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SUMMARY

In this dissertation, some generalized estimators have been proposed to
estimate finite population mean using the information of single and two
auxiliary variables. The estimators have been proposed for three different
sampling designs such as, two-stage single-phase sampling, two-stage two-
phase sampling and two-stage adaptive cluster sampling designs.

In chapter 1, the discussion about the survey sampling and the use of
auxiliary information in survey sampling has been given. The sampling
designs and their uses such as two-stage sampling, two-phase sampling,
adaptive cluster sampling and two-stage adaptive cluster sampling have also
been discussed. A brief history of the main developments in the estimation of
population mean has been discussed in Chapter 2. Some well known existing
estimators in two-stage single phase sampling, two phase sampling have been
discussed in chapter 3.

The foremost part of the dissertation starts from chapter 4 by making an
effort to introduce some generalized estimators for two-stage single-phase
sampling using information of single as well as two auxiliary variables. The
estimators have been developed for equal and unequal size of the clusters
considering weighted and un-weighted mean for first stage units. Some special
cases for each suggested generalized estimator have been discussed. The
expressions for mean square error (MSE) and bias have also been derived for
the generalized estimators, up to first degree of approximation. The optimal
conditions, for which a generalized estimator attains minimum MSE have been
discussed. Asymptotical optimal estimators along with their MSE have also
been presented.

In Chapter 5, some generalized exponential-type estimators have been
proposed by utilizing the information of two auxiliary variables for estimating
the population mean in two-stage two-phase sampling design. The estimators
have been developed for three different situations in two-stage sampling and
furthermore each situation is discussed for three different cases regarding the
availability of information on two auxiliary variables. The expressions of MSE
and bias for the generalized estimators, up to first order of approximation have
also been derived. The optimal conditions have been discussed for which
generalized estimator are optimal. The asymptotical optimal estimators along
with the MSE have also been presented.



TABLE OF CONTENTS

DECLARATION

DEDICATION

ACKNOWLEDGEMENT

RESEARCH COMPLETION CERTIFICATE
SUMMARY

Chapter-1: INTRODUCTION

1.1  Survey Sampling

1.2 Auxiliary Information

1.3 Two Stage Sampling

1.4 Two Phase Sampling

1.5 Adaptive Cluster Sampling

1.6 Two Stage Adaptive Cluster Sampling (TSACS)
1.7 Objective of Study

Chapter-2: LITERATURE REVIEW
2.1 Use of Auxiliary Information

2.2 Two Stage Sampling Design

2.3 Adaptive Cluster Sampling (ACS)

Chapter-3: SOME AVAILABLE ESTIMATORS

3.1 Introduction

3.2 Some Estimators for Two Stage Sampling Design
3.3 Some Estimators for Simple Random Sampling
3.4 Some Estimators for Two-Phase Sampling

3.5 Some Estimators for Adaptive Cluster Sampling

Chapter-4: GENERALIZED ESTIMATORS FOR POPULATION
MEAN USING SINGLE AND TWO AUXILIARY
VARIABLES IN TWO-STAGE SAMPLING

4.1 Introduction

4.2 Proposed Combined-Type Generalized Estimators in Two Stage

Sampling Using Single Auxiliary Variable
4.2.1 Proposed Generalized Estimator |
4.2.2 Proposed Generalized Estimator 11
4.3 Proposed Combined-Type Generalized Estimators in Two-Stage
Sampling Using Two Auxiliary Variables
4.3.1 Proposed Generalized Estimator Il
4.3.2 Proposed Generalized Estimator 1V
4.4. Proposed Separate-Type Generalized Estimator Using Single
Auxiliary Variable
4.4.1 Proposed Generalized Estimator V

Page
Vi
Vil

viii

©O© 00 OO, O RrWWNRERERPE

NN PR
P O OWWwWwWww

N
~

24
30

30
41
51

o1
69
88

91



Chapter-5: GENERALIZED EXPONENTIAL ESTIMATORS
FOR POPULATION MEAN FOR TWO-PHASE
SAMPLING USING TWO AUXILIARY VARIABLES IN
TWO-STAGE SAMPLING
5.1 Introduction
5.2 Proposed Combined-Type Generalized Estimators under Situation 11
Using Two Auxiliary Variables
5.2.1 Proposed Generalized Estimator-VI
5.2.2 Proposed Generalized Exponential Estimator for Situation li
Using Two Auxiliary Variable
5.2.3 Proposed Generalized Exponential Estimator for Situation |11

Chapter-6: GENERALIZED EXPONENTIAL ESTIMATORS FOR
POPULATION MEAN IN TWO-STAGE ADAPTIVE
CLUSTER SAMPLING

6.1 Introduction

6.2 Proposed Combine-Type Generalized Estimator IX in Two Stage

Adaptive Cluster Sampling using Single Auxiliary Variable
6.2.1 Proposed Generalized Estimator-XI
6.3 Proposed Generalized Estimator-X in Two-Stage Adaptive Cluster
Sampling Using Two Auxiliary Variable
6.3.1 Proposed Generalized Estimator-X for Case |
6.4 Efficiency Comparison
6.4.1 Efficiency Comparison for Single Auxiliary Variable
6.4.2 Efficiency Comparison for Two Auxiliary Variable

Chapter-7: EMPIRICAL STUDY

7.1 Introduction

7.2 Numerical Comparison under Two-Stage Single-Phase Sampling
Design

7.3 Numerical Comparison under Two-Phase within Two Stage
Sampling
7.3.1 Numerical Results for Situation |
7.3.2 Numerical Results for Situation Il
7.3.3 Numerical Results for Situation IlI

Chapter-8: CONCLUSION

REFERENCES
APPENDIX-A
APPENDIX-B

101

101
109

110
130

157
185

185
189

190
201

201
221
221
225

231
231
232

232

232
232
232

233

236
246
247

Xi



FSU
SSuU
MSE
ACS
TSACS
PRE

Fl

Pl

NI

ABBREVIATIONS

First Stage Unit

Second Stage Unit

Mean Square Error

Adaptive Cluster Sampling

Two Stage Adaptive Cluster Sampling
Percentage Relative Efficiency

Full Information Case

Partial Information Case

No Information Case

xii



LIST OF TABLES

Table Title Page

No.

4.1 Some Special Cases of the Generalized Estimator ;° 32

4.2 some Special Cases of the Generalized Estimator t;° 42

4.3 Some Special Cases of the Generalized Estimator ; 53

4.4 Some Special Cases of the Generalized Estimator t;° 70

4.5 Some Special Cases of Generalized Estimators of t° 92

5.1  Some Special Casse of Generalized Estimator ;° 111

5.2 Some Special Casse of Generalized Estimator t;° 133

5.3 Some Special Casse of Generalized Estimator ;5 158

6.1  Some Special Casse of Generalized Estimator t;° 101

6.2 Some Special Casse of Generalized Estimator ;¢ 203

Al  Data Statistics for Population-1 and Population-I11 246

Bl MSEs of the Class of tJ, for Population | and Population 11 247
for equal and unequal fsu’s

B2 PREs of the Class of g, for Population | and Population 11 247
for Equal and Unequal First Stage Units

B3 MSEs of the Class of 2, for Population | and Population Il 248
for Equal and Unequal fsu’s

B4 PREs of the Class of t2, for Population | and Population 11 249
for Equal and Unequal First Stage Units

B5 250

MSEs of the Class of t;, for Population I and Population I1
for Equal and Unequal fsu’s

Xiii




B6

B7

B8

B9

B10

B11l

B12

B13

B14

B15

B16

PREs of the Class of t;, for Population | and Population Il

for Equal and Unequal First Stage Units

MSEs of the Class of t;, for Population | and Population I1
for Equal and Unequal fsu’s

PREs of the Class of t,, for Population | and Population I1

for Equal and Unequal First Stage Units

MSEs of the Class of t;, for Population | and Population Il
for Equal and Unequal fsu’s

PRE’s of the Estimator w.r.t. t,, for Population-1 and
Population-II

MSEs of the Class of t;. for Population | and Population I1
for Equal and Unequal fsu’s

PREs of the Class of t;, for Population I and Population I1
for Equal and Unequal First Stage Units

MSEs of the Class of t;, for Population I and Population I1
for Equal and Unequal fsu’s

PREs of the Class of t;, for Population I and Population I1
for Equal and Unequal First Stage Units

MSEs of the Class of t;, for Population I and Population I
for Equal and Unequal fsu’s

PREs of the Class of t,, for Population I and Population I1
for Equal and Unequal First Stage Units

250

251

252

253

254

255

255

256

256

257

257

Xiv



CHAPTER 1
INTRODUCTION

1.1 SURVEY SAMPLING

Sample surveys are conducted to obtain data on a variety of matters in
many fields of life. If properly planned and executed, sample surveys are the
main source of information about a desired population characteristic. The
information about education, household income and expenditure, nutrition and
health conditions etc. may also be obtained by planning sampling surveys. A
sample survey will be less expensive than a census survey and the desired
information will be obtained in less time.

Survey sampling may be divided broadly in two types such as
probability sampling and non probability sampling. Probability sampling
design implements a sampling plan with specified probabilities. In academic
and government surveys, probability sampling is a standard procedure.

1.2 AUXILIARY INFORMATION

The foremost interest of survey Statistician is to acquire an estimate of
the desired population characteristics at high precision by using appropriate
sampling design. One way of increasing the precision of estimation is to make
use of the auxiliary information either at the stage of planning or inference.

The auxiliary information may be used under the following situations
regarding the relationships among the study variable & auxiliary information:

o If the study variable and the auxiliary information have a positive
relationship, the ratio estimator may be taken into consideration
[Cochran (1940 and 1942)].

o If the study variable and the auxiliary information have a negative
relationship, the product estimator may be taken into
consideration. [Robson (1957) and Murthy (1964)].

o If the relationship between the study variable and auxiliary
information is exponential, either positive or negative, the
exponential estimator may be used [Bahl and Tuteja (1991)].



Tripathi (1970) and Das (1988) suggested the following four ways in
which the auxiliary information may be available:

()  “The values of one or more auxiliary variables may be available a
priority only for some units of a finite population.”

(i) “Values of one or more parameters of auxiliary variables i.e.
population mean(s), population proportion(s), variance,
coefficient(s) of variation, coefficient of skewness may be known.
In other words, one or more parameters are known.”

(ili) “The exact values of the parameters are not known but their
estimated values are known.”

(iv)  “The values of one or more auxiliary variables may be known for
all units of a finite population.”

Tripathi (1970, 1973 and 1976) also discussed the following four ways
regarding the use of auxiliary information in the estimation of population
parameters:

(i)  “At the planning and designing stage of a survey, the auxiliary
information may be used, for example, in stratifying the
population; the strata can be made according to auxiliary
information.”

(i) “The auxiliary information may be used for the purpose of
estimation i.e. ratio, regression, difference and product estimators
etc.”

(ili)  “The auxiliary information may be used while selecting the
sample i.e. probabilities proportional to size sampling.”

(iv) “The auxiliary information may be used in mixed ways i.e.
combining at least two of the above.”

1.3 TWO-STAGE SAMPLING

In large scale surveys, it is a usual practice to prefer Multi-stage
sampling to estimate the population characteristics over single-stage sampling.
The main purpose to use multi-stage sampling is the clear reduction in the cost
of survey operations even if estimates derived from multi-stage sampling are
likely to be less efficient than those of the unrestricted single-stage sampling.



When a sample is selected from a population and information is
recorded from the selected units then the sampling scheme is referred to as the
single-stage sampling. Stratified random sampling and simple random
sampling can be the form of single-stage sampling scheme.

In two-stage sampling, a population is divided into clusters with equal
or unequal sizes as first stage units (fsu’s) and then each cluster is further
divided into sub-units as second stage units (ssu’s). At first stage, a sample of
clusters is selected by simple random sampling with or without replacement as
fsu’s and at second stage another sample of sub-units from each cluster (fsu) is
selected as ssu’s. The information about the study and auxiliary variables is
collected from ssu’s. In multi-stage sampling, this process is repeated beyond
more than two-stages to select ultimate sampling units. [Thompson (1992) and
Goldstein (1995)].

