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Summary

After describing the basic theory of survey sampling with reference to
equal and unequal probability sampling, some selected selection procedures
have been discussed, which can be used with Horvitz and Thompson
estimator. Some of the popular estimators of population total {other than the
Horvitz — Thompson estimator) have been discussed. The Model based
sampling inference has been presented along with the famous model based
estimators.

Some approximate formulae for variance of the Horvitz — Thompson
estimator that use only the first order inclusion probabilities have been
obtained. Some special cases of these approximations have also been given.

Three new selection procedures for use with Horvitz — Thompson
estimator have been developed. These selection procedures are applicable
for a sample of size two and are sftrictly without replacement. Some
fundamental results related to inclusion probabiliies and joint inclusion
probabilities have been verified for these newly developed selection
procedures. Empirical study for these new selection procedures have been
carried out in order to see their performance for various types of populations.
The regression analysis has been carried out in order to see the effect of
coefficient of variation and correlation coefficient on the variance of these
estimators. It has been found that these two coefficients have significant effect
on the varance of Horvitz — Thompson estimator under the newly developed
selection procedures.

A general procedure has been developed by introducing a constant in
the revised probabilities of selection that helps in developing a number of
other selection procedures. It has been found that the Yates — Grundy draw-
by-draw (1953) and the Brewer {1963a) procedures are special cases of the
general selection procedure. Empirical study has been conducted to obtain a

suitable value of the constant for various sorts of populations.



A series of modified Murthy estimators has been developed by using
the general Murthy (1957) estimator. These estimators have been developed
by using various selection procedures in the general Murthy (1957) estimator.
It has been found that the estimator used by Durbin (1953) for his rejective
procedure is a special case of Murthy (1957) estimator under the Durbin
(1967) draw-by-draw procedure. The unbiasedness of the new eslimators has
been verified and their design-based variances have been oblained. Empirical
study has been carried out in order to see the performance of the new
estimators.

The model based study of the modified Murthy estimator under the
Durbin (1953} draw-by-draw procedure has been conducted and it is found
that this estimator achieves the Godambe — Joshi (1965) lower bound to the

variance of any estimator in unequal probability sampling.



Abbreviations

PPS Probability Proportional to size sampling with replacement.

n PS Probability Proportional to size sampling without replacement.
Var( 9 ) Variance of Sampling Distribution of an Estimator 6.

Var Sample Variance or Variance Estimator

d-b-d Draw by Draw

MM1 Modified Murthy Estimator 1

MM2 Modified Murthy Estimator 2

MM3 Modified Murthy Estimator 3

RM Modified Raj Estimator



Chapter 1
Introduction and Literature Survey

1.1 Introduction:

The theory of sampling has its origin way back in the history of
mankind. People took a portion of a totality, generally called the stalistical
population, to decide about its nature. The selected part is generally referred to
as a sample. The proper scientific tools used to obtain a sample from a
population are referred to as the sampling lechniques and a specific procedure of
selecting a sample is called a sampling design. The collection of a sampling
design, selection procedure and the estimation procedure is referred as the
sampling strategy.

It should be clear that, whether we use a sample for the descriptive
purpose or for the analytica! purpose, the sample should be selected by using
proper statistical methods in order to obtain the results with a desired precision.
One key issue in the selection of a sample is to allocate certain non — zero
probability to each and every unit of the population of being selected in the
sample. This method of obtaining a sample is generally referred as the
Probability or the Random Sampling otherwise it is referred as the non -
probability sampling methods.

The probability sampling is usually classified as:

1. Equal Probability Sampling.
2.  Unequal Probability Sampling.

11.1 The Probability of Selection:

The term probability of selection of a unit is defined as “the probability,
allocated to each and every unit of the population, of being selected at any
specific draw”. In probability sampling we generally allocate a non — zero
probability of selection to each and every unit of the population.



1.1.2 The Probability of Inclusion:

The term probability of inclusion of a population unit in the sample is
defined as “the total probability, assigned to a population unit, for being included
in the sample in all draws.” The probability of inclusion of ith unit in the sample is

denoted by -

1.1.3 The Design and Model Based Inference in Sampling:

The design based or randomizalion paradigm uses sample selection
probabilities to provide the basis for its inference. For the most part, it is only the
first and second order probabilities of the individual population units that are
relevant. in the general case the first order inclusion probabilities varies from unit
to unit and the second order probabilities from pair to pair. The properties of
design — based estimators are defined in terms of their behavior over repeated
sampling. In its pure form the design-based inference rests on what may be
termed as the Representative Principle. Royall (1970) has argued that survey
sampling is out of step with statistics as a whole. Statisticians working in other
fields use their data to build models and analyzed them in those terms {using
model based inference). Survey statisticians, on the other hand, have allowed
themselves to be reduced into using an entirely irrelevant source of probability
structure not related to the data themselves but only to the manner in which they
have been collected. He suggests that in many instances a suitable model for
inferential purposes was one for which the classical ratio estimator is optimal.
This is one where the survey variable Y is linear homogeneous in an explanatory
variable X and the variance function for Y is also linear homogeneous in X.
Sometime it is assumed that the values Y;'s have been generated from a super-
population model given as:

Y,=BZ,+&, with E(g)=0 l

E £ ,6; )= ' 1.1.1
( J) {0 otherwise r ( )

ol =02l L r<l1




The sampling methods that use model (1.1.1) as a super-popuiation model for
characteristics Y;'s are called the model based sampling methods. In model

based sampling an estimator Y is said to be model unbiased if:

E, (P)=E, (v) (1.1.2)
where Ey is the expectation taken over all possible populations that can be drawn
from model (1.1.1) and Y is total of a specific population. In design based
sampling it is assumed that the sample has been drawn from a population by
using an appropriate sampling design with probability of a specific sample

denoted asP(s). Further, in design based sampling it is assumed thatl the

probability of inclusion of a specific unit, say i, in the sampie is ZP(S)z"f and
S

that the joint probability of inclusion of ith and jth unit in the sample is

ZP(S)=JI'U. In design based sampling an estimator Y is defined as design
S»i.j

unbiased if and only if:
Ep(P)=3 "7 P(s)=Y (1.1.3)

where summation is taken over all possible samples of size n that can be drawn

from the population by using the sampling design used. it is sometimes useful to

” 2
use the quantity £, E,, (Y— Y ) {o decide about the performance of an estimator

in unequal probability sampling. The quantity £, £, (P— Y)l is generally called

the anticipated variance of an estimator Y under the super population model
(1.1.1). In brief, “in design — based inference, the expectation (and hence also the
biases, variances elc) are defined over all possible samples. In model — based
inference, they are defined over all possible realizations of the assumed model”.
The useful references of model (1.1.1) are Cochran (1953), Brewer {1963b),
Godambe and Joshi (1965), Rao (1966), Brewer and Hanif (1969a), Royall
(1970), Royall and Herson (19732a,1973b), Foreman and Brewer (1971), Vos
(1974), Cassel, Sarndal and Wretman (1978), T. G. Rao (1977), Brewer (1979),
Hanif and Brewer (1980), Isaki and Fuller (1982), Brewer and Sarndal (1983),



Hansen, Madow, and Tepping (1983), Kalton (1983), Sarndal and Wright {(1984),
Chaudhuri and Vos (1986), Brewer, Hanif and Tam (1988), Smith (1991),
Sarndal, Swensson and Wretman {1992) and many others.

1.1.4 Unequal Probability Sampling:

The term unequal probability sampling is defined by Marriot (1990} in
his Dictionary of Statistical Terms as "A method of selection in which the units are
selected with probability proportionate fo a given measure related to the
characteristics under study is called unequal probability sampling (UPS) or
commonly known as the probability proportional to size (PPS) sampling.”

Like the usual equal probability sampling designs we can select a
sample in unequal probabilily sampling by using either sampling with
replacement {wr) or by using sampling without replacement (wor). in the former
case the sampling scheme is called the unequal probability sampling with
replacement (upswr) or the probability proportional to size sampling with
replacement (ppswr) and in the latter case the scheme is called the unequal
probability sampling without replacement or the probability proportional to size
sampling without replacement (zpswor). The unequal probability sampling without
replacement has attracted a number of survey statisticians towards itself due to
its complexities. The importance and complexity of this sorl of sampling can be
judged from the following words of Prof. Amato Herzel {1986)

It is well known that the problems related to sampling without
replacement with unequal probabilities have attracted and continue fo
aftract the aftention of many scholars and statisticians especially in
recent years. It also seems that the argument in question is just of
passing interest but the response to an authentic need arising from
organizational and administrative necessities mainly in multistage
sample surveys and also that the subject present both theoretical and
practical.



1.2 Unequal Probability Sampling With Replacement

(PPS Sampling):

The unequal probability sampling with replacement is also called the
multinomial sampling, suggested by Hartley and Rao (1962) from the fact that
each and every unit has a specified probability of selection and a specific
population unit can be selected more then once in a sample.

Basic theory of unequal probability sampling or probability proportional
to size sampling with replacement was developed by Hansen and Hurwitz (1943).
Prior to that, there had been a substantial development in sampling theory and
practice but all these had been used on the assumption that the probability of
selection within each stratum would be equal. Hansen and Hurwitz demonstrated
the technique of unequal probability sampling via two — stage sampling. They
selected the first stage units in usual way. The second stage units were selected
with probabilities proportional to a size measure.

This first suggestion for use of unequal probability sampling thus can
be associated with the technique of multi — stage sampling with probability
proportional to size. Unequal probability sampling can, however, be used in a
single stage design and need not necessarily be with probability exactly
proportional to size, though some sorl of size measure is almost always used as
a starting point for assigning selection probabilities.

Smith (1994) had been reported as saying “In their seminal paper 'On
the theory of sampling from a finite population’ Hansen and Hurwitz (1943), we
were presented not just with a theoretical extension of work of Neyman but with a
complete new producl.”

Hansen and Hurwitz (1943) proposed the idea of probability
proportional to size sampling with replacement (ppswr). One unit was selected at
each of the n draws. They allocated the selection probability to i-th unit of the

population given by P, =—Z—i were Z; is the measure of size for i-th population

N
unitand Z=Y"Z,.

i=1



Using the above notations Hansen and Hurwitz proposed the foliowing
estimator for population total Y for use with unequal probability sampling with
replacement:;

/ 1
Yoy =— ) —. (1.2.1)
o n;pl

The Variance of (1.2.1) is given by:

=Y,
2
Var (¥ ) =;{Z'}T£_Y} (1.2.2)
i=1 i
2
1& [y,
=-Npldi_y 1.2.3
n;.(ﬁ J (1.2.3)
2
" Y, Y
= —3Y'Pp|l-"L| [Raj(1954 1.2.4
2@%‘”[3 p,} [ Raj (1954) ] (1.2.4)
J#i
N
15 2 .
=- F(JQ—BY,) [ Beg and Hanif (1991)]  (1.2.5)

Possible unbiased variance estimators of Var (y,’,ﬂ, ) are:

2
/ — 1 N Yi
var(yum ) n(n-l),»Z_,“(p.» yHHJ (.26
1 g Y i
Yi Y )
d ) = —=— Raj {1954 1.2.7
an var(yyy ) 2"("_1)§§[P5 Pj] [Raj { )] ( )
FJ#i
1.3 Unequal Probability Sampling Without Replacement

(rpswor) Using the Horvitz and Thompson Estimator

The concept of unequal probability sampling without replacement was
first used by Madow (1949) when he used the systematic sampling with
probability proportional to size and avoid the chances of any unit being selected
more than once. Madow does not provide any theoretical framework for unequal
probability sampling without replacement. Narian (1951) provided a selection

procedure but without any theoretical framework.



Horvitz and Thompson (1952} were the first to provide a complete

theoretical framework for unequal probability sampling without replacement when

they suggested the following estimator of population total for use with unequai

probability sampling without replacement:

Yur =, (1.3.1)

The Horvitz and Thompson estimator enjoys following properties:

(i)

(i)

(iii)

(iv)

It is the only unbiased estimator of the class in which same weight is
attached to a particular population unit whenever it is selected (Horvitz
and Thompson — 1952).

It is admissible in the class of all homogeneous linear unbiased
estimators of population total Y ; that is, there does not exist any member

of that class which has a smaller variance than y, for all Y. (Roy and

Chakravarti — 1960).

If the Y, are all exactly proportional to the corresponding =, and the

sample size is fixed, the variance of y,, is zero. This is the property

usually associated with the ratio estimator and will be referred to as the
ratio estimator property (Brewer — 1963a).

Under the model (1.1.1) the expected variance of the Horvitz and
Thompson estimator achieves lower bound of the expected variance for
any sample design — unbiased estimator given by Godambe and Joshi
(1965) as:

EniEp 1) Zi [——1] (1.3.2)

i=l l

Horvitz and Thomson developed the following variance formula for ¥ /. :

22 Sy, (1.3.3)

i i=ty=l T Ty
Jri

Vﬂf(-V;fT)=§1

An alternative expression for the variance of Y';-IT , developed independently by

Sen (1953} and by Yates and Grundy (1953}, is given as:



Varsie Vir)= 2‘,2}(@E -, )[K“i]z (1.3.4)

i=1 =1 i Trj
JRi

Horvitz and Thompson derived following unbiased estimator of (1.3.3) :

vargr (i )= S Ry g Tu Y

-1 Ty = G
L]

T[TIJ,

Yi¥; (1.3.5)

iy

The estimator of (1.3.4) proposed by Sen (1953) and independently by
Yates and Grundy (1953) is given by:

varsyolvir)= ZE[ - J(:—:j] (1.3.6)

u-lj 1
jri
The estimators given in (1.3.5) and (1.3.6) are unbiased under the condition

m,;#0 for all j=i and therefore are conditionally unbiased estimators. Both

{1.3.5) and (1.3.6) can assume negative values, but (1.3.6) rarely seems to
assume negative values. Expression {1.3.6) has also performed much better than
(1.3.5) in a number of empirical comparisons, starting from those of Yates and
Grundy's (1953). Brewer and Hanif (1969a), and Vijayan (1975) showed that for n
= 2, it is the only possible non — negative variance estimator. Sen (1953) also
compared the efficiency of (1.3.5) and (1.3.6) taking a population of five units and
selecting all possible samples of two. He demonstrated that the expression
(1.3.6) is positive for all samples, whereas (1.3.5) assume negative value for

some samples. He further showed that for n = 2 and #;>n, 7, for all i=/,

(1.3.5) is always positive when the selection is made without replacement and the
Horvitz — Thompson estimator is used. Raj (1956a) proved further that the
expression {1.3.6) is always positive. Rao (1963a) also proved that under the
Midzuno (1951} and Yates — Grundy (1953) selection procedures for mpswor that

(1.3.6) was always positive.

Rao and Singh (1973) used Brewer's (1963a) selection procedure to
compare (1.3.5) and (1.3.6) for the case n = 2, employing a wide variety of
populations. Their empirical evidence also indicates that (1.3.6) is more stable



than (1.3.5). A similar resuit was given by Brewer and Hanif (1969a), Lanke
(1974) by using the Hajek’s (1964) Method -~ | and by Shahbaz (2001).

The variance expression given in (1.3.3) and (1.3.4) and the variance
estimators given in (1.3.5) and (1.3.6) require the calculation of joint inclusion
probabilities (r;) and therefore they are very difficult to apply as the calculation of
m; became cumbersome as the sample size increases. Attempts have been made
to approximate the variance of Horvitz and Thompson estimator such that it does
not involve the joint inclusion probabilities, the wj's. A simple approximation to
in terms of n/'s and mj's for selection procedures that ensure m = 2p; is given by
Brewer (1963a), Durbin (1967), Rao (1965) and Sampford (1967) as:

_ iy 1 1
= g [lun-+l—n-] (1.3.7)
2+ k ! 4

Z]_nk

Brewer and Hanif (1983) gave two approximations to =j's in terms of m/'s and =;'s.
The first approximation given by Brewer and Hanif (1983) is:

my=An, Jrl.+B(fr‘.+:rl.)+C(rr,.2+:rjz) (1.3.8)
N
-n ) n
. 2 2
with q=__" - i=l and C= 1
: N2 , o, : X2
n ;‘n}- (N-2)|n? - LY (N-2)| n -—Zn}.
= =1 =1

N
Also A>1, B<0, B=(—nA/[(N—2)an} and C=A4/(N-2). The second

i=]
approximation given by Brewer and Hanif (1983) is much simpler than the first

approximation. This approximation is given as:

= r r
(n—l)z:'u,-2 ni
_ r=0
n!f - r N

[12x

ind Kol

(1.3.9)

The approximation (1.3.9) performs reasonably well even when one or two values
of ©; are close to unity, each term being less than half the preceding one. Brewer
and Hanif further showed that the approximation (1.3.9) may not resull in a



feasible set of m; when two of m are close to unity. Herzel (1986) suggested

another approximation for m;. This approximation is given as:

N
n-y n}
M{1-m. 1=
ng=n,-n;—n'( e, n’)+ bl S (1.3.10)
N-2 (V-1)(~N-2)

The approximation (1.3.10) may produce negative values of mj's. An example of
thisis N =4, n=2, x=02, 025, 0.75 and 0.8, Hanif (1994). Hanif and Ahmad

(2001) proposed another approximation to nj. This approximation is given as:

_ @, +a,

“u—( 5 LI (1.3.11)
where a; and g; are appropriately chosen. Hanif and Ahmad (2001) showed that
using a, =a\j=(i——Q in (1.3.11) an approximate formula for variance of Horvitz

n—ni

and Thompson estimator can be given as:

var(y!,, ) = in,{l— n-l ni]{ﬁ—ﬁ} (1.3.12)

The systematic sampling procedures have also been used to obtain
an approximate expression for variance of Horvitz — Thompson estimator. Hartley
and Rao (1962) derived the following expression under the random systematic
method:

J=1

2
N N
+&3——1)[ :tJ’,-—%Zni} (1.3.13)
iml

J=1
The expression (1.3.13) is correct to order N°. Rao (1963a) further showed that
the asymptotic variance formula to order N° for a sample of size 2 is given as:
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ik S (-4 145

i=1 J=1

N Y N 2
DI Yf-—EZni (1.3.14)
i=1 j=l

The value of A in (1.3.14) is 3/32 for Narain's (1951) procedure, 1/8 for Carroll -
Harlley (1964) rejective procedure and 1/4 for the Random Systematic procedure
(1950). Rao (1965) further showed that A = 0 for the Brewer (1963a) selection
procedure. Since Rao — Sampford, Rao (1865) and Sampford (1967), procedure,
Durbin (1967) draw-by-draw procedure and the Brewer (1963a) procedure are in
same equivalence class therefore A = 0 for all these procedures. Rao (1963a)

further showed that the approximate formula to the order N* for a sample of size
nis:

) 2
Var(y}y )min‘-[ H;Iﬂ,](i—i] (1.3.15)

isl LY n

Also an unbiased estimator of (1.3.15) to order N'is:

var{yjJ= z(n I)ZE[ (pi+pj)+"iﬂf}(%—%] (1.3.16)

i=lj=\ k=1 i
ini
The estimators given in (1.3.5) and (1.3.6) are design based variance
estimators of {(1.3.3) and (1.3.4). Another approximate design based estimator for
{1.3.4) proposed by Jessen (1978) is given as:

I

i - 2(21 55|

i=l =l
Jjul

7

2
_____J (1.3.17)

The variance estimators given in (1.3.5) and (1.3.6) are design based estimators.
A model based vanance estimator of Var(,vfﬂ). proposed by Hanif and Brewer

(1980), under the model (1.1.1) is given as:

11



S z
var (Vi | 1 i[i"——ﬁ] (1.3.18)

n—1 Zﬂ}z’_l o\ TN
L

it is interesting to note that the estimator given in (1.3.18) reduces to the
estimator given in (1.3.17) for y = 1, therefore Jessen estimator is a special case
of the Hanif and Brewer (1980) estimator, Hanif et. al. {1993). Another model
based variance estimator proposed by Kumar, Gupta and Agarwal (1985) is
given as:

N
2B (1-np) 2
fm iy ¥ y'
VﬂrKGALV::fT): ! < ZZ [;t__ﬂ_f] {1.3.19)
2(]’! _l)z Pfl"r—l i;l:j:rl ! ¥

f=l

Hanif et. al. (1993) verified that the Kumar — Gupta — Agarwal estimator is
identical to the Hanif — Brewer estimator. Hanif et. al. (1993) has also proposed
following model based variance estimator under the model (1.1.1):

1 N _ n ;r,_ .
vary, (,;;,,LEZPP "(1-nP)YY Pm_l)+;2b_” (1.3.20)
i=1 { J

i=lj=1
=i

The estimator (1.3.20) is model — unbiased and hence it is design — model
unbiased. However, the estimator (1.3.20) is design biased but the bias

decreases as the sample size increases, Hanif et. al. (1993).

