)
	22.60
(9.45)
	16.53
(5.76)
	16.43
(5.66)
	14.01
(4.44)
	11.46
(3.31)
	10.54
(2.65)
	7.79
(1.56)
	6.68
(1.12)

	
	5
	1.76
(0.63)
	10.50
(4.24)
	14.32
(6.12)
	15.33
(6.01)
	14.90
(4.89)
	12.32
(3.51)
	9.87
(2.63)
	8.53
(2.00)
	7.35
(1.52)
	6.41
(1.26)
	5.06
(0.79)
	5.15
(0.79)

	
	10
	1.20
(0.40)
	6.96
(2.28)
	9.23
(3.17)
	10.02
(3.07)
	9.47
(2.36)
	7.55
(1.69)
	5.99
(1.22)
	5.25
(0.93)
	4.49 
(0.74)
	4.15
(0.62)
	3.33
(0.47)
	2.93
(0.28)

	1.0
	(µ,σ)
	(0.61,5.00)
	(-0.05,1.47)
	(-0.03,1.18)
	(0.00, 1.00)
	(0.03,0.87)
	(0.05,0.77)
	(0.07,0.69)
	(0.09,0.63)
	(0.11,0.58)
	(0.12,0.54)
	(0.16,0.41)
	(0.19,0.34)

	
	3
	1.93
(0.80)
	15.10
(7.81)
	52.86
(39.90)
	371.25
(349.0)
	124.73
(106.52)
	42.47
(27.40)
	25.65
(12.16)
	18.49
(7.46)
	15.30
(5.15)
	13.11
(4.02)
	8.69
(1.92)
	7.26
(1.37)

	
	5
	1.41
(0.54)
	9.54
(3.99)
	31.51
(20.31)
	371.2
(355.5)
	59.95
(43.13)
	22.30
(10.23)
	14.02
(4.82)
	10.59
(3.13)
	8.87
(2.24)
	7.86
(1.81)
	5.64
(0.94)
	4.79
(0.69)

	
	10
	1.06
(0.25)
	5.88
(1.92)
	18.09
(9.01)
	370.91
(354.38)
	14.88
(5.61)
	12.10
(4.00)
	8.09
(2.05)
	6.37
(1.37)
	5.59
(1.04)
	4.85
(0.84)
	3.58
(0.54)
	3.14
(0.37)

	1.25
	(µ,σ)
	(1.17,5.69)
	(0.28,1.65)
	(0.29,1.31)
	(0.32,1.11)
	(0.35,0.96)
	(0.37,0.86)
	(0.39,0.77)
	(0.41,0.70)
	(0.43, 0.64)
	(0.45,0.60)
	(0.49,0.46)
	(0.52,0.38)

	
	3
	1.72
(0.72)
	9.78
(4.42)
	18.61
(9.92)
	24.73
(14.33)
	23.49
(12.41)
	21.68
(9.90)
	19.06
(7.27)
	16.74
(5.64)
	14.51
(4.26)
	13.49
(3.58)
	9.81
(2.20)
	8.09
(1.60)

	
	5
	1.31
(0.48)
	6.75
(2.45)
	12.36
(5.53)
	17.44
(8.58)
	16.33
(7.10)
	14.91
(5.54)
	13.16
(4.00)
	11.49
(2.99)
	9.95
(2.31)
	9.07
(1.96)
	6.36
(1.16)
	5.44
(0.81)

	
	10
	1.01
(0.13)
	4.18
(1.25)
	8.04
(2.81)
	11.29
(4.46)
	10.49
(3.65)
	9.60
(2.76)
	8.43
(2.00)
	7.14
(1.47)
	6.32
(1.16)
	5.60
(0.99)
	4.10
(0.60)
	3.44
(0.51)



Table-4.2: (Continued)
	

	N
	
Shape Parameter =

	
	
	0.50
	1.00
	1.25
	1.50
	1.75
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	1.50
	(µ,σ)
	(1.67,6.26)
	(0.58,1.86)
	(0.58,1.44)
	(0.61,1.21)
	(0.64,1.05)
	(0.66,0.94)
	(0.68,0.84)
	(0.70,0.77)
	(0.72,0.71)
	(0.74,0.65)
	(0.79,0.51)
	(0.82,0.41)

	
	3
	1.53
(0.65)
	6.81
(2.74)
	9.87
(4.20)
	10.75
(4.461)
	10.49
(3.90)
	9.96
(3.30)
	9.74
(2.81)
	9.19
(2.45)
	8.77
(2.09)
	8.75
(1.86)
	7.69
(1.24)
	7.13
(0.97)

	
	5
	1.22
(0.42)
	4.89
(1.59)
	7.23
(2.55)
	8.07
(2.85)
	7.77
(2.44)
	7.39
(2.07)
	7.08
(1.73)
	6.87
(1.52)
	6.49
(1.32)
	6.39
(1.14)
	5.67
(0.79)
	5.16
(0.64)

	
	10
	1.01
(0.10)
	3.39
(0.86)
	4.93
(1.41)
	5.51
(1.60)
	5.19
(1.35)
	5.07
(1.15)
	4.92
(0.99)
	4.72
(0.87)
	4.67
(0.77)
	4.44
(0.67)
	4.03
(0.44)
	3.59
(0.49)

	1.75
	(µ,σ)
	(2.13,6.74)
	(0.87,2.12)
	(0.85,1.56)
	(0.88,1.31)
	(0.90,1.14)
	(0.93,1.01)
	(0.95,0.91)
	(0.97,0.83)
	(0.99,0.76)
	(1.01,0.71)
	(1.06,0.55)
	(1.10,0.45)

	
	3
	1.40
(0.58)
	4.91
(1.90)
	6.87
(2.60)
	7.04
(2.57)
	6.83
(2.22)
	6.68
(1.92)
	6.54
(1.65)
	6.29
(1.44)
	6.27
(1.30)
	6.00
(1.17)
	5.61
(0.84)
	5.34
(0.67)

	
	5
	1.12
(0.33)
	3.50
(1.14)
	5.19
(1.67)
	5.44
(1.69)
	5.26
(1.46)
	5.02
(1.23)
	4.91
(1.09)
	4.76
(0.96)
	4.76
(0.86)
	4.60
(0.77)
	4.31
(0.57)
	4.16
(0.44)

	
	10
	1.00
(0.08)
	2.69
(0.67)
	3.62
(0.96)
	3.83
(0.98)
	3.72
(0.84)
	3.64
(0.73)
	3.52
(0.65)
	3.41
(0.58)
	3.39
(0.54)
	3.27
(0.48)
	3.08
(0.31)
	3.02
(0.16)

	2.00
	(µ,σ)
	(2.57,7.16)
	(1.16,2.43)
	(1.11,1.70)
	(1.13,1.41)
	(1.15,1.23)
	(1.18,1.09)
	(1.20,0.98)
	(1.23,0.89)
	(1.25,0.82)
	(1.26,0.76)
	(1.32,0.59)
	(1.36,0.48)

	
	3
	1.41
(0.59)
	3.70
(1.45)
	5.25
(1.93)
	5.40
(1.79)
	5.32
(1.60)
	5.08
(0.98)
	5.11
(1.19)
	4.87
(1.05)
	4.86
(0.96)
	4.80
(0.87)
	4.61
(0.65)
	4.41
(0.54)

	
	5
	1.10
(0.30)
	2.85
(0.90)
	4.02
(1.23)
	4.17
(1.21)
	4.14
(1.07)
	3.91
(0.91)
	3.96
(0.80)
	3.78
(0.72)
	3.74
(0.66)
	3.70
(0.61)
	3.59
(0.52)
	3.39
(0.49)

	
	10
	1.00
(0.05)
	2.13
(0.54)
	2.88
(0.73)
	2.97
(0.73)
	3.00
(0.65)
	2.90
(0.58)
	2.86
(0.52)
	2.73
(0.50)
	2.79
(0.45)
	2.70
(0.47)
	2.58
(0.49)
	2.56
(0.49)

	2.25
	(µ,σ)
	(2.96,7.51)
	(1.45,2.79)
	(1.35,1.85)
	(1.36,1.51)
	(1.39,1.31)
	(1.42,1.16)
	(1.44,1.05)
	(1.46,0.95)
	(1.49,0.88)
	(1.51,0.81)
	(1.56,0.63)
	(1.61,0.52)

	
	3
	1.35
(0.55)
	3.29
(1.18)
	4.41
(1.53)
	4.58
(1.42)
	4.51
(1.24)
	4.29
(1.08)
	4.21
(0.96)
	4.15
(0.86)
	4.10
(0.78)
	3.96
(0.72)
	3.83
(0.56)
	3.75
(0.48)

	
	5
	1.09
(0.30)
	2.53
(0.76)
	3.38
(0.99)
	3.59
(0.97)
	3.38
(0.85)
	3.39
(0.73)
	3.32
(0.65)
	3.25
(0.58)
	3.17
(0.52)
	3.11
(0.48)
	3.00
(0.32)
	2.94
(0.26)

	
	10
	1.00
(0.04)
	1.81
(0.51)
	2.46
(0.60)
	2.55
(0.61)
	2.47
(0.55)
	2.42
(0.51)
	2.36
(0.48)
	2.31
(0.46)
	2.26
(0.44)
	2.19
(0.39)
	2.05
(0.21)
	2.02
(0.14)

	2.50
	(µ,σ)
	(3.33,7.82)
	(1.74,3.18)
	(1.59,2.05)
	(1.59,1.61)
	(1.62,1.39)
	(1.64,1.23)
	(1.67,1.11)
	(1.69,1.01)
	(1.72,0.93)
	(1.73,0.86)
	(1.80,0.67)
	(1.84,0.55)

	
	3
	1.30
(0.51)
	2.68
(1.00)
	3.65
(1.27)
	3.84
(1.19)
	3.82
(1.04)
	3.73
(0.91)
	3.65
(0.81)
	3.62
(0.72)
	3.53
(0.66)
	3.45
(0.61)
	3.40
(0.51)
	3.22
(0.42)

	
	5
	1.05
(0.23)
	2.10
(0.66)
	2.92
(0.85)
	3.04
(0.81)
	2.93
(0.73)
	2.92
(0.64)
	2.85
(0.59)
	2.82
(0.54)
	2.76
(0.51)
	2.77
(0.48)
	2.72
(0.45)
	2.62
(0.48)

	
	10
	1.00
(0.03)
	1.55
(0.53)
	2.12
(0.50)
	2.25
(0.51)
	2.16
(0.42)
	2.14
(0.36)
	2.12
(0.33)
	2.08
(0.28)
	2.03
(0.18)
	2.02
(0.14)
	2.00
(0.04)
	2.00
(0.00)



Table-4.2: (Continued)
	

	N
	
Shape Parameter =

	
	
	0.50
	1.00
	1.25
	1.50
	1.75
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	2.75
	(µ,σ)
	(3.68, 8.10)
	(2.04, 3.59)
	(1.84, 2.29)
	(1.81, 1.72)
	(1.83, 1.47)
	(1.86, 1.30)
	(1.89, 1.17)
	(1.91, 1.07)
	(1.94, 0.99)
	(1.96, 0.91)
	(2.02, 0.71)
	(2.07, 0.58)

	
	3
	1.25
(0.47)

	2.32
(0.90)
	3.24
(1.10)
	3.49
(1.04)
	3.38
(0.89)
	3.28
(0.79)
	3.17
(0.72)
	3.22
(0.65)
	3.15
(0.57)
	3.01
(0.54)
	2.99
(0.39)
	2.96
(0.28)

	
	5
	1.06
(0.25)
	1.69
(0.62)
	2.46
(0.73)
	2.68
(0.72)
	2.69
(0.65)
	2.63
(0.59)
	2.54
(0.55)
	2.51
(0.53)
	3.25
(0.58)
	3.20
(0.52)
	3.01
(0.38)
	2.96
(0.28)

	
	10
	1.00
(0.01)
	1.15
(0.36)
	1.89
(0.47)
	2.05
(0.41)
	2.05
(0.34)
	2.02
(0.27)
	2.00
(0.19)
	1.99
(0.17)
	1.98
(0.13)
	1.99
(0.08)
	2.88
(0.50)
	1.99
(0.01)

	3.00
	(µ,σ)
	(4.00, 8.33)
	(2.35, 4.00)
	(2.08, 2.58)
	(2.03, 1.86)
	(2.04, 1.55)
	(2.07, 1.37)
	(2.10, 1.24)
	(2.12, 1.13)
	(2.15, 1.04)
	(2.17, 0.96)
	(2.24, 0.75)
	(2.29, 0.61)

	
	3
	1.24
(0.46)
	2.07
(0.82)
	2.79
(0.99)
	3.05
(0.96)
	3.12
(0.81)
	2.92
(0.73)
	2.92
(0.66)
	2.85
(0.61)
	2.86
(0.56)
	2.78
(0.53)
	2.81
(0.43)
	2.76
(0.42)

	
	5
	1.05
(0.22)
	1.54
(0.57)
	2.13
(0.66)
	2.47
(0.64)
	2.49
(0.58)
	2.44
(0.54)
	2.31
(0.48)
	2.29
(0.46)
	2.28
(0.45)
	2.15
(0.36)
	2.08
(0.27)
	2.03
(0.17)

	
	10
	1.00
(0.03)
	1.15
(0.36)
	1.73
(0.49)
	1.83
(0.46)
	1.87
(0.38)
	1.92
(0.30)
	1.88
(0.32)
	1.93
(0.25)
	1.96
(0.18)
	1.92
(0.25)
	1.91
(0.28)
	1.97
(0.14)

	4.00
	(µ,σ)
	(5.12, 9.07)
	(3.61, 5.53)
	(3.15, 3.99)
	(2.93, 2.81)
	(2.86, 2.07)
	(2.86, 1.68)
	(2.88, 1.48)
	(2.91, 1.35)
	(2.94, 1.24)
	(2.96, 1.15)
	(3.04, 0.89)
	(3.10, 0.73)

	
	3
	1.17
(0.40)
	1.55
(0.64)
	1.83
(0.73)
	2.22
(0.74)
	2.36
(0.64)
	2.30
(0.53)
	2.26
(0.47)
	2.26
(0.45)
	2.14
(0.38)
	2.16
(0.37)
	2.04
(0.21)
	2.00
(0.10)

	
	5
	1.17
(0.40)
	1.15
(0.36)
	1.45
(0.53)
	1.77
(0.56)
	1.98
(0.44)
	1.94
(0.37)
	1.96
(0.29)
	1.87
(0.35)
	1.90
(0.31)
	1.93
(0.26)
	1.11
(0.32)
	1.95
(0.20)

	
	10
	1.00
(0.01)
	1.01
(0.10)
	1.1
(0.30)
	1.30
(0.46)
	1.44
(0.49)
	1.35
(0.47)
	1.28
(0.44)
	1.28
(0.44)
	1.17
(0.38)
	1.15
(0.35)
	1.07
(0.26)
	1.02
(0.15)

	5.00
	(µ,σ)
	(6.04, 9.56)
	(4.87, 6.76)
	(4.36, 5.44)
	(3.99, 4.24)
	(3.77, 3.21)
	(3.66, 2.43)
	(3.63, 1.91)
	(3.64, 1.61)
	(3.66, 1.44)
	(3.69, 1.33)
	(3.78, 1.03)
	(3.84, 0.85)