1.4 TWO-PHASE SAMPLING

Two-phase sampling can be used when cost of drawing large sample is
too high or when information of auxiliary variable is not readily available for
population. The work of Neyman (1938) may be referred to as the initial work
wherein auxiliary information has been used and the concept of two-phase
sampling is introduced in ratio estimator.

Two-phase sampling is powerful cost effective procedure, equally a
larger sample is selected from population and information of auxiliary variable
Is recorded at the first phase while at second phase usually variable of interest
is recorded for estimation. Numerous other works in the field of two-phase
sampling has been completed.

Bhal and Tuteja (1991) proposed some exponential estimators for single
phase sampling. Motivated by Bhal and Tuteja (1991) and following them, the
work of exponential estimators for single-phase sampling have been extended
for two-phase sampling.

1.5 ADAPTIVE CLUSTER SAMPLING (ACS)

Adaptive sampling refers to designs in which the procedure for selecting
units to be included in the sample may depend on values of the variable of
interest observed during the survey. One of the mostly used adaptive procedure
Is Adaptive Cluster Sampling



Adaptive cluster sampling was motivated by Thompson (1990) for
sampling rare and clustered population. The design typically starts with a
random sample, although it can also be applied to systematic sampling
(Thompson 1991a; Acharya et al. 2000), stratified sampling (Thompson
1991b; Brown 1999) and two-stage sampling (Salehi and Seber 1997). For
such populations conventional sampling procedures are not applicable as the
results obtained from such sampling may not be consistent due to lack of
information on sizes or characteristic of the population and often it is not
possible to know the shape of the cluster in advance, for such population
Thompson (1990) introduced an ACS design.

In ACS, earlier to sampling, a threshold value (C) is chosen, and if any
of the units in the initial sample meet or exceed this threshold, yi > C, then
neighboring units are sampled. If any of these neighboring units meet this
condition, their neighboring units are selected and so on. As sampling
continues for any cluster that is detected in the initial sample, the shape and
size of the cluster can be described. The final sample is the collection of
clusters that were detected in the initial sample, including any of the sample
units that were in the initial sample but below the threshold.

Survey effort is targeted to searching in the neighborhood of the location
of where any plant (or animal) that is found in the initial sample. This feature
of the design is very appealing. The design uses the intuitive behavior of a
field biologist that once a rare plant is found they want to search in the
immediate neighborhood, and puts this behavior in the framework of (unequal)
probability sampling. The set consisting on those units that met the condition
is known as network. The units that do not satisfy the condition are known as
edge units. Cluster is a combination of network units with connected edge
units.

1.6 TWO-STAGE ADAPTIVE CLUSTER SAMPLING (TSACS)

In two-stage Adaptive Cluster Sampling method, the population is
divided into a number of primary units and each of the primary unit is divided
Into a number of subunits. At the first stage a number of primary units are
drawn using SRS method and from each of the selected primary units a
predetermined number of subunits is drawn using a two-stage sampling
method and then the ACS is used to select the neighboring subunits of the
selected subunits. Salehi and Seber (1997) in their paper described the method
for two-stage adaptive cluster sampling reproduced as under:



“In first stage of sampling, we choose a simple random sample of m of
them primary units without replacement, though this requirement of
simple random sampling can be relaxed in some situations, At the
second stage, we take an initial simple random sample of ni units

without replacement from primary unit 1(i=1,2,...,m) so that

n, = ¥ n, is the total initial sample size. According to the above scheme

i=1

we the add neighbourhoods adaptively and build up clusters.”

Salehi et al. (2013) described the procedure for regression estimation for
sequential two-stage sampling.

1.7 OBJECTIVE OF THE STUDY

To reduce the cost of survey, it is a common practice of survey
Statisticians to search for the efficient estimators. The efficient estimators are
available in single-stage sampling as well as two-phase sampling design. In the
present study our task is to propose new generalized simple and exponential
estimators for two-stage sampling in consort with the work which has been
done by utilizing double sampling in two-stage sampling. It will be useful
when information on auxiliary variable is not readily available. The aim of the
study is also to propose exponential estimators in two-stage adaptive cluster
sampling using single auxiliary variable. The new generalized simple and
exponential estimators will be proposed in the following cases:

o When a first-stage sample say ‘n’ is selected from equal size fsu’s
say ‘N’ and then a second-stage sample say ‘m’ is selected from
second-stage units say ‘M’.

o When a first-stage sample say ‘n’ is selected from unequal size
fsu’s say ‘N’ and then a second-stage sample say ‘mi’ is selected
from second-stage units say ‘Mi’ and weighted mean is used.

o When a first-stage sample say ‘n’ is selected from unequal size
fsu’s say ‘N’ and then a second-stage sample say ‘mi’ is selected
from second-stage units say ‘Mi’ and un-weighted mean is used.



CHAPTER 2

LITERATURE REVIEW

2.1 USE OF AUXILIARY INFORMATION

Graunt (1662) was the first one who made use of auxiliary information
in estimating the population of England. Later on, to estimate the population of
France, the use of auxiliary information in survey sampling was recommended
by Laplace (1980). The modern sampling theory was established by Bowley
(1926) and Neyman (1934). Neyman (1938) gave the concept of two-phase
sampling and further stretched it to the stratified sampling. Hansen and
Hurwitz (1943) made use of auxiliary information in the selection of a sample
at the outset in history of survey sampling.

The use of the auxiliary information in a ratio estimator was first time
completed by Cochran (1940) after a positive correlation between the study
and auxiliary variable was observed. Robson (1957) proposed a product
estimator for negative correlation among the study variable and auxiliary
information. Under simple random sampling, Olkin (1956) proposed a
multivariate ratio estimator.

By making use of auxiliary information, Sukhatme (1962) proposed a
generalized ratio estimator for two-phase sampling. The use of auxiliary
information was protracted by William (1963), Mohanty (1967), Tripathi
(1970), Srivenkataramana (1980), and Breidt and Fuller (1993) etc.

Murthy (1964) derived the conditions, under which, the ratio, product &
an unbiased estimator are relatively more efficient. The use of two-phase
sampling was extended by Snedecor and King (1942), Spurr (1952), Freese
(1962), Armstrong and St-Jean (1993), Unnikrishan and Kunte (1995),
Samiudin and Hanif (2007), Singh and Vishwakarma (2007), Noor-ulamin and
Hanif (2012), and Sanaullah et al. (2012) etc.

Bahl and Tuteja (1991) introduced exponential-type ratio and product
estimators for the estimation of population mean under single-phase sampling
design. Upadhyaya et al. (2011) generalized Bahl and Tuteja (1991)
exponential-type ratio and product estimators by utilizing information of single
auxiliary variable.



Khoshnevisan et al. (2007) suggested a general family of estimators by
taking the information of some known characteristics which were already
available by utilizing the information of single auxiliary variable. Koyuncu
and Kadilar (2009) introduced the family of efficient estimators in simple
random sampling getting motivation from Khoshnevisan et al. (2007).

Singh and Espejo (2007) advised a ratio-cum-product estimator under
two-phase sampling design. To illustrate the efficiency of the estimators, a
numerical study was conducted.

Singh and Vishwakarma (2007) developed exponential ratio and product
estimators using single auxiliary variable under two-phase sampling once
population mean of the auxiliary variable is not readily available. An empirical
study was also completed to demonstrate the performance of the estimators.
Singh and Choudhury (2012) derived exponential-type chain ratio and product
estimators under two-phase sampling for the estimation of population mean.
Theoretical and empirical comparison has been made to demonstrate the
performance of the estimators.

Utilizing the information of single auxiliary variable; Koyuncu and
Kadilar (2009) has also advised family of estimators under stratified random
sampling. However, this work was extended to two auxiliary variables by
Koyuncu and Kadilar (2009).

Solanki et al. (2012) gave a class of estimators for the estimation of
population mean using single auxiliary variable. Performance of the estimator
has been illustrated in theory and numerical study with Bahl and Tuteja (1991)
and, Kadilar and Cingi (2003). Khan et al. (2012) planned a class of improved
estimators for estimating population mean in two-phase sampling regarding
partial information case.

Sanaullah et al. (2012) suggested some improved exponential type
estimators for the purpose of the estimation of the population mean. The
properties of the estimators have been analyzed for independent and dependent
sample cases independently. Khan et al. (2013) developed new class of
Improved estimators to observe the exactness of the population mean in single
and two-phase sampling using full information case.

Singh et al. (2014) introduced an efficient class of estimators for
population mean using auxiliary information. They also presented that the
proposed class of estimators is more efficient than Khoshnevisan et al. (2007)
and usual regression estimator.



Sanaullah (2014) advised exponential estimators in stratified two-phase
sampling using auxiliary information and made its mathematical and empirical
comparison with the unbiased sample mean estimator, modified stratified two-
phase ratio and product estimators.

2.2 TWO-STAGE SAMPLING DESIGN

Seelbinder (1951) determined the method on the selection of first-stage
and second-stage sampling units using without replacement considering the
probability of inclusion proportional to size. Design of multi-stage surveys for
the estimation of sampling errors was discussed by Durbin (1967). Brewer and
Hanif (1970) extended the work of Durbin (1967) to a general case. When the
units are sampled in more than one-stage; the work of Cochran (1977), Kalton
(1983), and Sarndal et al. (1992) may be taken into consideration.

For rare and clustered populations; Seber (1982) used two-stage
sampling design in various situations. The similar idea was developed by
Jensen (1994) individualistically. Whittemore (1997) provided the use of
multi-stage sampling design & inference using maximum likelihood estimator
(MLE) and Horvitz-Thompson (1952) estimator. Sukhatme et al. (1984)
discussed two-stage sampling design and introduced regression & ratio
estimators under two-stage sampling using equal and unequal first stage units.

To estimate the population total using information on two auxiliary
variables in two-stage sampling design; Sahoo and Pandey (1999) proposed
general family of estimators. Sahoo and Pandey (1999) also proposed a
predictive regression-type estimator in two-stage sampling by using the
predictive approach of Basu (1971) and made his comparison with usual
regression estimator proposed by Sukhatme et al. (1984).

Srivastava and Garg (2009) proposed a general class of estimator for
estimating population mean using multi-auxiliary variables under two-stage
sampling for unequal & equal first stage units. Sahoo et al. (2011) proposed a
general class of estimators in two-stage sampling using information of two
auxiliary variables with varying probabilities. Sahoo and Sahoo (2009)
introduced a class of predictive estimators by following Basu (1971) prediction
approach under two-stage sampling using the information of two auxiliary
variables.

Saini and Bahl (2012) advised some difference and ratio estimators
using multi-auxiliary information and double sampling for stratifications in
two-stage sampling for estimating population mean for heterogeneous



population. A comparison among three designs i.e., single-stage, two-stage and
three-stage sampling design was made by Nafiu (2012) and concluded that
three stage sampling worked more efficiently than the other designs. Mishra
(2012) proposed some of ratio estimators and compared their efficiencies in
two-stage sampling design without use of auxiliary information.

Singh et al. (2013) contributed ratio, product and regression estimators
for two-stage sampling design for unequal first stage units when the population
mean is not known in advance. They obtained the bias and mean square error
for the suggested estimators. Efficiency conditions were derived and it was
concluded that the proposed estimators are more efficient than Sukhatme et al.
(1984).

2.3 ADAPTIVE CLUSTER SAMPLING (ACYS)

The concept of Adaptive Cluster Sampling (ACS) for population (to be
studied) having rare and clustered nature was introduced by Thompson (1990).
In ACS, a first sample (primary sample) is selected by simple random
sampling with or without replacement. Then, following initial sample, the
neighborhood of each initially selected unit is considered to search additional
units (secondary units) that meet a defined condition say C. Thompson (1990)
made an attempt to modify Hansen-Hurwitz (1946) estimator and Horvitz-
Thompson (1952) estimator under ACS. Rao-Blackwell method may also be
applied to attain the improved unbiased estimators (Rao 1945; Blackwell
1947). Thompson (1991a) extended the work given in Thompson (1990) by
selecting initial sample through systematic sampling strip sampling or some
other classical sampling design and then added units to the secondary sample
adaptively. Under stratified sampling design; Thompson (1991b) adapted
Thompson (1990) and Thompson (1991a).