Samiuddin and Asad (1981) proposed a sampling strategy for use with
the estimator (1.3.1) following the lines of Rao, Hartley and Cochran (1962). The
difference between the sirategy of Samiuddin — Asad and that of Rao, Hartley
and Cochran is that the former divide a population into {n+1) groups or blocks
and selects a sample of n groups from these. Samiuddin and Asad showed that
the joint probability of inclusion of ith and jth unit in the sample can be written as:

. M (PR+P,-—1)

T Rb

(1.3.21)
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where Pp and Pr are the probabilities of selection of block R and T respectively.

Also 7, and =; are probabilities of inclusion of ith and jth units respectively.

Samiuddin and Asad oblained the foliowing variance expression of Horvilz—~
Thompson estimator under (1.3.21):

n+l

a4 2 2 n+l
: - P Y1-P,
Varly, )2 S 1 YL ISP ya 55 0P Pr) Ly 59
a1 lier T Pr ot Fa Re=1T=l Py Pr
RuT
It should be noted that for above sampling scheme a number of =n,'s=0,

therefore a unbiased estimator of (1.3.22) does not exist and approximate
estimators are suggested.

Hajek (1964) introduced the idea of poisson sampling in which a
sequence of Bernoulli trials is conducted in order to ensure the inclusion of a unit
in the sample. Hajek (1964} shows that the sample size in this method is not
fixed. In poisson sampling there is a chance of an empty sample. Ogus and Clark
(1971) modified the poisson sampling design in order to avoid the chances of an
empty sample. Ogus and Clark (1971) showed that the chances of an empty
sample can be avoided if we continue the poisson sampling method until a non —
empty sample is not selected. Ogus and Clark (1971) called this sampling design
the modified poisson sampling design. Brewer et. al. {1984) showed that the
sampling variance of Horvilz — Thompson estimator under the poisson or
modified poisson sampling can be put in a much simpler form as:

N 2
Y,
/ i
v = E =7 )— 1.3.21
ar(,VHT) ,‘=l( ‘)77-',' ( )
An unbiased estimator of (1.3.21) is given as:

2
var(yr )= > (1~ 7, ):‘3— (1.3.22)
f

s

Brewer et. al. (1972) and Brewer el. al. (1984) proposed another sampling design
that can be used with the Horvilz — Thompson estimator. This sampling design is
called the collocated sampling and this method has a much smaller sampling
variance as compared to the poisson or modified poisson sampling design.
Brewer et. al. {1984) showed that the sampling variance of Horvilz — Thompson
estimator under this sampling design is given as:
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N 2 N N i

Y. N 1 Y

Varly/ . )= ;____Z Y2+ Yz_zz LNy (1.3.23)
Um)tn”i N-t&y! N‘{ iﬂﬂfﬁlj

1.4 Description of Selected Selection Procedures:

A number of selection procedures are available in the literature that
can be used with the Horvitz — Thompson estimator in unequa! probability
sampling without replacement. These selection procedures have their own
advantages and disadvantages. Some of these procedures impose rigorous
restrictions on initial probabilities of selection whereas some of these methods
require a number of iterations to evaluate probabilities of inclusion and the joint
probabilities of inclusion. Some of the developed selection procedures are
somewhat simpler in application as they produce a compact formula for
evaluation of inclusion probability and joint inclusion probabilities but they are
applicable to a sample of size 2 only, see for example Brewer and Hanif (1983)
for description of some fifty selection procedures along with their classification on
the basis of the sample seleclion method. Following selection procedures have
been widely used in real life surveys as they produce compact formulae for

evaluation of m; and ;.

1.4.1 Sen — Midzuno Procedure:
This selection procedure is reported by Horvitz and Thompson (1952)
and is applicable for a sample of any size. This selection procedure is stated as:
) Select first unit with probability g;
. Select a sample of size n — 1 from remaining units with equal
probability and without replacement.

The quantities m; and n;; for this selection procedure are given as:

n-1 "
7=+ (1-q,) with ¥ g =1 (1.4.1)
=g+ 0-q.) wi IE_ICL
n—1| N—n n-2
T. = g +q b —_—= (1.4.2)
v N—-I[N—Z(q‘ ) N—Z]

where g, are revised selection probabilities.
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1.4.2 Yates — Grundy Draw-by-Draw Procedure:

This selection procedure was developed by Yates and Grundy (1953)
and also reported by Durbin (1953a) and Hajek (1964). This selection procedure
is stated as:

o Select first unit with probability proportional to size.

. Select second unit with probability proportional to size of

remaining units.

The quantities n; and =;; for this selection procedure are given as:
h

— 1+i_L__Pr_ (1.4.3)
Jul I_Pj l_pr'J
1 T
+
]_'Pi l—pj

(1.4.4)

T, =pfpj[

This procedure can be considered as one of the simplest procedure as it does
not impose any sort of restriclions on initial probabilities of seiection and final
probabilities of inclusion.

143 Brewer Selection Procedure:

Brewer (1963a) developed this selection procedure for use with
unequal probability sampling without replacement. The selection procedure of
Brewer is strictly without replacement procedure. The selection procedure is
given as:

» Select first unit with probability proportional to £~ 21/ (i-p)

(1-2p,)
¢ Select the second unit with probability proportional to size
of the remaining units.
The probability of inclusion =; and joint probability of inclusion m; for this selection

procedure is given as:

7,=2p, (1.4.5)
ﬂu=2pfp1 1 1 (1.4.6)
k |1-2p, 1-2p,
ith R J 147
W k=1+Y" (1.4.7)
i=l '_ZP;'
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14.4 Durbin’s Draw—by-Draw Procedure:

This selection procedure was proposed by Durbin {1967). This
procedure uses the idea of revised probabilities. This procedure is a draw — by —
draw procedure, as the procedure of Brewer, and is therefore strictly without
replacement procedure. This procedure is stated as:

o Select first unit with probability proportional to size.

e Select second wunit with probability proportional to

1 N 1
P 1-2p, 1-2p,

The probability of inclusion and joint probability of inclusion for this selection
procedure is same as that for the Brewer {1863a) selection procedure.

1.4.5 Rao — Sampford Selection Procedure:

This selection procedure is a rejective selection procedure developed
independently by Rao (1965b) and by Sampford (1967). This selection procedure
is stated as:

e Select one element with a revised probability ¢; and with

replacement.

¢ Select one element with probability proportional to size.

« Repeat above two steps if same unit is selected twice.

This procedure also produces same probability of inclusion and joint probability of
inclusion as the procedures of Brewer (1963a) and Durbin (1967).

1.4.6 Prabu — Ajgonkar Selection Procedure:

This selection procedure was developed by Deshpande, Prabu and
Ajgonkar (1982) and uses sampling with replacement at successive draws. This
selection procedure is stated as:

o Select first unit with probability proportional to size and with replacement.

e Select second element with probability i'TP%DL)) where A is a
- p;

normalizing constant.
« |f same unit is selected twice, then select one more element, from
remainder of the population, with probability proportional to size.

16



The probability of inclusion for this procedure is same as the of Brewer (1963a)
method. The joint probability of inclusion for this selection procedure is given as:

nfp.-P;[ L, ] (14.8)

A [1-2p 1-2p,

1.4.7 Durbin’s Rejective Procedure:
This selection procedure was proposed by Durbin (1953) and is stated
as:
o Select two units with probabilities p;and with replacement.
e Repeat first step if same elements are selected until two distinct
elements turn up.
The probability of inclusion and joint probability of inciusion for this selection
procedure are given as:

< o2pl-p) (1.4.9)

i N
I—pr

im}
_2pip, (1.4.10)

=L
l—z pf

el

ﬂ'u

Durbin uses following estimator for estimation of population total under this
selection procedure:

1 .
Yp== ﬂ"*"%)"j— (1.4.11)
2| p P,

The estimator given in (1.4.11) is a biased estimator of population total, but the

bias is generally negligible as compared to mean squared error.

1.4.8 Yates — Grundy Rejective Procedure:

This seleclion procedure was developed by Yates and Grundy (1953)
and can be applicable to a sample of any size. For a sample of size 2 this
procedure is given as:

s Select two units with probability proportional to size and witt
replacement.

* Repeat first step if same unit is selected twice.

17



For this selection procedure the probability of inclusion and joint probability of

inclusion are given as:

n =220-p) (1.4.12)
I-Zp;‘:
i=
2pip;
ny=— (1.4.13)

These selection procedures have been applied to a number of artificial and
natural populations for evaluation of population variance of Horvitz — Thompson
estimator in chapter 3 and 4.

1.5 Unequal Probability Sampling Without Replacement
(npswor) Using Special Estimators:

Das {1951), Raj (1956a), Murthy (1957) and Rao — Hartley — Cochran
(1962) developed special estimators for use with unequal probability sampling
without replacement.

1.51 Das’s Estimator:

Das (1951) proposed the following estimator for use with unequal
probability sampling without replacement:

n

!:Zcrl, , (1.5.1)

r=|

where c, are arbitrary numbers with 3¢, =1 and

ral

, U= p)d=pi— Py (l—pl-pz—----pr-l)y
r (N-Dec.. A N=r+Dp,.....p,

There is a defect in Das estimator that its variance estimator may produce

, (1.5.2)

negative value in some cases.
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1.5.2 Raj’s Estimator:

Raj (1956a) proposed a series of ordered estimators that can be used
with unequal probability sampling without replacement. The estimator proposed
by Raj (1956a) has the general form as:

=—Z’~ (1.5.3)

ral

where

andr _Zy,

il r

(1-Zp,]forr>1 (1.5.4)

The Raj’s estimator ¢,,.., for a sample of size two is:

1 ¥,
lmean =—2-[ZL(1+ID;')+_L(1_P1 ):I (155)
P Pj
The variance of (1.5.5}) is:
v, v,Y
v PP 2-P-P) L2 1.5.6
aF (pgan 22 @ )( P PJ} (15.6)

Ji

Pathak (1967a) derived a formula for (1.5.3) for a sample of any size. This

variance expression is given as:

2
v, Y
Var(t ) -5 ZZZPP[HZQU ]["F_Fﬂ (1.5.7)

i=lj i
i

where O (r~1) denotes the probability of non — inclusion of one or both of the

units ¢ and j in the first {r — 1) sample units. An unbiased variance estimator

proposed by Raj (1956a) for a sample of any size is given as:

var(t,,..,) —1)2 -1)? (1.5.8)

where ¢ ="1'Z"—' . An unbiased estimator for (1.5.6) forn = 2 is:
M=t

2 2
var (¢, o =g——p‘)—[£—£} (1.5.9)

The estimators (1.5.8) and (1.5.9) are non-negative for all p;’s.
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1.5.3 Murthy’s Estimator:

Murthy (1957) symmetries the Raj (1956a) estimator by using the Rao
— Blackwell theorem to produce following unordered estimator of population total:

{ymm =57 )ZP (1.5.10)

where P(sli) is the probability of obtaining a sample “s” given that ith unit has

been already selected and P(s) is the probability of obtaining a sample *s”.

Murthy estimator for a sample of size two is given as:

1 Yi
boymom = ————— : -r "'—(1 p;) (1511)
Vi 2 17 l’j [ ( J) }
The variance of {1.5.11) is:
v L -— 1.5.12
ar(symm) IZUZ:' 2 P P (P, Pj ( )
FLY]

An unbiased variance estimator forn = 2 is:

var (¢, . )=gﬂ_—p—1)[ﬁ—i’f—y (1.5.13)

2 pi P
Murthy showed that the estimator given in (1.5.11) always performs better than
the estimator given in (1.5.5).
Pathak (1967a) derived the variance expression for Murthy (1957) estimator for a

sample of size n. This expression is:

An unbiased variance estimator of (1.5.14) given by Pathak (1967b} is:

[ (s)p(slr;{iﬁ),—(:;}(zsli)p(SIJ)}(ﬁ_ﬁJzu.sjs)

i Py
where p(s|ij) denotes the conditional probability of selecting a sample “s”, given

var (¢ ,W) ZE

rnl_,l
J=i

that units i and j were selected in that order at the first two draws.

A Generalized Murthy estimator has also been proposed which has the form:
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= )ZP (1.5.16)

1E€5

where P(s|i) and P(s) are defined above.
Samiuddin et. el. (1992) has shown that the Generalized Murthy estimator yém

is both design and mode! unbiased. Further the estimator y., achieves the

P(sli)

Godambe - Joshi lower bound if and only if ?(-)—=—1— , Samiuddin et. al. (1992).
s) m;
154 Rao — Hartley — Cochran Estimator:

Rao - Hartley — Cochran (1962) proposed sampling strategy for use
with unequal probability sampling and the estimator of population total. Their
estimator is:

4
Y ritc —Z ir (1.5.17)
i=1 Pir

where p., is the probability of T-th unit selected from the i-th group. Also

-—-Zp,r and Z” =1.The Rao — Hartley — Cochran estimator can be used for
T=1 i=l

any sample size. The variance of (1.5.17} is:

Var(yauc )= ["Z'Nz ]{N - } (15.18)

N(N-1) £

Rao, Hartley and Cochran (1962} further showed that, since the population size
can be written as N = n R + k, where O<k<n and R is a positive integer, the
variance given in (1.5.18} can be written as:

Var(y::mc):[l_;r:l k(n-k H

N(N-1)

I
Y

—f-} (1.5.19)

T=1

Further, if N is an exact multiple of n, then k = 0 and (1.5.19) becomes:

Var(,v;,,c){l ][Zznﬁr }:] (1.5.20)

i=] T=l
An unbiased variance estimaltor of {1.5.18) is:
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var (yc )= [zﬁ:Nf—NJ Z,; [!L-ym] (1.5.21)

5] ®

The unbiased variance estimators for (1.5.19) and (1.5.20) are:

. N 4k(n-k)-Rn & (yi Y
va (yRHC) NE(i—1)—k (n-F) ;“( ] yR.HC] (1.5.22)

and var(y e )= ' 11)( —) 3, (”" ym]z (1.5.23)

=1 Pit

1.5.5 Basu's Estimator:
Basu (1971) suggested that it was natural to estimate the ratio:

N n N n

IR ATIDN: DN (1.5.24)

i=| i=] i=1 i=l
by some sort of average of the observed ratio. Two particular averages which he
suggested were Z Vi / Z p; ,» which led to the conventional ratio estimator, and

i=l i

l i which led to the predictive estimator:

r‘-lp'

y’BASU=iyi+li&'[l—in} (1.5.25)
i=| Ly ] J=l

He claimed that these two estimators had as much face validity as unordered
forms of individual Raj estimator, and though they were not unbiased, they were
far to calculate. His argument for face validity appears to be based on their being

symmetric function of sample values and possessing the ratio estimator property.

1.6 The Model Based Inference in Sampling:

The model based sampling has been in application from early thirties
when Smith, H. F. (1938) introduced the idea in agricultural surveys. Cochran
(1953), Brewer (1963b), Royall and Herson (1973). Cassel, Sarndal and
Wretman (1976) has also given the idea of model based sampling inference. The
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model (1.1.1) has been popularly used in the model based sampling. Godambe —
Joshi obtained the lower bound to the variance of any estimator for which z; «g;.
The lower bound is given in (1.3.2). Since the emergence of model based

sampling inference a number of estimators have been proposed for use in
unequal probability sampling.

1.6.1 Horvitz - Thompson Ratio Estimator:

This estimator has beeh proposed by Brewer (1963b) and reproduced
by Hajek (1971). The estimator is:

ZY x!

fes

)’Hm Zz -

le§

(1.6.1)

This estimator has Horvilz — Thompson estimator in numerator and in
denominator. The mean square error for estimator given in (1.6.1) has been
derived by Brewer and Hanif (1983) and is given as:

MSE (yﬁ,m )-.- Var (y;”- ) + ;—2 Var (zH,-) 2 % Cov (yfw , zin-) (1.6.2)

where Var(y’HT) is variance of Horvitz — Thompson estimator for Y, Var(z’HT) is

variance of Horvitz — Thompson estimator for Z and Cov (y’HT ,z’HT) is covariance

of Horvilz — Thompson estimator between variables Y and Z.

1.6.2 Brewer's Ratio Estimator:

Brewer {1979) proposed a model based estimator of population total
for use with unequal probability sampling without replacement. The estimator
proposed by Brewer is given as:

PRAN
yp=———3"2, (1.6.3)

> 2

ites

The estimator proposed by Brewer is appropriate for large samples and hence
the asymptolic theory is appropriate. The estimator is also appropriate if sample
is a significant proportion of the population provided that the finite population
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correction factor is allowed. The asymptotic variance of yj under the model

(1.3.2), for large N and n, may achieve Godambe — Joshi lower bound given in
(1.3.3).

Hanif (1994) has shown that when :r,.="7z’ the estimator (1.6.3) reduces to the
Horvitz — Thompson estimator. Further, Hanif (1994) has shown that when

7 =—:\'7 the estimator (1.6.3) reduces to usual ratio estimator.

1.6.3 The Generalized Regression Estimator:

A generalized regression estimator proposed by Cassel, Sarandal and
Wretman (1976) is given as:
Yesw =Z(Yf ‘ﬁcsw Z:)“s_l +[3csw Z, (1.6.5)
ie§
where

ZY«'ZE "5_2

ﬁ _ieS
CSw — 2 2
S

icy

(1.6.6)

A more general class of regression estimators, also proposed by Cassel,
Sarandal and Wretman, is given as:

_Pésw ""‘y;;’T +fi(Z ‘zin') (1.6.7)

where yi,rand zj;; are Horvitz — Thompson estimators for variables Y and Z
respectively.

Samiuddin et. al. (1992) while discussing a general check on estimators

and with other forms of regression estimates. Some of the numerical evidence by

them shows that these are surprisingly close to actual Cassel, Sarandal and
Wretman (1976) estimate.

1.7 Chronological Development:

The theory of unequal probability sampling was first introduced in early
1940's when Hansen and Hurwitz (1943) provided the basic theory for unequal
probability sampling with replacement. The general theory of unequal probability
sampling without replacement was developed by Horvitz and Thomson (1852).
Since that time a large number of developments have been made in the field of
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unequal probability sampling with and without replacement. These developments
can be classified as:

i. The early period up to 1950.

ii. From 1951 to 1960.

iii. From 1961 to 1970.

iv. From 1971 to 1980.

V. From 1981 to 1990.

vi, From 1991 onward.

1.7.1 Early Period up to 1950:

The theory of unequal probability sampling has its emergence since
the time when Neyman (1934) produced his historical paper on theory of
sampling. Hansen and Hurwitz (1943) first used the theory of unequal probability
sampling in the early 1940’s in two stage sampling. The procedure used by them
was an unequal probability sampling with replacement procedure. They showed
that the technique developed by them can bring a substantial decease in the
sampling variance as compared with simple random sampling if an additional
probability indicator bench marks variable, closely related with the variable under
study, is used. After the development made by Hansen and Hurwitz (1943),
Madow (1949) uses the idea of unequal probability sampling in order systematic
sampling to avoid the danger of a unit being selected. This method has a draw
back that z; for a number of samples under this selection procedure are zero.
Goodman and Kish (1950) suggested random systematic sampling in unequal
probability sampling without replacement.

1.7.2 From 1951 to 1960:

in this period a number of new selection procedures and estimators
were developed in the field of unequal probability sampling.