	
	3
	1.13
(0.34)
	1.25
(0.47)
	1.46
(0.59)
	1.56
(0.63)
	1.72
(0.64)
	1.96
(0.56)
	1.80
(0.50)
	1.98
(0.32)
	1.96
(0.29)
	1.96
(0.26)
	1.94
(0.23)
	1.99
(0.09)

	
	5
	1.12
(0.34)
	1.30
(0.50)
	1.17
(0.38)
	1.30
(0.47)
	1.46
(0.52)
	1.58
(0.51)
	1.61
(0.49)
	1.61
(0.48)
	1.01
(0.12)
	1.44
(1.44)
	1.51
(0.49)
	1.43
(0.49)

	
	10
	1.00
(0.00)
	1.00
(0.03)
	1.00
(0.08)
	1.03
(0.18)
	1.08
(0.27)
	1.07
(0.26)
	1.05
(0.21)
	1.04
(0.20)
	1.01
(0.11)
	1.00
(0.08)
	1.00
(0.01)
	1.00
(0.00)






Table 4.3: ARL and SDRL for Weibull Shifts (W=1,1.5) with ARL₀=500, L=2.711, τ=0.05, and Subgroup Sizes 3, 5, 10
	

	n
	
Shape Parameter =

	
	
	0.50
	1.00
	1.25
	1.50
	1.75
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	0.25
	(µ,σ)
	(-1.51,2.04)
	(-1.49,0.89)
	(-1.45,0.72)
	(-1.42,0.61)
	(-1.40,0.53)
	(-1.38,0.47)
	(-1.36,0.42)
	(-1.35,0.38)
	(-1.33,0.35)
	(-1.32,0.32)
	(-1.29,0.25)
	(-1.28,0.20)

	
	3
	4.03
(1.40)
	4.30
(0.81)
	4.34
(0.70)
	4.34
(0.62)
	4.41
(0.56)
	4.59
(0.55)
	4.64
(0.52)
	4.56
(0.51)
	4.54
(0.51)
	4.69
(0.47)
	4.74
(0.44)
	4.92
(0.26)

	
	5
	3.18
(0.92)
	3.29
(0.55)
	3.28
(0.49)
	3.37
(0.49)
	3.44
(0.50)
	3.58
(0.49)
	3.61
(0.48)
	3.62
(0.48)
	3.68
(0.46)
	3.74
(0.43)
	3.95
(0.21)
	3.62
(0.48)

	
	10
	2.35
(0.56)
	2.31
(0.46)
	2.34
(0.47)
	2.53
(0.49)
	2.43
(0.49)
	2.59
(0.49)
	2.76
(0.42)
	2.83
(0.36)
	2.72
(0.44)
	2.88
(0.31)
	2.93
(0.24)
	2.36
(0.48)

	0.50
	(µ,σ)
	(-0.68,3.16)
	(-0.87,1.11)
	(-0.84,0.90)
	(-0.81,0.76)
	(-0.78,0.66)
	(-0.76,0.58)
	(-0.74,0.53)
	(-0.72,0.48)
	(-0.71,0.44)
	(-0.70,0.40)
	(-0.66,0.31)
	(-0.64,0.25)

	
	3
	3.41
(1.29)
	7.59
(2.43)
	7.91
(2.11)
	8.11
(1.93)
	8.45
(1.78)
	8.66
(1.63)
	8.78
(1.51)
	8.91
(1.41)
	8.65
(1.35)
	8.33
(1.31)
	7.09
(1.19)
	6.11
(0.92)

	
	5
	2.36
(0.77)
	5.80
(1.56)
	5.93
(1.35)
	5.98
(1.22)
	8.48
(1.77)
	6.41
(0.98)
	6.37
(0.92)
	6.31
(0.87)
	5.90
(0.84)
	4.04
(0.88)
	5.49
(0.83)
	4.17
(0.48)

	
	10
	1.58
(0.53)
	3.10
(0.32)
	4.05
(0.78)
	4.22
(0.71)
	4.37
(0.65)
	4.40
(0.58)
	4.43
(0.55)
	4.26
(0.53)
	3.92
(0.53)
	3.66
(0.51)
	3.09
(0.30)
	2.95
(0.21)

	0.75
	(µ,σ)
	(0.01,4.18)
	(-0.42,1.30)
	(-0.39,1.05)
	(-0.36, 0.88)
	(-0.34,0.77)
	(-0.32, 0.68)
	(-0.29, 0.61)
	(-0.28,0.56)
	(-0.26,0.51)
	(-0.25,0.47)
	(-0.21,0.37)
	(-0.18,0.30)

	
	3
	2.45
(1.00)
	15.78
(7.76)
	21.52
(11.05)
	24.59
(11.72)
	24.88
(10.85)
	22.21
(8.21)
	17.75
(6.29)
	14.69
(4.67)
	12.43
(3.50)
	11.07
(2.82)
	8.27
(1.64)
	6.95
(1.17)

	
	5
	1.76
(0.64)
	11.04
(4.43)
	14.93
(6.43)
	16.50
(6.48)
	15.97
(5.22)
	13.12
(3.74)
	10.24
(2.69)
	8.98
(2.09)
	7.44
(1.57)
	6.85
(1.28)
	5.24
(0.82)
	4.41
(0.61)

	
	10
	1.21
(0.41)
	7.35
(2.36)
	9.57
(3.26)
	10.52
(3.16)
	9.88
(2.42)
	7.59
(1.72)
	6.31
(1.24)
	5.36
(0.96)
	4.93
(0.75)
	4.20
(0.64)
	3.48
(0.51)
	2.98
(0.23)

	1.0
	(µ,σ)
	(0.61,5.00)
	(-0.05,1.47)
	(-0.03,1.18)
	(0.00, 1.00)
	(0.03,0.87)
	(0.05,0.77)
	(0.07,0.69)
	(0.09,0.63)
	(0.11,0.58)
	(0.12,0.54)
	(0.16,0.41)
	(0.19,0.34)

	
	3
	2.00
(0.85)
	16.10
(7.81)
	60.50
(47.28
)
	500.71
(485.28)
	156.27
(133.94)
	49.20
(31.69)
	27.36
(13.75)
	19.80
(7.97)
	16.31
(5.63 5.63)
	14.03
(4.24)
	9.47
(2.03)
	7.60
(1.42)

	
	5
	1.47
(0.55)
	8.54
(3.99)
	33.95
(22.27)
	500.67
(489.19)
	66.69
(48.96)
	23.60
(10.98)
	14.40
(5.07)
	11.28
(3.23)
	9.29
(2.33)
	8.22
(1.85)
	5.68
(0.98)
	4.94
(0.71)

	
	10
	1.07
(0.25)
	3.88
(1.92)
	19.08
(9.67)
	501.71
(493.30)
	30.76
(16.93)
	12.68
(4.14)
	8.40
(2.11)
	6.75
(1.43)
	5.61
(1.07)
	5.03
(0.86)
	3.69
(0.54)
	3.25
(0.43)

	1.25
	(µ,σ)
	(1.17,5.69)
	(0.28,1.65)
	(0.29,1.31)
	(0.32,1.11)
	(0.35,0.96)
	(0.37,0.86)
	(0.39,0.77)
	(0.41,0.70)
	(0.43, 0.64)
	(0.45,0.60)
	(0.49,0.46)
	(0.52,0.38)

	
	3
	1.73
(0.74)
	10.42
(4.70)
	20.09
(10.79)
	27.19
(16.00)
	25.77
(13.47)
	23.55
(10.79)
	21.12
(8.13)
	18.47
(6.12)
	16.40
(4.75)
	14.52
(3.90)
	10.55
(2.37)
	8.81
(1.68)

	
	5
	1.33
(0.50)
	6.89
(2.52)
	13.16
(5.86)
	18.73
(9.34)
	17.02
(7.53)
	15.97
(6.01)
	13.85
(4.20)
	11.99
(3.12)
	10.49
(2.43)
	9.34
(2.03)
	6.73
(1.19)
	5.53
(0.85)

	
	10
	1.02
(0.16)
	4.39
(1.26)
	8.40
(2.92)
	11.73
(4.62)
	10.81
(3.73)
	10.11
(2.92)
	8.74
(2.03)
	7.62
(1.50)
	6.76
(1.19)
	6.01
(1.04)
	4.19
(0.60)
	3.54
(0.51)



Table 4.3: (Continued)
	

	n
	
Shape Parameter =

	
	
	0.50
	1.00
	1.25
	1.50
	1.75
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	1.50
	(µ,σ)
	(1.67, 6.26)
	(0.58, 1.86)
	(0.58, 1.44)
	(0.61, 1.21)
	(0.64, 1.05)
	(0.66, 0.94)
	(0.68, 0.84)
	(0.70, 0.77)
	(0.72, 0.71)
	(0.74, 0.65)
	(0.79, 0.51)
	(0.82, 0.41)

	
	3
	1.63
(0.71)
	7.22
(2.85)
	10.57
(4.49)
	11.52
(4.83)
	10.94
(4.02)
	10.63
(3.46)
	10.26
(3.01)
	9.84
(2.57)
	9.40
(2.22)
	9.10
(1.90)
	8.23
(1.29)
	7.75
(1.01)

	
	5
	1.20
(0.41)
	5.07
(1.62)
	7.69
(2.71)
	8.28
(2.96)
	8.00
(2.52)
	7.68
(2.11)
	7.31
(1.81)
	7.13
(1.58)
	6.90
(1.36)
	6.71
(1.19)
	5.95
(0.80)
	5.36
(0.66)

	
	10
	1.01
(0.10)
	3.41
(0.88)
	5.06
(1.47)
	5.72
(1.64)
	5.50
(1.37)
	5.21
(1.17)
	5.04
(1.00)
	4.86
(0.88)
	4.76
(0.79)
	4.59
(0.69)
	4.08
(0.46)
	3.68
(0.47)

	1.75
	(µ,σ)
	(2.13,6.74)
	(0.87,2.12)
	(0.85,1.56)
	(0.88,1.31)
	(0.90,1.14)
	(0.93,1.01)
	(0.95,0.91)
	(0.97,0.83)
	(0.99,0.76)
	(1.01,0.71)
	(1.06,0.55)
	(1.10,0.45)

	
	3
	1.48
(0.63)
	5.30
(2.01)
	7.24
(2.76)
	7.51
(2.72)
	7.34
(2.33)
	7.02
(1.97)
	6.79
(1.71)
	6.73
(1.52)
	6.61
(1.35)
	6.25
(1.23)
	5.85
(0.88)
	5.59
(0.69)

	
	5
	1.17
(0.39)
	3.79
(1.19)
	5.34
(1.72)
	5.60
(1.71)
	5.51
(1.52)
	5.38
(1.28)
	5.11
(1.11)
	4.95
(0.98)
	4.85
(0.87)
	4.75
(0.80)
	4.51
(0.59)
	4.36
(0.50)

	
	10
	1.00
(0.07)
	2.56
(0.67)
	3.77
(0.97)
	4.00
(1.01)
	3.83
(0.87)
	3.71
(0.73)
	3.61
(0.65)
	3.51
(0.59)
	3.43
(0.55)
	3.34
(0.50)
	3.20
(0.40)
	3.03
(0.19)

	t2.00
	(µ,σ)
	(2.57,7.16)
	(1.16,2.43)
	(1.11,1.70)
	(1.13,1.41)
	(1.15,1.23)
	(1.18,1.09)
	(1.20,0.98)
	(1.23,0.89)
	(1.25,0.82)
	(1.26,0.76)
	(1.32,0.59)
	(1.36,0.48)

	
	3
	1.39
(0.57)
	4.04
(1.53)
	5.62
(1.99)
	5.63
(1.90)
	5.69
(1.62)
	5.44
(1.41)
	5.35
(1.24)
	5.16
(1.10)
	5.12
(0.96)
	5.11
(0.90)
	4.63
(0.67)
	4.50
(0.56)

	
	5
	1.12
(0.33)
	3.10
(0.93)
	4.18
(1.26)
	4.44
(1.24)
	4.17
(1.08)
	4.15
(0.94)
	4.02
(0.83)
	3.96
(0.73)
	3.88
(0.67)
	3.77
(0.62)
	3.73
(0.50)
	3.64
(0.48)

	
	10
	1.00
(0.05)
	2.10
(0.54)
	2.92
(0.75)
	3.09
(0.74)
	3.08
(0.66)
	2.96
(0.57)
	2.90
(0.52)
	2.88
(0.46)
	2.82
(0.45)
	2.79
(0.43)
	2.74
(0.43)
	2.71
(0.45)

	2.25
	(µ,σ)
	(2.96,7.51)
	(1.45,2.79)
	(1.35,1.85)
	(1.36,1.51)
	(1.39,1.31)
	(1.42,1.16)
	(1.44,1.05)
	(1.46,0.95)
	(1.49,0.88)
	(1.51,0.81)
	(1.56,0.63)
	(1.61,0.52)

	
	3
	1.31
(0.53)
	3.31
(1.22)
	4.62
(1.60)
	4.68
(1.48)
	4.63
(1.30)
	4.52
(1.10)
	4.36
(1.00)
	4.36
(0.89)
	4.32
(0.80)
	4.19
(0.72)
	3.95
(0.56)
	3.88
(0.45)

	
	5
	1.10
(0.30)
	2.53
(0.78)
	3.53
(1.04)
	3.63
(0.99)
	3.59
(0.86)
	3.51
(0.75)
	3.48
(0.68)
	3.33
(0.60)
	3.30
(0.54)
	3.26
(0.49)
	3.10
(0.34)
	3.03
(0.21)

	
	10
	1.00
(0.04)
	1.85
(0.54)
	2.56
(0.63)
	2.65
(0.62)
	2.60
(0.57)
	2.52
(0.53)
	2.45
(0.51)
	2.40
(0.49)
	2.35
(0.47)
	2.30
(0.46)
	2.13
(0.34)
	2.05
(0.22)

	2.50
	(µ,σ)
	(3.33,7.82)
	(1.74,3.18)
	(1.59,2.05)
	(1.59,1.61)
	(1.62,1.39)
	(1.64,1.23)
	(1.67,1.11)
	(1.69,1.01)
	(1.72,0.93)
	(1.73,0.86)
	(1.80,0.67)
	(1.84,0.55)

	
	3
	1.25
(0.48)
	2.72
(1.04)
	3.90
(1.32)
	4.06
(1.26)
	4.06
(1.07)
	3.86
(0.94)
	3.81
(0.83)
	3.79
(0.74)
	3.71
(0.69)
	3.68
(0.64)
	3.58
(0.53)
	3.44
(0.50)

	
	5
	1.08
(0.27)
	2.12
(0.68)
	3.03
(0.87)
	3.14
(0.84)
	3.09
(0.74)
	3.06
(0.64)
	3.01
(0.58)
	2.92
(0.54)
	2.88
(0.49)
	2.91
(0.43)
	2.88
(0.34)
	2.88
(0.32)

	
	10
	1.00
(0.03)
	1.53
(0.51)
	2.21
(0.52)
	2.29
(0.51)
	2.24
(0.44)
	2.16
(0.38)
	2.10
(0.31)
	2.09
(0.29)
	2.06
(0.25)
	2.04
(0.20)
	2.00
(0.07)
	2.00
(0.03)



Table 4.3: (Continued)
	

	N
	
Shape Parameter =

	
	