Thompson et al. (1992) presented stratified adaptive cluster sampling
under two different sampling strategies i.e., model unbiased and design
unbiased strategy.Smith et al. (1995) applied the ACS developed by Thompson
(1990) to population of three different species of waterfowl wintering in
U.S.A. Under ACS associated with simple random sampling without
replacement as initial design; Salehi and Seber (1997a) proposed Thompson
(1990) estimator and improvements of estimators has also been discussed
using Rao-Blackwell theorem.

Salehi and Seber (1997b) suggested Hansen-Hurwitz (1943) and
Horvitz-Thompson (1952) estimators under two-stage adaptive cluster
sampling design. The design proposed by the authors is a mixture of two-stage



sampling and ACS designs. They developed the estimators under two schemes
I.e., clusters are allowed or not to overlap primary unit boundaries. The cost
function and efficiency conditions are also discussed.

The restricted adaptive cluster sampling design to reduce the variability
in the final sample size was proposed initially by Brown (1994) and then
Brown and Manly (1998). Brown (1999) discussed the two-phase adaptive
cluster sampling and stratified adaptive cluster sampling strategies. He has
made a comparison of two strategies and presented that stratified adaptive
cluster sampling is more efficient for that specific study.

Adaptive cluster sampling performs better in univariate settings is
proved from the previous literature. Dryver (2002) made a study to see the
efficiency of the ACS design under multivariate setting and advised that the
efficiency depends on the relationship between the variables.

Muttlak and Khan (2002) presented the adjusted two-stage adaptive
cluster sampling once the networks may be of unequal sizes. They used two-
stage sampling for the networks of large sizes while single stage sampling was
performed for all the other networks. The estimators for population mean and
its properties were discussed for the design.

Dryver and Thompson (2003) developed the estimators for adaptive
cluster sampling when clusters were selected using without-replacement
sampling. Felix-Medina (2003) studied the asymptotic properties of Horvitz-
Thompson (1952) and Hansen-Hurwitz (1943) type estimators under ACS also
an asymptotic framework which based on the assumptions that number of
initial sample size and number of networks in the population are infinitely
large while sizes of networks are bounded was proposed. Finally, he proved
that under the suggested asymptotic framework both kinds of estimators are
asymptotic normal and design-consistent along with the ordinary estimators
for the variances are also design consistent.

Chao (2004) made use of auxiliary information under ACS and
proposed a ratio estimator based on single auxiliary variable. A simulation
study was carried out to show the relative performance of the proposed ratio
estimator in ACS with the ratio estimator in simple random sampling.

Naddeo and Pisani (2005) addressed the problem of imperfect
delectability in adaptive cluster sampling by using a pure design based
approach and proposed a two-stage adaptive procedure where the abundance in
the selected units is estimated by replicated counts.Chaudhuri et al. (2005)
proposed a sample-size restrictive adaptive sampling design for such situations

10



where some values of the study variable are sufficiently large while some are
negligibly or zero.

Dryver and Thompson (2005) proposed unbiased estimator under ACS
with and without imposing the condition of minimal sufficient statistic on the
estimators. They compared both type of estimators by making a simulation
study. Dryver and Chao (2007) presented the ratio estimators under ACS. To
see the relative performance of the proposed estimators, a comparison with
classical ratio and mean per unit estimator was conducted. The work of Chao
et al. (2008) was the extension of Dryver and Chao (2007) where they
modified the ratio estimators using Rao-blackwellization. The proposed
estimators were simple and more efficient than Dryver and Chao (2007).

Conroy et al. (2008) introduced two-phase adaptive sampling using
Bayesian approach. This type of adaptive sampling with Bayesian approach is
more suitable when the population is dispersed in plots of land and it become
impossible to collect samples from all plots.

Rocco (2008) combined Brown and Manly (1998) restricted sampling
design and Salehi and Seber (1997b) by introducing the new concept of two-
stage restricted sampling design. They proposed an estimator under this new
design and made a simulation study to see the relative efficiency of the
proposed estimator.

Chutiman (2010) modified Kadilar and Cingi (2005) ratio estimators
under stratified ACS. He carried out a simulation study to evident the
efficiency if the ratio estimator over Hansen-Hurwitz estimator under stratified
ACS.

Chao et al. (2010) improved some ratio estimators based on the Hansen-
Hurwitz and Horvitz-Thompson under ACS associated with simplified
systematic expressions in Rao-Blackwell version using simple random
sampling as initial design. Chao et al. (2011) used Rao-blackwellization to
Improve Hansen and Horvitz and Horvitz and Thompson unbiased estimator.
The simulation study showed the relative importance of the improved
estimators is over original ACS.

Lei et al. (2012) made a study to see the performance of ACS, simple
random sampling, and systematic sampling, for estimation of the population of
two species in Hainan of China. They concluded that estimators under ACS
provide less variance than the estimators from other two sampling
designs. Thompson (2013) provided a motivation for ACS and adaptive web

11



sampling. He also discussed a new class of adaptive sampling designs and
their applications in ecological and environmental studies.

Salehi et al. (2013) discussed the new concept of adaptive two-stage
sequential sampling design and proposed regression-type estimators under
ATSSS. The idea of the design was to study very rare individuals and to lower
the variance of estimation so that higher efficiency can be achieved as
compared to the conventional design. Under the proposed design, some
regression-type estimators were developed.

Noor-Ul-Amin (2014) propsed some exponential estiamtors under
Adaptive sampling design by taking initial sample from SRSWOR. Sanaullah
(2014) also advised exponential estimators under Stratified ACS and presented
an empirical studies about the performance of the proposed estimators.
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CHAPTER 3

SOME AVAILABLE ESTIMATORS

3.1 INTRODUCTION

A brief discussion on some existing ratio, product and exponential
estimators proposed by different survey Statisticians for estimating population
mean along with their mean square error is discussed in this chapter. The
estimators presented here are of two-stage sampling, simple random sampling,
stratified random sampling, and adaptive cluster sampling.

3.2 SOME ESTIMATORS FOR TWO-STAGE SAMPLING DESIGN

In this section, we will discuss the estimators for two-stage sampling
design for the following three cases:

Case-l:  when first stage units are unequal and weighted mean is used.
Case-Il: when first stage units are unequal and un-weighted mean is used.
Case-I11: when first stage units are of equal size.

) Sukhatme et al. (1984)

Case-I:

Sukhatme et al. (1984) estimator in two-stage sampling when first stage
units are unequal and weighted mean is used, may be reproduce as

t =

=

> T1i37i_ (3.2.1)
i=1
The mean square error may be given as

(1 1)

MSE(ti)zkg—WJSfb+—Z n, (3.2.2)

Case-IlI:
Sukhatme et al. (1984) estimator when first stage units are unequal and
un-weighted mean is used, may be defined as,

13



ol gy (3.2.3)
N1

The mean square error may be given as

1 N(1

(1 1),
_WJS b+—2|—_

MSE(ti’)=L;

52 (3.2.4)

Case-l11:
Sukhatme et al. (1984) estimator for equal first stage units may be
given as

i
1

=
™M s

The mean square error may be given as

MSE (t,) = {i (3.2.6)

S

Case-I:
Sukhatme et al. (1984) estimator in two-stage sampling when first stage
units are unequal and weighted mean is used, may be reproduce as

| |<\|

£ X, (3.2.7)

x

S

The mean square error may be given as

(11
MSE(tz)zL———
n N

(Swiy” —2RS};y + R°S,,,7 ) (32.8)

wiy wixy wix

1 N
+ 2N |
nN ;_; \

Case-IlI:
Sukhatme et al. (1984) estimator when first stage units are unequal and
un-weighted mean is used, may be defined as,
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| |~<\|

> (3.2.9)

>

S

The mean square error may be given as

(1 1) 2 20,2
MSE (t))~| —— —[(S,.° —2RS/' + RS/
2 Ln N J( by bxy bx )
L (O I ) )
Y - |(SWIy - 2RS, + R s ) (3.2.10)
AN -y (m M,

Case-l11:
Sukhatme et al. (1984) estimator for equal first stage units may be
given as

||~<|

s X (3.2.11)

>

S

The mean square error may be given as

MSE(t,) ~[+- L
ZNLn N

Lsel ) s, .2 —2RS R’ (3.2.12)
4+ — i . — . +
nN %nl |\ J( wiy wixy WIX )
i)  Sahoo and Panda (1999)

Sahoo and Panda(1999) proposed a general class of predictive estimator
for two-stage sampling that may be reproduce hereunder as:

t,=Y®1y(z-2), (3.2.12)
where ¥, =¥, + v, (X, - X,)

The variance of the predictive class of the estimator is given as under:
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N
2 2 2
Var(ta) =0, + ZYGyZ +vy o, + ZYZ (Giyz T Yi%ix; )/ni
i=1

2
N o N

+ Z (Gi ’ + 2'chlxy + yizcixz)/ﬁi (3213)

i=1 T i=1

The variance in (3.2.13) will be minimized for the following:

N
cTyz—i_zlcizz(ﬁiyz_BiyxBizx)/Tci
yiz_(Biyx"_VBizx)ZYi andy: = )

N =7
2 2
o, +ZGiz (1_pixz)/ni

i)  Srivastava and Garg (2009)

Case-I:

Srivastava and Garg (2009) proposed an estimator for the estimation of
population mean in two-stage sampling design. The estimator may be defined
as:

ALY (3.2.13)

y.

X;

where t* x . is a classical ratio estimator for i"" fsu’s.

The MSE (t;) for two-stage sampling design is,

f N 2 1 N 2
MSE(t;)zmz[nizi—E(nizi)] Y v, (3.2.14)

—di=1 NN j-1

where z, :ﬂ[u f. (C3 -pc,c, )| and v, =Y*f, (c; +ci-2p,c,C, )

Srivastava and Garg (2009) proposed a regression estimator for the
estimation of population mean under two-stage sampling design as,

[EEN

>

_Zn: i | ' (3215)

where t7 = ¥, + b, (X, - X) is a classical regression estimator for i" fsu’s.
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The MSE (t;) for two-stage sampling design is given as under:

f N 2 1 N 2
MSE(té)zN—Z[nizi—E(nizi)] YV, (3.2.16)

-lig nN i
where z, =v, and v, = f, (S; +b/s} —2bp;S, S, ).
Iv)  Sahooetal. (2011)

Sahoo et al. (2011) proposed a general class of estimators in two-stage
sampling using two auxiliary variables given as under:

1 [ j -n
te :M_Les{m'y' + (M, —ml)hl(el)}J+ h(e), (3.2.17)
where
hl(el):hl(El)+hi0(yl Y_I)+hl (_I_)(_I)
+h|2(2_| Z_|)+h|3(x_|r_x_i)+h|4<z_|r__|)
and

where h,,,h, h,,,h,, are partial derivatives with respect to y.,x,z;, X

ir'<ir *

The variance of the t, may be obtained by means of:

- 1 N o1
2 2.2 2 2 2.2
V(t) = (Sby+hlsbx+2h18byx)+ > u, '(syi+hlisxi+2h1isiyx).
n NN ;-1 m;
(3.2.18)
The variance of t, will be minimum for
1 Biy>< - BiyzBizx *
hip=-— =y
f l_l‘))iszixz
1 Biyz _BiyxBixz *
hip = -— = h;, and h, = _Bbyx

f 1_[3iszixz
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V) Mishra (2012)

Case-I:
Mishra (2012) advised some ratio estimators as followings,

M -
3
=1

(3.2.19)

,_,
e
Il
S|P |s |e
'E‘M:L
=
ol
x|

oo'_:

Il

S |+
T M s
=
|
ol

nn K g (3.2.20)

=R
M s R
=
x|

1l
-

1n
LTI
%ZELL———an (3.2.21)
12 — N
7anxl

Nij-1

The mean square error for (3.2.20) —(3.2.22) may be given as,

N
MSE () = i—i\ Sp,” +R°S),°—2RS;, )+ — % uf(i—i}s’yiz
Ln NJ Nise (my My
(3.2.22)
' 1\ ;2 2., 2 ,
MSE(tg)—L _WJ(S“ +R7s;,” — 2R, )
N
+izuf|(i—i\|(s’yi2+Rizs;2 2R;S;,, ) (3.2.23)
NNz (M My )
’ (1 \ ’
MSE(t9)=L; J(Sbyustbxz 2RS;,, )
N
+—Zui2|(——i\|(8;i2+RZS;2 2RS,, ) (3:2.24)
n i=1 \ i Mi)
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3.3 SOME ESTIMATORS FOR SIMPLE RANDOM SAMPLING

In this section, some estimators are given under simple random
sampling:

) Koyuncu and Kadilar (2009)

Koyuncu and kadilar (2009) introduced a general family of estimator as:

r < 1°
o = 2y | D (33.0)
|_[3(ax+b)+(1—[3)(ax +b)J

The mean square error of ¢, Is,

—(N-n_, 2 2 2 N-n 5 5 »
MSE(t,)=Y° Ac? + 2% (29 +g)-2(g”°+g v’c
1o L nN y ( ) ( ) nN P X
N —n 2)
~2Bgu (ZXZ_X)pCXCy+(k—1) J (3.3.2)
nN
X
where v = — .
aX +b

i)  Upadhyaya et al. (2011)

For simple random sampling, Upadhyaya et al. (2011) has proposed
exponential estimator as:

X - X
X +(a-1)%X

t,, =Y exp{ J : (3.3.3)

where a is an unknown constant whose value may be determined from large
scale surveys.