Narain (1951) initiated the work in this period when he developed his
selection procedure for use with unequal probability sampling. The selection
procedure developed by him was a whole sample procedure. He also introduced
the idea of working probabilities to obtain the values of 7y and x; but he could not
provide rigorous theory for unequal probability sampling without replacement.
Midzuno (1951), Lahiri (1951) and lkeda and Midzuno (1952) continued the work
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of development when they developed two more selection procedures. There
selection procedures enjoy the property thalt they make the classical ratio
estimator unbiased. The main turning point in the theory of unequal probability
sampling without replacement came in 1952 when Horvitz and Thompson (1952)
provided basic theory of estimation and developed their own estimator to
estimate the population total. Horvitz and Thompson (1952) derived the variance
and variance estimator for their estimator. A draw back of the variance estimator
developed by Horvitz and Thompson is that it can assume negative value for
some of the samples. Yates and Grundy (1953) developed two selection
procedures; one procedure was a draw — by — draw procedure whereas the other
one was a rejeclive procedure. Yates and Grundy (1953} and Sen (1953} derived
the vanance expression and variance estimator of Horvitz and Thompson
estimator. Sen (1953) compared the efficiency of two famous estimators of
variance of Horvitz — Thompson estimator and showed that the Sen — Yates —
Grundy estimator is more slable as compared with the Horvitz — Thompson
variance estimator. Raj (1956a) carried out similar study by using two famous
selection procedures. Durbin (1953a) developed another selection procedure by
using idea of rejective sampling. He used the usual Hansen and Hurwitz
estimator with his selection procedure and showed that the said estimator is
biased under his selection procedure. Grundy (1954} developed a systematic
procedure also.

The development continued in the following years Durbin (1953a),

Durbin {1953b), Raj (1956b), Stevens (1958) are the other main contributions.

The method developed by Durbin (1956b)} is based on the criterion of grouping

the population. The method of Raj (1956b) is based on the minimization of

population variance of the Horvitz and Thompson estimator on the assumption
that the values of Yi has been generated from the model

Yi=a+ B Z; (1.7.1}

The method of Stevens (1958) combines both equal and unequal probability

sampling. Stevens (1958} uses the method of dividing a population into groups

and then selecting a group with probability proportional to the aggregate of group

size. Finally he selected a simple random sample from the selected group to
achieve the ultimate sample.
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This period also witnessed the development of some famous
estimators for use with unequal probability sampling without replacement to
estimate the population total and mean. Das (1951) derived his estimator by
using a draw — by — draw procedure. Raj (1956a) developed a series of unbiased
estimators following the Yates — Grundy draw - by — draw procedure. The
estimators derived by Raj were based on the ordered samples. Murthy (1957)
uses the idea of sufficiency to improve Raj's (1956a) estimator. In this process
Raj's (1956a) estimator is symmetrized. He developed new estimator which was
more efficient than the Raj (1956a) estimator. Deming (1960} gave a systematic
method to minimize the sampling variance of the estimator.

1.7.3 From 1961 to 1970:

This period may be considered as one of two decades in which
unequal probability sampling flourished tremendously.

The work began in 1961 when Rao (1961} produced some estimator
to find the sampling variance of Horvitz — Thompson estimator. Rao (1961} also
developed a selection procedure for use with the Horvitz — Thompson estimator.
Hartley and Rao (1962} developed an approximale expression for variance of
Horvitz — Thompson estimator under the random systematic procedure for a
sample of size n and for a sample of size 2. The approximation was true for order
N®. Rao (1963b) further obtained the approximation to order N'. Rao (1963a)
compared the stability of Horvitz — Thompson and Sen — Yates — Grundy
variance estimator under Midzuno (1951) and Yates — Grundy (1953) selection
procedures and proved that the later is always positive under these selection
procedures. He also obtained a variance estimator for the resulting approximate
variance expression. Hanurav (1962a) gave four seleclion procedures. Alt of
these procedures were based on the draw — by — draw method. The chief feature
of these procedures was that the sample size was not fixed in these procedures.
Hanurav (1966 and 1967) developed three more selection procedures for use
with the Horvitz — Thompson estimator. Rao — Hartley — Cochran (1962)
developed a new eslimator which was based on the random division of
population into number of groups and then selecting one element from each
group. The method of Rao — Hartley — Cochran uses the Hansen — Hurwitz
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estimator with a sample size one in each group. Chikkagoudar (1967) proposed
his estimator that was an extension of the Rao — Hartley — Cochran estimator.
Chikkagoundar suggested that the population should be divided into “k” groups of
appropriate sizes and a sample of size n; should be selected from each group
using the Midzuno (1951) strategy. Brewer (1963a), Rao (1965), Durbin (1967)
and Sampford (1967) developed their separate procedure. The common thing in
all of these methods is that they all produce same value of inclusion probability
and joint probabilities of inclusion for n = 2. The methed of Sampford (1967} is an
extension of the Rao (1965) method. Durbin (1967) produced another procedure
which was based on the idea of grouped sampling. Fellegi (1963) introduced
another method which uses both actual and working probabilities to obtain the
probability of inclusion and joint probability of inclusion in the sample. The
method developed by Fellegi is applicable for a sample of any size but he shows
that the applicability is very cumbersome as the sample size increases. Carroll
and Harlley (1964) proposed three selection procedures. One of these
procedures was a draw — by — draw procedure; another one is the rejeclive
procedure whereas the third one is the whole sample procedure. They also
proposed that the revised probabilities should be chosen such that the inclusion
probability should be equal to np;. Vijayan (1968) generalizes the methods of
Hanurav to develop his selection procedure for use with unequal probability
sampling without replacement. Brewer and Hanif {1969a) produced a variance
estimator optimization procedure. This procedure is developed under the
consideration to optimize the estimator of variance of Horvitz and Thompson
estimator. This method actually fixes the quantities ny's in a sample such that the
resulting values of m and m; optimizes the stability of Sen — Yates — Grundy
variance estimator. Brewer and Hanif (1969a) further showed that the Sen —
Yates — Grundy variance estimator is the only non — negalive variance estimator
for a sample of size 2. Hajek (1964a) developed five seleclion procedures. First
of these methods was a poisson sampling method, that is the method was such
that there was no fixed sample size and the binomial trials are carried out to
ensure the inclusion of a unit in the sample. Hajek also showed that the joint
probability of inclusion for any two units with this procedure is simply the product
of respective inclusion probabilities of that set of units. The other four procedures
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were an approximation to the Carroll and Hartiey (1964) rejective procedure.
Main difference among four methods of Hajek and method of Carroll and Hartley
was that Hajek used his own set of working probabilities. Hajek termed his four
methods as Hajek's methods | to IV. Pathak (1967a , 1967b) derived the variance
expressions for Raj and Murthy estimators for sample of any size. Connor (1966)
derived an exact formula for joint probability of inclusion of any two units in the
sampie in unequal probability sampling. However the evaluation of this formula
for any pair of units involves adding contributions from all possible combinations
of units separating the two in the pair. This can become tedious for large N.
Nevertheless Connor's formula does make the estimation of variance for random
systematic procedure more amenable to computer programming than it is for
other systematic procedures. Jessen (1969) proposed his four methods. Jessen
used the idea of probability decrement to obtain the probabilities of inclusion and
the joint probabilities of inclusion. The methods developed by Jessen are
somewhat equal in their application and with a slight modification of one
procedure Jessen developed the other one. Raoc and Bayless (1969) conducted
an empirical study to compare the stability of various variance estimators in
unequal probability sampling for a sample of size 2. Bayless and Rao (1970)
extended the study for a sample of size n = 3 and n = 4. They found that the
Sen-Yates—-Grundy variance estimator is stable whereas the Horvitz—Thompson
variance estimator is not much stable in unequal probability sampling without
replacement. Sankaranarayanan (1969) proposed an inclusion probability
proportional to size sampling design by using the Lahiri's method of selection.

1.7.4 From 1971 to 1980:

Ogus and Clark (1971) gave the idea of modified poisson sampling.
The method developed by Ogus and Clark (1971) ensures that there is no
chance of an empty selection that was possible for simple poisson sampling.
Basu (1971) wrote his historical paper, which lead many survey statisticians in
development of new methods that can be used either with equal probability
sampling and unequal probability sampling. Fuller (1971) proposed his method
which selects the units in such a way that the quantities ny's are approximately
proportional to mn;. Dodds and Fryer (1971) generalizes the results of Brewer
(1963a) and Durbin (1967) when he developed a general selection procedure for
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use with unequal probability sampling. Dodds and Fryer (1971) actually used
working probabilities for selection at both the draws. They also developed the
parameterized Brewer (1963a) method but they did not study the said procedure
completely. Mukhopadhyay (1972) gave another selection procedure which was
applicable for any n but this method has a very serious draw back that it can not
be applied with a considerable ease. Another reason for its deficiency is that
Sinha (1973) proposed two selection procedures which superseded the method
of Mukhopadhyay (1972) in that these methods were easy to apply. Sinha termed
his two methods as extension and reduction procedures. The reason for these
two names is that in extension procedure Sinha used the idea of full sample
space that can constitute a feasible set of m, m and m;. In reduction procedure
Sinha reduced the said sample space considerably. Das and Mohanty (1973)
also proposed another selection procedure that can be used with unequal
probability sampling without replacement and for any sample size. The method
developed by Das and Mobhanty can be termed as a whole sample procedure as
it lists all possible samples of specified size and selects a random sample with
equal probability. Chief feature of this procedure is its simplicity and simple
evaluation of joint probabilities of inclusion; and hence evaluation of Sen — Yates
— Grundy variance estimator. Rao and Singh (1973) studied the Horvitz —
Thompson (1952) and Sen — Yates — Grundy (1953) variance estimators by using
the Brewer (1963a) selection procedure under a variety of populations. They
found that the former variance estimator assume negative values for some
samples whereas the later does not assume negative value for any of the sample
and hence is stable. Lanke (1974) carried out similar study by using the Hajek
(1964b) Method — | and obtain the same conclusion. Hanif (1974) developed an
asymptotic variance formula for use with unequal probability sampling without
replacement. Vijayan (1975) showed that the Sen — Yates — Grundy (1953)
variance estimator is the only non — negative variance estimator for a sample of
size 2. Bebbington (1975) introduced the concept of list sequential sampling that
uses equal probability of selection at first draw and varying probabilities at the
subsequent draws to obtain a sample of any size. Brewer (1975) generalizes his
selection procedure for any n. However the joint inclusion probabilities are very
tedious to calculate as they require the recursive relation that involves the
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conditional second order probabilities in all subsequent draws given every one of
the possible combination of draws in the preceding draws. Chaudhuri (1976)
proposed another draw — by — draw procedure. This procedure is applicable to
any sample size. Also, this procedure uses a standard selection procedure which
is applicable to a sample of size two and which ensures that m, = 2P;. This
procedure actually combines unequal probability sampling with equal probability
sampling. Singh (1978) developed another selection procedure which selects a
sample of size n in two steps. This procedure applies some cumbersome
conditions on initial probabilities of selection. Choudhry (1979) proposed a
selection procedure that is applicable to any sample size. This method uses
Yates — Grundy draw — by — draw procedure for a sample of size (n — 1} and uses
a set of working probabilities to select last unit from the sample; in order to make
overall inclusion probability proportional to size. Chromy ({1979) developed
another selection procedure, which keeps history of the previous draws also. This
procedure also uses the idea of conditional probabilities for any population unit to
be included in the sample. Hanif and Brewer (1980} also derived the model
based variance estimator for variance of Horvitz and Thompson estimator and

showed that Jessen (1978) variance estimator is a special case of their estimator.

This period also saw subsiantial development in the model based
sampling inference. Royall {(1971) uses the linear regression model in sample
survey designs to improve their efficiencies. Royall and Herson (1973a, 1973b)
proposed the idea of robust estimation under a linear stochastic model. Brewer
(1979) also uses the idea of robustness in sample survey designs. He also
introduces a model based estimator of population total for use with unequal
probability sampling without replacement. Cassel, Sarandai and Wretman (1976}
gave some results for the generalized difference and regression estimators under
the super population model. Sarandal (1978} compare the design — based and
model — based sampling inference. Chaudhuri (1979) compare some sampling
strategies under a super-population model. Also, Chaudhury and Arnab {1979a)
compare the efficiency of various sampling strategies under a super-population
maodel.
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Some other notable references in this period are of Deshpande
(1977), Agrwa! and Goel (1977), Sunter (1977), Jessen (1978), Choudhry and
Singh (1979}, Agarwal (1979} and Singh and Srivastava (1980).

1.7.5 From 1981 to 1990:

Brewer, Early and Hanif (1984) derived the expression for variance
and variance estimators for poisson and modified poisson sampling. and
introduced the idea of coflocated sampling and derive the variance expression of
Horvilz — Thompson estimator under this sampling design. The main difference in
poisson sampling and collocated sampling is that in the former the random
variable used in the Bernoulli trials are considered as uniformly distributed
whereas in the latter same random variable is treated as uniformly spaced.
Chaudhuri (1981) and Chaudhuri (1985} developed two more selection
procedures for use with unequal probability sampling without replacement.
Deshpande (1982a) also developed two more methods in addition to his previous
two selection procedures. The methods developed by Deshpande uses sampling
with replacement at second draw. The probability of selection is taken
proportional to the measure of size at first draw and proportional to a suitable
measure at the subsequent draws. Samiuddin and Asad (1981) developed their
selection procedure and estimator for use with unequal probability sampling
without replacement and for any sample size on the lines of Rao — Hartley and
Cochran (1962) method but they were unable to obtain an unbiased variance
estimator. Agarwal, Kumar and Dey (1982) developed two more selection
procedures along with the procedures of Gupta, Nigam and Kumar (1982) and
Gupta, Nigam and Kumar (1984). Agarwal, Singh and Sing (1984) uses
systematic sampling with varying probabilities to reduce the sampling variance of
systematic sampling. Srivastava and Singh (1981) increase the number of
selection procedures by developing their selection procedure along the selection
procedure of Sengupta (1981). Hansen, Hurwitz and Tepping (1983) evaluate the
model dependent and probability sampling inference in sample surveys. Brewer
and Hanif (1983) tried to approximate the variance of Horvilz — Thompson
estimator when they proposed two approximations for joint inclusion probabilities
in terms of marginal probabilities of inclusion. Another attempt was made by

Herzel (1986) when he gave his approximation for the joint probabilities of
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inciusion in terms of marginal probabilities of inclusion. Kumar, Gupta and
Agarwal (1985) derived the model based variance estimator for variance of
Horvilz — Thompson estimator and it was also established that their variance
estimator is identical to the Hanif — Brewer (1980) variance estimator. Hanif, Beg
and Khawaja (1990) has given a comprehensive bibliography of the selection
procedures that can be used with the Horvilz — Thompson estimator. Their list
contain about 120 selection procedures.

The development for selection procedures were continued in this
decade some worth mentioning references are of Chao (1982), Kumar and
Agarwal (1982), Nigam and Gupta (1984), Kumar, Gupta and Nigam (1987),
Kumar, Srivastava and Agarwal (1986), Saxena, Singh and Srivastava (1986),
Sunter (1986), Agarwal, Singh and Singh (1984), Gupta (1989), Gupla, Nigam
and Kumar (1984), Kumar and Agarwal {1985), Kumar (1987), Agarwal and
Singh (1986), Dey and Srivastava (1987), Kumar, Kuthuria and Agarwa! (1984)
and Gabbler and Schweigkoffer (1990).

1.7.6 From 1991 Onward:

Samiuddin and Kattan (1991) initiated the work in this decade by
developing their selection procedure. Beg and Hanif (1991) compare sampling
with and without replacement in case of unequal probability sampling. Further
developments continued in this field with the work of Gupta, Kumar and Nigam
(1992). Sahoo, Sahoo and Mohanty (1993) continued the quest of bringing
refinements in the field of unequal probability sampling when they introduced
their own selection procedure and increased the tally of selection procedures for
use with unequal probability sampling without replacement. Samiuddin el. al.
(1992) give a detailed summary of model and design based sampling inference.
They have also proposed the generalized Murthy estimator and have shown that
this estimator is both design and model unbiased and also achieves the
Godambe — Joshi lower bound. Hanif et. al. (1993) have compared various
variance estimators for Horvitz — Thompson estimator and proved that the
estimators developed by Hanif and Brewer (1980) and by Kumar, Gupta and
Agarwal (1985) are both model unbiased. Hanif et. al. (1994) have also given a
general class of Murthy estimator. Tracy and Mukhopadhyay (1994} obtained a
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variance estimator for Horvitz — Thompson estimator under the Midzuno strategy.
Gazali (1996, 1998) modified the Jessen methods 2 and 3 to produce two more
selection procedures. The methods developed by Gazali have a larger
applicability as compared with the Jessen's methods. Aires (2000) have
compared conditional poisson and pareto sampling designs. Hanif and Ahmad
(2001} tried to obtain a solution for joint probabilities of inclusion in terms of
marginal probabilities of inclusion in order to simplify the compulations for
variance and variance estimator of Horvitz - Thompson estimator but a feasible
solution has yet to be produced.
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Chapter 2

First Order Inclusion Probabilities

21 Introduction:

In this chapter some approximate expressions for the variance of
Horvitz — Thompson estimator has been derived by using only the first order
inclusion probabilities, that is, the probabilities that depend on singie unit only.
The estimator of population total proposed by Horvitz and Thompson (1952) is
given as:

Yi
Yur =2, (1.3.1)
ie§ 7[{

The sampling variance of the estimator given in equation (1.3.1) has two

popular forms given by Horvitz and Thompson (1952) and independently by
Sen (1953) and Yates and Grundy (1953) as in {1.3.9) and (1.3.10).

Both the variance expressions given in equations (1.3.9) and
(1.3.10) require the calculations of joint probabilities of inclusion, n;. These
probabilities are very complicated to evaluate when sample size increases
from 2. Many efforts have been made to approximate these joint inclusion
probabilities via some suitable relation with the marginal inclusion probabilities.
Some of the most famous references for these approximations have been
given in the previous chapter. In this chapter some more approximations for
joint inclusion probabilities in terms of the marginal inclusion probabilities have
been obtained. These resuits have been given in the following pages.

2.2 An Alternative Expression for Variance of Horvitz —
Thompson Estimator:

In this section an alternative expression for the variance of Horvitz-
Thompson estimator has been derived. This expression is very useful to obtain
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a suitable approximation for the variance using only the first order inclusion
probabilities.
Consider
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+ ZZ(%-” 7 L__’i}(_”__f_] (2.2.1)

is)j= np7T; h
LY

in equation (2.2.1) only the last term contains the joint probability of inclusion,
nj. An approximate result for the variance of Horvitz — Thompson estimator
may be obtained by manipulating only the last term appropriately. Some more
approximations have been obtained as:

23 Approximations for m

The first approximation that has been suggested is somewhat
similar to one given by Hanif and Ahmad (2001). To obtain the approximation
consider the third term of equation (2.2.1);

ZZ( Ry )[L-—{)(L*KJ (2.3.1)

i=lj=l ﬂl n n-f i
J#i

Now substituling 7; =a, 7, 7; +a; 7w, ; in (2.3.1).
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Substituting (2.3.2) in (2.2.1):

N 2 N Y Y2
[ Y,
Vit e Jo S Lot ) 223 0t L2
i=1

i=1

= Y, Y)
= ‘Zl( 2(7 ﬂ' ;—:-—-;)
2

Zﬂ (1- 2a, r; {———-——}j—\ (2.3.3)
i J

Now, the values of a; can be chosen accordingly to obtain a reasonable

approximation for the variance of Horvitz - Thompson estimator.

The second approximation is relatively simpler than the first one. For this

approximation again consider the (2.3.1)

ST U I

i=lj=1 i
i

Now, substituting 7 =a; 7, +a; 7; in (2.3.1):

N Y Y Y Y

i=1;=1 i
Jri



N 2 N N 2
Y, Y Y, v Y, Y
= - E a; ﬂ.’i(ﬂ_—f—;) - E a; ﬂ.j(-_j—:J + E ﬂ"z ———-—-)

\T; N

u v, vY &L (y, rY
= —2Z]:a,. 7, (}"_J] +Zn,? [”——ﬂ (2.3.4)

Substituting (2.3.4) in equation (2.2.1) another approximation for variance of
Horvitz ~ Thompson estimator is:

N PR Y 2
Varg (YilT )g Z”f (-;}f_—%J “Z”iz (’:L‘K)

i=1

i=l

N 2
= 2. (l—2a,-{f‘——1J (2.3.5)

This approximation seems to be reasonably simpler as compared to (2.3.3).

For the third approximation again consider {(2.3.1):

ZNZ (7 E_K](ff__ﬁ) (2.3.1)

i=1j=1 Ty BAR N

j®i
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Substituting 7; =a 7, 7 ; in (2.3.1).