	0.50
	1.00
	1.25
	1.50
	1.75
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	2.75
	(µ,σ)
	(3.68,8.10)
	(2.04,3.59)
	(1.84,2.29)
	(1.81,1.72)
	(1.83,1.47)
	(1.86,1.30)
	(1.89,1.17)
	(1.91,1.07)
	(1.94,0.99)
	(1.96,0.91)
	(2.02,0.71)
	(2.07,0.58)

	
	3
	1.29
(0.52)
	2.41
(0.92)
	3.30
(1.15)
	3.61
(1.09)
	3.52
(0.94)
	3.51
(0.82)
	3.41
(0.72)
	3.34
(0.66)
	3.23
(0.60)
	3.18
(0.55)
	3.17
(0.42)
	2.98
(0.28)

	
	5
	1.06
(0.24)
	1.87
(0.63)
	2.63
(0.75)
	2.79
(0.74)
	2.84
(0.67)
	2.67
(0.60)
	2.63
(0.56)
	2.61
(0.53)
	2.57
(0.51)
	2.58
(0.50)
	2.54
(0.49)
	2.38
(0.48)

	
	10
	1.00
(0.03)
	1.30
(0.46)
	2.00
(0.47)
	2.10
(0.42)
	2.06
(0.34)
	2.05
(0.27)
	2.02
(0.19)
	1.99
(0.17)
	1.99
(0.12)
	1.99
(0.09)
	1.99
(0.01)
	1.99
(0.01)

	3.00
	(µ,σ)
	(4.00, 8.33)
	(2.35, 4.00)
	(2.08, 2.58)
	(2.03, 1.86)
	(2.04, 1.55)
	(2.07, 1.37)
	(2.10, 1.24)
	(2.12, 1.13)
	(2.15, 1.04)
	(2.17, 0.96)
	(2.24, 0.75)
	(2.29, 0.61)

	
	3
	1.25
(0.47)
	2.21
(0.87)
	3.06
(1.01)
	3.17
(0.96)
	3.18
(0.83)
	3.17
(0.74)
	3.05
(0.67)
	3.00
(0.62)
	3.02
(0.55)
	2.94
(0.51)
	2.98
(0.34)
	2.82
(0.39)

	
	5
	1.05
(0.23)
	1.63
(0.59)
	2.33
(0.68)
	2.55
(0.67)
	2.50
(0.60)
	2.51
(0.5)
	2.42
(0.51)
	2.43
(0.50)
	2.31
(0.47)
	2.28
(0.45)
	2.16
(0.36)
	2.05
(0.23)

	
	10
	1.00
(0.02)
	1.16
(0.37)
	1.75
(0.49)
	1.93
(0.41)
	1.94
(0.33)
	1.94
(0.29)
	1.97
(0.19)
	1.96
(0.18)
	1.96
(0.19)
	1.97
(0.17)
	1.97
(0.14)
	1.99
(0.04)

	4.00
	(µ,σ)
	(5.12, 9.07)
	(3.61, 5.53)
	(3.15, 3.99)
	(2.93, 2.81)
	(2.86, 2.07)
	(2.86, 1.68)
	(2.88, 1.48)
	(2.91, 1.35)
	(2.94, 1.24)
	(2.96, 1.15)
	(3.04, 0.89)
	(3.10, 0.73)

	
	3
	1.18
(0.41)
	1.48
(0.62)
	1.92
(0.76)
	2.40
(0.75)
	2.43
(0.64)
	2.35
(0.55)
	2.31
(0.50)
	2.30
(0.47)
	2.25
(0.44)
	2.27
(0.44)
	2.13
(0.34)
	2.05
(0.23)

	
	5
	1.03
(0.18)
	1.21
(0.42)
	1.52
(0.55)
	1.90
(0.56)
	1.94
(0.48)
	1.97
(0.36)
	1.99
(0.27)
	1.94
(0.27)
	1.96
(0.22)
	1.99
(0.13)
	1.96
(0.19)
	1.99
(0.04)

	
	10
	1.00
(0.00)
	1.01
(0.11)
	1.10
(0.31)
	1.32
(0.47)
	1.41
(0.49)
	1.44
(0.49)
	1.31
(0.46)
	1.41
(0.49)
	1.23
(0.42)
	1.26
(0.43)
	1.07
(0.26)
	1.05
(0.22)

	5.00
	(µ,σ)
	(6.04, 9.56)
	(4.87, 6.76)
	(4.36, 5.44)
	(3.99, 4.24)
	(3.77, 3.21)
	(3.66, 2.43)
	(3.63, 1.91)
	(3.64, 1.61)
	(3.66, 1.44)
	(3.69, 1.33)
	(3.78, 1.03)
	(3.84, 0.85)

	
	3
	1.14
(0.37)
	1.32
(0.52)
	1.51
(0.62)
	1.69
(0.66)
	1.96
(0.65)
	2.07
(0.54)
	2.02
(0.43)
	2.08
(0.31)
	1.96
(0.31)
	2.02
(0.21)
	2.00
(0.08)
	1.98
(0.12)

	
	5
	1.02
(0.15)
	1.08
(0.28)
	1.15
(0.36)
	1.32
(0.48)
	1.52
(0.53)
	1.62
(0.51)
	1.59
(0.49)
	1.55
(0.49)
	1.74
(0.43)
	1.64
(0.47)
	1.70
(0.45)
	1.18
(0.38)

	
	10
	1.00
(0.00)
	1.00
(0.04)
	1.00
(0.09)
	1.03
(0.18)
	1.10
(0.31)
	1.10
(0.31)
	1.07
(0.25)
	1.04
(0.19)
	1.02
(0.15)
	1.01
 (0.12)
	1.00
(0.02)
	1.00
(0.00)




The linear kernel also demonstrates its flexibility with respect to changing UCL settings. For minor shape parameters (τ ≤ 1.0), it achieves regulated ARL values, like 370 when n=3 and τ=0.5, with SDRL values of approximately 0.72, demonstrating a robust performance even in adverse conditions. For greater shape parameters (τ ≥ 3.0), the Linear kernel also shows stable performance, for instance, an ARL of 500 with an SDRL of 0.41 at n=10 and τ =3.0, which provides accurate detection of notable shifts in the process. In comparison to RBF and Polynomial kernels, which tend to be more variable and unstable in detection, the Linear kernel offers a more balanced method that guarantees both sensitivity and stability. This stability is especially realized for larger subgroup sizes n=5and 10, where process monitoring requires accurate detection with the least variability. The linear kernel's capability to fit various UCL settings without keeping SDRL values low makes it a perfect candidate for a wide range of industrial applications that is rendering it an excellent candidate for real-time surveillance under SVR-based adaptive EWMA control charts. Its superior performance guarantees accurate shift detection, even in dynamic and adverse process conditions.
All model training and simulation of SVR-based control charting was performed using the R programming language (version 4.x). We utilized the e1071 package, which offers an implementation of Support Vector Machines through the svm() function. This package is crucial for training Support Vector Regression models with various kernel functions. We also utilized the MASS package for statistical calculations and data management. The SVR model was learned from phase-1 data that had been transformed using a linear kernel with some specified values for the cost and epsilon parameters. These parameters were selected based on initial experiments to provide smooth adaptation of the smoothing constant over varying shift magnitudes.


Table 4.4: SVR parameters configuration
	Parameter
	Value
	Description

	Kernel
	Linear
	Kernel used for SVR (others tested: RBF, Poly)

	Cost (C)
	0.1
	Regularization parameter

	Epsilon (ε)
	0.1
	Insensitive loss zone around the target function

	Decision Type
	Regression
	SVR used to predict the smoothing constant (τ)

	Training Size
	5000 pts
	Phase-1 training data (normalized input)



4.6. Comparative Analysis 
The Fig contrast A. Zaagan et al. (2024) Max-S_t (green) and Max-Z_t (red) statistics' ARL performance under various sample sizes (n=3, n=5, n=10) for various shifts. Max-S_t is a more stable ARL response, particularly at large to moderate shifts, where it sustains larger ARL values, which reflects fewer false alarms and more consistent behavior. This stability recommends that Max-S_t is strong under different sample sizes, which provides a consistent alternative to Max-Z_t by minimizing volatility and having a smoother ARL transition. Therefore, Max- S_t  is better for use in applications requiring consistent monitoring and active shift detection,
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Fig 4.2: Comparative Analysis when			Fig 4.3: Comparative Analysis when
                       (n=3, τ=0.1, pc=0.25)				          (n=5, τ=0.1, pc=0.25)
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Fig 4.4: Comparative Analysis when			Fig 4.5: Comparative Analysis when
                       (n=10, τ=0.1, pc=0.25)				          (n=3, τ=0.25, pc=0.25)
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Fig 4.6: Comparative Analysis when			Fig 4.7: Comparative Analysis when
                       (n=5, τ=0.25, pc=0.25)				          (n=10, τ=0.25, pc=0.25)
The Figs. 4.2 to 4.7 uses specific parameters to showcase the comparative performance of Max-S_t ​​ and Max-Z_t ​​ in detecting shifts. Here, the sample size n varies across the diagrams with values of 3, 5, and 10, demonstrating how each statistic performs with different data volumes. The baseline parameter η is set to 1, establishing a consistent starting point for both statistics. The weight parameter β=8 influences the sensitivity to shifts, contributing to the shape and peak of the ARL curves. The smoothing parameter  =0.25 reflects the degree to which recent changes impact the ARL, particularly relevant in EWMA control charts. Finally, the probability parameter pc=0.25 sets a threshold for shift detection confidence. Under these controlled settings, Max- S_t ​​ demonstrates superior stability and reliability across varying sample sizes, consistently maintaining higher ARL values at moderate to large shifts. This makes it a preferable choice over Max-Z_t ​​ for applications requiring robust shift detection in monitoring processes.
4.7. Real Life Example
In this section, we consider the real data from (Padgett & Spurrier, 1990) to monitor the breaking strength of carbon fibers; a total of 40 samples of size 5 are used. Initial 20 samples were taken from the in-control process as Weibull parameters, and the last 20 samples were computed from the out-of-control process. Here L=2.777 and  by setting ARL0=370. Tables 6 and 7 provide an extensive overview of the real-time example applied to demonstrate the performance of the SVR-based Max-EWMA joint monitoring control chart. Table 4.5 has 20 in-control (IC) samples where the process is deemed stable with relatively minor variations in mean and variance. The AEWMA and AEWMAv statistics during this phase are close to zero, reflecting no major changes and verifying that the suggested chart continues to be stable under regular process conditions. By comparison, Table 4.6 shows 20 out-of-control (OOC) samples that mimic process disruptions. These samples show sudden changes in both the mean and variance, which are well detected by the adaptive smoothing nature of the AEWMA and AEWMAv statistics. Specifically, starting from Sample 25, one can clearly see that the AEWMA statistics persistently move away from zero and show exceed threshold behavior, which would set off alarms in an online monitoring setting. This attests to the sensitivity and flexibility of the SVR-based control chart in capturing joint shifts in mean and variance. The findings illustrate the real-world usefulness of the new method in monitoring applications where prompt detection of alterations is essential.
Table 4.5: Descriptive Statistics and Monitoring Statistics  for In-Control Samples
	Sample#
	 Sample Observations
	Mean
	Variance
	AEWMA
	

	1
	-0.51
	-1.69
	-0.41
	-0.55
	-0.05
	-0.642
	0.38212
	-0.084999
	-0.054398

	2
	2.37
	0.5
	-0.63
	-0.13
	-0.57
	0.308
	1.53282
	-0.03948
	0.000456

	3
	1.11
	1.19
	0.21
	-1.45
	-0.22
	0.168
	1.17552
	-0.015092
	0.028048

	4
	-0.13
	0.37
	-0.22
	0.18
	-0.79
	-0.118
	0.19727
	-0.029711
	-0.065027

	5
	2.37
	-0.83
	-0.79
	-0.59
	-0.31
	-0.03
	1.8424
	-0.031907
	0.008524

	6
	0.53
	0.32
	-0.13
	-1.39
	1.11
	0.088
	0.88142
	-0.018474
	0.011857

	7
	-0.02
	0.37
	-0.01
	0.18
	-0.41
	0.022
	0.08387
	-0.0145
	-0.120596

	8
	-0.18
	0.18
	-0.05
	0.01
	0.32
	-0.186
	0.47413
	-0.038085
	-0.154096

	9
	0.37
	-0.63
	-0.57
	0.5
	-0.57
	-0.18
	0.3179
	-0.059503
	-0.21032

	10
	0.95
	-0.13
	2.37
	0.18
	0.21
	0.716
	1.01238
	0.038081
	-0.182925

	11
	0.88
	-0.41
	1.19
	-0.63
	-1.45
	-0.084
	1.20568
	0.024808
	-0.142325

	12
	0.37
	-0.79
	1.96
	0.46
	-0.19
	0.362
	1.04877
	0.070935
	-0.116035

	13
	0.37
	0.62
	-0.57
	-0.79
	-0.41
	-0.156
	0.37918
	0.046267
	-0.163887

	14
	-0.51
	0.46
	0.26
	-0.41
	-0.59
	-0.158
	0.23267
	0.022797
	-0.237009

	15
	-0.41
	-1.98
	0.21
	0.26
	0.62
	-0.26
	1.06165
	-0.012689
	-0.204105

	16
	-0.55
	0.26
	-1.98
	0.01
	-1.69
	-0.79
	1.00655
	-0.115825
	-0.177574

	17
	0.53
	0.26
	-0.16
	-0.27
	1.96
	0.464
	0.80303
	-0.048059
	-0.17052

	18
	-1.45
	-0.31
	-0.01
	1.96
	0.26
	0.09
	1.51685
	-0.033414
	-0.109807

	19
	-0.19
	1.96
	-0.13
	0.62
	-0.31
	0.39
	0.90365
	0.019776
	-0.097553

	20
	-0.63
	-0.83
	-0.79
	1.19
	-0.22
	-0.256
	0.71168
	-0.015005
	-0.104255



Table 4.6: Descriptive Statistics and Monitoring Statistics  for Out-of-Control Samples
	Sample#
	Sample Observations
	Mean
	Variance
	AEWMA
	