The mean square error may also be given as

1 1\ c? )
MSE(t11)={;—WJLC§ + a; (1- 2ak)J : (3.3.4)
C
where k = -~ .
C

X

19



3.4 SOME ESTIMATORS FOR TWO-PHASE SAMPLING
) Singh and Vishwakarma’s (2007)

Singh and Vishwakarma’s (2007) modified exponential ratio-type
estimator is given as:

><I
><I

I
=<I

><I

><I

{ } (3.4.1)

The mean square error of ¢, Is

(0, - 0,)]

4C tCy

:
MSE(t,,)~ s%| 0, +
y

:
- 4pxyl . (3.4.2)
J

The modified form of exponential product-type estimator for two-phase
sampling design is

Rel
><I

= I

{ } (3.4.3)

The mean square error of t,, IS

Rell
><I

:
MSE(t,;)~ s;lo, +

X (ez—el){c—u 4pnyp. (3.4.4)

i)  Noor-ul-Amin (2014)

The following generalized exponential estimators have been suggested
under two-phase sampling design when the information on both of auxiliary
variables is unknown.

N|
I
il

=
N

<I
©
——
Q
L
®
X
©
——
=
N
+
N
L

[y
N

(3.4.5)

The mean square error are given as:
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— [ 2 2
MSE (t,)~Y |0,C %+ OLT(elcxz +0,C.°)+ B7(e>1cz2 +0,C,°)

ZX X

—aGZCXZHyX—BGZCZZHyZ+(92+61)ﬁH C 2}. (3.4.6)
2

The optimal values of o and p have been obtained as

o= — and g, = —|H,,~PH, ] (3.4.7)

H H
where p = 2~ Yz

3.5 SOME ESTIMATORS FOR ADAPTIVE CLUSTER SAMPLING
) Thompson (1990)

Thompson (1990) suggested modified Horvitz-Thompson estimator for
the population mean of study variable is

b5 = ig i I (3-5-1)

N -1 o
(N-m ) I_(N—mk\Jr(N—mh\_(N—mk m, _I
Whel’eockl(:l—\andockhlL ) n(N{ - I;
LnJ |L k”J Jl

are the initial intersection probability and joint probability, respectively.

The variance of t,, may be given as:

1 KK (akh_akah)uykuyh
Var(tls)z—2 > .

N~ k=1n=1 ooy

(3.5.2)
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i)  Thompson (2002)

The unbiased estimator based on draw by draw procedure for population
mean p, may be given as under:

== z w, (3.5.3)
The variance of t,, may be given as:

1 N 2

; —uy) (3.5.4)

Var(tg) = Li— %J
n

iii)  Dryver and Chao (2007)

Dryver and Chao (2007) modified the classical ratio estimator for the
transformed population under ACS.

W= Ru, (3.5.5)

17

.
| Z Wy |
U
o, |
E=

The mean square error of t,, is given as:

=z
N

1

(1 1)
MSE(t17)—L;—FJ y) . (356)

Iv)  Salehi and Seber (1997)

Salehi and Seber (1997) introduced modified Horwitz and Thompson
(2002) under two-stage sampling design as

(3.5.7)
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_ D Pin;Y;
where w; =y — and w;, = ——

n.
i when p, and —- are the same for

NE(f;) N,
all primary units, then w, = —— is the mean of the network associated with
Z aij

unit (ij).
However the variance of the estimator will be

2

M
Var(tls)z%m (M —m)G—M+ ZM—zvi (3.5.8)
NT m NT m -,
M 2 M
> (W -w ) P 2
; — N.(N. —-n. .
where o7, = = andw = =—and v, = (N =)
M -1 M n.

V) Noor-ul-Amin (2014)

Noor-ul-Amin (2014) suggested exponential estimators under Adaptive
Cluster Sampling (ACS) sampling design as.

25, ] : (35.9)

:
x_ u_ [

where o, , u,, o, are transformed population means of the variables x,y,z.

N I

The mean square error may be given as:

MSE(t,) = 0v?[] c?, + Sux 1o G 1
(tg) =~ 0Y [ Coy + (L-4H ) [+ (1—4Hwyz+2HWXZ)|
LU 4 ) 4

(3.5.10)

Whereeji—%y
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CHAPTER 4

GENERALIZED ESTIMATORS FOR POPULATION MEAN
USING SINGLE AND TWO AUXILIARY VARIABLES
IN TWO-STAGE SAMPLING

4.1 INTRODUCTION

In this chapter, some generalized ratio and product estimators have been
proposed for two-stage sampling using information of single and two auxiliary
variables. The following three different cases in two stage sampling have been
considered

Case-l:  when first stage units are unequal and weighted mean is used.
Case-Il: when first stage units are unequal and un-weighted mean is used.
Case-111: when first stage units are of equal size.

In order to develop combined-type generalized ratio-type and product-
type estimators, the notations of Sukhatme et al. (1984) will be followed in
Section 4.1-4.3 and in order to develop separate-type generalized ratio-type
and product-type estimators, the notations of Srivastva and Garg (2009) will be
followed in Section 4.4 in this chapter.

Case-1: When first stage units are unequal and weighted mean is used

Let a population consists of N first stage units (fsu’s) and each fsu
consists of M, second stage units (ssu’s). Let a sample of n fsu’s is selected

and a sample of m, ssu’s from each of n fsu’s is selected by assigning weights

M . — .
n, = — to the ssu’s. Let M be the average number of ssu’s belonging to each
M

fsu. Further we assume that the selection of units at each stage has been done
using simple random sampling.

In order to obtain the bias and mean square error under two-stage
sampling design, we follow the notations given by Sukhatme et al. (1984) as:

1) Notations
y; = the value of j-th second-stage unit in the i-th fsu

(j=12,.,M;i=12,.,N)
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_ M,
Y, = z y; = the mean per second stage unit in the ith fsu in the

1
M

i 1M . i i
population. y, = — ¥ y, = the mean per second stage unit in the ith fsu in the

M j=1
sample.
. 1 N 1 M o
Y,=—Y =X M,y, = the mean per second stage unit in the
N i-1tM j
population.
iz M—_'y =the mean per second stage units in the sample.
ni-y M

M, =the number of second stage units in the i-th first-stage unit
(i=1,2,...N)

N
M, =Y M, the total number of second-stage units in the population.

i=1

_ N
M = iz M, , the average of the number of second stage units in the
N

i=1

population.

n, = —, weight for ith first stage units.

§|‘§

m, =the number of second-stage units to be selected from ith first stage
unit in the sample.

= 3 m,, the number of second-stage units in the sample.

i=1

2 1 — 2 12 ~ .2
:—Z(yij—YS) .Sywi :—12(y|J_Y|)
i —ti=1

s 2

yb

26



S| S wi S! S’ s’ S’
’ yb r le r b ’ b ! ’
Cyb: -, ’CyW|: -, ’be: —X, 'Czb: —Z, Cxwi_ im:l CZWI Z—v:”
Ys Ys X s X s
p! _ SXyb p/ S)’(Zb [ _ SyZb
xyb , , 'Fxzb , , yzb — , ,
besyb beszb Sbezb
p' _ S>,<ywi , _ S)'(ZWI , _ S;/ZWI
xywi T, , xzwi — , yzwi — ,
S><W|Sywi anSzm Sywnszwn
I1) Expectations
Let us define
V=Y. (1+e), X,=X (1+e]), 7, =2 ,(1+¢€}) (4.1.1)
E(eg) =E(e])=E(e;)=0 ]|
E(e(')z)zvoyzo'E(91’2):\/2’00*E(eéz)zvo’ozv |
E(ege;)=Vi1o.E(eje;) =V o, E(ege;)=Vyy, I
where |
|
1 J(l Y o, 1N L1 1), l |
Voo = = = Syt XN Sywir g
o v'j[\n )7 com M) I
, 11 o1y, 1M (1 1\,21 |
VZOOZQJL_Jbe+zni|_|wai |
XS[ n N i—1 (m; Mi) J L 412
WIS CUNS IS SRR | 2
== T T bt T 2 M | T T T P awi
ooz ZSZLLn NJ ’ N i1 | i Mi}‘ I
/ 1 j(l 1) A T R O T 1|
VMO:YZI)?; LL;_Ninxbeybsxb"_NE;lni ‘\mil_ Mi |p><yW| ywi XWIJ I
|
Vi = ]2 S Al Wl
= — T pXZ z + 1 T pXZWI Zwi XWI
101 ZSXSLL” J 5SS xb N M, J I
S PR T
Sl — - - Py; p ZWI ZWI wi
011 ZY. an J yzb S, Ny y y | ]

Case-l1: When first stage units are unequal and un weighted mean is used

For case-l, in order to obtain a weighted and unbiased estimator for
: I M. . .
population mean we use a weighting constant n, = — in two-stage sampling
M

design. If we assume equal weights for all unequal first-stage units, it gives us
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an un-weighted and biased estimator of population mean in two-stage
sampling design and this situation will be considered as case-I1.

. M . n

le. for n;=—=-=1, and y’=y y (see Sukhatme et al., 1984) an

M i=1

estimator defined in case-1 may be turned into the estimator for case-Il. So the
procedure of two stage sampling design for case Il will be same as described in
Case |. The notations and expectations may be derived for case Il as:

1) Notations
—, 1N - :
v = —y y. = the mean per second stage unit in the population.
N i=1
_, 1" .
v ;Z y, = the mean per second stage units in the sample.
i=1
Y 1 N Ry "2 " R
S"" = Sy —Y ) ST =3 (y;; — Vi)
PN -1 My -1
S S S g S S
r yb r ywil i xb " zb 12 XW1 r ZW 1
C = = C T — C = — C = = C P — C FE e —
yb T ywi ., 7 xb ' T zb DT Xwi gy P zwi '
YS YS X S ZS X S ZS
ol = S;'yb NG _ S>,<,yW|
Xyb - rn n XyWI - [} n
beSyb SXWISyWI
prr _ S)’(’Zb prr _ S)’(,ZWi
XZb - r r ! Xle - 4 r !
beSzb waiSzwi
g Sy Sowi
yZb - rn r ! yZWI - A4 r !
SzbSyb Szwisywi

i) Expectations
Let us define

—_

Y, =YU@+el), X/=X'(1+¢€),z)=2Z/(1+ey), (4.1.3)
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E(ey) = E(e/)=E(e))=0
A 2 r //2 n r 2 r
E(ey ") =V E(e]") =Vj50.E(e) ") =Vgp,:

]

|

|
E (efe]) = Vo E (e/83) = Vi, E (efe}) = Vi, |
|
|
|
|
|
|
|

W here
T I S U B B R | 1\”21
Vozozf”ztf 7szb+ 2Nl = — Sywirp
Yyuun N -1 \mp My J
) 1J(1 1y o, 1N (1 1\”21
VZOO: =2 Li 7J5xb+ Zni|7_ |wai
XJyin N nN - my i) ] L
4,14
1 (1 \ N ) ( )
oo )2 2 2 |
Vooz = —,, 2 Li_iJSzb-'— XNi| - 1S zwi |
z;/“|\n Nisg (mp M, | |
V’ 1 J(l 1\ S” " 1 ; 2|(1 l\| Sw Svr l I
110 T —, = T T PxypPypPxb T T 2 M | T T T Pywi D ywi D xwi ([
SXSHLLH NJ nN ;_; (m; Mi) J |
|
. (1 3) g bpeft 1]
V101: —,, — Li_ijpxyzbszbsxb+ Zni 7_7|pxzwiszwisxwi '
zg xgin N N (m My |
V// 1 J(l 1\ S/(S/( 1 g 2|( 1 1 \| S/V SV/ l I
011 = 0| T Pyzu°20°yb + | =/~ Pyzwi® zwi® ywi
zly, LLn N nN oo (m, i J

Case-111: When first stage units are of equal sizes.