Zz(aﬁ 7, -, ,,j)(Y; Y][Y ‘LJ

i=1j=1 7T H. Jrf n
F#i

N 2
- (a-1)3 [ﬁ—i) 236

Substituting (2.3.6) in (2.2.1) following approximate expression for variance of
Horvitz — Thompson estimator is obtained:

v (2] -E (23 St

i=1

N ) Ay ¥ 2
= Z[”i_”i ~(a-1)x] (;—;J

i=l

i=1 Ton
N 2
Y. Y
~ Zn,. (1-an, )[—'——-) (2.3.7)
i=l Ty n
This is a special case of the one given by Hartiey and Rao (1962) for a = n-l
n
and is as:
N 2
Y, Y
VarSYG yHT = Z” (1_ 7T ][;_;J (2.3.8)
i=1 !

Another approximation has been obtained. For this approximation
again consider {(2.3.1):
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N Y, r\Y, v

PP AT ) By | B SE (2.3.1)
i=1j=} T AR N
J#=i

Substituting z;=ax; +bx; in (2.3.1):

'S (om, 457, -7, )(u](i_z)

i=1j=1 T, n
J=i

_il (a+b)s, (KLXJ LS [5‘-—5}2 23.9)

] =1

Substituting (2.3.9) in (2.2.1) following approximation for variance of Horvitz —
Thompson estimator is obtained.

N 2
(1-a-6)) [;YL-K] (2.3.10)

This approximation require suitable values of “a” and “b” for a close
approximation of true variance of Horvitz — Thompson estimator. It is also

interesting to note that expression given in (2.3.10) transforms to one given by

Hartley and Rao (1962) for a=b=£’2;]—.
n
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Chapter 3

The New Selection Procedures

3.1 Introduction:

In this chapter some new selection procedures have been developed for
use with the Horvitz and Thompson estimator. These selection procedures have
been developed with the view of minimization of sampling variance of Horvitz and
Thompson estimator. Some important results regarding the inclusion probabilities
and joint inclusion probabilities have also been derived. The derivation of these
procedures along with verification of results has been given in the following
seclions.

3.2 The New Selection Procedures:

in this section some new selection procedures have been derived that
can be used with the Horvitz and Thompson estimator by obtaining the
expressions for inclusion probability of ith unit in the sample and the joint inclusion
probability for ith and jth unit in the sample.

3.21 The New Selection Procedure - I;
The New selection procedure — | is stated as:

«  Select first unit with probability proportionat to l—‘;"—
-z p;
. Select second unit with probability proportional to size of the
remaining units.
The probability of inclusion for ith unit (m) in the sample for this selection procedure

is obtained as under:

Pi Pj
N
— 1-2p.
= Nl 2p1 + p.{ Pi
N l—p
Z Pi TIZ P J
—~i1-2p, o I-2p;
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N

_ P 1 z P Pi . Pi
= == +z ) with d= ) ——

i1 1727,

_p| G-p)-p & p
d{(-p)0-2p) ;ﬁ"’lmj"z"’l)}

|12 P,
d H(l_pi)(l_zpi) j=1 l_pj I—ZPJ

—

N
- P 1
= 2L + Jor p;and p, < — (3.2.1)
d l—p, § -p; (l ZpJ)] 72

The probability of inclusion of both ith and jth unit in the sample (n;) for this

selection procedure is obtained as:

T = PPyt Py Py,

P Pj

\-2p P 122p5 b
m . + .

) pi l=pi & p; 1-p
‘._ZII—Zp,v Z’I—Z}pj :

- 1 [ Pi P N Pi P :|
i_p,-“ (1-p)(1-2p,) {i-p;)J1-2p;)

= 1-2 p,

= P,‘Pj ! + 1 fO!’ P p(l
d |[(-p)1-2p) l-p,)0i-2p,) T

3.2.2 The New Selection Procedure - Il:

(3.2.2)

New selection procedure — |l is stated as:

ZPf(l“Pi)

° Select first unit with probability proportional to T4
—4 P

o Select second unit with probability proportional to size of the

remaining units.
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The expressions for n;, and n; are derived as:

2p;(1-p;) ZPJU_—‘D-’_)
1- 4pl " - 4p1
=
322.0-p) Zihﬂl PJI >y
~ 1 4p, = 1-4p;
L Lenep) 20020

_ Pi\l =D +Z I JANR I/

iZPf(l'Pi) 1~-4p; jnl I-4p, l-p;
vl
Pl 1-4p, ~ a
-
= ! 2P,-(1—P.-)+ 27 P,
3 ZP.'(‘—P;') 1-4p, j=1 1-4p,
; 1"4P; L jni
N

- _ P 2(l—pf)+zz P
ngi(l_pi)Ll—4PE 1:11_4171
i 1-4p; "

_ Pi 20-p,) 2i Pi _ 2p
in,-(l—&)~l—4P. Sil-4p, 1-4p
o 174

= Pi 2(1_2pl)+ s P (323)
ZZPE(I P) 1-4p; S 1-4p;
inl l—4pi

Now

izﬂ (1-p.) - i!’i (2-2p,)

1-4p,

i=1
N

- IZP. (4-4p,)

2 1-4 p,

- _l_i3PE+Pl(l‘4Pf)

2& 1-4p,




g

1 Pi
—b  with b=14+3 - (3.2.4)
2 ,Z,.l: - P:

Substituting this value in (3.2.3)

=2P.'[2(1—2P4)+2 P }

b 1-4 p, J=11‘4P1

20 2-4p &
_ 2P P.+ZZ Py
b | 1-4p, j=11—4pj

r N
_2p)0-4p) 1 2% Py
b | 1-4p, 1-4p, -

J,=|1 4p,;
- 2Py i for P py<~ (3.2.5)
b —4p‘ = 1-4p, 4
Again
= PiPjji +pjp,'|j
2p,(1-p)) 2p,{1-p))
— 1- 4p| 'pf 1- 4PJ’ Pi
Zzpr( P;) 1-p; ZZPJII—‘le Pj
i 1-4p; =1 I=4p;

) I 2p.0-p) _p;_,2p;0-p)) p
N 2Pf(l‘P;) I-4p; 1-p l-4p; 1-p,
1-4p

Substituting the value of Z-—&-rﬁ‘—) from {3.2.4)

icl i

_12pip; 2Pip
= - +
2 1-4p;, 1-4p,;

_41’7in{ l

1
op. <= 3.26

46



3.2.3 The New Selection Procedure - il :
The third New procedure is a mixture of Brewer (1963) and Durbin

(1967) selection procedures. This procedure is stated as:

» Select first unit i with probability proportional to (1(12 P;))
—p;

+ Select second unit j with probability proportional to

] i - .
P + from the remaining units.
I-2p, 1-2p,

The expressions for 77, and 7, are derived as:

Pl -p.) pi(1-p,) p_{ 1,
1-2 ul 1-2 “1-2p, 1-2p
e T ’ @27
P,(f —p) 5T ZP;”‘PJ , P,
~ ]-2p, i = -, G 1-2p 1-2p,

Again

i!’[ 1 1 ] ___il: Py Py :|
J

pr 1-2p, 1-2p, jzl- 1-2p;, 1-2p;

J®i =i




N N
- 1= p) 1 1 .
Substituting the values of pll=p) and ) p,; + in (3.2.7)
Z_: ~2p, Z. I1-2p, 1-2p,

JRi

pi(l-p;) pil=p) 4y 1 1
1-2p, d 1-2p; | 1-2p; 1-2p,

i= —+ .

" 2 k

2p,(1- p;) 2p;(1=p)) [ 1, 1 ]

£
__1=2p i I-2p, " |i-2p; 1-2p,
k k k

4=l
jzi

. —p Y 2p.(1-
p; 1201 p,)+lz p,(l-p;) ] 1 L]
k| 1-2p, qu 1-2p, 1-2p, 1-2p,
L j:l’

pi | (2-2p,) ipj(Z 2p) [t 1
k| 1-2p, 5 1-2p; 1-2p, 1-2p;
L i

l

I

&ﬂil_—_z!’_shiipf(”"zf’ﬂ. 1,1
k 1~2p, kjﬂ 1-2p; 1-2p, 1-2p;

1 —2p. N op.o+ 1-2p.
P |10=2p) 1820 p,)_{ L1 }
k

k 1-2p, = 1-2p; 1-2p, 1-2p,
L FEN
_pi|y 11N P, 1 1
k 1-2p, k" 1-2p; 2p;, 1-2p,
L =i
p 1 I P P I p
=01+ +-—Z / 5 L + —
k 1-2p; k}ﬂ 1-2p, 1—2Pj (I‘ZPJU“zpj) 0—2pj)
f=i
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_ply, 11 2”: P, i Z p; +2”: P,
k| 1-2p, k|&-2p, &1-2p, S (1-2p)(1-2p;) Si(-2p,)
i Jei J=i j?‘f j=i
1 1 1 u 2p ]
= Pi)y +—=<k+ Z Z 7 : 3
k 1-2p, &k 1-2p, 45 1—2p, —~ 1—2pj) (1-2p;) |
[ N
pi 1 1 i 1
=-—11+ +—
k 1-2p; {2.::’(1—21?; : 1—2P;§:1 2P, ZP) }
p 1 1 17 1 & p 2p
— i / J i
= 2t Tt 21_2 - (3.2.8)
L pl =l (1 zpj) pl J=l pj (1 2pl)
P 1 | p k-1 2p;
=-Ll2+ +— z -+ - —
k17 1-2p k|SZ0-2p, 1-2p; (1-2p;)
N
_ P ( 1-p; ] ! P 1
- Py, L _ (3.2.9)
k{ 1-2p; k ;(]_2101)2 (1-—2p,.)2
Again
= PiPji T PPy
(1= p, 1 1 p;1-p;) 1 1
BE-P) pjl:I—Z 152 ] —;_2—1— Pi122p, 122
1-2p, ' Pi pj . —<Pj ] Pi Pj
N N N
pi(1-p;) 1 l p;(1-p;) 1
B 2.7 i 2, pr
e -2p, P 1-2p, 1—2Pj i=| 1- Pj i=1 Zp, 1_2pj
i i*j
pi(l-p)) Iy 1 ! p;(1-p;) P 1 I
_ 1=-2p, 11 -2p, 1-2p, N 1-2p; 1-2p, 1-2p,;
k k
Y ¢ 2 ¢
_ Pip; 1 N ! _ 2"2P;+2"291
k* | 1=-2p;, 1-2p,;{|1-2p, 1-2p;
_ PP, 1 L 1+1—2p,.+1+1—2p;
k* |1-2p, 1-2p; 1-2p, 1-2p;
TN PR S S N PR S (3.2.10)
k* [1-2p, 1-2p, 1-2p, 1-2p,
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3.3 Some Useful Results for The New Selection Procedures:

In this section some important results regarding the inclusion
probabilities and joint inclusion probabilities have been verified for selection
procedures developed in the previous section. These results play a fundamental
role in deciding whether a specific expression can be used as an inclusion
probability or joint inclusion probability. These results have been verified in
following sub — sections.

3.31 The New Selection Procedure - I:

In this subsection some important results regarding the inclusion
probabilities and joint inclusion probabilities have been verified for the New
selection procedure — I

N
Result - 1: Z;r,. = n for this selection procedure.

Proof: To prove this result, consider (3.2.1) as:

- Pi ] ol P;
i = - 3.21
" {1~p;+;(1—p,)(1-2pj)} N

Summing both sides:

]
o —
g
>
=
Tl
+
™M
ol
R
=
o
S
=

1!
-
-1
M=
Tl
o |"
TN
—|
(I
| o
3|
R
| I

| i=t
N .
1-2p,
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Result — 2: The quantity n;, obtained under this selection procedure, satisfies the

M
relation Z 7y =n-1x,.

J=l
FEY)

Proof: Consider (3.2.2) as:

i = PPy ] 1 322
T [(l—p;)(l—2p;)+ﬁ-pﬂ(l—2pﬂ} 8.22)
Summing 7; when (j#i):
N ) N p, Pj{ }
,Z,:” ; (-p) (1 2p:) r—p,)ﬁ%vf)
=£L
d p)l 2p;) ,,lp’ Z P% 2p,)
L FLI) ;aﬂ
=£LP (l pl) Z pl
“'L( p-2p,) 4 .D,J( 2Pj )i-2p)
On Simplification:
N P, 1 N p;
o= A2 =10. 3.3.2
;H" d (l—P.')+JZ:(l p; - 2P1)] K ( )

Result — 3: The quantity w;, obtained under this selection procedure, satisfies the
N

relation 3", =n(n—1) where n is the sample size.
i=hjel
j#i

Proof: Consider (3.2.2) as:
14y 1 1
= + (3.2.2)
' d [(l_pi)(l_zpi) (Iipj)(l_zpj)}
Applying double summation on both sides:

E,Zux / z%,zu[p - { f)(ll-2p.-)+(1-p.~)(11—2p.-)H

=i S=i
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_ A& pip; 1 1
"2 Z{ d [u-p,-)u-zp,-)*(i—p,-)u-zpn)} 3339

i

N N

Pi by 1 1

Also Y7 .= + = (3.3.2)

; ’ ;[ d {(l—p,-)(l—-:!pi) H—PJI(I—ZPJ)}}

J*i J=i
Substituting (3.3.2) in (3.3.3)

N N
PHRIED ALY (3.3.4)
l=jl:j‘_=l il
N

Since n = 2, therefore equation (3.3.4) can be written as 'Yz ;, =n(n-1). Hence
i=lj=l
Jri

the result.

Result 4: The Sen — Yates — Grundy variance estimator is always non-negative
under this selection procedure:

Proof: The Sen — Yates — Grundy variance estimator is given in (1.3.6). The

quantities z; and z; under the new selection procedure — | are given in (3.2.1)

and (3.2.2). Now, the Sen — Yates — Grundy variance estimator is non-negative if:
non;-n, 20
Now

N

_ Pl 1 u P P 1 D
nR; -y = ——+ — +
! / d [I“Pi ,,Z:;(l-m)(lﬂp;,)} d 1-p, ,,Z:;(I—P;.)(l‘zpa)

_p p,{ 1 . 1 }
d {(-p)0-2p) U-p; 1-2p;)

N

" P .

Writing A= E above equation becomes
= (1-py)1-2p,)

NI 1 1 L
Ml Ty a’j{E{l—p;+AHI—P1+A}—{(1-P.-)(1—2P.')+(1"Pj)(1‘2pfj}jl

Pil;y1 1 A A 2
d {E{(l—pi)(ﬁp,)*(l-p..)*ﬁ-p,-)*"‘}
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_{ 2 1 2 }
(1_217;') (I‘Pr) (1—2.9;‘) H"Pj)

PPl o, (4+d)2-p; —p,-)+1 4(1-pf-p,-)

= —— | — A + - (3.3.5)
d |d (1-p)li-»p,) -2p,)1-2p,)

Now since the first term within the main brackets of equation (3.3.5) is always

greater than or equal to the second term therefore (3.3.5) is always non-negative

for all values of p;, and p;, making Sen - Yates — Grundy variance estimator non-
negative for all samples. Further, it has been numerically checked that the relation

n; m,; —n,; 20is true for all values of m, m; and =y for this selection procedure.

3.3.2 The New Selection Procedure —II:

hi
Result - 1: Z =; = n for this selection procedure.
=1

Proof: To prove this result, again consider the value of x; from (3.2.5) as:

2p. N
= 11 3.25
m= = {-&.l ™ Z } ( )

Summing both sides:

i=1 i=I 1-4p,
N

J2% )
b= -4 p, }Hll—4pj

= _2_ 1+Z z i
b 1-4p, 1-4 p,

_2| 1+3Z Pi|.y (3.3.6)
b - p:

Result — 2: The quantity m; , obtained under this selection procedure, satisfies the

relation er,j n—r, .

i1
J’FI’
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Proof: To prove this result considers (3.2.6) as:

4p.
SRL.R.) S S (3.2.6)

Summing 7, when (j=i):

N N 4
- pip_} 1
ZEU Z[ {l 4p‘+1—4ij

J=l
fei
ap| 1 & & py
) bl 1-4 ijrZ:1 4
Pig FEREy
L =i FLY
=4P;F1_Pr' +N Py b
b Ll—4p‘- j=11—4pj 1-4p,

On Simplification:;

N _2P| N
275" b[ -4 p, Z ,} 8:3.7)

l

LS

S

-

Result — 3: The quantity m;, obtained under this selection procedure, satisfies the

N
relation 3" 7, =n(n—1) where n is the sample size.
i=1j=1

fi
Proof: Consider {3.2.6) as:
4p. p.
SRLIE S Y (3.2.6)
b 1-4p, 1-4p,

Applying double sum on both sides:

b )

i=lj=1 i=1j=1 I-4p;
JEi Jei
i=1| j=1 b 1-4p; 1-4p,;

j=i

Also from (3.3.7):
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N

| 4ppy) 1 _
NS R

N
J i=)
i /

j =

L0

Substituting {3.3.7) in (3.3.8):

ZNZE y = iﬂi =2 (3.3.9)
i=1

i=1j=1
J=i

N
Since n = 2, therefore equation (3.3.9) can be written as 22:: i =n(n-1). Hence
i=ljel

jal

the result.

Result 4: The Sen - Yates — Grundy variance estimator is always non-negative
under this selection procedure:

Proof. Consider again (1.3.6). The quantities =, and x; under the new selection
procedure — |l are given in (3.2.5) and (3.2.6). Now, the Sen — Yates - Grundy
variance estimator is non-negative if.

Now

2p, ud 2 ad
MM, Ny = P 1+ ! +ZZ Py _|.22) 1+ l +2Z_P_;,__
b 1-4p, +1-4p, b 1-4p, #1-4p,

_4Pi g 1 N 1
b 1-4p, 1-4p,

N
Writing B=2 Z il , above equation can be written as;

r 1=4 Py

4 :
n,.nj-n,j'——pilu 1 +B<1+ l +8B;- 1 + 1

4p,.p,{|{(3 ])2+2(B+1)(1-2p,.—2p,)+1} 2(1-2p,-2p,)

b |5 -4p)i-%p,) ‘(n-4p,-)(1—45)] @210

Now since the first term within the main brackets of equation (3.3.10) is always

greater than or equal to the second term therefore (3.3.10) is always non-negative
for all values of p; and p;, making Sen — Yates — Grundy variance estimator non-
negative for all samples. Further, it has been numerically checked that the relation

n, n, —7. 20is true for all values of r, n; and =; for this selection procedure.
[ if i ) p
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3.3.3 The New Selection Procedure - lll:

N
Result - 1: Z 7, =n for this selection procedure.
i=l

Proof: Consider the value of n; from (3.2.8) as:

P, I IR N PJ, Pi
ni = £ 2 +____.+—- (328)

=t J=l

Summing both sides:

N N y N
2i 1 1 P ! i 2P
=N"Pi|, — Z -
Z’ 7 Z, X [ +1_2p‘_ +k{z(l—2p}-)2+1"2p! I-2p, (1—2PE)ZH

J=l j=l

N

N N ,‘ 1 & i
R S =
[

i=l

0
| —
1
o
+
M=
T
o |3
~
+
M=
T'U
o [
=
—

it
|

r N
1+Z—"—f—}=z (3.3.11)

Result — 2: The quantity n; , obtained under this selection procedure, satisfies the

N
relation Zn’ j= (n-Dr,.

i=l
J=i

Proof: To prove this result considers {3.2.10) as:

= et + |2+ + 2.
l P;f, 1 1 ) 1 1 (3.2.10)
k 1-2p, 1-2p, 1-2p, 1-2p,

2
_2pip;| 1 1 ppil 1 1
= + + +
k* |1-2p; 1-2p;| k* |1-2p, 1-2p,

Summing z; when (j=i):
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N 5 2pp; 1 ] pip;| 1 e
- ) i
E”'J"—E 22 { -+ .}+ kzj{ + }

1-2p, 1-2p,

2
2pip;| 1 1 Slppy | 0 1
7 + +Z 2 — + ~
k 1-2p, 1-2p; =k I1-2p;, 1-12p,
J#i

Py, P 2p;
—2p) (- 2p,)z (1-2p,)0-2p;)

|
[ ]
il
+
|
M=
—
—a

n
b
A

Y Py 2 p,
Kk { (1-2p,) Z( 2pj)1 2ptjz:‘1 2p;) (- 2.0,)}

N N
Pij, V1 Py : P;____2p 3.3.12
k{ +1—2p,|+k ;(1 2pj)1 - 2sz(l ZPJ) (l_zpi)z ( !

j=1

N
Comparing (3.3.12) with (3.2.8) we have Z:r y = 7,. Since n is 2, therefore we

jrl
J=i

N
haveZ:r g ==

jwi
Result — 3: The quantity =; , obtained under this selection procedure, satisfies the

relation 22 7 ; =n{n—1) where n is the sample size.

i=lj=
J=i

Proof: Consider (3.2.10) as

ﬂii'—'pi!:j ! + ! |12+ l + l (3.2.10)
k 1-2p, 1-2p; 1-2p, 1-2p;

Applying the double summation we have;

2”2” zzp.f, IS S ) PO S
i=1j=1 i) K 1-2p;, 1-2p; 1-2p; 1-2p;

Jri Jri

N N .
=Y o ot S (3:3.43)
=t j=i k 1-2p, 1-2p; 1-2p; 1-2p;
Ji
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Also from (3.2.12):

N N pon.
Zﬂ—lj= Z p‘f’ ! + ! S22+ l + ! =5 (3.3.12)
T k 1-2p; 1-2p; 1-2p, 1-2p;

jel

J#i J=i
Substituting (3.3.12} in (3.3.13):
N N
Y1, =Zz,.=2 (3.3.14)

i=14=1 i=1
Jwni

N
Since n = 2, therefore equation (3.3.14) can be written as » ) 7 =n(n—1).
imljx]
J=i

Hence the result.