	21
	-2.4
	-1.66
	1.07
	-1.82
	1.07
	-0.748000
	2.830070
	-0.112461
	0.018932

	22
	-2.07
	-2.14
	-0.66
	3.71
	-1.54
	-0.540000
	5.994450
	-0.176882
	0.240056

	23
	-2.71
	-2.07
	-1.22
	-3.0
	-1.28
	-2.056000
	0.655030
	-0.437647
	0.207433

	24
	-1.85
	-2.34
	-0.2
	-1.22
	-3.0
	-1.722000
	1.150020
	-0.639357
	0.220983

	25
	-0.66
	1.49
	-0.2
	-0.28
	-2.29
	-1.024000
	0.932830
	-0.736969
	0.216327

	26
	-2.92
	4.83
	-1.66
	-1.25
	0.8
	-0.040000
	9.201350
	-0.698698
	0.502921

	27
	-1.49
	-2.55
	-2.34
	-1.25
	-2.29
	-1.984000
	0.330880
	-0.920052
	0.410264

	28
	-1.43
	4.83
	1.03
	-3.94
	2.91
	0.680000
	12.028600
	-0.775775
	0.741847

	29
	-2.4
	-1.85
	-1.54
	-0.12
	-1.22
	-1.426000
	0.722380
	-0.918587
	0.686606

	30
	1.07
	0.12
	1.07
	1.03
	-1.49
	0.312000
	1.274620
	-0.823043
	0.680943

	31
	-2.14
	-2.34
	-0.66
	0.01
	-1.43
	-1.312000
	0.982270
	-0.947947
	0.653307

	32
	-2.07
	1.07
	-1.22
	-2.55
	-2.29
	-1.412000
	2.174020
	-1.078833
	0.702260

	33
	1.13
	0.32
	-2.14
	3.35
	-1.8
	-0.280000
	5.007350
	-1.052027
	0.855594

	34
	-2.07
	-2.92
	-1.06
	-1.85
	-1.43
	-1.866000
	0.498130
	-1.237085
	0.767553

	35
	-1.82
	-1.25
	3.35
	2.29
	-1.06
	0.302000
	5.502270
	-1.123831
	0.931632

	36
	-2.71
	0.8
	-0.2
	-1.64
	1.07
	-0.364000
	1.818630
	-1.105485
	0.945420

	37
	3.71
	-1.25
	-1.64
	-2.71
	-0.12
	-0.550000
	4.281050
	-1.112846
	1.061543

	38
	-1.43
	3.35
	-0.2
	-0.49
	0.8
	-0.402000
	6.141670
	-1.100185
	1.226316

	39
	1.07
	-2.92
	-2.14
	1.03
	-2.55
	0.006000
	5.036830
	-1.034338
	1.349975

	40
	-2.14
	-2.4
	1.2
	0.95
	-1.35
	-1.102000
	3.935570
	-1.118944
	1.430616



The control charts, Figs. 4.7 to 4.9 generated for subgroup sizes n=3, 5, 10 illustrate the performance of an adaptive EWMA control chart using an SVR model with a linear kernel. The blue line represents the plotting statistic R, while the red dashed line indicates the UCL, set at different values for all scenarios. For n=3, the chart (a) shows a more sensitive response to fluctuations, exceeding the UCL in Phase 2 (observations 21–40) but with less stability, indicating higher variability due to smaller subgroup sizes. For n=5, the chart balances sensitivity and stability, as R crosses the UCL in Phase 2 while maintaining smoother transitions, making it effective in detecting moderate process shifts. For n=10, the chart demonstrates greater stability with R exceeds the UCL significantly in Phase 2, clearly identifying larger shifts in the process. The parameters used, including the smoothing constant ( =0.1), the linear SVR kernel, and the UCL value, contribute to the chart's adaptive nature, enabling dynamic detection of shifts with varying subgroup sizes. The results highlight the trade-off between sensitivity and stability, with n=5 and n=10 offering better control for real-time monitoring of process shifts.
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Fig 4.8: Max-St joint monitoring control chart (n = 3)	Fig 4.9: Max-St joint monitoring control chart (n = 5)
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Fig 4.10: Max_St joint monitoring control chart (n = 10)	

4.8. Concluding Remarks
The SVR-powered adaptive Max-EWMA control chart offers a prominent improvement in statistical process monitoring for non-normal distributions such as the Weibull distribution. Dynamically estimating the smoothing constant, this method enhances process monitoring sensitivity while ensuring no loss of robustness against spurious alarms. With the incorporation of SVR, the chart can respond to real-time shifts, effectively handling small as well as moderate variations in process parameters. The comparison with alternative kernel functions showed the enduring superiority of the Linear kernel, which was sensitive and stable to an equal extent, and thus ideally applicable for industrial purposes. In addition, the developed method assured versatility concerning subgroup sizes, being flexible in a variety of industrial conditions. The capability to convert Weibull-distributed data into normal form and effectively track process mean as well as variance makes this methodology a problem-solving solution in quality control. These results emphasize the value of incorporating machine learning methodologies such as SVR with common statistical approaches in offering enhanced decision-making, predictive modeling, and overall process efficiency within advanced manufacturing settings.
CHAPTER 5:
Simultaneous Monitoring of Mean and Dispersion for Weibull Processes Using an Adaptive Sample Size Method
Historically derived control charts, such as Shewhart and Exponentially Weighted Moving Average (EWMA) charts, are based on the fact that the process data are derived from normal distributions. This may constrain their performance in the majority of real-life situations where non-normal data are the norm. Weibull distribution, for example, is used extensively in reliability and analysis of life data because it can accommodate a wide range of failure rate behaviors. To improve the sensitivity of monitoring equipment for processes, data that are not distributed according to normal needs need to be transformed into a standard acceptable format for use by conventional statistical methods. Shewhart-type charts (X̅, R, and S charts) are extensively utilized for monitoring and process improvement if data are normally distributed, and come under memoryless control charts. In contrast, control charts of the memory type, like the cumulative sum (CUSUM) and EWMA charts, make use of information in the past to achieve more sensitive and more effective process monitoring. The control chart design and application have, over the years, evolved significantly in order to meet the diverse process monitoring demands of present industrial processes.
5.1. Variable Sample Size EWMA Average Control Chart

The Variable Sample Size Exponentially Weighted Moving Average (VSS EWMA) control chart presents a dynamic and flexible structure for process surveillance through variability in the weighting parameter and sample size over time. This flexibility greatly increases the chart's sensitivity to process changes in comparison to the conventional fixed-sample EWMA chart. As a sophisticated quality control method, the VSS EWMA chart unites the fundamental concepts of the baseline EWMA, where exponentially declining weights are imposed on previous observations with a means for dynamic sample size updating according to live process conditions. In particular, the VSS EWMA procedure varies the sample size as the monitoring statistic moves towards preset warning zones, signaling possible departure from the process target. Smaller sample sizes are employed when the process is in a stable state. The adaptive feature combines sensitivity to change with economy of sampling, rendering it extremely relevant in various industrial settings.

To further augment early detection, the chart includes Upper Warning Limit (UWL) and Lower Warning Limit (LWL) limits alongside the customary control limits. These intermediate limits act as early warning signs of potential instability, triggering a responsive corrective change in sample size and intensity of monitoring. The number at any time is controlled by an integer-valued linear function of the current EWMA statistic, varying from a minimum when the statistic is close to the center line to a maximum when it approaches the control limits. This control structure ensures that the VSS EWMA chart has an optimal trade-off between detection power and resource utilization. The associated control structure, such as UWL and LWL, is given by:


,						(5.1)
and

,						(5.2)
In equations (5.1) and (5.2) of the VSS EWMA control chart, the structure L1 denotes the warning coefficient utilized to determine additional boundaries within the control limits. The warning zone is the area between the Lower Warning Limit (LWL) and the Upper Warning Limit (UWL), the safety zones being the areas between the Lower Control Limit (LCL) and the LWL, and between the UWL and the Upper Control Limit (UCL). These are determinants for the proper intensity of sampling. In particular, parameters n1 and n2 refer to the minimum and maximum sample sizes acceptable, respectively. When the EWMA statistic for the ith sample falls within the safety zone, the smallest sample size n1​ is employed, reflecting confidence in process stability. Conversely, when the statistic lies within the warning zone, indicating potential deviation from the target process conditions, the larger sample size n2 is utilized. This adaptive approach enhances the sensitivity of the chart to emerging process shifts while promoting cost-efficiency by minimizing sampling when the process appears stable.

								(5.3)
In equation (5.3), the sample size ni depends on Zi and Zi-1 can be expressed in the following manner:

								(5.4)

In equation (5.4), the relationship between Z and ni is linear; the sample size ni ​ must be an integer value, constrained between n1​ and n2​. Since the sample size varies dynamically, the control limits adjust accordingly for each sample. The corresponding upper and lower control limits, along with the plotting statistic, are defined as follows:				    (5.5)



	   (5.6)
The EWMA statistic with VSS remains the same as the EWMA statistic in Equation (5.1) with Z0=µ0. In equations (5.7) and (5.8), the control limits of VSS EWMA are updated as follows:

								(5.7)
and

								(5.8)
In most research works dealing with VSS control charts, the smaller sample size n1 is generally employed as the starting sample size. At i=0, the UCL and LCL of the VSS EWMA chart are computed with the respective control limit formulas. In this regard, μ0 stands for the reference process mean, L2 signifies the EWMA smoothing constant, σ is the general process standard deviation, ω is the weighting factor, and ni stands for the sample size. All of these parameters together determine the starting control limits, thereby making it possible for the VSS EWMA chart to efficiently evaluate process performance and detect deviations from the beginning.
5.2. Proposed Design
In industrial quality control, good monitoring of process variation is paramount when the underlying data is nonnormal, as with the Weibull distribution. The Weibull distribution is commonly utilized for modeling a variety of failure mechanisms in manufacturing and reliability studies owing to its flexibility. The Max-EWMA control chart provides a strong solution for monitoring both the process mean and variance simultaneously when the data are Weibull-distributed. Nonetheless, for the purpose of applying standard statistical process control methods, the Weibull-distributed data need to be normalized. This is most often done via an inverse transformation function that transforms the data into standard normal form. Upon transformation, the variance and sample mean can be calculated from the normalized data to ensure accurate and efficient process monitoring. For a given set of random samples zi1, zi2,…, zini ​ from the Weibull distribution, the transformation to the standard normal distribution is applied as:
.										(5.9)
In equation (5.9), W-1 represents the inverse of the Weibull distribution, and α and  are the shape and scale parameters, respectively. The mean (µz) and variance  of the transformed standard normal data are calculated as:
									  	 (5.10)
and
										   (5.11)
In equations (5.10) and (5.11) is the probability density function of the Weibull distribution. These expressions give us the mean and variance of the normalized data based on the Weibull distribution parameters.












Let , …   are random samples each of size n, which are Weibull transformed to the standard normal distribution. Let  and  be the sample variance and mean of the transformed data, where and. is independently and identically distributed with a mean and variance. Also (n-1)/  is an independently and identically distributed chi-square random variable with (ni-1) degrees of freedom (df).  So, for an in-control process, we consider the following transformations.


, 


where and are the chi-squared distribution with v degrees of freedom and inverse cumulative distribution function of the standard normal distribution, respectively. Details of these transformations can also be seen in (Quesenberry, 1995). 
The adaptive sample size in the program is determined by a piecewise linear function based on the EWMA statistic (Z). The equation used for the adaptive sample size is given as follows:

				(5.12)
In equation (5.12), ni1 and ni2​ represent the lower and upper bounds of the adaptive sample size, respectively, while μ denotes the process mean. The parameter δ determines the span around the mean over which the sample size changes, a is the slope of the linear portion of the adjustment segment, b is the intercept, and Zi-1 is the prior value of the EWMA statistic. This method increases efficiency by adjusting the sample size dynamically based on the current state of the process, thus making it more sensitive to changes in the process. By integrating this adaptive sampling mechanism with the conventional EWMA control chart, the approach allows for process shifts to be detected ahead of time. Additionally, matching sample sizes with the degree of process stability encourages improved use of resources as well as more efficient data gathering.
The joint monitoring statistic St​ is computed as: 
 			 		   (5.13)
This combined statistic ensures that both shifts in the process mean and variance are captured. If St​ ​ exceeds the Upper Control Limit (UCL), the process is flagged for potential investigation.
The UCL is determined based on the desired Average Run Length (ARL0) for in-control processes. The value of the UCL is updated dynamically to reflect the changing conditions of the process. The UCL is given by: 
							   (5.14)
In equation (5.14), L is the control chart multiplier,  is the expected mean of the statistic at time t and is the variance of the statistic at time t.
5.3. Performance Evaluation 
The Adaptive Sample Size control chart performs well under a range of conditions with notable flexibility. The capability to rapidly and reliably detect process changes, along with stable performance without shifts, classifies it as an effective modern statistical process control tool. These findings confirm the methodological contribution of the adaptive sample size strategy and its use for efficient, effective, and reliable process monitoring.
The findings in Tables 5.1 to 5.5, shown for the Adaptive Sample Size control chart for different values of n1 and n2, provide unambiguous information regarding how initial and maximum sample sizes affect the performance of the chart under different magnitudes of process shifts. In each case, it is clear that the ARL is quite large for small shifts, consistent with the inherent challenge of quickly detecting small process changes. But as the size of the shift increases, the ARL decreases dramatically, showing that the adaptive chart rapidly gains sensitivity and effectiveness at detecting larger shifts. This responsiveness is further supported by a simultaneous decline in the SDRL (Standard Deviation of Run Length), indicating not only faster but also more consistent detection as the size of the shift grows.


Table 5.1. Run length outcomes (370) of the suggested CC with  =0.25 and considering sample size as n1 =4 n2 = 8
	

	n1 =4
n2 =8

	
	
	0.50
	1.00
	1.25
	1.50
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	0.25
	(µ,σ)
	(-1.51,2.04)
	(-1.49,0.89)
	(-1.45,0.72)
	(-1.42,0.61)
	(-1.38,0.47)
	(-1.36.0.42)
	(-1.35,0.38)
	(-1.33,0.35)
	(-1.32,0.32)
	(-1.29,0.25)
	(-1.28,0.20)

	
	3
	1.92
(0.67)
	2.09
(0.38)
	2.09
(0.31)
	2.07
(0.27)
	2.05
(0.21)
	2.03
(0.18)
	2.02
(0.15)
	2.02
(0.15)
	2.01
(0.12)
	2.00
(0.06)
	2.00
(0.02)

	0.50
	(µ,σ)
	(-0.68,3.16)
	(-0.87,1.11)
	(-0.84,0.90)
	(-0.81,0.76)
	(-0.76,0.58)
	(-0.74,0.53)
	(-0.72,0.48)
	(-0.71,0.44)
	(-0.70,0.40)
	(-0.66,0.31)
	(-0.64,0.25)

	
	3
	1.55
(0.59)
	3.52
(1.27)
	3.65
(1.15)
	3.77
(1.04)
	3.86
(0.85)
	3.84
(0.78)
	3.74
(0.73)
	3.58
(0.69)
	3.36
(0.67)
	2.80
(0.57)
	2.42
(0.50)

	0.75
	(µ,σ)
	(0.01,4.18)
	(-0.42,1.30)
	(-0.39,1.05)
	(-0.36,0.88)
	(-0.32,0.68)
	(-0.29,0.61)
	(-0.28,0.56)
	(-0.26,0.51)
	(-0.25,0.47)
	(-0.21,0.37)
	(-0.18,0.30)

	
	3
	1.27
(0.46)
	6.82
(3.77)
	11.31
(7.03)
	14.03
(8.77)
	9.39
(4.29)
	6.96
(2.59)
	5.64
(1.84)
	4.79
(1.39)
	4.25
(1.11)
	3.23
(0.71)
	2.73
(0.57)

	1.0
	(µ,σ)
	(0.61,5.00)
	(-0.05,1.47)
	(-0.03,1.18)
	(0.00, 1.00)
	(0.05,0.77)
	(0.07,0.69)
	(0.09,0.63)
	(0.11,0.58)
	(0.12,0.54)
	(0.16,0.41)
	(0.19,0.34)

	
	3
	1.16
(0.37)
	6.04
(3.25)
	29.32
(24.52)
	375.90
(372.26)
	24.23 (17.75)
	11.42
(5.96)
	7.97
(3.38)
	6.22
(2.19)
	5.36
(1.71)
	3.58
(0.84)
	3.02
(0.64)

	1.25
	(µ,σ)
	(1.17,5.69)
	(0.28,1.65)
	(0.29,1.31)
	(0.32,1.11)
	(0.37,0.86)
	(0.39,0.77)
	(0.41,0.70)
	(0.43, 0.64)
	(0.45,0.60)
	(0.49,0.46)
	(0.52,0.38)