Let a population consists of N first stage units (fsu’s) and each fsu
consists of M second stage units (ssu’s). Let a sample of n fsu’s is selected and
a sample of mssu’s from each of n fsu’s. Further we assume that the selection
of units at each stage has been done using simple random sampling.

To obtain the bias and mean square error under two stage sampling
design, we follow the notations given by Sukhatme et al. (1984) as follows:

1) Notations
y;= the value of jth second stage wunit in the i-th fsu

(J :1121-'-|M 1' :1,2,...,N)

y; = the mean per second stage unit in the ith fsu in the
1

™M=

— 1
Y, = —
M

—
Il

population.

29



1 . : :
Yin = — X v;; = the mean per second stage unit in the ith fsu in the
m j=1
sample
— N .- .
Y, = iz y . = the mean per second stage unit in the population.
N i1
v, = iz y; = the mean per second stage unit in the sample.
Ni-1

M =the number of second stage units in the i-th first-stage unit
(i=1,2,..N)

m = the number of second-stage units to be selected from ith first stage
unit in the sample.

N n
2 T\ 2 2 N2
Sb=—2(yij—YS) .S = 2y —Yi) .
’ -1io1 ’ e
S S ywi S S S, S ..
b
Cp=—-Cp=—2-Cu==22C, =2C, =22cC,, =2
Ys Ys Xs Zs Xs Zs
Sxyb S><ywi szb
Pxyb = Pyxywi = 1Py T oo
S><bSyb waisywi beszb
S yawi SyZb SZyWi
pxywi = ’pyzb = 'pyzwi = !
SXWISZWi zb ~ yb SZWISyWI

Let us define

V, =Y. (L+ey), X, =X (1+e),7,=Z (1+e,) (4.1.5)

30



I1) Expectations

4.2

E(eg)=E(e)=E(e,)=0
E(eoz) :VOZO’E(elz) :Vzoo'E(ezz) =Voo2

E(ege) =Viio E(e18,) = Vi1 E(8g8,) =V

]
I
|
|
W here |
|
1 (/1 1), 1N (1 1), |
\Y S | ES— Y 20t S e
020 22 {Ln NJ yb+n Elﬂ,Lmi MIJ ym} I
11 1), LN (1 1), |
Vaoo = 0| 7 ° —- s?
200 X:{Ln NJ Xb+nNiZ=:1 '|mi MIJ XWIJL |L
1 {1 o1y, 1N L1 1), |
Vo, = —1[ == —1s 1 EE
002 Zj{kn NJ b +nNIZ_:lnI|Kmi Mi)| ZWIJl I
1 (1 1\\ 1 N 2(1 |
Vigg === == — S S+ —y i —-
110 YSXS{LH NJnyb yb Xb+nNiZ—:1nlei M |nyW| ywi XW'JLI
|
1 (1 1) 1N (1 |
Vier === = — S S +-—3vq _
101 sts{Ln NJpXZb zb Xb+nNi§1nlkmi } :
V011 - ZSY: {Ln N przbszbsyb + N lzlﬂ Lm i |pyZWI zwi yW|Jl Jl

PROPOSED COMBINED-TYPE GENERALIZED
ESTIMATORS IN TWO STAGE SAMPLING
USING SINGLE AUXILIARY VARIABLE

(4.1.6)

In this section two combined-type generalized estimators have been
proposed separately using single auxiliary variable. Taking motivation from
Bahl and Tuteja (1991) and Sanaullah (2014) estimator-1 is proposed for three
different cases in two-stage sampling as mentioned in earlier. We have
proposed generalized estimator Il by following Khoshnevesan et al. (2007)
under three different cases in two-stage sampling .

4.2.1 Proposed Generalized Estimator-I

Case I:

1)

The exponential ratio-type estimator may be defined as,

( ]
/R !
tho = Ye€XP{ = f?l
+

s+ X )

x|
>

x|
>

(4.2.1)
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or

te =y exp{tl— 1, (4.2.2)

(X! -x)
tye = Y;expj—| X_f X_f |l, (4.2.3)
[ kXS+XS)J
or
( X
tye = Y;expj—|1— _,ZXS_ |L : (4.2.4)
L L XS+XS)J

The estimators in (4.2.2) and (4.2.4) lead to the generalized form as by
introducing constants a; and a; as:

( a/ X—! \l
IG ’ ! ’
th, :xzoysexpjaml— =5}, 0<h,<1 (4.2.5)
X ¢+ (a5, —1)x J

where aj, (= 0) and a,,(= 0) in (4.2.5) are suitably chosen constants to be

determined such as mean square error (MSE) of t,5 is minimum and o/,

being constant takes the values (0,-1,1) for designing different ratio-type and
product- type estimators. Also it is to be mentioned that for a different choice
of a},, »,, and o}, we get different estimators under two-stage sampling

design.
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Table 4.1
Some Special Cases of the Generalized Estimator t;;

Ratio-type estimator Product-type estimators , Y
a
o o 20 20
%y =1 oy = —1
o (XI-x) . (=X
tho = Viexp| =——| tho = ¥iexp| ——="| 2 |1
| X¢+Xxg) \ X5 + X )
(X_y _ X_'\ (X_v _ X_/\
v3 v ’ v
tho = Vi exp| == tho = Vi exp| == 1] 1
\ s ) \ s )
[ X_r _ X_/ \ [ ;! _ X_r \
v5 v !6 i '
tro = Veexp| =——————| | to=yiexp| o—————=—| | ap | 1
KXs'+(aéo—1)X§) \Xs’+(a§o_1)xs')
(X_v _ _v\ (;r _ X_’\
!7 roor IS ’ ’ ’
tho = A0 Ve EXP| = _S, | oo = 420Ys €XP| == | 2 420
| X ¢+ X)) Xg + X )
(X_r _ _r\ [X_' _ X_r\
!9 roor ,0 ro '
Lo = 4205 eXp|\ SX—, : )| tyo = A30 Vs exp| = < - )| 1 420
S S
( X_r _ ;r \ ( ;/ _ X_r \
!ll ror 112 ’ ’ ’ ’
Lo = A20Ys €XP| = : , : | [t = A20Ys €XP| T : , : =, ay0 | A3
kXS+(a20 l)xs) sz““(azo 1)Xs)

The Bias and Mean Square Error of Generalized Estimator |

Using notations from (4.1.1) the estimator given in (4.2.5) may be
expressed in form of e, as:

-1
. _ Ir o ( (a' -1) 3 TI
=20 Y/ (1+ eo)exp| —TeltlJr Telj £ (4.2.6)
|_ 20 20 J
-1
. a’ -1 )

We assume thatle;| < 1, we expand the series, L1+ 20 el'J , We get

a20
G Vi I Oleo ( (a’20 -1 (a;o _1)2 2 \1
t' = S’(1+e(’))exp|— e/|1- e/ + > e+ .|,
20 20 L a! a! a/ J

20 20 20

It is assumed that the contribution of terms involving powers in e;, and
e; higher than two is negligible. It is therefore expanding the exponentials and
ignoring terms in e;, and e, of order higher than one, we have
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_ 20 o1 4 20 20 e,2 _ 20 elre(r) |+ (K’ _1)Y_Sr
(4.2.8)

In order to obtain the Bias (t'j ), we take expectation of (4.2.8) and

using (4.1.2), the bias of ¢'> will be as

G o (a; - 1) o’ 1 _
H ’ ’ ’ 20 20 ’ r
Bias(®) =i Vi ey, Sey (0 Sy, (42.9)

, 2 ' 20
a
[ %% 0o

In order to derive the MSE of ;° , we take square of (4.2.8) and retain
terms in e{, and e; up to the order one.

,G o 2 , 25, |—
(tzo _Ys) :kzo YS L a’' 2 a’ 1 J 2

_ ( (a' )
MSE (t’zf ) = YS'ZLMZOZ Vo, +L - J Voo - ZL - Jvl'lo I+ (» -1) J
(4.2.11)

In order to find the optimal value of o and a' , we differentiate
(4.2.11) with respect to o and a’ then equate to zero, we wil get

W ; , (4.2.12)
(o ) (ol )
1+Vop +| — Vaoo = 2| 7 [Vito
a, 20
and
aéoom = “20V130 (4.2.13)
V00
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By substituting (4.2.13) in (4.2.12), we obtain

L ! | (4.2.14)
( ’ V1’102\
1+ Vogyo — |

\ V00 )

Now by substituting (4.2.11) and (4.2.12) in (4.2.10), we get minimum
MSE as,

—, )
Y Vg (l-p M SE (I
MSEmin(téGo): AsymtoticVar(téﬁ): _28 020( Z = - )
Y, +V0/20(1_pf) 1+Y, “"MSE(Ir)
(4.2.15)

where MSE (Ir) is the MSE of usual linear regression estimator in two-stage
sampling.

From (4.2.15) it is clearly observed that minimum MSE of t,5 is less

than the MSE of usual regression estimator in two-stage sampling. We may
observe from (4.2.15) that proposed generalized estimator gives us more
precise results under the optimal conditions, as compare to its class of the
estimators.

On substituting the optimal value 1.,,°"" and a;,°* in (4.2.5), we get
optimal estimator as:
( , OPLy )
S expja'zo 1- 20 % — l 0<xy, <1 (4.2.16)
ol )

t

v 1 y opt /
X+ (a20 - 1)xS

In real life situations, it is not possible for the researcher to presume the
value of beta and lambda by employ all the resources e.g. see Horvitz and
Thompson (1952), Murthy (1967), Singh and Vishwakarma (2008), Singh and
Kumar (2008), Singh and Karpe (2010), Upadhyaya et al. (2011), Yadav and
Kadilar (2013) and Sanaullah et al. (2014), so it is better to replace these byO
their consistent estimates as,

L oor
1 t_OLZOV

¢ opt _ ¢ 0P 110
L and a;,°" =

5 "
; ( 50 [ ah s v

1+ Voo *| , opt | Vo0~ 2| -, opt V110

d ) \ @20

200

(4.2.17)
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So (4.2.17) may be wriiten as

|
|;, 0<ayrt<1  (4.2.18)
|
J

G ( G AO P
MSE ., (tye | = MSE,, LEOJ: : (4.2.19)

Remark 4.1

) For o), =1, we get exponential-ratio type estimators given in Table 4.1.
The MSE of t;; is expressed as

|[ 52(}”20 020 + Va0 — 2V30) + (Ao - D) ) j(eG)=1 1\

et | |
0 1 .