Resuits 4: The Sen — Yates — Grundy variance estimator is always non-negative
under this selection procedure:

Proof: Consider again (1.3.6). The quantities z; and x; under the new selection

procedure — Il are given in (3.2.8) and (3.2.10). Now, the Sen ~ Yates — Grundy
variance estimator is non-negative if:

n,m;~m,; 20

N N
or P 24 1 +_l_ Z Py —+ 1 Z Py 2p; .
k 1-2p;, k|450-2p,) 1-2p 1-2py (1-2p,)

h=1

N N
2p.
EL 2+___l__+_1_ E P 2+ 1 § Py _ P :
k 1-2p, k = (1-2p,) 1-2p; 1-2p, (1-2p;)

Rl

_ PPy 1 + 1 sy 1 N 1 >0
k% (1-2p, 1-2p, 1-2p; 1-2p,

Above equation, after simplification becomes:

4(1-p)0-p;) { l-p,  1-p) }1—(3—4;)‘.}[6'(1—2‘01-)2+D(1—-2pj)—2ij

(-2p)i-2p, |1-2p, 1-2p; | \1-2p, k(i-2p,)

+(3—4p,- ]{(:(1-2;;»,.)2 +D(I—2p,)—2p,}+[3pj (1-p,)+3p,0-p)+ p,}

1-2p, k(i-2p,) (-2p)0-2p))
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K (-2p,)(-2p,)

+[ (l_Pi)(l"Pj) :’>0
(-2p)1-2p,)

+{{C(l—ilp.- f+D-2p,)-2p}cl-2p,) +D(1-2p,)-2p,}

(3.2.15)

N N
Py Py ; .
where C:E —=—— and D:E ————. Equation (3.2.15) is true for all
h=1 1—2p,,)2 h=1 (l_zph)

(

values of p; and p;,, making Sen — Yates — Grundy variance estimator non-negative
for all samples. Further, it has been numerically checked that the relation

n; m; —n; 20is true for all values of m, nj and m;; for this selection procedure.

34 Empirical Study:

In this section the empirical study has been carried out by using the new
selection procedures and some famous selection procedures given in chapter 1.
Fifty natural populations have been used for this empirical study. The empirical
study has been carried out by evaluating the variance of Horvitz — Thompson
estimator for various selection procedures. Relative efficiency of various sampling
designs has also been compared with the Brewer procedure, that is, variance of
each procedure divided by the variance of Brewer procedure. After obtaining the
variances the rank of a selection procedure is obtained with respect to its sampling
variance, that is the procedure with smallest variance in a particular population has
been assigned a rank of 1, the procedure with second smallest variance has been
assigned a rank of 2 and so on. The ranking has been done following the idea of
Jeffreys (1961) which says that “Rank correlations are effectively used to detect
the monotone relation between two quantities”. Now, this is obvious because a
perfect monotone relation between two quantities is reduced to a perfect linear
relation in terms of ranks. Departure and extent of departure from this is reflected
in the magnitude of rank correlation. These ranks have been used along with the
ranks of coefficient of variation and ranks of the correlation coefficient in deciding
the overall performance of a selection procedure. The results of these analyses
have been given in the following tables.
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Table 3.2 (Continued)
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Table 3.2 (Continued)
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Table 3.3: Frequency Table of Ranks of Various Selection

Procedures along with the Average Rank
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Table 3.4: Average Ranks of Various Selection Procedures

with ranks of Coefficient of Variation.

Table 3.5: Average Ranks of Various Selection Procedures

with ranks of Correlation Coefficient.
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Table 3.6: Average Ranks of various Procedures for populations
having Negative Kurtosis and Negative or Positive Skewness.

ositive

Table 3.7: Average Ranks of various Procedures for populations
having Positive Kurtosis and Negative or Positive Skewness.

Positive

S(X)
Negative

Combined
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Table 3.8: Correlation Coefficient between Rank of
Variance of a Selection Procedure, Rank of the Correlation
Coefficient and Rank of the Coefficient of Variation.

t YG (dbd)
' Brewer
[ Dur. (Rej.)

[ YG (Rej.)

between Rank of Variance
and Rank of C.V. (X).
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3.5 Conclusions:

The empirical study of vanous selection procedures has been carried out
along with the new selection procedures. The sampling variance of Horvitz —
Thompson estimator has been calculated along with the relative efficiency of various
selection procedures. These results are given in tables 3.1 and 3.2 respectively.
From the analysis of these tables it can be seen that the new selection procedures Il
and |l performs reasonably well in various populations. It has also been found that
the new selection procedure Iil has a smaller variance in comparison with the new
selection procedures | and II.

An overview of table-3.1 shows that the new selection procedure-|
performs better than all other selection procedures in only a single population
numbered 41. A detailed analysis of this population shows that this population has
negative skewness for the Y variable. Further this population is platy — kurtic for both
variables X and Y. Hence for such a population the new selection procedure-| is
much more suitable as compared to the other populations.

The new selection procedure-ll also performs belter than all other
procedure for 8% of the populations. These populations are numbered 9, 12, 16 and
20. Further study of these populations show some interesting results. Population 12
shows somewhat other results. This population has relatively high coefficient of
variation for variable Y and a low correlation for variable X. Also, this population does
not have a high coefficient of correlation. This is another sort of population where we
can use the new selection procedure to draw a sample using unequal probability
sampling without replacement. Population 16 shows the results which have quite
resemblances with population 12. The results of population 20 are more interesting.
This population has more than 100% coefficient of variation for variable Y, low
coefficient of variation for variable X and relatively smaller value of coefficient of
correlation. Thus a population having larger coefficient of variation for Y variable and
low coefficient of correlation can produce efficient results with the new selection
procedure.

Further analysis of table — 3.1 shows that in 8% of the popuiations the
new selection procedure-lil perform better than all other procedures included in the
study. These populations are numbered as 4, 42, 48 and 50. Further analysis of
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these populations shows somewhat interesting results. From population 4 we can
see that it has relatively low coefficient of variation for both variables and has a large
value of coefficient of correlation. One recommendation for use of the new selection
procedure — |ll is the populations having low value of coefficient of variation and
larger value of correlation coefficient. Population 42 has more than 100% coefficient
of variation for both of the variables and has high coefficient of correlation between
variables X and Y, yet this population is producing smallest variance with the new
selection procedure — lll. Similar results hold for other two populations in which the

new selection procedure — lll is performing better than all other procedures.

The results of table — 3.1 further shows that the new selection procedures
collectively perform better than the Brewer's (1963a) procedure in 28% populations.
Table 3.3 contains the frequency of rank of various selection procedures along with
the average rank of that procedure. From this table it can be seen that the Yates-
Grundy rejective (1953) procedure clearly outperform all other procedures as its
average rank is 3.08. This selection procedure is closely followed by the Yates-
Grundy draw-by-draw {1953) and the Brewer (1963a) procedure. Also the Yates-
Grundy rejective procedure performs better than all other procedures in 21 out of 50
populations, that is this procedure outperforms all other procedures under study in
42% of the populations. Table — 3.4 and table — 3.5 shows the average rank of
various selection procedures along with the group ranks of coefficient of variation
and correlation coefficient. A thorough study of table — 3.4 shows that the Yates-
Grundy rejective (1953) procedure outperforms other procedures for all ranges of
ranks except the highest where the Yates — Grundy draw-by-draw procedure is
performing better. Table — 3.5 constitute the average ranks of various selection
procedures along with the average ranks of correlation coefficients. A study of this
table shows that the Yates-Grundy rejective {1953) procedure perform better than all
other procedures for almost all ranks of correlation coefficient. Brewer's procedure
performs better for high correlation coefficient. Also from the results of table 3.2, that
contains ranks of various selection procedures the following table can be easily
constructed that shows the comparative study of the new selection procedures:
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Table 3.10: Comparative Study of New Selection procedures

Rank | New Method | Method Il | New Method Iil |

From above table it can be seen that the New Selection procedure — |

clearly outperform other two new procedures.

Table 3.6 and Table 3.7 constitute the average rank of various selection
procedures on the basis of Skewness and Kurtosis of the populations. From these
two tables it can be readily seen that for populations having negative kurtosis and
positive skewness the Yates — Grundy (1953} rejective procedure outperform other
procedures involved in the study and is closely followed by the Yates — Grundy
(1953) draw-by-draw and the Brewer (1963a) selection procedure. For populations
having negative kurtosis and negative skewness same picture is obtained. For
populations having positive kurtosis and positive skewness the Yates — Grundy
(1953) draw-by-draw procedure outperform other procedures involved in the study
and is followed by the Yates — Grundy (1953) rejective and Brewer {1963a) selection
procedures. Further, for populations having positive kurtosis and negative skewness
New selection procedure — lll clearly outperform other procedures involved in the
study and is closely followed by New selection procedures — | and |l. In general for
populations having negative kurtosis Yates — Grundy (1953) rejective procedure
outperform other procedures and is followed by Yates — Grundy (1953) draw-by-
draw and Brewer (1963a)} selection procedures. Finally, for populations having
positive kurtosis Yates — Grundy (1953} draw-by-draw procedure is best and is
followed by Brewer (1963a) and Yates — Grundy (1953} rejective procedure.

Table — 3.8 shows the correlation coefficient between rank of variance of
various selection procedures, rank of correlation coefficient and rank of coefficient of
variation. From this table it can be seen that the rank of Hansen — Hurwitz, Yates —
Grundy draw-by-draw, Brewer, Durbin rejective, New — | and New ~ Il has negative
correlation with rank of the correlation coefficient, indicating that these selection
procedures will have a decrease in the variance with an increase in the correlation
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coefficient. Other procedures have positive correlation, indicating that the variance of
these selection procedures will increase with an increase in correlation coefficient.
This table further shows that the New selection procedures will perform better in
populations having smaller coefficient of variation as the correlation coefficients
between rank of variance of these selection procedures and coefficient of variation
are positive.

Table 3.9 constitutes the values of regression coefficients and the F-
statistic for the regression model:

Rank (Proc.)=PB, +B, [Rank (CV )}+B, [Rank (p)]+¢

This table shows very interesting results. From this table it can be seen
that the regression is significant for all the selection procedures except the Yates-
Grundy draw-by-draw (1953) procedure and the New selection procedure — Ii.

Further, the coefficients of the regression model are very interesting. The B,

coefficients for all the selection procedures are also given in this table. These
coefficients show the partial effect of the coefficient of variation on the expected rank
of an estimator. From these coefficients it can be seen that for majority of selection
procedures this coefficient is negative and is insignificant. This coefficient is
significant only for the Durbin rejective procedure and two new procedures which are
procedure number Il and . This shows that the coefficient of variation has a

significant effect on the expected rank of these three selection procedures. The 3,

row of this table shows the partial effect of correlation coefficient on the expected
rank of a selection procedure. A close look of this row shows that the correlation
coefficient has a significant effect in determination of expected rank for majority of
selection procedures as this coefficient is significant for eight out of ten selection
procedures under study. This coefficient is insignificant only for Yates-Grundy draw-
by-draw and New procedure — 1. Further, this coefficient is negative for seven out of
ten procedures indicating that the expected rank of these selection procedures will
decrease with an increase in the correlation coefficient. This coefficient is positive for
Simple Random Sampling, Sen-Midzuno (1951) procedure and the Yates-Grundy
rejective procedures indicating that with an increase in the correlation coefficient the
expected rank of these selection procedures will increase.
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Chapter 4

The General Selection Procedure

4.1 introduction:

In this chapter a general selection procedure has been developed for
use with the Horvitz and Thompson estimator. Some important results regarding
the inclusion probabilities and joint inclusion probabilities have also been verified.
The derivation of this procedure along with the verification of results has been
given in the following sections.

4.2 The General Selection Procedure:
The general selection procedure is stated as:

aP:(l_Pi)

o  Select first unit with probability proportional to )
—2ap;

. Select second unit with probability proportional to size of the
remaining units.

The expression for 7, is derived as:

api(l-p) ap,i-p))
e 1—2ap. i 1-2“’; P
Zap. Z"P; -p;) 1-p,
= l—2ap, ”' o 1 2apj
- 1 an(l_Pi)+iapj(l_pj)_ pi
Gapi(l-p)| 1-2ap 45 1-2ap; 1-p;
~ 1-2ap; - a
_ ! api-p) <~ apip
2 aPi(l—Pf) [-2ap, 4=1l_zap1
—~ 1-2ap;, *- 2l
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= Pi (-p;), < P
iapi(l_px) 1-2a p; J 1-2ap;
o 1-2ap, J
- Pi (-p.-)Mi P, ap,
iam(l—p.) 1-2ap,  4l1-2ap; 1-2ap,
i=tI l—zap'
N
] (1—2p;)+az p; o)
Zap.-(i—pf_ 1-2ap,  “1-2ap;
e 1-2ap,
Now
iaPi(l"P, p,(a—ap,.)
i=1 l_2apl iwl 1—2(1pi
N
= lz pi{2a-2ap,)
24~ 1-2ap,
- 1 i(Za—l)p, "’ZP'(I 2ap,)
2L‘=| 1—20p,' el l ZaP,
1l Yoop
= {1+2a-1)) —£&
2 +ea )Zl 2ap,]
1
...—2-0 with ¢= 1+(2a I)Z —2ap, (4.2.2)

From (4.2.1) and (4.2.2).

a(l-
= 2p 2p, Z
c | 1-2ap, 4 ‘1 2apj
= 2pl a_zapr'_'_ PJ
¢ | 1-2ap; —/1-2ap;
[ N
_2p| (a-1)+(1 2“Pf)+az p;
¢ 1-2ap; j=11—2apj
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2p, (a-1) > 1
=24 oF p, <— 4.2.3
¢ jns 2ap, E: Zapj for p 2a ( )

The expression of 7;; for this selection procedure is derived as:

= PiPyi Y PPy

ap;(l-p:) ap,-p,)
l—2ap, pj 1- zap_;
TN TN
Zap, p,) 1-p; Z“PJ( Pj] P;
~' l-2ap, o1 2ap;
- 1 api(l'_pi)_ P +ap1(1"PJ). p;
iap‘(l p) I—Zap,- l—p,- l—2apj l—pj
= 1-2ap;
Substituting the value of Z-@———) from (4.2.2)
1-2 ap:
— 1 api pf apipj
= — +
cl1-2ap;, 1-2ap;
2ap. p;
Skl L7 N S (4.2.4)
c 1-2ap, 1-2ap;
4.3 Some Useful Results for General Selection Procedure:

N
Result - 1: Z;r,- = n for this selection procedure.
i=1

Proof : To prove this result again consider the value of m;:

N .
n= 2P, (a-1) +aZ~p!— 4.2.3)
c 1-2ap; j=l1—2ap1

Summing both sides:
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2 (a—l) u Pj
o 1
C;P.[ +1_2“P1+az

J‘=11—2¢sz

2 & by |
;{H(za—l)Z——}z (4.3.1)

jall—Zapj

1]

Result — 2 : The quanlity n; , obtained under this selection procedure, satisfies

N

the relation Zﬂ' y ==
j=1
Sl

Proof : Consider (4.2.4):

”_=2‘1P.‘Pj 1 N 1
! c 1-2ap;, 1-2ap;

Summing z; when (j=i):

-, _”[Zap,p,-{ 1 H
e e ¢ 1-2ap;, 1-2ap,
i Jjri

¢ (1-2ap, 1-2ap;, 1-2ap,

Jnl

- zaptl: (l‘Pf) + S Pi P jl

On Simpilification

in.-,-=2"f[("“‘)*(“2“”")+ai P, }

s c 1-2ap, J=]l—Zapj
FEL
2 p, - M X
_2pi),, fa-1) MZ_L_ - 4.3.2)
4 1-2ap, iol-2ap,
Result — 3 : The quantity m; , obtained under this selection procedure, satisfies
N
the relation S°" 7 , =n(n-1) where n is the sample size.
[j‘l-,gjfl
Proof : Take
2ap. p;
Ol NN P SN (4.2.4)
c 1-2ap; 1-2ap,

Applying the double summation:
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i=lj=1 i=1j=1 c 1—2api -—Zapj
J#i FLY
N N
2a
=Z Z Bp SR (4.3.3)
iml| =1 ¢ 1-2ap, 1-2ap;
Jai

N 2 n.

DT ki S ) (4.3.2)
/ ¢ 1-2ap, 1-2ap;

Substituting (4.3.2) in (4.3.3) :

N N
S A=) =2 (4.3.4)
i=1

i=lj=I
Ji
N
2, therefore equation (4.3.4) can be written as 33z, =n{n-1).

i=ljal
jsi

Since n

Hence the resull.

Results 4: The Sen - Yates — Grundy variance estimator is always non-negative
under this selection procedure;

Proof: Consider again (1.3.6). The quantities z;, and z; under the new selection

procedure — |l are given in (4.2.2) and (4.2.4). Now, the Sen — Yates — Grundy
variance estimator is non-negative if:

T —n 20

or 2p,{1+ (a-1) +ai P }.2‘0’{“ (a-1) +ai————p" }

¢ 1-2a p, “~1-2ap, c 1-2ap; j,|=|1—2ap,,

_2apip; 11 >0
¢ 1-2ap, 1-2ap;|

N
Writing £ =a Z(TTPL_ above equation becomes:
h=l & aph)

2pip;|2 (a-1) (a-1} i 1 .
c {;{I-F(I—Zapl.)+E}{l+il—2apj i+E}_a{(l—Zap,-)+(l—2apJ)H_0
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_2pip;|2 ) 2(E+1)(a—1)(1—ap,-—ap )+(a—1)2
h ¢ {;{(E-Fl) " (1—2ap,)(l—20pjjr }

2a(l-ap,——apj) :IZO (4.3.4)

(I—Za p‘)(l—Za pJ
Equation (4.3.4) is true for all values of p; and p;, making Sen — Yates — Grundy
variance estimator non-negative for all samples. Further, it has been numerically

checked that the relation =, %, —n, >0is true for all values of n, m and m; for this

selection procedure.

4.4 Two Special Cases of the General Selection Procedure:
In this section two special cases of the general selection procedure
have been derived for selected values of “a” by using the gquantities n; and =; of

the general selection procedure. These special cases have been derived in the
following sub-sections.

441 Special Case - 1:

The values of z; and =; obtained under the general selection procedure

transform to that of Yates and Grundy (1953) draw-by-draw selection procedure
fora=10.5.

Consider:
N
ni=2P£l (a—l +az P
c 1-2ap, j:ll 2ap,;
puta=0.5

2p, 0.5-1 & py
= LRy 05N — P
T { 1205, 1_;1—2(0.5),0,}

=_2_ﬂ1 05 052__["_ (4.4.1)
€ l_pi j___ll-pj

Since ¢ will be 1 if we put a = 0.5, therefore (4.4.1) is:

=2p 1- +05
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_ .
l—p‘-—1+ Py jl

= pifl+
L l_Pi j=|1—Pj
i N

N/ (4.4.2)
i ]_Pi j=11_pj

Again consider the quantity ny:

L Y71 N S
: c 1-2ap;, 1-2ap;

putting a = 0.5 and on simplification with ¢ = 1:

1 1
m=pip; + (4.4.3)
1-p; 1-p,
44.2 Special Case — 2:
The values of 7 and 7; obtained under the general selection procedure

transform to that of Brewer (1963) draw-by-draw selection procedure for a = 1.0.