	
	3
	1.10
(0.30)
	3.93
(1.78)
	8.46
(5.08)
	14.76
(10.3)
	13.13
(7.75)
	10.63
(5.19)
	8.50
(3.50)
	6.92
(2.40)
	6.04
(1.91)
	4.03
(0.96)
	3.30
(0.72)

	1.50
	(µ,σ)
	(1.67,6.26)
	(0.58,1.86)
	(0.58,1.44)
	(0.61,1.21)
	(0.66,0.94)
	(0.68,0.84)
	(0.70,0.77)
	(0.72,0.71)
	(0.74,0.65)
	(0.79,0.51)
	(0.82,0.41)

	
	3
	1.07
(0.26)
	2.83
(1.12)
	4.38
(1.98)
	5.30
(2.52)
	4.97
(1.91)
	4.73
(1.62)
	4.49
(1.39)
	4.31
(1.20)
	4.08
(1.02)
	3.58
(0.69)
	3.22
(0.59)

	1.75
	(µ,σ)
	(2.13,6.74)
	(0.87,2.12)
	(0.85,1.56)
	(0.88,1.31)
	(0.93,1.01)
	(0.95,0.91)
	(0.97,0.83)
	(0.99,0.76)
	(1.01,0.71)
	(1.06,0.55)
	(1.10,0.45)

	
	3
	1.04
(0.21)
	2.24
(0.84)
	3.13
(1.23)
	3.40
(1.34)
	3.29
(1.06)
	3.15
(0.93)
	3.07
(0.84)
	2.97
(0.75)
	2.89
(0.69)
	2.67
(0.56)
	2.51
(0.51)

	2.00
	(µ,σ)
	(2.57,7.16)
	(1.16,2.43)
	(1.11,1.70)
	(1.13,1.41)
	(1.18,1.09)
	(1.20,0.98)
	(1.23,0.89)
	(1.25,0.82)
	(1.26,0.76)
	(1.32,0.59)
	(1.36,0.48)

	
	3
	1.04
(0.19)
	1.84
(0.68)
	2.48
(0.89)
	2.66
(0.91)
	2.58
(0.73)
	2.50
(0.65)
	2.42
(0.58)
	2.36
(0.53)
	2.32
(0.50)
	2.15
(0.36)
	2.06
(0.24)

	2.25
	(µ,σ)
	(2.96,7.51)
	(1.45,2.79)
	(1.35,1.85)
	(1.36,1.51)
	(1.42,1.16)
	(1.44,1.05)
	(1.46,0.95)
	(1.49,0.88)
	(1.51,0.81)
	(1.56,0.63)
	(1.61,0.52)

	
	3
	1.03
(0.17)
	1.59
(0.59)
	2.13
(0.74)
	2.27
(0.74)
	2.20
(0.55)
	2.17
(0.50)
	2.13
(0.43)
	2.10
(0.37)
	2.07
(0.32)
	2.02
(0.18)
	2.00
(0.08)

	2.50
	(µ,σ)
	(3.33,7.82)
	(1.74,3.18)
	(1.59,2.05)
	(1.59,1.61)
	(1.64,1.23)
	(1.67,1.11)
	(1.69,1.01)
	(1.72,0.93)
	(1.73,0.86)
	(1.80,0.67)
	(1.84,0.55)

	
	3
	1.02
(0.16)
	1.41
(0.53)
	1.86
(0.65)
	1.98
(0.62)
	1.99
(0.49)
	1.97
(0.44)
	1.96
(0.38)
	1.95
(0.34)
	1.95
(0.30)
	1.95
(0.21)
	1.96
(0.17)

	2..75
	(µ,σ)
	(3.68, 8.10)
	(2.04, 3.59)
	(1.84, 2.29)
	(1.81, 1.72)
	(1.86, 1.30)
	(1.89, 1.17)
	(1.91, 1.07)
	(1.94, 0.99)
	(1.96, 0.91)
	(2.02, 0.71)
	(2.07, 0.58)

	
	3
	1.02
(0.14)
	1.29
(0.47)
	1.64
(0.60)
	1.81
(0.59)
	1.82
(0.48)
	1.81
(0.45)
	1.81
(0.43)
	1.81
(0.41)
	1.81
(0.40)
	1.82
(0.37)
	1.84
(0.36)

	3.00
	(µ,σ)
	(4.00, 8.33)
	(2.35, 4.00)
	(2.08, 2.58)
	(2.03, 1.86)
	(2.07, 1.37)
	(2.10, 1.24)
	(2.12, 1.13)
	(2.15, 1.04)
	(2.17, 0.96)
	(2.24, 0.75)
	(2.29, 0.61)

	
	3
	1.01
(0.13)
	1.20
(0.41)
	1.48
(0.55)
	1.66
(0.55)
	1.68
(0.50)
	1.67
(0.49)
	1.67
(0.48)
	1.66
(0.47)
	1.65
(0.47)
	1.62
(0.48)
	1.60
(0.48)

	4.00
	(µ,σ)
	(5.12, 9.07)
	(3.61, 5.53)
	(3.15, 3.99)
	(2.93, 2.81)
	(2.86, 1.68)
	(2.88, 1.48)
	(2.91, 1.35)
	(2.94, 1.24)
	(2.96, 1.15)
	(3.04, 0.89)
	(3.10, 0.73)

	
	3
	1.01
(0.10)
	1.06
(0.24)
	1.14
(0.35)
	1.25
(0.44)
	1.27
(0.44)
	1.23
(0.42)
	1.20
(0.40)
	1.17
(0.38)
	1.14
(0.35)
	1.06
(0.24)
	1.02
(0.14)

	5.00
	(µ,σ)
	(6.04, 9.56)
	(4.87, 6.76)
	(4.36, 5.44)
	(3.99, 4.24)
	(3.66, 2.43)
	(3.63, 1.91)
	(3.64, 1.61)
	(3.66, 1.44)
	(3.69, 1.33)
	(3.78, 1.03)
	(3.84, 0.85)

	
	3
	1.00
(0.08)
	1.02
(0.15)
	1.04
(0.21)
	1.07
(0.27)
	1.11
(0.31)
	1.09
(0.28)
	1.05
(0.22)
	1.03
(0.18)
	1.02
(0.14)
	1.00
(0.04)
	1.00
(0.01)



[bookmark: _Hlk210069549]Table 5.2. Run length outcomes (370) of suggested CC with  =0.25 and considering size as n1 =2, n2 =5
	

	n1 =2
n2 =5

	
	
	0.50
	1.00
	1.25
	1.50
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	0.25
	(µ,σ)
	(-1.51,2.04)
	(-1.49,0.89)
	(-1.45,0.72)
	(-1.42,0.61)
	(-1.38,0.47)
	(-1.36,0.42)
	(-1.35,0.38)
	(-1.33,0.35)
	(-1.32,0.32)
	(-1.29,0.25)
	(-1.28,0.20)

	
	3
	2.52
(1.05)
	2.68
(0.71)
	2.70
(0.64)
	2.73
(0.60)
	2.77
(0.53)
	2.80
(0.52)
	2.83
(0.48)
	2.88
(0.45)
	2.91
(0.42)
	2.95
(0.33)
	2.94
(0.29)

	0.50
	(µ,σ)
	(-0.68,3.16)
	(-0.87,1.11)
	(-0.84,0.90)
	(-0.81,0.76)
	(-0.76,0.58)
	(-0.74,0.53)
	(-0.72,0.48)
	(-0.71,0.44)
	(-0.70,0.40)
	(-0.66,0.31)
	(-0.64,0.25)

	
	3
	2.09
(0.91)
	4.96
(2.12)
	5.23
(1.96)
	5.44
(1.84)
	5.79
(1.58)
	5.84
(1.51)
	5.79
(1.41)
	5.63
(1.31)
	5.39
(1.23)
	4.68
(1.07)
	4.17
(0.93)

	0.75
	(µ,σ)
	(0.01,4.18)
	(-0.42,1.30)
	(-0.39,1.05)
	(-0.36, 0.88)
	(-0.32, 0.68)
	(-0.29, 0.61)
	(-0.28,0.56)
	(-0.26,0.51)
	(-0.25,0.47)
	(-0.21,0.37)
	(-0.18,0.30)

	
	3
	1.69
(0.71)
	10.37
(6.77)
	19.24
(14.34)
	26.63
(20.19)
	20.07
(12.18)
	14.14
(7.29)
	11.23
(5.03)
	9.25
(3.78)
	8.02
(3.13)
	5.96
(2.00)
	4.91
(1.43)

	1.0
	(µ,σ)
	(0.61,5.00)
	(-0.05,1.47)
	(-0.03,1.18)
	(0.00, 1.00)
	(0.05,0.77)
	(0.07,0.69)
	(0.09,0.63)
	(0.11,0.58)
	(0.12,0.54)
	(0.16,0.41)
	(0.19,0.34)

	
	3
	1.49
(0.62)
	9.83
(6.42)
	50.25
(45.96)
	369.94
(364.94)
	72.83
(63.78)
	29.09
(21.45)
	17.78
(10.46)
	13.16
(6.71)
	10.77
(4.97)
	6.67
(2.43)
	5.50
(1.74)

	1.25
	(µ,σ)
	(1.17,5.69)
	(0.28,1.65)
	(0.29,1.31)
	(0.32,1.11)
	(0.37,0.86)
	(0.39,0.77)
	(0.41,0.70)
	(0.43, 0.64)
	(0.45,0.60)
	(0.49,0.46)
	(0.52,0.38)

	
	3
	1.38
(0.55)
	6.04
(3.33)
	13.34
(9.54)
	24.36
(19.52)
	25.11
(18.526)
	20.95
(13.73)
	16.46
(9.04)
	12.93
(6.20)
	11.12
(4.71)
	7.06
(2.24)
	5.73
(1.63)

	1.50
	(µ,σ)
	(1.67,6.26)
	(0.58,1.86)
	(0.58,1.44)
	(0.61,1.21)
	(0.66,0.94)
	(0.68,0.84)
	(0.70,0.77)
	(0.72,0.71)
	(0.74,0.65)
	(0.79,0.51)
	(0.82,0.41)

	
	3
	1.30
(0.50)
	4.077
(2.02)
	6.37
(3.55)
	7.65
(4.21)
	7.47
(3.51)
	7.18
(3.07)
	6.78
(2.56)
	6.47
(2.22)
	6.11
(1.92)
	5.34
(1.27)
	4.81
(0.96)

	1.75
	(µ,σ)
	(2.13,6.74)
	(0.87,2.12)
	(0.85,1.56)
	(0.88,1.31)
	(0.93,1.01)
	(0.95,0.91)
	(0.97,0.83)
	(0.99,0.76)
	(1.01,0.71)
	(1.06,0.55)
	(1.10,0.45)

	
	3
	1.26
(0.46)
	3.08
(1.41)
	4.33
(2.08)
	4.70
(2.10)
	4.59
(1.73)
	4.43
(1.53)
	4.31
(1.40)
	4.18
(1.23)
	4.06
(1.11)
	3.78
(0.81)
	3.61
(0.65)

	2.00
	(µ,σ)
	(2.57,7.16)
	(1.16,2.43)
	(1.11,1.70)
	(1.13,1.41)
	(1.18,1.09)
	(1.20,0.98)
	(1.23,0.89)
	(1.25,0.82)
	(1.26,0.76)
	(1.32,0.59)
	(1.36,0.48)

	
	3
	1.23
(0.45)
	2.49
(1.08)
	3.34
(1.47)
	3.58
(1.47)
	3.49
(1.20)
	3.38
(1.07)
	3.27
(0.96)
	3.20
(0.88)
	3.16
(0.82)
	2.94
(0.64)
	2.83
(0.55)

	2.25
	(µ,σ)
	(2.96,7.51)
	(1.45,2.79)
	(1.35,1.85)
	(1.36,1.51)
	(1.42,1.16)
	(1.44,1.05)
	(1.46,0.95)
	(1.49,0.88)
	(1.51,0.81)
	(1.56,0.63)
	(1.61,0.52)

	
	3
	1.21
(0.43)
	2.11
(0.90)
	2.80
(1.16)
	2.97
(1.15)
	2.90
(0.94)
	2.83
(0.85)
	2.75
(0.77)
	2.68
(0.70)
	2.62
(0.66)
	2.47
(0.54)
	2.35
(0.48)

	2.50
	(µ,σ)
	(3.33,7.82)
	(1.74,3.18)
	(1.59,2.05)
	(1.59,1.61)
	(1.64,1.23)
	(1.67,1.11)
	(1.69,1.01)
	(1.72,0.93)
	(1.73,0.86)
	(1.80,0.67)
	(1.84,0.55)

	
	3
	1.18
(0.40)
	1.85
(0.77)
	2.42
(0.96)
	2.58
(0.94)
	2.53
(0.77)
	2.47
(0.69)
	2.43
(0.61)
	2.37
(0.57)
	2.34
(0.53)
	2.20
(0.41)
	2.12
(0.33)

	2..75
	(µ,σ)
	(3.68, 8.10)
	(2.04, 3.59)
	(1.84, 2.29)
	(1.81, 1.72)
	(1.86, 1.30)
	(1.89, 1.17)
	(1.91, 1.07)
	(1.94, 0.99)
	(1.96, 0.91)
	(2.02, 0.71)
	(2.07, 0.58)

	
	3
	1.17
(0.39)
	1.68
(0.70)
	2.14
(0.88)
	2.33
(0.83)
	2.30
(0.66)
	2.25
(0.58)
	2.22
(0.52)
	2.19
(0.47)
	2.16
(0.42)
	2.09
(0.30)
	2.04
(0.20)

	3.00
	(µ,σ)
	(4.00, 8.33)
	(2.35, 4.00)
	(2.08, 2.58)
	(2.03, 1.86)
	(2.07, 1.37)
	(2.10, 1.24)
	(2.12, 1.13)
	(2.15, 1.04)
	(2.17, 0.96)
	(2.24, 0.75)
	(2.29, 0.61)

	
	3
	1.15
(0.37)
	1.54
(0.63)
	1.95
(0.80)
	2.13
(0.75)
	2.12
(0.59)
	2.10
(0.52)
	2.08
(0.46)
	2.07
(0.42)
	2.05
(0.37)
	2.02
(0.23)
	2.00
(0.13)

	4.00
	(µ,σ)
	(5.12, 9.07)
	(3.61, 5.53)
	(3.15, 3.99)
	(2.93, 2.81)
	(2.86, 1.68)
	(2.88, 1.48)
	(2.91, 1.35)
	(2.94, 1.24)
	(2.96, 1.15)
	(3.04, 0.89)
	(3.10, 0.73)

	
	3
	1.12
(0.33)
	1.28
(0.49)
	1.45
(0.59)
	1.61
(0.63)
	1.70
(0.55)
	1.70
(0.52)
	1.69
(0.49)
	1.68
(0.49)
	1.68
(0.48)
	1.68
(0.46)
	1.67
(0.46)

	5.00
	(µ,σ)
	(6.04, 9.56)
	(4.87, 6.76)
	(4.36, 5.44)
	(3.99, 4.24)
	(3.66, 2.43)
	(3.63, 1.91)
	(3.64, 1.61)
	(3.66, 1.44)
	(3.69, 1.33)
	(3.78, 1.03)
	(3.84, 0.85)