: s/zl A 02|Vozo (u)z —— V0 — Zﬁvl’lo |+ (A ~1)? | i(€G)=3,5,.., 11}

| L L a5 820 J J ]

(4.2.20)

k,opt 1
20 2
( ) ( 3
| , | | ' |
' %o ' %39 ,
1+ Vgy0 + | (Jlfm Vo0 - 2 {jil\ Vit
;L2 , L2
Lazo J Lazo J
oy
-1 v
' 2 110
and aj, =
Voo

i)  For a}, = -1, we get exponential-product type estimators given in Table
4.1. The MSE of t;, is expressed as
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2 opt2

m

opty, ' 2
(7‘20 (Vozo + s Vigo T 285 Vllo)+ (A3 —1) ) k(e G) =2
.
|

[y
I
MSE (t5$) = |( . . \| \|
I Y2 207 1 Ve +Tv2'OO —2?vl'10 + (M —1)7 (k(eG)=2,4,...,12
l L L ajy’ 220 J J J
(4.2.21)
. (K™ e
7“/200pt: . and aéOLZJ _ 110
( ) ( ) V200
| ' | | , |
(08 o
1+V /o +| 20|y, -2 20|y
020 ’ [kjopt | 200 | [kjopz ‘ 110
!/ 2 ’ 2
Lazo J Lazo J
Case Il:
. . M .
The estimator-1 in (4.2.5) may be adopted for case Il when n, = —=
M
Is assumed as
( au X_u ‘\
!!G r
) = 1Y, ysexpja20|1— = |}, 0< Ay, <1 (4.2.22)
L Xs+(a20—1)xs)J

where aj (= 0) and 1},(= 0) in (4.2.22) are suitably chosen constants to be

determined such as mean square error (MSE) of t;; is minimum and o,

being constant takes the values (0,-1,1) for designing different ratio-type and
product- type estimators. Also it is to be mentioned that for a different choice

of aj,, »y, and o}, we get different estimators under two-stage sampling

design.

The proposed estimator in (4.2.22) follows naturally in exactly the same
fashion along with the class of estimator in Table 1, as that for case-l in
Section 4.2.1. In addition, the relation between ay,, o/, and a4, in case-Il is

the same as that for case-I in Section 4.2.1.1. Finally, the same is true for the

MSE and the bias. It is therefore directly from Section 4.2.1.1, we may write
Bias (tgf) and MSE(t”G) following the same, and we may also produce a

class of estimators for similar choices of a}, «, and 1%, in case-Il.

Following the notations and expectations for case Il presented in Section
4.1, the bias of(4.2.20) may be written directly from (4.2.9),
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—ra”(a -1) o’ 1 —
,,G A2 n 20 20 14 20 ,, A2
Bias(tyy ) = 25Y(] 2 Voo =, Vito |+ (25 —1)Y" . (4.2.21)

L a3 420 ]
Also the expression for MSE (tyy ) may be directly written from (4.2.11) as,

G —2( 2( o i (o ”\ \ )
u " " " 20 "
MSE (t5y )~ Y, W RV s N

(4.2.22)

In order to find the minimum MSE of (4.2.22) we will have optimal
values of 17, and ay, as,

1 a/lfv rr
20 V110
LYo = ,where ajy = ———
2 "
" v V300
) )
1 + V rr rr _ 2 rr
020 . opt 200 opt | V110
20 20

The minimum MSE may also be given as

YAV (1-p°
MSEmin(té'oG) AsymtoticVar (t ”G): Gio (1P ): MSE (Ir)

L+ Vgg0(1-p?) 1+Y, MSE(IN)
(4.2.24)

Remark 4.2

) For o}, =1, we get exponential-ratio type estimators given in Table 4.1.
The MSE of t; is expressed as

|[ s 2(7‘202 (Vozo + Vago = 2Vi10) + (A3 -1’ )j(EG):l ]|
MSE (1) J I( I( 1 1 \I \I L
| 52|7»202|V0’é+ — V300 2 V110 |+(7°’2’o_1)2 |i(e G)=3,5,...11]
T e | |
L { 20 20 ) J

(4.2.25)
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The optimal values which lead to minimum MSE as

,0pt 1
}\'20 - 2
( ) ( )
| | | |
14V 4| ! | v~ 2l ! v,/
020 | [__lJopt | 200 | {__:LJopt | 110
" 2 ' 2
Lazo J Lazo J
(-0
—_— V/!
12 2 110
and @20 L) =
VZOO

i)  For aj, = -1, we get exponential-ratio type estimators given in Table
4.1. The MSE of ;> is expressed as

0

|[Y:”2 (7‘/210 2(Vo/z'o + aé/ooptzvz/oo + Zaéboptvl/l/o ) + (M5 - 1)2)k(€ G)=2 ]|
| |
IYS"Z x'2'02|v0'2'0+ V42 (L)vl’l'o |+(x'2'0—1)2 k(eG):2,4,...,12:
l L L aj’ 220 J J J
(4.2.26)
The optimal values which lead to minimum MSE as
1 S
opt r 2 110
kzop: . and aj =—
( ) ( ) V300
| 1 | | 1 |
T+ Vo + | v+ 2l v,
020 | [k}opt | 200 | {k}opt | 110
’ 2 1 2
Lazo J kazo J
Case I11:

The estimator | in (4.2.5) may be adopted for Case Il may be written as
by following (4.2.5),

t§0=x20iexpjazo|{1— _ %20% _\| L 0<n,, <1 (4.2.27)
[ X+ (2, —1)X, J

The proposed estimator in (4.2.27) follows naturally in exactly the same
fashion along with the class of estimator in Table 4.1, as that for case-I in

39



Section 4.2.1. In addition, the relation between a, «,, and »,, in case-ll is the

same as that for case-I in Section 4.2.1.1. Finally, the same is true for the MSE
and the bias. It is therefore directly from Section 4.2.1.1, we may write

Bias (t5,) and MSE(t5,) following the same, and we may also produce a class
of estimators for similar choices of a, «,, and x,, in case-Ill.

Following the notations and expectations for case Il presented in Section
4.1, the bias 0f(4.2.20) may be obtained,

]

[ a _

Bias(tyy) = &Y, | Mvzoo - OLAVMO |+ (e —1)Y, . (4.2.28)
L 850 420 J

The expression for MSE of t5, may be written as,
(o 2 ) )
— (o, ) (o, ) 2

MSE(tfo)zYs | 7‘202| Voo + | A| Vaoo = 2| = Vi1 |+(7‘20 -1) |

L L \ 220 ) \ 220 ) J J

(4.2.29)

The optimal value which leads to the minimum MSE may also be
derived exactly in the same manner as given in section 4.2.1.1.as

1 o,V
opt opt 207110
hog " = ” ,where a, " = SV
( %20 ) ( %20 ) 200
1+ V20 +L opt Vaoo ~ ZL opt Vito
20 430
(4.2.30)

Remark 4.3

) For «,, =1, we get exponential-ratio type estimators given in Table 4.1.
The MSE of t, is expressed as

2 :
20 (Vo20 +Vago = 2Vi10) + (Ap0 = 1) ) ieG)=1 ]|
\ \ L
1 1 | )
020t T 2 ZOO_ZF\/llo |+ Ay —1) I
2

(

| 1
B |

L o) J

[y

|
MSE (t},)= J

% je G)=3,5,...,11

|

|

(4.2.31)
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The optimal values which lead to minimum MSE as

opt 1
}\'20 - 2 !
( ) ( 3
1+V020+I ' opt I Vzoo_ZI - opt IV110
| (ij " | [;1) "
2 2
Lazo J Lazo J
(-0
T \Y
and azoL 2 J - 110
Vaoo

i)  For «,, =-1, we get exponential-ratio type estimators given in Table
4.1. The MSE of t;, is expressed as

2 opt2
o
(

—2 |

opt 2
Y Vaoo + 2850 Vigg ) + (ko = 1) )k(eG):Z
Y

2| 1 1 | 2 |
Vv Vv 22—V, 1+ (o -1) J|<(e<3):2,4,...,12

s | M20 [ Vozot T 2 V200 4T Vito
(%) oz
a, 1

|( hoo’ (Vozo + 259 ]|
MSE(tzko)=4| ( ) ) L
| A |
|L |

J
(4.2.32)
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4.2.2 Proposed Generalized Estimator-I11
Case I:

Khoshnevesan et al. (2007) estimator may be modified for two stage
sampling as

( ch X! +d] V'
/G "o 21 + 21 ’
t21=k21yst > — J , 0<hr,, <1

! 1y

apy (Chyxg +dy )+ (L —aj)(cy X +dy)

(4.2.33)

where the constant c), (= 0), d,, are either real numbers or the functions of

the known parameters of the auxiliary variable, such as the coefficient of
variation (c ) standard deviation (s, ) , correlation coefficient (p ), skewness

or kurtosis from the population. a,,, 2%, IS a suitable constants to be

determined such that the MSE of t;$ is minimum. a;, being constant takes the

values (0,1,-1) for defining different ratio-type and product-type estimators.
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Table 4.2
Some Special Cases of the Generalized Estimator t,;

Ratio Estimator

Product Estimator

ah =1 a), = -1 Co1 da1 | 421
_(X_é\ C o xe
1 = Aa1¥s| = | t21_’121)’s|7,|
L Xs ) W,
_(X_S’+CX\ _(Xs’+Cx\
IR IR 1 |c |1
xS+CX) XS+CX)
(B,()X!+C, ) _ By (x)xL+C, )
21Y s|2—| ¥e| = =, B, (x) | Cy, 1
LB, (X)X, +C ) By (x)X¢+Cy )
(C X!+ B,y00) _(Coxi+ By (X))
21—’121y | 2 A21Y5 , . | Cxi B(x;) | 1
L Cy x +/32(x)) CXXS+,82(x))
(ﬁ(x)X+ ) _(ﬂ(x)x_s+ X\
317 | 2 o e = 0| ey, |1
By (X)X, + 0, ] By(X)X§+o0, )
(Xs'+p\ _(xs'+p\
= 21Ys | , | = 221Ys | -, 1 P 1
\ Xs+ P ) (Xs+p)
(X +ﬂ(x)\ _(xs'+ﬁ(x)\
A3V = AV =— | 1 [8,00] 1
| Xe + B (X)) Xg+ B,(X))
(o X! +1) (o, X +1)
A31Ys |—| 221Y5 | =, | Oy 1 1
kaxxs+1) O'XXS+1)
/Xx_s’+ﬂ(x)\ _ (o XL+ B(x))
R e R o A0 | 1
\UstJrﬁl(X)) \UstJrﬂl(X))
_f X><_S+ (x) ) _ [ xXs + (x) )
1y yy| st 1y, | Dt P o 0] 1
L oxXs + B2 (X)) N X ¢t B (X))
(B (X)X ! ) (B, (X)X ) )
= 2314 A _ = = 2314 A s LX) B, (x)| 1
L BL(X)Xg + B,(X) ) \ﬂl(X)X +p,(x) )
( B, (X)X ! (x)) (B, (x)X] (x) )
i) 22 RPN AR AN 00 [BL(x) | 1
By (X)Xg + By (X)) \ﬂz(X)X + p1(X) )
( X! +1) _f xs+l\
y|p, | V| = sl 1|1
L p S+1) pr +1)
(6, X! +C, ) (o, x,+C, )
A31Ys |—| A31Y4 | =, | O Cy 1
[ oy X s+Cx) (o KXo + Cx)




The Bias and Mean Square Error of the Generalized Estimator-11

In order to find bias and mean square error of (4.2.33), we use notations
from ( 4.1.1) and express the estimator given in (4.2.33) in form of e's as:

/G "ot ' ’ ( C'Zl _S’e],. \\ N

ty, = Ah Y (L+ep)|l+ay | —=2—"—]] (4.2.34)
(Cor X+ dy )

e RV %2 ' Célxsl

ty, =15, Y (1+e,)(1+ ayvye) where v, = ——=—— (4.2.35)

! 1 !
Cpr X+ dy

It is assumed in (4.2.35) that v,' = 0, and X ! = 0. We assume that |e;| <1

so that we may expand the series of (1+ a},v),e;) = and we ignore the terms

in €’s above the order one as:

o ’ _,( ’ ’ r 1 1 a’zl(alzl + 1) ’ 2 ’ 2 !2 \
tyy =Y = Ay Leo T 08y, V8 F 5 ay1 L)y € — 0p18y,€/€5 J

+(ry, 1Y, (4.2.36)

S

In order to get the bias, we take expectation on (4.2.36) and get

{/C 21(ay, +1) o o2

Bias( 21)= A (—au Voo — @hap,05V 110J (4.2.37)

We take Square on both sides on (4.2.36) and retaining terms upto
second order in €’s and take expectation, we will get MSE(t,; ) as,

/G ;2 r 2 2.0 2 o' 2 ' ' 2
MSE(tn):Ys (7‘21 (V 0201 091 851 Ly Vigp = 205,85, 21V110)+(7“21_1) )

21 20
(4.2.38)

The optimal values for which the MSE is minimum will be obtained as,

’
AL = ! aropt_L
21_1 v P 200200 2,0, N oy
+( 020 %31 851 U3y Vg = 20538505, 110) 272" 20
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Now by substituting a;,°"" in 2, we get »,,°"" as,

, opt

Ay = ( 1'102\ , (4.2.40)
1+ Voo = =, |
N Vzoo}

By substituting (4.2.39) and (4.2.40) in (4.2.38), we get asymptotic

variance as:

Y v (1-p?
'V'SEmin("é(f)=AsymtoticVar(técl"):_2 020( P Z _ YI,SZE(”) .
Ys +Vo’zo(1—p’) 1+Y, “MSE(Ir)
(4.2.41)

where MSE (Ir) is the MSE of usual linear regression estimator in two-stage
sampling.