Consider:
N
2 U R T (4.2.4)
c 1-2ap; j=11—2apj
puta=1

A
I
b
R~
=
[ ]~
ISEN|
o=
+
M=
I

Q
Y,
_

N
= 22,5 B (4.4.4)
¢ j=‘1—2pj
N p;
Since ¢c=1+ L fora =1, therefore (4.4.4) is:
—1-2p,
e
m= '3‘0' |71+ p" }
l+z Pj j=ll_2pf
j=|1_Pj
= 2p, (4.4.5)

Again consider the quantity n;;:
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o 29PPy 1
: c 1-2ap, 1-2ap;

N .
Substituting a = 1 and C=‘+Z P
b | -2
i=1 7
2p, p; N .
m=PiPiy UL =14y il (4.4.6)
k 1-2p, 1-2p; “q1-2p,;

4.5 Empirical Study:

In this section the empirical study has been carried out for the general
selection procedure by using fifty natural populations selected from standard text
on sampling. The empirical study has been carried out by using variocus values of
the constant “a” in the range on 0.5 to 1.5 with an increment of 0.1. The ranking
has also been done in order to decide the nature of populations where the
general selection procedure can be applied with a specified value of “2". The

results of these analyses have been given in the following tables.
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Table 4.3: Frequency Table of Ranks of General Selection

Procedures for various “¢” along with the Average Rank
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Table 4.4: Average Ranks of Various Values of “a”

with ranks of Coefficient of Variation.

Table 4.5: Average Ranks of Various Values of “a”

with ranks of Correlation Coefficient.
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4.6 Conclusions:

The results of empirical study of the general seleclion procedure have
been given in previous seclion. These results constitute variance of Horvitz -
Thompson estimator for various values of the conslant “2”, the ranks of sampling
variance in various populations for various values of “a", the average ranks in
correspondence with ranks of coefficient of variation, the average ranks in
correspondence of the correlation coefficient, the frequency of ranks of various

values of “a” and the regression summary. These results have been given in table

— 4.1 to table — 4.6. The conclusions drawn from these results have been given in
following pages.

Table — 4.1 constilute the sampling variance of Horvitz -~ Thompson
estimator for various values of “a”. From analysis of this table it can be easily
seen that in some populations the sampling variance of Horvitz — Thompson
estimator increases with an increase in the value of “a”. These populations are
numbered 1, 2, 3, 5, 10, 11, 13, 14, 17, 18, 19, 22 1o 29, 31, 34, 35, 37, 38, 40,
41, 43 to 47 and 49. Further, study of these populations show that they exhibit
somewhat similar trend. All the above mentioned populations, except 44, have
positive skewness in the measure of size. Also the coefficient of skewness is
positive in most of the populations for the basic variable of study. Further, the
coefficient of kurtosis is negative for basic variable of study, Y, in most of the
above mentioned populations. From these it is suggested that a smaller value of
“a” should be used when a population has positive skewness in both measure of
size and basic variable of study and negative kurtosis for variable Y. The analysis
of coefficient of variation and correlation coefficient for above mentioned
populations shows that these populations have larger coefficient of variation
along with relatively high correlation coefficient. One recommendation for the use
of smaller value of “a” in general selection procedure is that the population must
have smaller coefficient of variation along with a relatively low correlation
coefficient.

Also, from the analysis of this table it is easily seen that the sampling
variance of Horvitz — Thompson estimator starts decreasing with an increase in
value of “a”. These populations are numbered 4, 8, 9, 12, 16, 20, 30, 31, 32, 33,
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39, 42, 48 and 50. Further, study of these populations reveals some interesting
results. It can be seen that the nature of skewness in measure of size has a
mixed trend. Also the coefficient of skewness for basic variable of study has a
mixed trend. It can also be seen that the larger value of “a” produces a smaller
variance when the measure of size and basic variable of study has positive
skewness and basic variable of study has negative kurtosis. The analysis of
coefficient of variation and correlation coefficient reveals that these populations
has haphazard trend for both coefficient of variation and correlation coefficient.
One recommendation for the use of a larger value of “a” in the general selection
procedure is that the direction of coefficient of variation and correlation must be
opposite or correlation between these two must be negative.

Some populations in table — 4.1 show very interesting results. These
populations are numbered 6, 7, 15 and 21. In these populations larger as well as
smaller value of “a" increases the sampling variance of Horvitz — Thompson
estimator. In these populations a middle value, around 1.0, of “a” produces
smaller variance as compared to the smaller or larger values of “a”. These
populations have one thing in common, that is all these populations have positive
skewness for both measure of size and basic variable of study. Also the kurtosis
for both variables is positive in first two populations and negative in last two
populations. From these it is concluded that the moderate value of “a” will produce
a smaller variance if both the variable have positive skewness and same kurtosis.
Further, the analysis of coefficient of variation and correlation coefficient shows

that all these populations have larger correlation coefficient.

Table — 4.2 shows the ranks of sampling variance of Horvitz — Thomson
estimator for vanious values of “g”. From this table it can be seen that in 11
populations the rank decreases with increase in “a”, in 35 cases rank increases
with increase in “a” whereas in 4 cases there is no relation between the value of
“a" and the rank. Table 4.3 shows the frequency of ranks for various values of “a”.
This table shows a very interesting picture. From this table it can be seen that the
frequency of higher ranks increases with an increase in the value of constant “a".
The frequency of rank 1 is maximum for ¢ = 0.5 and the maximum frequency

moves to the higher ranks with an increase in the value of the constant “a”. This
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table also shows the average rank of various values of “a™. From this table it can
be seen that the average rank increases with an increase in the value of “a”. Also

from table 4.3 following table can be easily constructed that shows performance
of various values of the constant “4™;

Table 4.9: Frequency of Best Performance of various

values of the Constant “a”

IL Frequency 32
of Best

From table 4.9 it can be readily seen that a = 0.5 clearly dominate other

values involved in the study.

Table 4.4 shows the average ranks along with the group of ranks of
coefficient of variations. From the analysis of table — 4.4 it is readily seen that a
smaller value of “4” is suitable if the coefficient of variation has a smaller value.
Further, analysis of this table shows that a value of “a” between 0.5 and 1.0 will

produce a smaller variance for almost all coefficients of variation.

Table — 4.5 shows the average rank for various values of “a” along with
the group ranks of correlation coefficients. A view of this table shows that the
value of “a” between 0.5 and 1.0 will produce smaller sampling variance in
comparison with other values. Also a = 0.5 outperforms all other values larger

than it for small coefficient of correlation.

Table 4.6 and Table 4.7 constitute the average rank of various values
of “a” on the basis of skewness and Kurtosis of the populations. From these two
tables it can be readily seen that the smaller values of “a" have smaller average
ranks for all situations. Further the average rank of populations having negative
kurtosis is smaller than that of having positive kurlosis.

Table — 4.8 constitutes the regression summary for the model:
Rank (Pt oc.)=Po +B, [Rank (CV )}+B, [Rank (p)]+=
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This table constitutes the regression coefficients and the F-statistic for
testing significance of the regression along with the p-values. The regression
coefficients B, are also given in this table. These coefficients have a negative
sign for the values of “a” from 0.5 to 1.0. This indicates that the expected rank of
Horvilz — Thompson estimator will decrease with an increase in the rank of
coefficient of variation for a = 0.5 to a = 1.0. Further, the regression coefficients (3,
have a positive sign for the values of “a” from 1.1 to onward. This indicates that
the expected rank of the Horvitz ~ Thompson estimator will increase with an
increase in the coefficient of variation for 2 = 1.1 to 2 = 1.5. From this discussion it
can be concluded that the smaller values of “a” should be used in the General
Selection Procedure for populations having larger coefficient of variation and
larger values of "a” should be used for populations having smaller coefficient of
variation for variable X.

Further, table — 4.8 constitutes the regression coefficients B,. These
coefficients show the partial effect of the correlation coefficient on the expected
rank of the variance of Horvitz — Thompson eslimator for various choices of the
constant "a”. From this table it can be seen that this coefficient has a negative
sign for the values of “a” from 0.9 to onward. This indicates that the expected rank
of the variance of Horvitz - Thompson estimator will decrease with an increase in
the rank of correlation coefficient for larger values of the constant “a". Further, the
expected rank will increase with an increase in the rank of correlation coefficient
for smaller values of “a” as the regression coefficient 3, has a positive sign for
the values of “a” from 0.5 to 0.8. From this discussion it can be concluded that the
larger value of “a” will be useful in the General Selection Procedure for the

populations having larger correlation coefficient.

The overall conclusion that can be drawn from the study of table — 4.6
is that a larger value of "a” should be used for populations having larger

correlation coefficient and smaller value of coefficient of variation and vice versa.
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Chapter 5

Modified Murthy Estimators

5.1 Introduction:
In this chapler a series of new eslimators has been developed
following the idea of Murthy (1957). These estimators have been developed by

using different selection procedures in the general Murthy estimaltor given as:
l n
Loymm =—— ) PASli)y, 1.5.10
s = 5y 2 A1 (1.5.10)

Murthy (1957) used lhe Yates — Grundy draw — by — draw procedure in estimator
{1.5.10) o obtain following unbiased estimator of populalion lotal for a sample of
size 2:

2-p )2l 0-p)
Pi P
(2—pf —p,-)

Three new estimators have been developed by using various selection

I =

Sy

(1.5.11)

procedures in the estimator given in equation {1.5.10). A fourth estimalor has
been proposed foliowing the idea of Raj (1956a).

5.2 Modified Murthy Estimators:

In this section and the following sub — sections some new estimalors
has been developed that can be used with unequal probability sample without
replacement to estimale the population lotal. These estimalors have been
developed by using Brewer, Durbin and New selection procedure — lll in the
general Murthy estimalor given in equation (1.7.10).

5.2.1 Modified Murthy Estimator — I

This eslimator has been developed by using the Brewer (1963a)
selection procedure in the general Murthy estimalor given as:
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1 n
Lymm =27y 2 P8 )y 1.5.10
¥ P(S) ; ( | )y ( )
Above estimator for a sample of size 2 is given as:

_P(s]i)y, +P(S].j)y,

symm P(S) (5.2.1 )

Now, for Brewer selection procedure:

N_ P - i
ISl =74 Plsl) =2
i J
_2p;p, 1 1 _4p,.pj(l—p,--'pj)
and  P(S)= p [1—2;),.+l—2p,}_k(l_2pf)F2pf)

A{
p.
where k=1+)» ——
,-le"zpf

Substituting these values in equation (5.2.1):

P n Pi
I_Pa{ Pj

dp.p;l-p,-p;)

k(-2p)1-2p,)

Yi

Tap) =

P py| = —
_ Y Pf(]—fi) P;‘([‘—Pj)
4p, PjTl"Pi"Pj)

k(l—zpf-)(l*ziﬂ
[&—(l_pj)+£(]_pi)]

_ L7 2 .k(lﬁzpi)(l—zpj)
) (I—Pf)(l_Pj) 4(“‘)9:'—[’;')
k(l—2!’;)(1_2Pj)lif(l_ﬁ’j)"'i(l_!’f)]
(S ey rry e

This estimator is a slight modification of the usual Murthy eslimator given in
equation (1.5.11).
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5.2.2 Modified Murthy Estimator - Il:

The modified Murthy estimator — Il has been developed by using the
Durbin (1967) selection procedure in the general Murthy estimalor given in
equation (5.2.1). Now, for Durbin (1967) selection procedure:

P(S]i)=i—j[1] b— }kz”f(‘"”*_pf)

~2p; 1-2p,| k(-2p)1-2p,)

P(S|j)=&[ L1 ]: 2p,01-pi~p,)

k|1-2p, 1-2p; | k(-2p)l1-2p,)
and P(S)=2P.-Pj 1 1 4p1p,(1 pi- p;)
k |1-2p, 1-2p, | k(0-2p)(1-2p,)

Now, substituting above values in equation (5.2.1) the estimator of population
total for use with unequal probability sampling without replacement is:
{y_ 2p,(1-p,-p;) 2p,(1-p;-p;) ]
“k{1-2p)1- 2pj Vit -2p, Ni-2p,)
4p;p; (] - P _P;‘)
K-2p)1-2p,)

_ k(l_zpi)(l—zf’j)l:z)’x P (]‘P,'_Pj)"’zyj‘ Pi (I‘PJ_P;')]

) 4 p; P;‘FP;“E) k(1—2p,.)(1—2p,-)

2y p; (I—P:_P;‘)"’Z)’j P (l—p,-—Pj)
4 p; P,‘(l‘Pi_Pj)

2pip; (-, p,)[y' p}}

fagv2 =

) P,
4p;p;ll-p.~p,)
= l[l'qﬁ (5.2.3)
2| p Py

This estimator is same as used by Durbin (1967) for his rejective selection
procedure.

5.2.3 Modified Murthy Estimator — 1li:

This estimator has been developed by using the new selection
procedure — Il in the general Murthy estimator given in equation (5.2.1). For new
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selection procedure — lil, the conditional probabilities and the probability of
sample are given as;

N v 1 2p,0-p-p))
P(sli) == [1-2,0,+1~2P,}_k(l—2pf)(“2pf) o
NAE 1 2p,01-p,-p,)
P(sl )= k [lmvI +1—2p,-}k(1—2pf)(“2pf) o
and P(S):P;{fj l ; N _l 24 1 + _]
“2p, 1-2p, I-2p, 1-2p,
_donsbopp Wimpop)si2pd-2n)

k? (1‘2P;)2 (1"2:01)2
Now, substituting the values from equation (5.2.4), {5.2.5) and (5.2.6) in equation
(5.2.1) we have:
2p,(-p,-p,) 2p,(-pi-p,)
Yi ty;
k(l_zpf)(l“%ﬁ’j) k(l-—2p,-)(1—2pj)_LL

-

Laves = 4 p, p; (l—p,-—Pj){(l—Pf_Pj)'*'(l"zpi)(l_zpj)}
K(-2p,) (1-2p,)

_ [2}’; P (]_P;_Pj)+2J’j Pi (l—p,-—pj)}
) k(1-2p1-2p,)

_ kz(l_zp'_)z(]_zpj)z
4 p; P (1—pr'_pj)l(l_pi_pj)+(]—2pi)(l—2ﬂ

2kpip; (I‘Pf —P; )(1—2P;)(1‘2P1){‘}i+£}
P Pj

ap, pt-pi—p; N1-pi-p, (0-2p)1-2p,)

§ k(1-2p)1-2p,) [ﬁ+ﬁ]
21-pi—p, (-2 )1-2p, )

Pi Pj
This eslimator is a slight modification of the eslimator given in equation (5.2.3).

(5.2.7)
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5.2.4 Modified Raj Estimator:

This estimator has been developed following the idea of Raj (1956a).
Raj (1956a) proposed a series of estimators based on the ordered samples. The
estimators proposed by Raj (1956a) has a general shape as:

n-1 n-
=Dy 420 [1-2,0,.] (1.7.4)
i=1 f=]

p}!

Raj (1956a) proposed that the average of above series of estimators can be used
as an unbiased eslimator of population total. Raj's estimator for n = 2 is given as:
Y
L=y +=2(-p) (5.2.8)
P2

Parallel to above estimator a modified estimator of population lolal is given as:

Yi P
Lpsg = +_(1“P:)[b_ . J (5.2.9)

5.3 Unbiasedness of The Modified Estimators:

In this section the unbiasedness of modified eslimators, developed in
the previous section, has been proved. The unbiasedness has been proved by
using direclly the estimator and the probability of sample. The unbiasedness of

all three estimators have been proved in the following subsections.

5.3.1 The Modified Murthy Estimator — I:

The unbiasedness of the modified Murthy estimator — | has been proved
in this subsection as under:

k(]—2Pf)(l_zpj){ﬁ(l"Pj)'*"&.—(}_Pf)}

! J

4(1-p Ni-p; 1-pi-p;)

2p. p; 4p. p.\l—p. —p.
also P(S)= p:pJI: l 1 :I_ p:p;( p; p/)

Now I,y =

kK |1-2p, +1—2pj “k(-2p)li-2p,)

Now
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E{typn) = %,ZN L P(S)

i-1j-1
f>i

4R P (1-R-P)
4(-P)1-#)0-7-7;) k(1-2P)1-27,)

P_
N 2) T ey vy

__ZZPP{P,(:? P)" P(lyjp)]

i=lj=1

= =*2Y = E{lpg) =Y

From above result it can be seen that the modified Murthy estimator — | is
unbiased for population total.
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5.3.2 The Modified Murthy Estimator — [I:

In this subsection the unbiasedness of modified Murthy estimator — |t
has been proved.
Now  lypeo = L £+£-‘
2lp py|
[ 1 1 ]_4pfp,(l—pf-P,-)

2p;p,
Iso  P(S)= ! =
2180 ) 1_2P;‘+]_2pj k(l-—2piw—2p}-)

k

So

[YY
E(’MM:) = ZE Lasaez P(S)

i=lj=I
i>i

="EZ’»H;2P( )

i=lj=1
f=i

vy, v 4R P (-P-P)
:EEE[E{EJFI_}kl 2P)(I- ZP)}
X iy, v 22P2-2P-2P)
"5,-:_1,‘2:.{5{?,-7}' k(- 213.-)(1—2%7}

v [y v AP {i-2p)+0-2p,)
=5,.=_,§_,H?,+7{}' k(1-2P)1-2P,) }
I {1-2P)+(1-2P)}
] %,-.E{{Y"’"”f’"'}' K2n)i—27,) }

1N (1-2P) (1-27)
=—§§{{ng+yja}{m 2P)1-2P,) k(-2P)i- zp)H

P Y, P, Y, P,
=5;§§[k(l—2ﬁ k(i- 2P) k(1-2P) kFZPj}
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P ! Y,
k(l-—ZP,); ! ;kil—zpj)z;
J#i )
N P‘ N N Yj N
Zlk(l—ﬂ’,.);Yj ;kh-zpjiga
Al i®j
i L -p)+ v (v-v,)
~p(1-2P) le‘tk 1-2P, /
i/ (Y—Y)+§N: L_(1-P)
~k(-2p)" 7 &kh-2p)t
Y 5
[‘:Zi (1_2]::_)(1_131)"'; 1_2Pj (Y_Yj)
hi P‘ N Y.
""; (I—ZE)(Y_Y")-,F; l—éPj (]_Pj)j'
N Y N Y. P N P il Y. P,
! _ rei +Y J _ i
{;(1—23) ;(1—213) gl—zpj ;il—zpj)
N P N Y P N Y. N v P
Y i i 1 i Ji
* ;(1——21’,) ;(l—zﬂ)+;(l—2pj) ; l—sz)}
N P N Y, N Y, P
”§o-za)“éo-zm-";o-m}
N P‘ N Y,
Yg(l—m)”;(l—za)(’_m}
N P N
2Y i_42) ¥,
R 2= ]
.,
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which is unbiased. It is worth to quote here that the same estimator, when used
by Durbin (1967) with his rejective selection procedure, turned out to be a biased
estimator of population total ¥.