	
	3
	1.10
(0.31)
	1.18
(0.40)
	1.24
(0.45)
	1.33
(0.51)
	1.42
(0.53)
	1.40
(0.50)
	1.39
(0.49)
	1.37
(0.48)
	1.35
(0.47)
	1.27
(0.44)
	1.20
(0.40)



[bookmark: _Hlk210069602]Table 5.3. Run length outcomes (500) of the suggested CC with  =0.25 and considering size as n1 =3, n2 =6
	

	n1 =3
n2 =6

	
	
	0.50
	1.00
	1.25
	1.50
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	0.25
	(µ,σ)
	(-1.51,2.04)
	(-1.49,0.89)
	(-1.45,0.72)
	(-1.42,0.61)
	(-1.38,0.47)
	(-1.36.0.42)
	(-1.35,0.38)
	(-1.33,0.35)
	(-1.32,0.32)
	(-1.29,0.25)
	(-1.28,0.20)

	
	L=3.46
0.25
	2.20
(0.82)
	2.36
(0.55)
	2.36
(0.51)
	2.35
(0.49)
	2.36
(0.48)
	2.66
(0.87)
	2.37
(0.48)
	2.41
(0.49)
	2.42
(0.49)
	2.46
(0.49)
	2.37
(0.48)

	0.50
	(µ,σ)
	(-0.68,3.16)
	(-0.87,1.11)
	(-0.84,0.90)
	(-0.81,0.76)
	(-0.76,0.58)
	(-0.74,0.53)
	(-0.72,0.48)
	(-0.71,0.44)
	(-0.70,0.40)
	(-0.66,0.31)
	(-0.64,0.25)

	
	L=3.46
0.25
	1.80
(0.71)
	4.31
(1.69)
	4.50
(1.58)
	4.70
(1.45)
	4.88
(1.20)
	4.89
(1.11)
	4.78
(1.05)
	4.58
(0.96)
	4.31
(0.89)
	3.61
(0.72)
	3.15
(0.62)

	0.75
	(µ,σ)
	(0.01,4.18)
	(-0.42,1.30)
	(-0.39,1.05)
	(-0.36, 0.88)
	(-0.32, 0.68)
	(-0.29, 0.61)
	(-0.28,0.56)
	(-0.26,0.51)
	(-0.25,0.47)
	(-0.21,0.37)
	(-0.18,0.30)

	
	L=3.46
0.25
	1.99
(0.07)
	8.46
(5.14)
	15.07
(10.50)
	20.14
(14.32)
	13.87
(7.66)
	9.82
(4.39)
	8.22
(3.24)
	6.66
(2.29)
	5.78
(1.76)
	4.26
(1.04)
	3.58
(0.75)

	1.0
	(µ,σ)
	(0.61,5.00)
	(-0.05,1.47)
	(-0.03,1.18)
	(0.00, 1.00)
	(0.05,0.77)
	(0.07,0.69)
	(0.09,0.63)
	(0.11,0.58)
	(0.12,0.54)
	(0.16,0.41)
	(0.19,0.34)

	
	L=3.46
0.25
	1.28
(0.47)
	7.64
(4.58)
	39.51
(35.39)
	500.38
(499.70)
	43.09
(36.14)
	17.93
(11.52)
	3.58
(0.75)
	9.17
(3.93)
	7.56
(2.84)
	4.77
(1.28)
	3.93
(0.90)

	1.25
	(µ,σ)
	(1.17,5.69)
	(0.28,1.65)
	(0.29,1.31)
	(0.32,1.11)
	(0.37,0.86)
	(0.39,0.77)
	(0.41,0.70)
	(0.43, 0.64)
	(0.45,0.60)
	(0.49,0.46)
	(0.52,0.38)

	
	L=3.46
0.25
	1.19
(0.41)
	4.89
(2.49)
	10.54
(6.94)
	19.01
(14.68)
	18.72
(12.80)
	15.20
(8.91)
	13.14
(6.90)
	10.16
(4.45)
	8.62
(3.30)
	5.38
(1.48)
	4.30
(1.01)

	1.50
	(µ,σ)
	(1.67,6.26)
	(0.58,1.86)
	(0.58,1.44)
	(0.61,1.21)
	(0.66,0.94)
	(0.68,0.84)
	(0.70,0.77)
	(0.72,0.71)
	(0.74,0.65)
	(0.79,0.51)
	(0.82,0.41)

	
	L=3.46
0.25
	1.15
(0.36)
	3.37
(1.50)
	5.34
(2.73)
	6.39
(3.33)
	6.18
(2.70)
	5.83
(2.28)
	5.76
(2.03)
	5.47
(1.72)
	5.17
(1.45)
	4.50
(0.96)
	4.03
(0.71)

	1.75
	(µ,σ)
	(2.13,6.74)
	(0.87,2.12)
	(0.85,1.56)
	(0.88,1.31)
	(0.93,1.01)
	(0.95,0.91)
	(0.97,0.83)
	(0.99,0.76)
	(1.01,0.71)
	(1.06,0.55)
	(1.10,0.45)

	
	L=3.46
0.25
	1.11
(0.32)
	2.57
(1.06)
	3.66
(1.61)
	4.00
(1.72)
	4.00
(1.55)
	3.74
(1.20)
	3.73
(1.08)
	3.73
(1.08)
	3.51
(0.87)
	3.28
(0.64)
	3.11
(0.52)

	2.00
	(µ,σ)
	(2.57,7.16)
	(1.16,2.43)
	(1.11,1.70)
	(1.13,1.41)
	(1.18,1.09)
	(1.20,0.98)
	(1.23,0.89)
	(1.25,0.82)
	(1.26,0.76)
	(1.32,0.59)
	(1.36,0.48)

	
	3
	1.10
(0.30)
	2.13
(0.82)
	2.92
(1.16)
	3.14
(1.18)
	3.03
(0.97)
	2.95
(0.86)
	2.85
(0.77)
	2.79
(0.71)
	2.75
(0.67)
	2.74
(0.67)
	2.41
(0.50)

	2.25
	(µ,σ)
	(2.96,7.51)
	(1.45,2.79)
	(1.35,1.85)
	(1.36,1.51)
	(1.42,1.16)
	(1.44,1.05)
	(1.46,0.95)
	(1.49,0.88)
	(1.51,0.81)
	(1.56,0.63)
	(1.61,0.52)

	
	3
	1.09
(0.29)
	1.83
(0.72)
	2.46
(0.92)
	2.47
(0.92)
	2.53
(0.73)
	2.48
(0.66)
	2.43
(0.60)
	2.36
(0.54)
	2.31
(0.50)
	2.17
(0.38)
	2.07
(0.26)

	2.50
	(µ,σ)
	(3.33,7.82)
	(1.74,3.18)
	(1.59,2.05)
	(1.59,1.61)
	(1.64,1.23)
	(1.67,1.11)
	(1.69,1.01)
	(1.72,0.93)
	(1.73,0.86)
	(1.80,0.67)
	(1.84,0.55)

	
	3
	1.07
(0.26)
	1.60
(0.63)
	2.15
(0.80)
	2.30
(0.77)
	2.26
(0.61)
	2.20
(0.52)
	2.17
(0.46)
	2.13
(0.42)
	2.10
(0.36)
	2.03
(0.20)
	2.00
(0.10)

	2..75
	(µ,σ)
	(3.68, 8.10)
	(2.04, 3.59)
	(1.84, 2.29)
	(1.81, 1.72)
	(1.86, 1.30)
	(1.89, 1.17)
	(1.91, 1.07)
	(1.94, 0.99)
	(1.96, 0.91)
	(2.02, 0.71)
	(2.07, 0.58)

	
	3
	1.07
(0.26)
	1.45
(0.56)
	1.89
(0.70)
	2.07
(0.68)
	2.07
(0.53)
	2.03
(0.45)
	2.01
(0.41)
	1.99
(0.36)
	1.98
(0.31)
	1.98
(0.19)
	1.98
(0.11)

	3.00
	(µ,σ)
	(4.00, 8.33)
	(2.35, 4.00)
	(2.08, 2.58)
	(2.03, 1.86)
	(2.07, 1.37)
	(2.10, 1.24)
	(2.12, 1.13)
	(2.15, 1.04)
	(2.17, 0.96)
	(2.24, 0.75)
	(2.29, 0.61)

	
	3
	1.06
(0.23)
	1.35
(0.51)
	1.70
(0.65)
	1.88
(0.64)
	1.90
(0.50)
	1.90
(0.46)
	1.89
(0.42)
	1.88
(0.39)
	1.88
(0.36)
	1.90
(0.30)
	1.92
(0.25)

	4.00
	(µ,σ)
	(5.12, 9.07)
	(3.61, 5.53)
	(3.15, 3.99)
	(2.93, 2.81)
	(2.86, 1.68)
	(2.88, 1.48)
	(2.91, 1.35)
	(2.94, 1.24)
	(2.96, 1.15)
	(3.04, 0.89)
	(3.10, 0.73)

	
	3
	1.04
(0.20)
	1.14
(0.36)
	1.27
(0.47)
	1.40
(0.52)
	1.48
(0.51)
	1.47
(0.50)
	1.44
(0.50)
	1.42
(0.49)
	1.40
(0.49)
	1.33
(0.47)
	1.24
(0.42)

	5.00
	(µ,σ)
	(6.04, 9.56)
	(4.87, 6.76)
	(4.36, 5.44)
	(3.99, 4.24)
	(3.66, 2.43)
	(3.63, 1.91)
	(3.64, 1.61)
	(3.66, 1.44)
	(3.69, 1.33)
	(3.78, 1.03)
	(3.84, 0.85)

	
	3
	1.03
(0.17)
	1.07
(0.26)
	1.11
(0.32)
	1.17
(0.38)
	1.24
(0.44)
	1.22
(0.42)
	1.18
(0.38)
	1.15
(0.36)
	1.12
(0.32)
	1.04
(0.21)
	1.01
(0.12)
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Table 5.4. Run length outcomes (500) of the suggested CC with  =0.25 and considering size as n1 =4, n2 =8
	

	n1 =4
n1 =8

	
	
	0.50
	1.00
	1.25
	1.50
	2.00
	2.25
	2.50
	2.75
	3.00
	4.00
	5.00

	
	
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)
	ARL
(SDRL)

	0.25
	(µ,σ)
	(-1.51,2.04)
	(-1.49,0.89)
	(-1.45,0.72)
	(-1.42,0.61)
	(-1.38,0.47)
	(-1.36,0.42)
	(-1.35,0.38)
	(-1.33,0.35)
	(-1.32,0.32)
	(-1.29,0.25)
	(-1.28,0.20)

	
	3
	1.96
(0.67)
	2.12
(0.38)
	2.11
(0.33)
	2.09
(0.29)
	2.06
(0.24)
	2.04
(0.21)
	2.03
(0.18)
	2.03
(0.17)
	2.02
(0.15)
	2.00
(0.08)
	2.00
(0.02)

	0.50
	(µ,σ)
	(-0.68,3.16)
	(-0.87,1.11)
	(-0.84,0.90)
	(-0.81,0.76)
	(-0.76,0.58)
	(-0.74,0.53)
	(-0.72,0.48)
	(-0.71,0.44)
	(-0.70,0.40)
	(-0.66,0.31)
	(-0.64,0.25)

	
	3
	1.57
(0.59)
	3.63
(1.28)
	3.74
(1.16)
	3.86
(1.08)
	3.99
(0.86)
	3.97
(0.80)
	3.86
(0.74)
	3.69
(0.70)
	3.45
(0.68)
	2.86
(0.58)
	2.47
(0.51)

	0.75
	(µ,σ)
	(0.01,4.18)
	(-0.42,1.30)
	(-0.39,1.05)
	(-0.36, 0.88)
	(-0.32, 0.68)
	(-0.29, 0.61)
	(-0.28,0.56)
	(-0.26,0.51)
	(-0.25,0.47)
	(-0.21,0.37)
	(-0.18,0.30)

	
	3
	1.30
(0.48)
	7.18
(3.96)
	12.09
(7.68)
	15.38
(9.97)
	10.01
(4.63)
	7.28
(2.76)
	5.87
(1.92)
	4.94
(1.43)
	4.35
(1.12)
	3.34
(0.72)
	2.81
(0.58)

	1.0
	(µ,σ)
	(0.61,5.00)
	(-0.05,1.47)
	(-0.03,1.18)
	(0.00, 1.00)
	(0.05,0.77)
	(0.07,0.69)
	(0.09,0.63)
	(0.11,0.58)
	(0.12,0.54)
	(0.16,0.41)
	(0.19,0.34)

	
	3
	1.17
(0.38)
	6.28
(3.39)
	32.84
(27.70)
	497.13
(483.38)
	27.17
(20.43)
	12.25
(6.45)
	8.30
(3.54)
	6.48
(2.30)
	5.53
(1.76)
	3.70
(0.85)
	3.09
(0.65)

	1.25
	(µ,σ)
	(1.17,5.69)
	(0.28,1.65)
	(0.29,1.31)
	(0.32,1.11)
	(0.37,0.86)
	(0.39,0.77)
	(0.41,0.70)
	(0.43, 0.64)
	(0.45,0.60)
	(0.49,0.46)
	(0.52,0.38)

	
	3
	1.11
(0.31)
	4.09
(1.86)
	8.99
(5.51)
	15.72
(11.28)
	14.32
(8.69)
	11.48
(5.81)
	9.01
(3.79)
	7.32
(2.58)
	6.32
(2.00)
	4.15
(0.99)
	3.40
(0.72)

	1.50
	(µ,σ)
	(1.67,6.26)
	(0.58,1.86)
	(0.58,1.44)
	(0.61,1.21)
	(0.66,0.94)
	(0.68,0.84)
	(0.70,0.77)
	(0.72,0.71)
	(0.74,0.65)
	(0.79,0.51)
	(0.82,0.41)

	
	3
	1.07
(0.26)
	2.93  (1.15)
	4.55
(2.04)
	5.47
(2.56)
	5.16
(1.99)
	4.92
(1.68)
	4.70
(1.46)
	4.44
(1.23)
	4.21
(1.05)
	3.69
(0.70)
	3.32
(0.59)

	1.75
	(µ,σ)
	(2.13,6.74)
	(0.87,2.12)
	(0.85,1.56)
	(0.88,1.31)
	(0.93,1.01)
	(0.95,0.91)
	(0.97,0.83)
	(0.99,0.76)
	(1.01,0.71)
	(1.06,0.55)
	(1.10,0.45)

	
	3
	1.05
(0.22)
	2.28
(0.84)
	3.20
(1.26)
	3.52
(1.34)
	3.34
(1.07)
	3.21
(0.94)
	3.13
(0.85)
	3.05
(0.77)
	2.96
(0.71)
	2.76
(0.56)
	2.60
(0.51)

	2.00
	(µ,σ)
	(2.57,7.16)
	(1.16,2.43)
	(1.11,1.70)
	(1.13,1.41)
	(1.18,1.09)
	(1.20,0.98)
	(1.23,0.89)
	(1.25,0.82)
	(1.26,0.76)
	(1.32,0.59)
	(1.36,0.48)

	
	3
	1.04
(0.19)
	1.90
(0.69)
	2.55
(0.92)
	2.72
(0.92)
	2.62
(0.75)
	2.55
(0.67)
	2.46
(0.59)
	2.41
(0.55)
	2.36
(0.51)
	2.19
(0.39)
	2.07
(0.26)