From (4.2.41) it is clear that MsE_, (t;7) is less than usual linear

regression estimator. We may observe from (4.2.34) that proposed generalized
estimator is more efficient than its class of estimators under the optimal
conditions.

On substituting the optimal value 2.,°*" and a,°™" in (4.2.33), we get
optimal estimator as:

%o

( ! _! ’
/G ; Opt— C21X + d
=4y s| , opt, ., — > ' Opt T ' (4.2.42)
ay; (CoXxg+dy )+ @-ay  )(cy X +dy)
v,/ 1
a, %P = —“ and &,,""" = , (4.2.43)
o V) ( vy 2 )
051Y500 1+ \folzo _ 1T0 |
\ Voo )
This leads to asymptotical optimal estimator as,
< opr | ¢y X! +d),
=22 y ,oopt ., S ' opt 't '  (4.2.44)
a5 (CoXxg+dy )+ @-ay  )(cyXg+dy)
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Also the minimum mean square error may be written as,

Y. Vi (1-p7
MSE (155 )= = (10" . (4.2.45)

Y V(- p'z)

Remark 4.4

) For o}, =1, some ratio-type estimators are expressed in Table 4.2 The
MSE(t;; ) of these ratio-type estimators may be expressed as,

2 r ! r 1 2 H
( 21 Voao + azlopt Vo — Zazloptvllo ) + (A - 1) ) i(eG)= |
rj 1
MSE (t21) B J opt2 (%1)2 opt (J:) \ 2 \
| Y, L L vy, " vy, 285, ) v1'10J+(x'21—1) Jj(eG):S,S,...,27|
(4.2.46)

The MsE (t;)) in (4.2.46) is minimum for

Vv, 1
,Zlopt _ ¢and }\‘,Mopt _ ’
{Jilj ( v, 2
, 2 , 1+|V' - ~110
Vo1 V00 L 020 Voo )'

i)  For «),, = -1, some product-type estimators are expressed in Table 4.2,
The MSE(t;, ) for these product-type estimators may be expressed as,

2 / ;opt2y ; opty, ' 2
v, ( 21 (Vozo +az o Voo t 28y \/110)+ (A =1) )k(e G)=1 W
K
MSE(t21)_ l ( 2( ' , opt2 r(%)z ' ; opt /(k) \\ ’ 2\ L’
|Ys |7L b1 | Voao * g1 Vo Vg + 285 0y Vg [+ (A5 =1)7 k(€ G)=2,4,...,28]
l \ ) ) J
(4.2.47)

The MSE (t;5) in (4.3.47) is minimum for

V.’
opt
a,,’? = ————and =
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o b X o 2 Bo(x) X ;3 Cu Xy

21 T, ' 21 =, 21 — -, ’
X!+C, B,(X)X!+C, C X! +B,(x)

r 4 BZ(X)Xé ' 5 Xé ’ 6_ X S

21— -, 1 Vo1 T, 1 Vo1 T~ 1
B,(x)X+o, X+ p, X+ B,(x)

I 8 X4 ;9 o, X,

Vo1 = -, 1 Va1 = - Vo1 = -
o, X +1 o, X +B,(x) o, X +B,(x)

, 10 Bl(x)xé , 11 BZ(X)X; , 12 Pxé

Vo1 = —, 1 Vo1 = —, 1 Vo1 =T =7
By (X)X g +PB,(Xx) B, (x)X ¢+ By(x) pXg+1

_f

r 13 Cj><Xs
21 —, '
c, X, +C,

Case II:

The estimator Il proposed in (4.2.33) may be proposed also for case Il as
below

%21

r _,I r
( Con X'+ dj)

tHG =" y!r \
21 - 21 S r 5 r r r _/f rr
La21(021xs +dy7)+ (L-az) (e X ¢+ d21)J

,0<A), <1

(4.2.48)

where the constant c),, (= 0), dy, are either real numbers or the functions of
the known parameters of the auxiliary variable, such as the coefficient of
variation (c ) standard deviation (s , ) , correlation coefficient (p ), skewness
or kurtosis from the population. ay,, x4, is a suitable constants to be

determined such that the MSE of t;° is minimum. o}, being constant takes

the values (0,1,-1) for defining different ratio-type and product-type
estimators.

The proposed estimator in (4.2.48) follows indeed the same mode along
with the class of estimator in Table 2, as that for case-l in Section 4.2.3. In

addition, the relation between ay,, o}, and »%, in case-1l is the same as that

for case-I in Section 4.2.3.1. Finally, the same is true for the MSE and the bias.

It is therefore directly from Section 4.2.3.1, we may write Bias (t;;) and MSE

(t;,) following the same, and we may also produce a class of estimators for

similar choices of aj,, «4, and 7}, in case-ll. the bias of (4.2.41) may be
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obtain by following the notations and expectations for case Il presented in
Section 4.1,

’fG A4 /[ a’z’l(a'z'l + 1) r 2 42 r 44 r r \
Blas( ) AZlYSL—Z ay, vy, - a21a21021V110J (4.2.49)

/!G

The expression for MSE of t;,;” may be obtained as,

I!G _1!2 ) 2 n I! 2 [} 2 /I 2 n // 1) 1) 2
MSE( )=Ys (7“ (Vozo Gy 831 Va1 Vipo — 205,87 21V110)+ (A5 -1) )’
(4.2.50)
The optimal values to get the minimum MSE will be
V. 1
ay, " = ¢and 2y, o = : (4.2.51)
U 2 ( P 2\
051951V 200 1|V - 1f’0 |
N Voo )
The min MSE will be
2
Y V A 1 p/l
"G . e 020( ) M SE (Ir)
MSE i, (t21 ): AymptotlcVar(t21 ): - = MSE (I .
1+V020(1—p ) 1+ /2
YS
(4.2.52)

Remark 4.5

) For o4, =1, some ratio-type estimators are expressed in Table 4.2. The
MSE(t;; ) of these ratio-type estimators may be expressed as,

Vozo + 853 OptzVzoo - 2ay, "'V, ) + (A3 - 1)2) i(eG)=1 ]

MSE (t},)= J 112 i \ ) ’
ly o2 / ooptz (T) ' rnopt ( ) ' " 2. _ |
L Lk Lvozo az; Voo —2a3) V110J+(7‘21_1) JJ(EG)—3'5*“"27

(4.2.53)

The mMsE () in (4.2.53) is minimum for
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opt 110 opt
ay, =y and A%, = 5
. ( 2 JV . 14+ |(V " 1,1,0\]
v 020 ~
21 200 L Vs )

i)  For o} =-1, some product-type estimators are expressed in Table 4.2.
The MSE(t;. ) for these product-type estimators may be expressed as,

[ !!2(7\‘/! 2 Vorzvo H Uptzvzréo 2a " Optvlvl/0>+(szrl_l)z)k(eG)zl ]
MSE(té’lk)_j ( ()z , (L) \ L
Y2y, Z\VOZO wayy PPor vy 2ay, Mol P [+ (M, - D)7 k(e G) = 2,4,...,28 ]
N ) ) J
(4.2.54)
The MsE (tyf) in (4.2.54) is minimum for
—V." 1
o Opt 110 i Opt
ay, = []71\ and A5, " = . NER
. 2 . 14V _ 110
21 Voo | Voo ) |
L 200 )
where
T Xé, o 2 BZ(X)XQ no 3 CXX;
Vo1 ==/ 1 Vo = — v Vo = - '
X +C, B,(x)X+C, C, X +B,(x)
T BZ(X)XS” TR X;' v 6 !
Vo1 = =, 1 Vo1 ==/ 1 Vo1 ==/ ,
[32(X)Xs+cx X +py Xs+[32(x)
2 7 GXXQ //8 XS” u9 GXX:
21 T -, 1 Vo = = 1 Vo = = ,
o, XJ+1 o, X +B,(x) o, X +B,(x)
y 10 B (x)X or M B, (x)X{ o 12 pX
21 =~ 1 Vo = = v Vo1 T = 1
B (X)X ¢+ B,(x) B, (X)X '+ By(x) pXg+1
13 _ GXXé,
21 GXX;'-F C,
Case Il1:

We may propose estimator (4.2.33) by considering case Il as follows

EFI

c X_ + d )
21 S 21 J ,0<7\.21<

a,1 (Cyy X +d21)+(1_a21)(c21x s +d21)

—
N
No
Il
>
N
=
<|
w
7~ T\

(4.2.55)
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where the constant c,,(#0), d,, are either real numbers or the functions of

the known parameters of the auxiliary variable, such as the coefficient of
variation (c |, ) standard deviation (s, ) , correlation coefficient (p ), skewness

or kurtosis from the population. a,,,r,, IS a suitable constants to be

determined such that the MSE of t;, is minimum. «,, being constant takes the

values (0,1,-1) for defining different ratio-type and product-type estimators.

The proposed estimator in (4.2.55) follows the same manner along with
the class of estimator in Table 2, as that for case-I in Section 4.2.3. In addition,
the relation between a,,, o,, and x,, in case-lll is the same as that for case-I

in Section 4.2.3.1. Finally, the same is true for the MSE and the bias. It is
therefore directly from Section 4.2.3.1, we may write Bias (t5) and MSE ;)

following the same, and we may also produce a class of estimators for similar
choices of a,,, a,, and »,, incase-lll.

The bias of (4.2.41) may be obtain by following the notations and
expectations for case Il presented in Section 4.1 as,

: ( )
B'as(tzel) = hapYs L—le Va1 Voo ~ ®21B21V21V110 J . (4.2.56)

Similarly the expression for MSE (t., ) may be as,

G 2 2 2 2 2 2
MSE (t21) =Y (7“21 (Voz +Oyy 8y; Vyg Vogp — 2055855051V ) + (hpy —1) )

(4.2.57)
Remark 4.5

) For «,, =1, some ratio-type estimators are expressed in Table 4.2. The
MSE(t; ) of these ratio-type estimators may be expressed as,

(

o2 2 opt2 opt 2 .
Y (7‘21 (Vozo+321 Voo — 285 V110)+(7‘21_1) ) j(eG)=1 |

72( 2( opt2 (%1)2 opt (%) \ 2\
|[Ys L}”Zl LV020+321 Vyr Voo =285 Yy V110J+(7“21_1) JJ(EG):3'5 """ 27|

J
(4.2.58)

MSE(t,,)=

The MsE(t);) in (4.2.58) is minimum for
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\Y 1
opt opt
a. °Pt _ 110 and .. °Pt_

21 - 21 T '
( ]271\ 1 (V V1102 \
+ =
A5V V00 L 020, |

200 )

i)  For «,, = -1, some product-type estimators are expressed in Table 4.2,
The MSE(t;, ) for these product-type estimators may be expressed as,

|

[Y:2 (7‘212 (Vozo + a210pt2Vzoo + Za210ptV110)+ (hgy = 1)2)k(e G)=1
k
M SE (t :J 2 L’
( 21) -2 ( 2 ( opt2 (f) opt (L) 2
1Y 2y | Vozo * @21 Vyp Voo + 285 U,y Vg [+ (hyy 1) [K(eG)=2,4,.., 28|
Lt ) ) J
(4.2.59)
The MSE (t),) in (4.2.59) is minimum for
\% 1
opt 110 opt
ay,, = and A,, = = .
K ( 2
2 1+|V Vi |
®y1V,1  Vogg 020
\ 200 )
where
o 1 X o 2 B, (x) X, 3_ C X
21 T = 1 Vo = — 1 Vo = —
X,+C, B,(X)X,+C, X By (X)
4_ BZ(X)XS S_L 6_#
Va1 = — 1 Vo = 7= 1 Vo = 7= 1
BZ(X)X5+GX Xo+py XS+[32(X)
7_L 8 _ XS 9 _ Gst
Vo1 = — 1 Vo1 = — 1 Vo = — ,
o, X +1 o, X +B,(x) o, X +B,(x)
10 Bi(x) X 11 B, (X)X, 12 pX,
Vo = = 1 Vo = = y Vo = 7= '
B (X)X + B,(X) B, (X)X g+ By(x) pXy+1
v 13 cjxxs
s X, +C,
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4.3

PROPOSED COMBINED-TYPE GENERALIZED
ESTIMATOR | IN TWO-STAGE SAMPLING
USING TWO AUXILIARY VARIABLE

In this section, we propose two generalized estimators using two

auxiliary variables under two-stage sampling design. We have proposed
generalized estimator Ill assuming an exponential relationship among the
study variable and two auxiliary variables. And estimator 1V is developed by
getting motivation from Khushnevisan et al. (2007) under two-stage sampling
utilizing the information of two auxiliary variables.