5.3.3 The Modified Murthy Estimator — Ili:

in this subsection the unbiasedness of modified Murthy estimator — il
has been proved. From subsection 5.2.3:

k(1-2p)(1-2p,) [y.jjj}

Loz = i[(l‘P,-‘pj) (1—2p)(l 2Pj] P P

ap pill=pi-p, Mi-pi-p; JH0~-2p)1-2p, )

k2(1-2p,)%(1-2p,)

Now, the unbiasedness of {,,,; has been proved as under:

and P(S)=

(mr:) ZZ’umP( )

i-bi-1
IEY

__ZZ’\MJP( )

i=1j-1
jri

=“Z.,Z.H (R j a2l ;1)311)21’)](%%]}

JE

.{mP,-o-e—a){o—e—P,.)+o—ze>(1—w)}H

K (1-2R) (1-2p,F

sl e

J=i
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_ 1 Y, Y, PPj(Q_zpi_zpj)
_5,.%}_ {p+P} k(1-2P)1-2P;)

_ 1 [[n Ry R AAfi-2R)+-2P)
—'iz,:jz,H PP, } k(1-2R)1-2P;) }
_ s -{YP+Y R} (1-27) b-25)
) 2§§L 2P -2 P k(1-2P)(1-2P,)
1 ] 1
=5§j§_{yp+ }{71 2P) - 2P,-)H
L e Y, P, Y, P Y, R,
'"2—211,21 k(- 2P) TrS 2P)+k(1-2ﬂ)+kh—2pji]
] N },, N N Pj N
"2 ;A(x—za)éf’ﬁ;k 1-2P, ,ZIY

N P, N Yj
+;(1—21’.)(’/‘}") ;m(“ ,)}
LIS ! y i N P Al Y, P,
_ E_k{g‘(l—zp) '(]'2”')”,-2:,:5—21’,-)—;(1_25)




Il
2|
)
1
—
|
b [T
-
g
+
b
||'M‘.2:
fy
|
o =%
-~
g
=
:-_.r
I

SR

1
E[Zky] = E(’.uM3): Y

which proves the unbiasedness of modified Murthy estimator — 111

5.3.4 The Modified Raj Estimator:

In this sub — section the unbiasedness of the modified Raj estimalor has
been proved. To prove thal unbiasedness consider the estimalor given in
equation (5.11) as:

i P
Lpag =¥ +'{)‘(1‘Pf)[b_l . J

P —P;

Since above is an ordered estimator, therefore for this estimator:

Now lo prove unbiasedness of ¢, we proceed as under:

E(’nu ): E\JE’RM P(s)

imlj=l
J&i

A B

i=lj=1] i
i®r

ol I-P P, \| PP
- Y Y i _ 7 rJ
b RN ey P L_P

i=1j=1
j=i

-

N pp N 1—P.][ P Hp.p.

= Y. i I+ Y,(—‘ b_ f] ; P

EZ;’ "1-A EEL F 1-P, ) |1-P,
ey ¥y
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Pj.
I-P,

£ 5 b-
+2 2N Py

kP

j]‘—P,

Y

N

)

=17

2

b

N

N

N

)

PP

-7,

Y,
=1jel
j=i

i=lj=l
'EY

Y.
i
i 1-P,

F=i

ivj

1-P,

‘\l'
WORA AL
i=1

N

Y

Y, = Eltgy)

i=1
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Chapter 6

Design Based Study

6.1 Introduction:

A series of new eslimalor have been developed in chapler § of this
thesis. In this chapter the design based study of these estimators has been
carried out. The design based variance of all four estimalors has been oblained
along with the empirical study of these estimators with some of the famous
estimators available in the literature. These studies have been given in the

following sections and subsections.
6.2 Design Based Variances:

6.2.1 Modified Murthy Estimator — I:

In this subsection variance of the modified Murthy estimator — | has
been developed. Now design based variance of this estimator is given as:

V“"(’.u.m) =Ly (tifMl)"[ED (’Mm)]z
N
> thon P{S)-Y? w Ep (’MM!) =Y

i=1j=1
F>i

l N
L5F thun PS)-Y

i=lj=1

rk(1_23)(1*2a){£(1_ﬂ)+—£(1_3)}—
| e f %
- 522 40-pN-p N1-2-p)

2 J

4n P (-5 -p) [ Y}
i=1

k(-2pP)(l-2P,)
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P

22 ey

jau

- 2
K (1- 2P)2(1 zp)z{P 1- P)+Y—(1 1”)}W

| B

4P, P (1-P-P) &

YZ
k(-2pP)(-2P)) Z

a =_I

r 2]
kP, P,(1-2P)1 2P,){Y" (1—P)+—YL(1—P,)}
_le d . %
i 2212 4(-p) (- f (-£-P) 2 ZIZ;
] ]
A |kpP-2R)i-2P) [ v, T ”
) -2_:':_1;;1!' 4 l_Pi_Pj) {P, -R) (l ﬂ} jl Z':Yr i= 'J !

| M kpp(-2p)i-2P)( v v, |’ ,
T2 2 Tl F~F,) {H(I—R)+P;(1—P} 2ZY “222

i /

}Ar ;.tn
| A kpp-2)i-2p)  y? v}
2 lezﬂ 4(1_ c"PJ') P;Z P;'z(l‘Prf)l

i=|j=l 4rPf—PJ

vy,
+2P P (1- P)(1 P)} ZZ b 2

i=lj= I i i=lj= I _f i-lj=1
LT J i i=i
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0 P, [y k(-2P)(1-2p,) v?.k(-2P)1-2P)
"2 )[ S R Y

vy, k(0-2R)1-27) v2.al-p-p) v} .4(-R-P)

I

rP(-R)I-R)  RO-P) P 1-#))
v,v,.4(0-£-P)
nndnn)

7

=1i” PP Y k(-2R
2 4 ,,') }::_1 (1

Ji-27,) ¥?.4(1-£-F)
-pY  R(-P)

2P)1-25) ¥}.40-A-P) %Y, 4(-R-P)
P..r'z(l_Pj)z Pi(l_Pi) F P
P

Y, Y, k(1-2 ,)(1-213)}

Eau P)I-P;)

v? (k(-2P)1-2P,) 4P(1-P-P))
g,‘v‘ﬁ“ P~ Pj[f”{ -y (-B) }

[-Ef

MRsR Ll 2p)1-2p,) 4P, (1-P-P,)
iR

LY {4(1—1’.-—P,-)—k(1 2P)i- 2.P )H

PP a-2)-7;)
= Var(r ZE dkil Y"ZA YfB PRIy (6.2.1)
ar A4+ B, - —C, 2.
Mm ' 1o '4(1 _P[) P,-2 i Piz i P, PJ i

F=i

k0-2R)1-2p,) 4R0-P

where A= (1—P,~)2 - (I‘P.-) (6.2.2)
_k(-2p2)1-2pP,) 4P {1-P-P)
B; = (1 _az - (1-1’]-) (6.2.3)
~ k(i-22)1-2P)
C,-,—4(l—13‘,-—Pj)~ (l—P,')(l—P,') (6.2.4)
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6.2.2

Modified Murthy Estimator — II:

The design based variance of modified Murthy estimator — If has been

obtained in this subsection. To obtain the variance let us proceed as under:

Var(tyy,) = Ep (ffmz )‘ [ED (tMMZ)]z

N

=3 Lhne 2 P(S)“Yl
el j=1
>

1 Y
5 ZZ ’fzd.tfz P(S) -Y?

" Ep () =Y

i= lJr 1
J=i
- 2
|1y ¥, 4PP =
= _ — _'.+_.._ Y,
2%%3{3 PJH k(- 2P)1 ?.P [Z }
P
1N (1 Y, YJ 4PP v vy,
= — —_—— e — 2
R e DY Y
=i - Fei
_ Y AP0-R-p) (Y —f'+-f— 22}’2—2 ZYY
2 gz::lk(l—ZP,.)(l—ZP,) P ,y-;J /
Lj:’r' jri
i npl-n-p) [y
] I-P,-P RAA IR IR
= — IR ] Sy, r?-2
2 ,Z;,Zlk(l 22)(I- 2P){P P! P,.P,.} Z] ; / Z;JZ,
L i Qi
N \~P, P, ¥Y: Y Y, 2 2
=l Z ( ) Yt J'z 2 i ! _ Yr _ ) P—2YY
244 kl 2PT1 22 )|p2 P2 "RP | 1-B 1-P
l’l
T P e N
22%12, R k(-2pP)1-2P,) P2 k(1-2P)1-2P))
J=i
o XY (-£-p) R A i IPRRS
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FET)

6.2.3 The Modified Murthy Estimator — Ill:

In this section the design based variance of modified Murthy estimator
~ il has been obtained. To oblain this variance consider modified Murthy
eslimator — Il from equation (5.2.7) and let us proceed as under:

Var(tyan) = Ep (’imn)—[Eo (’Mm )]2

N
=¥y [LMJ P(S)_Y2 " Ep (f,w.w3)=Y

i=1j=1
J>i

N
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J*l

1 k(1-2P)(1-2P,) Y

Y, ¥ i
EZ.Z. 2Wf’,-)(t—2P.\)+2(1—P.-)(l—ﬂif){_”TTH

129



'ZP,' Pj(I_Pr'_Pj)lz(l_Pj)(l_z};‘i)+2(l—ﬂ)(l—2pj)l
K (1-2P)(-2pP,F

2prl-nr) (3.7,
ZZ[ AR

=t

ZZ{ 2P, P,(1-P-P) {£+£}2

2540 2(-R-P)+2(1-2P)1-2P))

jwi

Y = PP -P-P) y: Y} vy,
2 ;Z(I—P P)+(-2P)1- 2P){32+}?+2RPJ

P - P - V.Y,
i=lj= I] }) , ;z%j :| 1- F; ;E;;E% }

FEY f=i J=i

=—zz~{@ =D a1

r P P,)+1 2P)F2P,) P? P,-P,-[
Y? v} 1Y
“Ri-2) PU-7)

PPG-R-P) [r2 v vy, ¢
".Z,,Z(P P+ (1—2H)F—2P,-){

—_t—4 —
p? P} AP, R(-pR)
jui

(i-p-p)-2R)1-2P) ¥} (1-R-P)(-2P)(-2P)

I

708 I ) () R ey
nAas (1 P )+(1—2F;.)(1—2P,.)}

R'Pf F_P:_P,J

P,(1-P-P) 2
_—,ZLZI(] P - P +(1 2P )i- 2ﬂ{y

j I

130



Ni-2-p,)-P (- P P,)-P (- 2;:;)(1—2Pj)}+y_?

i-P-P)

Ji-7-7,) 1PP)

2
P}

l

P

P i-A-P)

(1—21*’.-)(1—21",-)}_2 as

N

P)+(1-2P)1-2P,)- (l—f".-—P,-)H

t-~-p)

PP,

| PP (1-P-P) v} [(-p-pP)0-2P)-P(1-2P)(1-2P,)
5212(1 P - P,)+1 2P)i- 2@{_?'{ (-pY1-pP-pr,) }
Y? (-7 P )i-2p2)-P (-2P)1-2P,)) _vv, [(-2P)(1-2P))
e R )

N PP (1-P-P) v2 [(-2p
) EE;;lG-Pf—B,)+(1—ZH)F*2P,-){7’T{

o-7-p)-P1-2P,)
(-r)i-£-p) }

v2fi-2p)li-p-p)-P-2R))) 1y, [0-2R)1-2P)

+?{ (=P J-p-£) }'ZP,-P,-{ i-~-7) }

o (1 P - P) y2 (-2P)i-p-P,-P+2P,P,]
v? ((1-2p)i-P-P,-P,+2PP)) _v¥, [0-2P)1-2P,)
Ff_'{ - )i-7-P) ZP.P.{—E—_P._—TDTH

N

,]}_

N 1-P,-P, —2P)|1-2pP)-P, +2P P,]
_EZUZ,(P ﬂmzplzp{pz{ (-P)i-P-P) }
r? [(@-2p)1-27,)-P +2P ] 1-2P)(1-2P,)
70}7'{ IPrPPT }2 {IPP)H
o PP (i-P-P, v, 12P 12P P, (1-2P)
_52%2[1 P -P)+(1-2P)1- 2j{?{ Wi-7 - P) }

y?
+ ’2
P;

{

(-22)0-27,) (1 2P,

(1 P i-P-pP,) j

131

)]}

{ - 12,1>P(1 Pz)P )H



l PPJ(I-P:.— ) [y‘? {(1 2P ) (i- P)}
25 1,4(1 -PJ+(1-27 FNT) P (1-P)1-P-P,)

nzaro p)| vy, (0-22)4-27)
(1 P Jt-P -, "zﬂpj'{ {-p-P)) }
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J

Var(t N Ll 215 25V g (6.2.6)
ar M,'-f} ‘ U '(7 )+ 1— 2.P (] Zj PZ ;j if JD‘PJ if irp
j:f
2
where D,.,.=(l 28 (-p) (6.2.7)
(I_PD
(I-ZP,-)z(l—R.)
E,= = (6.2.8)
Fy=(-2pP)1-2P,) (6.2.9)

6.2.4 The Modified Raj Estimator:

In this sub-section variance of modified Raj estimator has been
obtained. To obtain this variance consider the modified Raj estimator given in
equation (5.2.9) given as:

Lo =V +‘—(1 P,)(k" ] (5.2.9)
P I-p;

Now, design based variance of this estimalor is obtained as under:

Vnr(lm, )= ED (’fm )—[ED (tRM )]2

S, PO B lp) =

i=15=1
J#i
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p, P! : 2
My=t-—t B A (6.2.13)
-2 1-P, 1-P. 1-P.

i 7 7

6.3 Empirical Study:

in this section the empirical study has been carried out to decide about
the performance of new estimators. The sampling variance of various estimators
has been calculated, by using the exact variance formulae, in this empirical study
to decide about their performance. Ranking has also been done to have a better
insight about performance of various estimators. The results of this empirical
study have been given in following pages.

135



v6 L8¥Cl

90°2604

ceL'ele9

£6'6504
L9'6EE9
15919
FAATARY)
TANRVARY)
G1°¢€L9
GL'9LLL

8L L¥G6

£9°0EP

L1°06e

1948

90°¢G¢e
04'6Le
6G'84¢
8lL°G.C
yl94¢
GL'EEE
85°60¢

00°9EvY

00°£168.G

€0°L6GSLE

0G6°2¥499¢

¢.'9E.80¢
£5'9/8852
9£'08665¢
¥¥'91909¢
062¥299¢
Gy'£969¥2
£1'6606.2

69°0£8G.8

‘'suoijejndod |eanjeN pajoajas buisn

Ot1

STAVA L WEAX

88°0998¥.1

88'¥80t091

€9'G9r1 991
€9°Ly8L1GL
88°6ZvveSl
88'v6LECS|
00°G80€091
G2'E8v0eSL
88'91.8.09.

00°¢reSYvety

0¥ +068¢

OL'el¥SL

22’000yl

29'025S1
08'GE0Y!
8G° L6860Vl
124%¢ 134"
¢Z'000%}
£0°E8EEL
GE'LG6YL

£a'evlel

payipopy ey

("7 111 — Auunpy payipop

{(¥"%9) J1 — Ayuny payipoy

("3 1 = Ayuniy payipON
(patspioun) Ayuniy
(pa1spiQ) ey

ueIyooD — AsjpeH — oey
(4amaug) uosdwoy ) — z)IA0oH
(Pap DA) uosdwioy | — ZJAIOH
ZIMINH — UssueH

Buiidwes wopuey sjdwig

Jojewysg

sJojew}sy snoLeA Jo aosueuep buldwes :1°9 ajqe



Lel

W'\‘]"l\lli'lll&l_

vyeegellel

912¢0169

9.2206v8S

9980689
8YELG.44G
¢¥52085
809YEY8S
9.20Gv8G
91.2699¢S
9/608919

¢yS¥.0S¢E

18°0¥59¢Ed

£2°08G9G<C1

GZ'eseect

cy'0e8GcCl
y6'2ceacel
l6'L6CeEl
0e'LGieel
FRA LN ANS
rt'048G€1
€6'899¢V|

69'G8€L8C

88°¢/6£98

05'8cEL9Y

16°96YE9Y

(AR TALA 4
6170099y
¥6'£2899Y
00°0S4S9Y
¥6°96¥C9Y
¥6°8€859Y
¥8°£1066¥

61°0680¢.

£1°8¢GLS

£1°0v8G6G

Ov'€09l}

GE'6S95EL
86¢0LL1L
LL'E0EC)
0t'G80¢C1
Ov'e0gL 1L
r0'68¥0}
L0'LeLvl

¥€'6800v¢

06°G0662}

16'6¥CEB

99'96¢1S

09°1L0218
ylL'2yesy
0288y
6G €Vl
1996216
G6'EreYS
JXAVATAY

88'v1096Z1

(penuiuo)) 1-g ajqeL

paiyipo ey

(Y**1) 11 — Aypn payipop

(E779) 11 = AyuniN payipoi

(1) | — AyuniN PauIpoOw
(patapioun) Ayuniy
(pasapiQ) ey

uelyo0) — AsjueH — oey
(4amaug) uosdwoly| — ZIAI0H
(pap 9A) uosdwoy| — Z)IAI0H
ZJMINH — uasuey

Bujidweg wopuey ajduuig

Jojewi}s3




gt

- r. T 1 1 1 |

00°'Go9¥5¢E

G/ [99¢61

08°1604.L1

S R AA AT
GZ'1G09.1
€8'G02.L1
¥1'81¥08l
08'160441
61200181
8¢ Y061

00'695¥0.G

€1°0064501

00°108.€8

91°2920by

90'6261 19
91°68¥0tY
gl'glegey
16'6518EY
91°¢920vv
188LYLLY
€0’ LSP69Y

009681216

9CP8LG8Y

860596C¢

0GZ¥1I8L

012€866¢E
0826918}
02€.1881
$006%20¢
0S.Zv1i8l
L68189¥1
02V9oE6Le

89EVYLELL

0202061

82°1682

88'+0G8

6e L1164
80'8¢58
19'25G8
10'64S8
88°P0G8
82'0£88
€9'GG06

£6°06CEE

09668504

09.2vE0V

2966¢£00¢

yeLicyLy
AN AR AU
¥969690€
0698691¢
¥966£00¢€
C¢LEVLOC
8CLESYEE

888.5991 |

(penupuo)) L'g aqel

palipoiy [ey
(73} 11 = Ay payipo

(20 1| = Ayuniy paiyipopy

(1%%) | = Ayunpy paiyipoiy

(pasepioun) Ayuniy
(palepiO) ey

UBIY20D) — ABjUEH — OBy
(4ama.g) uosdwoy] — ZJIAloH
(Pgp DA) uosdwioy| — ZyAIOH
ZIminH — uasueH

Buydwes wopuey odwig

jojewli}sg




cegled [ANATA AL

1721y

68'GLCI

SEvLL

ov'8ecl

%174
68°GlCl
Ly 8vcCl

8e LIt}

|

|

|

|

|

|

|
e
| egven
|

|

|

|

|

9¢1169€S.¢C

cS6ESYIEEC

8916712042
0v988308¢¢
8262¢59¥62C
y81642SEEC
ZS6ESYIEET
yreeEeviele
960¥96v9ve

8¥8982099

8260989971

091806668

000256319

9.6v12.88
008¥2GS8G
89G£68.65
889116209
000256919
¥86.G280G
¢668¢8..9

8¥029.¥.1

(penunuod) |'g 9jgqel

6tl

pauipoi fey

(1) 111 — Ayuniy pauyipop
(¥9) 11 — Ayun paiipoi
(%) 1 = Ayunw palipon
(pasapioun) Ayunpy
(pausspi0) led

UBJY20D) — ABjUeH — oey
{(1amaig) uosdwioy| — ZJIAIOH
(pPap HA) uosdwioy | — ZJIAIOH
ZIMmunH — uasuey

Buidwies wopuey a|dug

Jojew)s3




——

8¥0c9ct}

600cPeL

6¥£€059

YXAALAA
S0Ge0Y9
€9.6¥¥9
9960159
BYEL0S3
00€+029
G£039.69

8E€CC00EE

$8'90€¢

LE'81L6l

BG/9¢l

ve'€60¢
89'¥Cl
IA VAN
6G°LLVL
86°49€1
GSv0ll
GE'ESG1

¥¥'602

89°188¢

0S°€GG)

1A 4"

c0cest
e LevL
BL'SYYL
A NS 44"
1A 14"
60°0LpL
18 v¥Gl

8G'6L1LC

Ovl

v1L'GL0GY

(RARAA 4

62°£G0eC

15'898€¢
G6'0€L2C
L6°€G98¢C
8E'GL8CC
62°€50¢C
8L Pyyec
GO'Svyie

0¢'2290¢

MY ACTAS]

BL'GLLS

20895

(STAPANA
98’ ve9v
S 89y
P8'G08BY
L0'89GP
LE'ESSY
LL6PLS

18°0GG1S

(penunuo)) g ajqe]

payipoy ley

(*72) 11 = Ayuniy payipoy

(Y%} 1) — Ayuny payipoly
(1) 1 = Ayuniy payIpow |

(passpioun) Ayuniy

(palapiQ) fey

ueJyoon) — AsjueH — oey

(Jamaig) uosdwoy} — ZjIAIoH

(Pap 9A) uosdwoy — zja0H

ZJMINH — uasueH

Buiidwesg wopuey ajdwig

lojewysy




90°€2S6.9

18°9922G€

00°9850.¢€

YrEvLLGE
€.'91869¢
61°9001.E
8C'60C1LE
00'9850.¢E
82'6959.¢
£1°¢eslee

£1°'€28E86

GZ'9118¢€9

95'9¥Z8Pe

G2'66.10¢

LELVELVE
I ¥'9¥800€
v6'¥8€20¢E
84°9€120¢€
GC'66.10€
8.°088¢8¢
L6°21.€cE

£9'28¥529

y0Lv05Y6S

9Gv/.82L1E

[ATRNTA{ T4

9180¢EvC0¢E
9/1861¥8¢
918908582
Y9¥0€0ERL
(A 3NeTA:TA
8C626628¢
ARSI ZANEN

09198925

vl

0£20995¢

850096¢1

QA TANS

9.¥096¢€1
99606¢Ct1
16CE8EE]
009t0sE1
QA TANS
LE0CIOEL
14Tt 44"

y¥1GC861

9/51/2691

¥G2e0G6

£6¥C268

05208¥6
[RANIA
¥.66888
G/¥6806
£6v¢ce8
8109188
£2/8€.6

9€1468<Y

(panunuog) L9 ajqe]

pauipol fey
(£7%9) 111 — Aypnpy pauIpoi

(P9 )1 = Aypniy payIpo

(%5) | — Ayunp paipop

(paJapioun) Aypniy
(pasepiO) ey

UBIY20D) — AS[UEH — OBY
(Jomaig) uosdwoyj — ZJAIOH
(pap DA) uosdwoy - ZjAoH
Z)MINH — UasueH

Bundwes wopuey ajdwis

Jojewinysy




¥9°999¢

06'Sivi

GLLvEL

L2°10v1
GG LCE)
poceet
€g'leel
GLIPEL
c6'v0E}
A1) 48

G0'¢8S¢

967864899

80201896¢

00002080¢

0v8.99GGE
2.¥62690¢
91/16440¢€
¢66¥0690¢€
00002080¢
96896968¢
925562

¢6LLv9Ly

919.v€08

8096Z\cY

9215282y

898C/81¥
9195092y
0¢s.0.ey
g18Gcvey
9/1G/82y
g8e600cey
y0828.LYvY

$8€201€0}

44!