	2.25
	(µ,σ)
	(2.96,7.51)
	(1.45,2.79)
	(1.35,1.85)
	(1.36,1.51)
	(1.42,1.16)
	(1.44,1.05)
	(1.46,0.95)
	(1.49,0.88)
	(1.51,0.81)
	(1.56,0.63)
	(1.61,0.52)

	
	3
	1.03
(0.18)
	1.63
(0.60)
	2.16
(0.73)
	2.30
(0.72)
	2.25
(0.58)
	2.21 (0.49)
	2.16
(0.44)
	2.12
(0.38)
	2.09
(0.32)
	2.02
(0.17)
	2.00
(0.08)

	2.50
	(µ,σ)
	(3.33,7.82)
	(1.74,3.18)
	(1.59,2.05)
	(1.59,1.61)
	(1.64,1.23)
	(1.67,1.11)
	(1.69,1.01)
	(1.72,0.93)
	(1.73,0.86)
	(1.80,0.67)
	(1.84,0.55)

	
	3
	1.03  (0.17)
	1.43
(0.54)
	1.89
(0.64)
	2.04
(0.64)
	2.02
(0.48)
	2.00
(0.42)
	1.99
(0.35)
	1.97
(0.31)
	1.97
(0.29)
	1.97
(0.18)
	1.98
(0.12)

	2..75
	(µ,σ)
	(3.68, 8.10)
	(2.04, 3.59)
	(1.84, 2.29)
	(1.81, 1.72)
	(1.86, 1.30)
	(1.89, 1.17)
	(1.91, 1.07)
	(1.94, 0.99)
	(1.96, 0.91)
	(2.02, 0.71)
	(2.07, 0.58)

	
	3
	1.02
(0.14)
	1.32
(0.48)
	1.68
(0.59)
	1.85
(0.58)
	1.86
(0.48)
	1.85
(0.43)
	1.85
(0.40)
	1.85
(0.38)
	1.85
(0.36)
	1.87
(0.32)
	1.89
(0.30)

	3.00
	(µ,σ)
	(4.00, 8.33)
	(2.35, 4.00)
	(2.08, 2.58)
	(2.03, 1.86)
	(2.07, 1.37)
	(2.10, 1.24)
	(2.12, 1.13)
	(2.15, 1.04)
	(2.17, 0.96)
	(2.24, 0.75)
	(2.29, 0.61)

	
	3
	1.02 (0.14)
	1.20
(0.41)
	1.53
(0.56)
	1.69
(0.56)
	1.73
(0.50)
	1.72
(0.47)
	1.71
(0.46)
	1.71
(0.46)
	1.71
(0.45)
	1.69
(0.46)
	1.67
(0.46)

	4.00
	(µ,σ)
	(5.12, 9.07)
	(3.61, 5.53)
	(3.15, 3.99)
	(2.93, 2.81)
	(2.86, 1.68)
	(2.88, 1.48)
	(2.91, 1.35)
	(2.94, 1.24)
	(2.96, 1.15)
	(3.04, 0.89)
	(3.10, 0.73)

	
	3
	1.01
(0.11)
	1.06
(0.25)
	1.15
(0.36)
	1.27
(1.27)
	1.30
(0.46)
	1.27
(0.44)
	1.23
(0.42)
	1.21
(0.40)
	1.18
(0.38)
	1.08
(0.27)
	1.03
(0.17)

	5.00
	(µ,σ)
	(6.04, 9.56)
	(4.87, 6.76)
	(4.36, 5.44)
	(3.99, 4.24)
	(3.66, 2.43)
	(3.63, 1.91)
	(3.64, 1.61)
	(3.66, 1.44)
	(3.69, 1.33)
	(3.78, 1.03)
	(3.84, 0.85)

	
	3
	1.01
(0.10)
	1.02
(0.15)
	1.05
(0.22)
	1.08
(0.28)
	1.13
(0.33)
	1.09
(0.29)
	1.06
(0.24)
	1.04
(0.20)
	1.03
(0.17)
	1.00
(0.06)
	1.00
(0.02)



When n1 is taken to the 3rd or 4th power and n2 to the 6th or 8th, the gains are even more pronounced: the ARL for medium and large shifts becomes smaller, and the SDRL stays perpetually small. This implies that the control chart not only captures process change more rapidly but also does so with reduced variability in the number of samples needed before an alarm, making it more reliable in real-world applications.
Generally, these results indicate the robustness and elasticity of the adaptive sample size technique. The capacity to alter the sample size as a function of what is being monitored enables the chart to retain a good ARL when there are no shifts (thereby preventing false alarms), yet provide quick and reliable detection when there is a shift. Operationally, the findings indicate that n1and n2 values of moderate size (e.g., n1=3 or 4 and n2 6 or 8) strike a good balance between detection speed, stability, and consumption of resources. Overall, the adaptive sample size control chart displays strong, efficient, and consistent performance for process monitoring over a broad spectrum of shift conditions and sampling scenarios.
5.4. Comparative Analysis 
The Figs contrast A. Zaagan et al. (2024) Max-S_t (green) and Max-Z_t (red) statistics' ARL performance under various sample sizes (n=3, n=5, n=10) for various shifts. Max-S_t is a more stable ARL response, particularly at large to moderate shifts, where it sustains larger ARL values reflecting fewer false alarms and more consistent behavior. This stability recommends that Max-S_t is strong under different sample sizes, which provides a consistent alternative to Max-Z_t by minimizing volatility and having a smoother ARL transition. Therefore, Max- S_t  is better for use in applications requiring consistent monitoring and active shift detection,
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Fig 5.1: Comparative Analysis when			Fig 5.2: Comparative Analysis when
                       (n=3, τ=0.1, pc=0.25)				          (n=5, τ=0.1, pc=0.25)
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Fig 5.3: Comparative Analysis when			Fig 5.4: Comparative Analysis when
                       (n=10, τ=0.1, pc=0.25)				          (n=3, τ=0.25, pc=0.25)
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Fig 5.5: Comparative Analysis when			Fig 5.6: Comparative Analysis when
                       (n=5, τ=0.25, pc=0.25)				          (n=10, τ=0.25, pc=0.25)

The Figs. 5.1 to 5.6 uses specific parameters to showcase the comparative performance of Max- S_t ​​ and Max-Z_t ​​ in detecting shifts. Here, the sample size n varies across the diagrams with values of 3, 5, and 10, demonstrating how each statistic performs with different data volumes. The baseline parameter η is set to 1, establishing a consistent starting point for both statistics. The weight parameter β=8 influences the sensitivity to shifts, contributing to the shape and peak of the ARL curves. The smoothing parameter  =0.25 reflects the degree to which recent changes impact the ARL, particularly relevant in EWMA control charts. Finally, the probability parameter pc=0.25 sets a threshold for shift detection confidence. Under these controlled settings, Max- S_t ​​ demonstrates superior stability and reliability across varying sample sizes, consistently maintaining higher ARL values at moderate to large shifts. This makes it a preferable choice over Max-Z_t ​​ for applications requiring robust shift detection in monitoring processes.
5.6. Real Life Example 
Here, we assess the performance of an adaptive control chart on actual data from Padgett and Spurrier (1990), namely, the monitoring of the breaking strength of carbon fibers. The data represent 40 samples, each originally of size 5. The first 20 samples were obtained from a stable, in-control process, whereas the remaining 20 samples correspond to an out-of-control situation with changed Weibull parameters. This analysis aims to demonstrate the capacity of the adaptive chart presented here to monitor changes in both the process location (mean) and scale (variance) parameters simultaneously, particularly under non-normal distributions like the Weibull distribution, typically applied in reliability and material strength investigations. In order to improve detection sensitivity while ensuring sampling efficiency, the chart applies an adaptive sampling scheme. The sample size adaptively fluctuates between a lower limit n1 and an upper limit n2 as a function of the size of the deviation of the monitoring statistic from the process target. A fixed smoothing constant of 0.25 is used for τ1 = τ2 to provide symmetric responsiveness over time. The control limit multiplier L is appropriately adjusted for each design to achieve a uniform in-control false alarm rate.
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Fig 5.7: Propose control chart for n1 = 2, n2 = 5   Fig 5.8: Propose control chart for n1= 3, n2 = 6
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[bookmark: _Hlk210396619]Fig 5.9: Propose control chart for n1 = 4, n2 = 8    Fig 5.10: Propose control chart for n1=5,n2= 10

In Fig 5.7 to 5.9, the chart is set up for n1 = 2, n2 = 5, and a control limit multiplier L. In the in-control phase (samples 1 through 20), the monitoring statistic is below the UCL, indicating that the process is stable. After the shift is introduced at sample 21, the statistic rises and eventually surpasses the UCL. But because of the comparatively small sample size n2=5, the graph shows more variability and a modest latency in detection. This is the trade-off between detection power and sampling cost when employing smaller adaptive windows. Fig 2, which uses n1=3, n2=6, and L=3.98, demonstrates a more pronounced improvement in responsiveness. The larger range of sample sizes improves the chart's performance at estimating process shifts, leading to earlier and more frequent signaling after sample 21. The adaptive mechanism can detect the change after two or three samples following the shift, and the monitoring statistic continues to increase smoothly, indicating sustained process deterioration. In Fig. 3, with settings n1=4, n2=8, and L=4.23, the chart shows a sharp and quick reaction to the out-of-control situation. The monitoring statistic increases sharply, reaching its peak at about samples 30–35, then gradually loses some intensity. This is due to the chart's greater sensitivity to larger changes in mean and variance, with more data points contributing to each adaptive sample. The larger sample sizes minimize estimation variability and increase signal strength, which makes the detection of even moderate changes more reliable. Fig. 4 also supports these findings, utilizing the broadest adaptive range of n1=5, n2 = 10, and L = 4.40. With this, the chart makes the earliest and most consistent detection of the process shift. The statistic under monitoring starts to increase sharply just after sample 21 and remains above the control limit during the out-of-control interval. The smooth upward slope and high peak values represent the better estimation accuracy offered by the larger adaptive sample sizes. This setting means the optimal trade-off between detection speed and stability, particularly for processes with intricate changes in central tendency and variability.
These results point to the success of the adaptive chart in practical use. With an expanding range of adaptive sample sizes, the monitoring chart becomes more sensitive and efficient at identifying shifts, particularly under non-normal distributions such as the Weibull. The results also verify that the chart is robust in the in-control condition and adaptively increases sampling during process degradation, hence performing efficient monitoring with low false alarm rates and quick detection times. This adaptive framework finds special application in high-cost or high-risk industrial settings where data collection is costly, and rapid response to change is essential for preserving product quality and safety.
5.7. Concluding Remarks
In most industrial processes, the data tend to be non-normal, and the Weibull distribution is especially common for reliability and life data analysis. The classical control charts, like Shewhart and EWMA, have limited capability to monitor the non-normal processes, particularly in the case of small to moderate shifts. This research introduces an adaptive sample size Max-EWMA control chart that is developed to simultaneously monitor the process mean and variability under the Weibull distribution. The procedure employs a dynamic sampling device that modifies sample sizes dependent on the extent of deviation of the EWMA statistic from the target, ensuring sensitivity as well as efficiency. Inverse transformation is utilized for converting Weibull-distributed data into standardized data, allowing for precise estimation of control limits. The chart also incorporates warning zones with Upper and Lower Warning Limits (UWL, LWL) to initiate more sensitive monitoring. Simulation outcomes show that the chart under consideration performs better than fixed sample size approaches based on Average Run Length (ARL) and Standard Deviation of Run Length (SDRL), especially in the identification of subtle process shifts. This renders the approach a stable and affordable tool for contemporary process monitoring under non-Gaussian conditions.
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This thesis set out to advance the field of statistical process control (SPC) by integrating machine learning techniques with traditional control chart methodologies for the joint monitoring of process mean and variance. Classical control charts such as Shewhart, CUSUM, and EWMA have proven effective for large and persistent shifts, but they are less responsive to small or moderate deviations, particularly when both mean and dispersion change simultaneously. To address these limitations, this study developed and evaluated adaptive control charts that incorporate Support Vector Regression (SVR) and Decision Tree (DT) models within the Max-AEWMA framework.
The research first demonstrated how SVR can be employed to generate dynamic smoothing constants, thereby improving the responsiveness of the Max-AEWMA chart without sacrificing in-control performance. Building on this, a Decision tree–based chart was proposed to provide a more interpretable, rule-based alternative. By learning splitting rules from process data, the DT model adaptively adjusted the chart’s sensitivity according to real-time conditions. Both approaches were evaluated through extensive simulation studies under a wide range of mean and variance shift scenarios. The results consistently showed that the proposed models offered significant improvements in Average Run Length (ARL) performance and reduced variability in detection times (SDRL) compared to classical Max-EWMA designs. The Decision Tree approach, in particular, provided additional benefits of transparency and ease of implementation, making it highly attractive for industrial practitioners.
The findings of this thesis highlight several important contributions. First, it has been shown that machine learning methods can be systematically incorporated into control chart design, providing measurable improvements in detecting joint parameter shifts. Second, the comparative results between SVR- and DT-based designs demonstrated that different machine learning models can be tailored to balance predictive accuracy with interpretability, depending on the monitoring context. Third, the robustness of the proposed charts across multiple in-control ARL calibrations confirmed their practical utility in diverse manufacturing and service environments.
In conclusion, this thesis contributes to the growing body of research at the intersection of SPC and machine learning by proposing novel adaptive monitoring schemes that are both effective and interpretable. The integration of SVR and DT models into the Max-AEWMA framework not only enhances detection capability but also broadens the methodological toolkit available for modern quality control. These contributions are especially relevant in the era of Industry 4.0, where processes are increasingly complex, data-rich, and dynamic.
Future research may extend this work in several directions. One avenue is the exploration of ensemble learning techniques, such as Random Forests or Gradient Boosting, which may further improve sensitivity while maintaining interpretability. Another promising extension is the application of the proposed methods to non-normal or high-dimensional data structures, which are common in modern industrial systems. Finally, real-world case studies and industrial implementations would provide valuable evidence of the practical benefits and challenges of deploying these machine learning–enhanced control charts in live production environments.
Overall, the thesis demonstrates that by bridging classical SPC and modern machine learning, it is possible to design control charts that are both powerful and practical, capable of meeting the evolving demands of quality monitoring in contemporary industry
References
1. Abbas, N., Riaz, M., & Does, R. J. M. M. (2013a). Mixed EWMA-CUSUM charts for process monitoring. Quality and Reliability Engineering International, 29(3), 345–356.
2. Abbas, N., Zafar, R. F., Riaz, M., & Hussain, Z. (2013b). Progressive mean control chart for monitoring the process location parameter. Quality and Reliability Engineering International, 29(3), 357–367.
3. Abbas, N., Riaz, M., & Does, R. J. M. M. (2014). An EWMA-type control chart for monitoring the process mean using auxiliary information. Communications in Statistics, 43(16), 3485–3498.
4. Abolghasemi, M., & Niaki, S. T. A. (2021). A hybrid artificial intelligence approach for quality control in Industry 4.0. Expert Systems with Applications, 178, 114978.
5. Alwan, L. C. (2000). Statistical process control. New York, NY: McGraw-Hill.
6. Apsemidis, A., Psarakis, S., & Moguerza, J. M. (2020). A review of machine learning kernel methods in statistical process monitoring. Computers & Industrial Engineering, 142, 106376.
7. Asif, F., Noor-ul-Amin, M., & Riaz, A. (2022). Accelerated failure time model-based risk-adjusted MA-EWMA control chart. Communications in Statistics—Simulation and Computation, 33(7), 1–11.
8. Azamfirei, V., Psarommatis, F., & Lagrosen, Y. (2023). Application of automation for in-line quality inspection: A zero-defect manufacturing approach. Journal of Manufacturing Systems, 67, 1–22.
9. Bag, M., Gauri, S. K., & Chakraborty, S. (2012). Feature-based decision rules for control chart pattern recognition: CART vs. QUEST. International Journal of Industrial Engineering Computations, 3(2), 199–210.
10. Bersimis, S., Psarakis, S., & Panaretos, J. (2007). Multivariate statistical process control charts: An overview. Quality and Reliability Engineering International, 23(5), 517–543.
11. Biswas, P., & Kalbfleisch, J. D. (2008). A risk-adjusted CUSUM in continuous time based on the Cox model. Statistics in Medicine, 27(17), 3382–3406.
12. Borror, C. M., Montgomery, D. C., & Runger, G. C. (2003). Robustness of the multivariate EWMA control chart. Journal of Quality Technology, 35(4), 316–324.
13. Capizzi, G., & Masarotto, G. (2003). An adaptive exponentially weighted moving average control chart. Technometrics, 45(3), 199–207.
14. Capizzi, G., & Masarotto, G. (2010). An adaptive exponentially weighted moving average control chart. Technometrics, 52(3), 237–246.*
15. Castagliola, P., & Celano, G. (2012). EWMA-type control charts for monitoring the Weibull shape parameter. Quality and Reliability Engineering International, 28(2), 209–223.
16. Celano, G., Castagliola, P., & Fichera, S. (2016). Adaptive EWMA charts with variable sampling intervals. International Journal of Production Research, 54(15), 4440–4456.
17. Chakraborti, S., Human, S. W., & Graham, M. A. (2011). Phase I analysis of phase II nonparametric control charts. Journal of Quality Technology, 43(3), 249–265.
18. Chan, L. K., & Zhang, J. (2000). Some issues in the design of EWMA charts. Communications in Statistics, 29(1), 201–217.
19. Chen, G., Cheng, S. W., & Xie, H. (2001). Monitoring process mean and variability with one EWMA chart. Journal of Quality Technology, 33(2), 223–233.
20. Chen, Y., Lee, J., & Park, C. (2023). Adaptive decision tree–based SPC for high-dimensional industrial data. Computers & Industrial Engineering, 177, 108006.
21. Crowder, S. V. (1987). A simple method for studying run-length distributions of exponentially weighted moving average charts. Technometrics, 29(4), 401–407.
22. Crowder, S. V. (1989). Design of exponentially weighted moving average schemes. Journal of Quality Technology, 21(3), 155–162.
23. Deming, W. E. (1986). Out of the crisis. Cambridge, MA: MIT Press.
24. Ding, N., He, Z., Shi, L., & Qu, L. (2021). A new risk-adjusted EWMA control chart based on survival time for monitoring surgical outcome quality. Quality and Reliability Engineering International, 37(4), 1650–1663.
25. Escobar, C. A., & Morales-Menendez, R. (2018). Machine learning techniques for quality control in high-conformance manufacturing environments. Advances in Mechanical Engineering, 10, 1687814018755519.
26. Evans, J. R., & Lindsay, W. M. (1988). The management and control of quality. St. Paul, MN: West Publishing Company.
27. Guh, R. S., & Tannock, J. (1999). A neural network approach to SPC chart pattern recognition. International Journal of Production Research, 37(8), 1743–1765.
28. Grant, E. L., & Leavenworth, R. S. (1996). Statistical quality control (7th ed.). McGraw-Hill.
29. Guh, R. S., & Shiue, Y. R. (2008). An effective application of decision tree learning for online detection of mean shifts in multivariate control charts. Computers & Industrial Engineering, 55(2), 475–493.*
30. Guh, R. S., Tannock, J., & Hsieh, J. C. (2015). Online detection of control chart patterns using support vector machines. International Journal of Production Research, 53(15), 4511–4526.
31. Guh, R. S., & Tannock, J. (2021). Decision tree–based real-time process monitoring in smart manufacturing. Journal of Intelligent Manufacturing, 32(6), 1519–1534.
32. Gunn, S. R. (1998). A tutorial on support vector machines for pattern recognition. Statistics and Computing, 9(2), 127–152.
33. Haq, A. (2005). Performance evaluation of adaptive Shewhart charts. Communications in Statistics – Simulation and Computation, 34(3), 703–722.
34. Haq, A. (2020). A maximum adaptive exponentially weighted moving average control chart for monitoring process mean and variability. Quality and Reliability Engineering International, 36(2), 687–700.
35. Hawkins, D. M., & Deng, Q. (2010). A nonparametric change-point control chart. Journal of Quality Technology, 42(2), 165–173.
36. Lee, M. H., & Jun, C. H. (2012). A survey of control charts for multivariate quality control. Quality and Reliability Engineering International, 28(8), 767–783.
37. Lasi, H., Fettke, P., Kemper, H.-G., Feld, T., & Hoffmann, M. (2014). Industry 4.0. Business & Information Systems Engineering, 6(4), 239–242.
38. Lee, J., & Park, C. (2018). Regression tree–based statistical process control. Computers & Industrial Engineering, 123, 139–148.
39. Lee, S., Kwak, M., Tsui, K.-L., & Kim, S. B. (2019). Process monitoring using a variational autoencoder for high-dimensional nonlinear processes. Engineering Applications of Artificial Intelligence, 83, 13–27.
40. Liu, K., & Tsung, F. (2021). Statistical process monitoring via deep autoencoders. IISE Transactions, 53(3), 343–355.
41. Lowry, C. A., & Montgomery, D. C. (1995). A review of multivariate control charts. IIE Transactions, 27(6), 800–810.
42. Lowry, C. A., & Montgomery, D. C. (2000). Multivariate statistical process control: Current practice and future directions. Technometrics, 42(1), 22–35.
43. Lucas, J. M., & Saccucci, M. S. (1990). Exponentially weighted moving average control schemes: Properties and enhancements. Technometrics, 32(1), 1–12.
44. Mitra, A. (1993). Fundamentals of quality control and improvement. Macmillan.
45. Mitra, A. (2016). Fundamentals of quality control and improvement (4th ed.). Wiley.
46. Montgomery, D. C. (2019). Introduction to statistical quality control (8th ed.). Wiley.
47. Makis, V. (2008a). Optimal Bayesian control charts for multivariate processes. Naval Research Logistics, 55(2), 145–158.
48. Makis, V. (2008b). A Bayesian control chart for monitoring the mean of a normal distribution. IIE Transactions, 40(11), 1055–1067.
49. Montgomery, D. C. (1997). Introduction to statistical quality control (3rd ed.). New York, NY: Wiley.
50. Nelson, L. S. (1984). The Shewhart control chart—tests for special causes. Journal of Quality Technology, 16(4), 237–239.
51. Nelson, L. S. (1985). Interpreting Shewhart X control charts. Journal of Quality Technology, 17(2), 114–116.
52. Niaki, S. T. A., & Abbasi, B. (2013). Monitoring autocorrelated data using neural networks. Computers & Industrial Engineering, 66(4), 683–691.
53. Noorossana, R., Saghaei, A., & Amiri, A. (2011). Statistical Analysis of Profile Monitoring. Wiley.
54. Noorossana, R., Amiri, A., & Montgomery, D. C. (2012). Statistical Methods for Monitoring Quality. Wiley.
55. Padgett, W. J., & Spurrier, J. D. (1990). On the detection of a change in the scale parameter of the exponential distribution. Communications in Statistics – Theory and Methods, 19(6), 1985–2003.
56. Page, E. S. (1954). Continuous inspection schemes. Biometrika, 41(1/2), 100–115.
57. Pacella, M., Semeraro, Q., & Tagliaferri, V. (2004). Control chart pattern recognition using neural networks. International Journal of Production Research, 42(6), 1231–1264.
58. Pan, X., & Jarrett, J. E. (2004). Applying ARMA models to SPC. International Journal of Production Research, 42(19), 4147–4156.
59. Pignatiello, J. J., & Runger, G. C. (1990). Comparisons of multivariate CUSUM charts. Journal of Quality Technology, 22(3), 173–186.
60. Poloniecki, J., Valencia, O., & Littlejohns, P. (1998). Cumulative risk-adjusted mortality chart for detecting changes in death rate: Observational study of heart surgery. BMJ, 316, 1697–1700.
61. Psarommatis, F., & Wang, Q. (2023). Digital twins for SPC in smart factories. Computers & Industrial Engineering, 176, 108976.
62. Qiu, P. H. (2008). Image processing and jump regression analysis. Wiley.
63. Quesenberry, C. P. (1995). SPC methods for quality improvement. Journal of Quality Technology, 27(3), 255–267.
64. Reynolds, M. R., & Lou, J. (2012). Adaptive EWMA charts for detecting small process shifts. Journal of Quality Technology, 44(4), 291–306.
65. Roberts, S. W. (1959). Control chart tests based on geometric moving averages. Technometrics, 1(3), 239–250.
66. Rocke, D. M. (1989). Robust control charts. Technometrics, 31(2), 173–184.
67. Rojek, I., Kujawińska, A., Burduk, R., & Mikołajewski, D. (2024). Improving Process Control Through Decision Tree-Based Pattern Recognition. Electronics, 13(23), 4823.
68. Runger, G. C., & Montgomery, D. C. (1993). Multivariate statistical process control charts: State of the art. Journal of Quality Technology, 25(4), 288–298.
69. Sego, L. H., Reynolds, M. R., & Woodall, W. H. (2009). Risk-adjusted monitoring of survival times. Statistics in Medicine, 28(9), 1386–1401.
70. Shewhart, W. A. (1931). Economic control of the quality of the manufactured product. New York, NY: Van Nostrand.
71. Shu, L., Jiang, W., & Tsung, F. (2010). Self-starting monitoring methods for SPC. Technometrics, 52(2), 194–205.
72. Steiner, S. H., Cook, R. J., & Farewell, V. T. (1999). Monitoring paired binary surgical outcomes using cumulative sum charts. Statistics in Medicine, 18(1), 69–86.
73. Steiner, S. H., Cook, R. J., Farewell, V. T., & Treasure, T. (2000). Monitoring surgical performance using risk-adjusted cumulative sum charts. Biostatistics, 1(4), 441–452.
74. Tariq, A., Faghih-Roohi, S., & Khan, M. (2022). Hybrid SVR and autoencoder-based adaptive SPC. Computers & Industrial Engineering, 170, 108279.
75. Tighkhorshid, E., Amiri, A., & Amirkhani, F. (2020). A risk-adjusted EWMA chart with dynamic probability control limits for monitoring survival time. Communications in Statistics—Simulation and Computation, 51(3), 1333–1354.
76. Vapnik, V., Golowich, S., & Smola, A. (1997). Support vector method for function approximation, regression estimation, and signal processing. Advances in Neural Information Processing Systems, 9, 281–287.
77. Wang, K., & Jiang, W. (2020). Deep learning for SPC: A review. Quality Engineering, 32(4), 646–659.
78. Woodall, W. H. (1986). The design of CUSUM quality control charts. Journal of Quality Technology, 18(2), 99–102.
79. Wu, C., & Spedding, T. A. (2000). Control charts for autocorrelated data. Journal of Quality Technology, 32(4), 451–465.
80. Wu, Z., Tsung, F., & Nadarajah, S. (2011). Control charts for lognormal and Weibull processes. Quality and Reliability Engineering International, 27(7), 865–876.
81. Yeh, A. B., Hsu, C. C., & Wang, T. (2005). Multivariate EWMA charts for monitoring covariance structures. Communications in Statistics – Simulation and Computation, 34(2), 489–508.
82. Yeganeh, A., Abbasi, S. A., Pourpanah, F., Shadman, A., Johannssen, A., & Chukhrova, N. (2022). An ensemble neural network framework for improving the detection ability of a base control chart in non-parametric profile monitoring. Expert Systems with Applications, 204, 117572.
83. Zhang, G. (2002). Integrated exponentially weighted moving average control charts. Communications in Statistics – Theory and Methods, 31(1), 25–45.
84. Zhang, J., & Jiang, W. (2014). Pattern recognition in control charts using neural networks. International Journal of Production Research, 52(17), 5080–5095.
85. Zhou, Y., Lin, X., & Li, H. (2023). Bayesian adaptive Max-EWMA charts for Weibull-distributed processes. Scientific Reports, 13, 59680.
86. Zou, C., & Tsung, F. (2011). Self-starting multivariate CUSUM charts. Technometrics, 53(3), 265–277.
87. Zou, C., Tsung, F., & Wang, Z. (2008). Monitoring general linear profiles using multivariate EWMA charts. Technometrics, 50(4), 512–526.
88. Zou, C., Wang, Z., & Tsung, F. (2015). Penalized likelihood methods for high-dimensional SPC. Technometrics, 57(4), 512–525.
89. Haq, A. (2020). A maximum adaptive exponentially weighted moving average control chart for monitoring process mean and variability. Quality Technology & Quantitative Management, 17(1), 16-31
Appendix A
User Guide: SVR-Based Adaptive EWMA Control Chart Simulation using R
1. Set up Parameters
· Determine initial parameters like mean (μ), standard deviation (σ), and smoothing factor (), and control limit threshold (UCL).
· Assign shape and scale values to the Weibull distribution in out-of-control conditions.
· Specify subgroup size (n), simulation runs (e.g., 20,000), and number of iterations per run (e.g., 5,000).
2. Phase 1: Generate and Prepare Training Data
· Simulate five sets of data corresponding to varying levels of shifts using the runif() function.
· Standardize and combine the sets to formulate a training predictor variable.
· Create target values based on a nonlinear inverse sigmoid function.
· Format a training data frame with inputs into the SVR model.
3. Train the SVR Model
· Use the svm() function available in the e1071 package for a linear kernel.
· Set cost = 0.1 and epsilon = 0.1 as SVR parameters to manage the margin and error tolerance.
· Train the SVR model to forecast adaptive smoothing constants depending on values.
4. Phase 2: AEWMA Simulation and Monitoring
· Simulate random normal data for each subgroup with a given mean and variance.
· Standardize the sample mean and variance for every subgroup to calculate monitoring statistics.
· Use the trained SVR model to forecast the dynamic  values based on the standardized statistics.
· Compute the AEWMA statistics based on the forecast.  values for every time step.
· Calculate the joint monitoring statistic. . 
5. Process Control Evaluation
· Compare the joint monitoring statistic R with the control limit threshold (UCL).
· If  > UCL, flag the process as out-of-control and note the run length.
· If  is within limits, proceed to the next iteration in the same run.
6. Repeat Simulation for Multiple Runs
· Repeat the monitoring process for a large number of simulations (e.g., 20,000 times) to get good performance estimates.
· Save and analyze run length values for each simulation.
7. Analyze the Results
· Determine the Average Run Length (ARL) as the average of all observed run lengths.
· Calculate the Standard Deviation of Run Lengths (SDRL) to measure the variation of detection times.
· Utilize these measures to compare and evaluate the performance of the adaptive control chart under various shift conditions
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