00°0SS691 1

90'€ceLd9

vy 8¥5829

88°0¢.8¢9
88'6¥66¢9
L L0PELED
€9°084%€9
96'8158¢9
G2'€500€9
€1°¢c1089

05805012

ATl 41941

10849201}

05°29866

1£7¢86¢01
Ly'65.66
817050001
GG'9G866
05°.9866
€1'9£686
¥1¥0$S0}

LLLBYPL

(panunuo)) L9 a|gel

pauipoy ley

(*"™3) 111 — Ayuniy PaLIPOW

() 1| — Ayuni pauIPOi

('"*9) | = Ayuniyl paIipoi
(pauspJoury) Ayuniy
(paiepiO) fey

UBLLo0D) — ASjUEH — OBY
(Jamaig) uosdwoy | — ZyAloH
(Pap OA) uosdwoy | — ZjinoH
ZuMmInH — uasuey

Bundwes wopuey ajdwig

Jojewnysg




€< 190505

65" LEVOSY

¥6'£8€205
00°'88SESY
Ly CPESSY
G2 9G89GY
65 LEYISY
82°C80SEY
I WANAA 4

00092042

VWA 4%

05°906t¢

r0'GSLEC

ve LGEEL
£0'619t¢C
L2'669¢E¢
0E'20LE2
r0'GGLEC
90'vG8EL
6061052

LYELELY

66°99G¢

LL°0LEL

vrecel

1€89¢E1
veeeel
06'9¢E}
LO°ECE}
vy eeel
10°C0tL
8G°96¢1

v ¥96

34

9.09G16

10£440G

L18CECY

68596
cSP8ELY
L2289LY
(NANRTAS
L182ECY
LG8120Y
0£6.8vP

82096625

LG'VE669

G9'1 296t

€y 20ive

£2°G206¢E
LY GOVEE
€CLLLEE
8L'ELOEE
A A4
00'v88PE
8C'6.v9¢E

BEEF199G

(ponupuo)) L9 olqey

payipop ey

(773) 1) — Ayuniy paiipoi
(73} 11 - Ayuniy payipon
("#71) | = Ayuniy palIPON
(pasapioun) Ayuny
(pasepiQ) fey

uBIyd0)) — AgjueH — oBy
(Jamalg) uosdwoy) — ZJIAIOH
(pap ©A) uosdwoy] — ZAoH
ZIMINH — Uasuely

Budweg wopuey sjduig

lojewnssy




il

5€'6042 . 11'6691 SZ'2H9 . psyipol fey
22'69% L 86'GEET Zv¥9¢ (%1 1) — Ayuniy payipon
€L¥TEL 12298 86129 (¥/¥%1) )1 — Ayun payipow
Z6'sEPt LY'62SY 6% 6¥€ ("1 1 = Ayuniy paipon
85°06C} 20°08% 1G°265 (passpioun) Aypniy
87962} L0°'G0S 1629 (pasapio) fey
68°G8Z} 9t LES £6°999 ueJyo0Q — As|ueH — oey
€L ¥ZE) 12°29G 86129 (1omaug) uosdwoy | — Z)IAI0H
L'0L21 0Z'195 15088 (pap OA) uosdwot | — Z)IAIOH
vl 1LEL 68266 62054 Z)MInH — uasueH

1Z°'S0€S 00'91L801 8/°¢€6921 Budwesg wopuey ajdwig

lojewns3

(penunuog) L g iqe



£E691E

8.'19l

6519}

81651
8G°191
0t'egl
157191
6S° 191
GG 89l
LLUELL

£1°8ELG1

G/1°00660S

00'6EL6CE

90965991

99'¢c0¥9se
99'E616.1
£C'8LEYBIL
¥9'€./86)
90'9G65991
81¥'8080¢1
GL'Ll6CLe

00°0¢L0GG1

6v' 9691}

6E°1¢8¢E9

00°109¢.

06'€GEES
90'Gl8c.
08'149¢/
8E'19.G.
00710924
y6'8L¥L8

06cliL8

00'8069¥LE

94

06'€8ELE

0'9£981

Gg'oteel

0S'+9¥81
£6°8¥0E 1
18'912¢El
09'ev0EL
gerogeel
6¥'v9LLL
GO'¥.L9¥)

8L'LELE

(panupuo)) g a|qe L

payipo fey

(5 11 = Aypniy payipon

(“"1) 11 = Ayuniy payipo

(") ) = Ayuniy payipon

(passploun) Ayunpy

(paiaplO) fey

Uelyo0D — AojUeH — oey

(1amaug) uosdwoy] — ZyAOH
(Pap OA) uosdwoy | — ZIAJOH |

ZIMINH — USSUeH

Buidwes wopuey sjdwig

Jojewsg




) 4\

W — O O O

=)
—

© o NN~ EZ NN N © N
D - N O M - % 0 Wm0 T N - W
N O N © @O O N®O W~
M © WL W T W NT T O MO N N O
N N -~ ® v &~ v N~ ©O N T © - «— © ©
W NN OO ON~NDOONOON~NNNO

€
c
q
4
£
[
9
£
€
4
12
¥
S
g
S
£

O OO~ 0O -
- N O 0 O N O o

o
—

Axd pue (X) "A™D Jo syjuel ayj
yim Buoje Jojew}s3 SNOLIBA JO s)uey : Z'g a|qe



Table 6.2 (Continued)
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Table 6.2 (Continued)
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Table 6.3: Frequency Table of Ranks of Various
Estimators along with the Average Rank

Average

' Ranks
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Table 6.4: Average Ranks of Various Estimators

with ranks of Coefficient of Variation.

Table 6.5: Average Ranks of Various Estimators

with ranks of Correlation Coefficient.
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6.4 Conclusions:

The empirical study of various eslimators has been given in the
previous seclion. The results of this empirical study have been given in table —
6.1 through table 6.4. The analyses of these iables have been given in the
following pages.

Table 6.1 constitutes the sampling variance of various estimators for
fifty selected natural populations. From this table it can be readily seen that the
modified Murthy estimator — | performs better than all other estimators in 12% of
the populations. These populations are numbered as 30, 33, 39, 42, 48 and 50.
Further analysis of these populations reveals that four of these populations have
positive skewness for basic variable of study, that is Y. Also these populations are
lepto—kurtic. One recommendation for the use of madified Murthy estimator — | for
estimation are populations having positive skewness and kurtosis for basic
variable of study. The results of correlation coefficient and coefficient of variation
for these populations show that these populations have smaller value of
coefficient of variation as well as the correlation coefficient, except population
number 42, which has high value of coefficient of correlation as well as the
coefficient of variation for measure of size. From this it is obvious that the
modified Murthy estimator — | will perform better for populations that have smalier
value of coefficient of correfation and coefficient of variation for measure of size
and hence this estimator should be used in such populations. The modified
Murthy estimator - Il produces same sampling variance as the Horvitz —
Thompson (1952) estimator under the Brewer (1963) procedure. Hence it is
concluded that the modified Murthy estimator — il is equal in precision as the
Horvitz — Thompson (1952) estimator under the Brewer (1963) selection
procedure. The modified Murthy estimator — Il performs better than all other
estimators in 12% populations, numbered as 4, 8, 9, 12, 16 and 32. Furlher
analysis of these populations reveals that all these populations have positive
skewness in basic variable of study, whereas four of these populations have
positive skewness for measure of size. Also five of these populations have
negative kurtosis for measure of size. From this it is obvious that the modified
Murthy estimator — Il should be used in populations that have positive skewness

along with negative kurtosis for measure of size. Also the analysis of coefficient of
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variation and correlation coefficient shows that these populations have smaller
coefficient of varation for measure of size and smali correlation coefficient
between measure of size and basic variable of study. It is therefore suggested to
use the modified Murthy estimator — |l for estimation of population total when
measure of size has smaller coefficient of variation, positive skewness and
negative kurtosis. Finally, the modified Raj estimator does not perform better in
these populations.

Table — 6.2 shows the ranks of various estimators, with reference to
their sampling variance, in fifty populations under study. Table 6.3 constitutes the
frequency of rank of an estimator along with its average rank. From the study of
this table it can be seen that the Murthy estimator clearly outperform all other
estimators in the comparison and is followed be the Horvitz — Thompson
estimator under Yates — Grundy procedure and the modified Murthy estimator —
Il. Also from the study of this table it can be seen that the Murthy estimator does
not perform better than all other estimators in a single population yet its
performance is outstanding.

Table — 6.4 constitute average ranks of various estimators along with
the group ranks of coefficient of variation. The analysis of this table shows that
the Murthy (1957) estimator outperforms all other estimator. The New estimator —
Il closely followed the Murthy (1957) estimator for lower coefficient of variation.
For moderate coefficient of variation Horvitz — Thompson estimator under Yates —
Grundy (1953) draw — by — draw procedure closely follow the Murthy (1957)
estimator. Other estimators do not perform much better.

Table — 6.5 shows the average ranks of various estimators along with
the group ranks of correlation coefficient. From this table it is readily seen that the
Murthy (1957) estimator outperform other estimators for almost all ranges of
correlation coefficient and is closely followed by the Horvitz — Thompson (1952)
estimator under Yates — Grundy draw — by — draw procedure. The New estimator
— Il performs better than the Horvitz — Thompson (1952} estimator for almaost all
the rank groups.

Table 6.6 and Table 6.7 constilute the average rank of various

selection procedures on the basis of skewness and kurtosis of the populations.
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From these tables it can be readily seen that for popufations having negative
kurtosis and positive skewness Murthy (1957) estimator clearly outperform other
estimators involved in the study and is closely followed by Horvitz — Thompson
(1952) estimator under Yates — Grundy (1953) draw-by-draw procedure and
Horvitz — Thompson (1952) estimator under Brewer (1963a) selection procedure.
For populations having negative kurtosis and negative skewness the Modified
Murthy estimator — [i is best and is followed by Murthy (1957) estimator, Horvilz -
Thompson (1952) estimator under Yates — Grundy (1953) draw-by-draw
procedure and Horvitz — Thompson (1952} estimator under Brewer (1963a)
selection procedure. For populations having positive kurtosis and positive
skewness Murthy (1957) estimator ocutperform other estimators involved in the
study and is followed by Horvitz — Thompson (1952} eslimator under Yates —
Grundy (1953) draw-by-draw procedure and Modified Murthy estimator — I
Further, for populations having positive kurtosis and negative skewness Modified
Murthy estimator — | is best and is followed by Modified Murthy estimator — It and
Murthy (1957) eslimator. In general for populations having negative kurtosis
Murthy (1957) estimator clearly outperform other estimators involved in the sludy
and is closely followed by Horvilz — Thompson (1952} estimator under Yates -
Grundy (1953) draw-by-draw procedure and Horvitz — Thompson (1952)
estimator under Brewer (1963a) selection procedure. Finally, for popuiations
having positive kurtosis Murthy (1957) estimator outperform other estimators
involved in the study and is closely followed by Modified Murthy estimator — Ii and
Horvitz — Thompson (1952) estimator under Brewer (1963a) selection procedure.

Table 6.8 contains the regression summary for the model
Rank(Estim)=p, +B, [Rank(CV)]+B, [Rank(p)]+e

From the study of this table it can be seen that the regression is significant for
all the estimators under study excepl for the Horvilz — Thompson estimator
(1952) under Yates — Grundy (1953) draw-by-draw procedure, the Horvitz —
Thompson estimator under Brewer (1963a) procedure, the Rao, Hartley and
Cochran (1962) and the New estimator — |l. Further, the coefficients of these
models show a very interesting picture. The coefficient of the CV(X) for Simple
Random Sampling, Hansen — Hurwitz (1943} estimator, Horvitz — Thompson
(1952) eslimator under Yates — Grundy (1953) procedure, Raj (1956a)
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estimator, Murthy (1957) estimator and the Raj modified estimator is negative.
This indicatles that the average rank of these estimators will increase with a
decrease in the rank of the CV(X) keeping rank of the correlation coefficient at a
constant level. From this it can be concluded that these estimalors will perform
better for populations having larger coefficient of variation in the measure of
size. For other estimators the coefficient for CV(X) is positive indicating that
these estimators will perform better for populations having smaller coefficient of
variation in the measure of size. Also the coefficient for rank of correlation
coefficient is positive only for Simple Random Sampling and the Horvilz —
Thompson (1952) estimator under Yates — Grundy (1953) draw-by-draw
procedure. This indicates that these two methods will produce larger average
rank for the variance in populations having larger rank for correlation coefficient.
For rest of the procedures this coefficient is negative indicating that the average
rank of these eslimators will decrease with an increase in the rank of correlation
coefficient. From this it is concluded that the Horvitz — Thompson (1952)
estimator under Yates — Grundy (1953) draw-by-draw procedure will perform
better for populations having small correlations. Overall it is concluded that the
Modified Raj estimator will perform better in populations having larger
coefficient of varialion along with larger correlation coefficient. Other New
estimalors will perform better for populations having small coefficient of
variation and large correlation coefficient.
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Chapter 7

The Model Based Study

7.1 Introduction:
in this chapter the model based study of Modified Murthy Estimator - I,

tyar2» Nave been carried out under the linear stochastic model (1.1.1). The
anticipated variance of this estimator has been obtained. Empirical study has

been carried out to decide about the performance of various estimators.

7.2 Model Based Study of Modified Murthy Estimator — Il

in this section the mode! based study of modified Murthy estimator — 1]
has been carried out. It has been shown that the modified Murthy estimator — Il is
model unbiased under the linear stochastic model given in (1.3.2) the anticipated
variance of modified Murthy estimator — 1i has also been obtained by considering

the super — population mode! given in (1.1.1}. These studies have been given in
following pages:

The New estimator — |l is given as:
Ly, ¥, :

Iy = = Yyl = Z—y' (5.2.3)
2lp Py isth

The estimator (5.2.3} will be model unbiased if and only if:
Ey (tasse —Y)=0

Substituting the value of ¢,,,, from (5.2.3)} and the value of ¥

N
Ey sz —Y) = Ey (‘Amz -Bz _ng]
=l

N
= F -y_f_ - i
M ;2[’.' B ;5]
- ( BZ; +¢, S
- E,{f ; 2P,- _Bz_ggi



- ZM—BZ—iEM (af)

i=1

i€l
= 0 if and only if —257 BZ.
i€$
Hence the modified Murthy estimator — H will be model unbiased if and only if
—ZBZ BZ.
ies

The anticipated variance of New estimator — i is obtained as under:
Now:

2
1 Y
Ep Ey (’.w.uz —Y)z =E,E, ‘VEZF'_ :l

feS 4

Substituting the value if ¥; from (1.1.1) and the value of Y.

BZ,+¢; -
EpEy (’M.uz_y) = Ep L)y ZZ Bz~ Zae

ies ‘

)

- 2
N
EpEy ZBZ;S -BZ- z }

| ic§ i

2
N
EpEy Z Z 1')—132—28,}

ttS ies f i=1

Substituting P, = Z, / Zin first term:

2
JV
Ep Ey (2 =Y)' = Ep Ey [Zzz /Z Zzb BZ‘ZGJ}

ie§ i=1

ies§ i€S irl

EDEM{ ZBZ+Z——BZ i }1
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Since —ZB? BZ , therefore

{e§

2
N
£,
EpEy (’.m.fz _Y)2 =Ly Ey [ _'—ZE:}

Put 7, =2F.:

2
N
Ep Ey sz -Y)' = EpEy ZE_‘_ 3£:|

[]
(vl
lw}
I
=
¢
|
|
-~

I
Iy
o
ry
=
VN
.
“—'.L

1
o
5
l'?]
|
1
\.._—_./

[
ty
. ]
™M
a
A
+
T
|

Lies
2
= Ep| D |k
(€8 T( T
i 2
- g,
= Ep Z,,—ﬁZ Z
ie§ f ies ieS
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ieS T ie§

o £

r

-]

LicS ; iel n

Z%—zziJricf}P(s)

2

= Z‘ ZE;—P(S)—ZZ%:-P(SHicf P(S)]

LieS ; ie$ i=1
N O'? 2 N
= = P(§)-23 > =L P(s)+ D Y 0l P(S)
i=1 Sai T ial Sai O i=1 §ai
2
=‘i°—2 P(s)- 22 zp S)+Zcr ZP
i=1 T 5y i=) oS
Since Y P(S)==, and Y P(S)=1, therefore:
Sai s
5 N 0_2 N 0_2 N
EpEy (e -Y) = Z;’rz'"i—:zz_ﬂ'_ﬂf"'ch
=) izl i ol
N 0_2 N N
= Zn—'-zch+ch

& 1
= Zcf(—-—q] (7.2.1)

From (7.2.1) it is obvious that the modified Murthy estimator — Il achieves the
Godambe — Joshi lower bound for variance of any estimator.

7.3 Empirical Study:

In this section the empirical study has been carried out using ten
selected populations. The anticipated variance of Modified Murthy Estimator — Il
has been compared with the anlicipated variance of Horvilz — Thompson

estimator under various selection procedures. The resuits of this empirical study
are given in following tables:;
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7.4 Conclusions:

The empirical study has been carried out by evaluating the anficipated
variance of modified Murthy estimator — Il along with the anticipated variance of
Horvitz — Thompson estimator under various selection procedures. Three seleclion
procedures have been selected to carry out this study. These selection procedures
are the Brewer (1963a) seleclion procedure; which yield inclusion probabilities
exaclly proporlional to measure of size, Yates — Grundy (1953) draw-by-draw
procedure and Yates — Grundy (1953) rejective procedure. The procedures of Yates
— Grundy do not yield inclusion probabilities exactly proportional to size. The results
of this analysis are given in Table — 7.1 and Table 7.2. From these analyses it is
clear thal the Horvitz — Thompson estimator under the Yates — Grundy draw-by-draw
procedure perform reasonably well as compared to the other procedures for almost
all the selected populations. The New estimator — If has same anticipated variance
as the Horvilz — Thompson eslimator under the Brewer selection procedure. The
Horvitz — Thompson estimaltor under Yates — Grundy rejeclive procedure has smaller
anticipated variance as compared to the New estimator — Il and Horvitz — Thompson
estimator under the Brewer selection procedure for small values of y. The
performance of modified Murthy estimator — |l is better than the Horvitz — Thompson
estimator under Yates — Grundy rejeclive procedure for larger values of y. Finally, the
analysis yield that the modified Murthy estimator — 1l has same anticipated variance

as the Horvitz — Thompson estimator under the Brewer selection procedure.
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