4.3.1 Proposed Generalized Estimator 111

Case |

Let exponential-type ratio-cum-ratio estimator follows as,

S S T s
) :

!1 ! ;
t,, =y.exp|l—- ———|exp|l- Pl —
22 { (x;+x—;)J L (2!

(n‘

+

Let exponential-type product-cum-product estimator follows as,

, [ A D 7 )
tézzVQEXDL—L].——’—S_,JJEXDL—L].—%JJ (432)
(XS+XS) (Zs+zs)

Let exponential-type ratio-cum-product estimator follows as,
(( < oW 7))
thy = Véexpul—%ﬂexptkl—_z—s_,” (4.3.3)
(Xo+xy) (z, L)
Let exponential-type product-cum-ratio estimator follows as,
[ ( ( 7 )

+ wa

4 ( T S
il i ww) e

We may generalize (4.3.1)-(4.3.4) by introducing two real constants o’

and p’ whose values are known in advance as:
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rG ’ ! ( ’ ( aézx_;
ty, =Ah, YL expLoc22 Ll— (

_!
X o+ (ay, —

N
)
[ ' A

exp| By, |1~ D222 0<nr), <1 (4.3.5)
L (Z.+ (by, ~1)7}) J
where (aj,, bj,, %,,) are constants to be determined such that the mean

square error (MSE) is minimum. («4,, ,,) are known constants takes the
value(0,1,-1) to produce different ratio-type and product-type estimators.

By substituting different values to the constants in (4.3.5), we get a class
of estimators as given in Table 4.3. Some members of estimators ¢
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Table 4.3

Some Special Cases of the Generalized Estimator t;;

RatiOo-cum-product estimator | Product —cum-product estimator
a, A,
. . ' ;o 22 22
agp =1 fs =1 Uy = =1, [ = -1
Lo (xpexY  (zr-a) 2o (xexyY  (7-z))
t,, = SexpL_ _'JexpL_ _J tzzzysexpL_ = JexpL_' _J 2 1
Xg+ X Zi+1z, X'+ X 2.+ Z
s (X=X (z-T) P S I 1 2
ty, = y.exp = exp = ty, =y, exp = exp = 1 1
X< Z X Z
_ ( X! - X! ) _ ( X X! 3
tyy = Viexp| =——————r| tyy = Vi exp| =———"—r |
[ Xg+(ay —1)xg ) | X+ (ay, —1)x¢ ) ) 1
—_ — a22
( 7' _7 \ ( T 5 A
exp| = s s — exp| = s s —
s+(b'22_1)zs Zs+(b'22_l) s
_ o (xi=xY (zl-7) (X -x.)  (z-z)
tz'zfxézys’exp = Jexp| =—— tz’szfxézys’exp == |lexp| =—— 2 Ay,
X+ X Z.+1, X ¢+ Xg Z.+1,
_ o (xI=xY (zl-7) (xi-x)  (z1-2.)
téi—x;zy; exp —— Jexp| — tz’lzozk;zys’ exp — |exp| —— 1 VR
X Z X Z
_( xI-x ) _ K-x')
thy = Ay, ¥iexp| =—————| thy = hyyiexp| =——————|
kxs+(a22—1)xs) KXS+(a22—1)x5) ) '
j— — a22 7\'22
( z' -7 A ( 77 3
exp| = 5 2 — exp %
Zs+(b‘22_1)zs Zs+(b‘22_l)zs
Product -cum-ratio estimator Ratio-cum-product estimator ) Y
a
o, 1,85, =1 ah, =1,B, = -1 22 22
s o (xi-xw) -z e (ReX) (mezo)
t, =Y. expL = _’Jexpt_’ _'J t, =Y. expL_l _’JexpL_' _'J 2 1
Xg+ X Z,+ 1z, X'+ X 2o+ 2,
15— [xy=x) (z-z)) 6 - [xi-x) o (zr-zn)
ty, =Y. exp = exp = ty, =Y. exp = exp = 1 1
X Z X Z
o xew ) o Rexs )
ty = Viexp| = —— Gy = Ve | =
[ X+ (a5 —1)xg ) X+ (a,, —1)x, )
— — a22 1
([ zn-z; ) [ n-z; )
exp| = — exp| = —
st (b'p-1)zg s+ (by-1)zg
_ o (xi-xY (z-z) o o(xexi) (z-z)
tyy = A, Y. exp| =——|exp| =—— ty5) = A, ylexp| =———|exp| =—— 2 A,
X+ X{ Z.+1z, X ¢+ Xg Z.+1
_ o (xi=xeY -z _(xex) (zm-z)
tz'ilzxézys' exp = Jexp | —— tz'izzkézys’ exp — |exp —= 1 Ay,
X zZg X zZg
_ o xi=x) _ o x=xr )
2% = ALyl exp| =—————| tyy = Ayylexp| =————r|
\XS+(a22—l)xS) kXS-%—(azz—l)XS} . ,
_ - _ - 832 | 422
-z, | [ n-z,
Zs+(b'2271) s Zs+(b'2271) s
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The Bias and Mean Square Error of proposed Estimator 111
To derive the bias and mean square error we proceed as follows:

Using (4.1.1) we can express (4.3.5) as

B I . 1]
téczs =A5,Y (1 + e(’))exp|—OL,22 e1’|(1 Mei\\ |
L a, \ 422 ) J
[ A ;o 1]
exp| P2 e) | 1+Meé\| | (4.3.6)
b, e )|

. ( a,,-1) )
We assume that |e;[<1, we expand the series, |1+ (B2 =V 1 and
\ 22 J
-1
([ (by, 1) )
|1+Me;| , We get
k b22
- w0 (@l -1 (al, - 1) V]
tyy = hp,Yo (1+ ep)exp| - —2 el’Ll el e o .J|
| 222 as, a,, |
|— ’ ( ’ ’ 2 \—|
b), -1 b), -1
expl—Bﬁeé 1- —22 )eé+(22 ) e? .. |1, (4.3.7)
L b2, b2, b22’2

It is assumed that the contribution of terms involving powers in e;, and
e; and e, higher than two is negligible. It is therefore expanding the
exponentials and ignoring terms in e, and e; of order higher than two, we
have

’ ! 2 —||_ ’ ! 2 —|
/G r g , Loy, Gpy 2 B, , Bo 2
th = AoYi(1+ep)[1- — el + — 2e1||1—7e2+ ey | (43.8)
L ay; a,, 22 22
|— ! ’ 2 ’ ’ 2
GO Lo %oy 0o o By o By 2
thy =Yg =2A5Y{ | & o e SR Y 2t 8
L 22 a3, 22 b,
BIZZ r o ,22 At aIZZ B'ZZ o S '
- —Sejeq — —eeg == 261J +Y (0, —1) (4.3.9)
by, 22 22 D)
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In order to get the bias , we take expectation on (4.3.9) and get

_ |—a! 2 B/ B/ 2 B!
. ,G b %22 o, 22\, 22\, 22\,
Bias(ty; ) = A5,Y| > Vaoo =, Vooz * > Yooz = . Von
L @22 bz, 22 bz,
0oy, %oy Bay o, 1 e
-2V + — fVlolJ + YA, —1), (4.3.10)
a, a,, by,

To get the MSE of the estimator, we take square and retain terms upto
Ist order of €’s then we take expectation of (4.3.9) and we obtain

/G 52 ;2 2 ;2 ’ ;2 ’
MSE (tzz ): Y [7‘22 (Vozo + 255 Voo T Uzz Vo2

’ ’ ’ ’ ’ ’ ’ ’ 2
=225,V — 2Up,Vgpy + 2t,Un,V 0 ) + (A, — 1) J (4.3.11)
B2

a!
where z, = —2% and u), = 2%

’ ’
az; bz,

For the following optimal value of the constants z,, and uj,,, we
achieve the minimum MSE among the class of proposed generalized estimator

v, V.,  -Vv. . V/ V., V. . -V, V' 1
2}, = 11? 002' 011, 101 .0y up, - 20(,) 01T 110, 1201 AL, = —
Vi00Voo2 = Vior Vi00Voo2 — Vio1 1+ Ay,
where
fG _ ’ ’ 2 ’ ’ 2 ’ 2 ’ ’ 2 ’ ’ 2 ’ ’ ’
Ay = [Vozo + 255 Voo + Uzp Voo = 2Z5,Vi10 = 2Up,Vgqq + Z22“22\/101J
(4.3.12)
By substituting the optimum values of z;,and u, , we get 1/,°"" as,
, opt 1 h ) o ( , V1'102Vo,02 +Vo,112V2/oo - 2Vi1 V101V
Aoy = — Where A, =| Va0 — o D) |
1+ Ay, \ Vi00Vo02 = Vio1 )

(4.3.13)

We obtain asymptotic variance of the proposed generalized estimator as
the expression for M sSE (t;‘j ) was considered upto first degree of error term, so

minimum MSE may be written as

oAt
2 P (4.3.14)
1+ AéZ*J

MSE .. (té? ) = AsymtoticVar (técz" ) =Y ’SL
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From (4.3.14), we observe that asymptotic variance of the proposed
estimator is less than Usual Linear Regression Estimator. We may observe
from (4.3.14) that proposed generalized estimator gives us more precise results
under the optimal conditions, as compare to its class of the estimators.

On substituting the optimal value .,°*" and a},°" b;,°"" in (4.3.5), we
get optimal estimator as:

[ ( ar.x 1
€5 =Ry, yiexp|ay,|1- — =
22 22 L ZZL (X ¢+ (4, 1)X;)JJ
(! bs, . h
exp|[3’22|1— 2 s [ 0<ih, <1 (4.3.15)
L (! + by, -1)T}) )|

As described earlier in section (4.2.1.1) that in some practical situations,
when it becomes impossible to collect information on some of the population
characteristics, it is valuable to replace them with their consistent estimators as

’ 2 A/ A/ 2 A/ ’
S opt 1 ( VllO VOO V V 2VZI.10V101V011
A where A =| Vq |
22 - 22 —1 Yo20 ~ .2

1+ Azz L Vzoovooz _V101 )
(4.3.16)

So (4.3.16) may be wriiten as

[ ( é‘,opt—, \\

S A Y;expl a’zzil— — 22 : H
’ ’\!Op !

L L (XS+(a22—1)xs)U

[ g1 Pt AR

eprB;2I1 e H 0<ij, <1 (4.3.17)

! A/ Op e

St (Zs+(b22 1)23)))

Also the minimum MSE may be written as:

MSEmin(féi) AsymtotlcVar( ’G): (4.3.18)
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Remark 4.6

) For «,, =1,p,, =1, we get exponential ratio cum ratio type estimators
given in Table 4.3. The MSE of ;5 is expressed as

s 12 ;2 ' ' ’ ' ' 2 .
|[Ys (7“22 (Vo2 +Vaoo + Vooz = 2Vi'0 = 2Vor1 + 2Vir) + (A3 — 1) ) j(eG)=1 ]|
e 1 1 1 ) ) |
) j | | Vozo + e Voo + e Vo2 ~ 2(7,;1)\/1,10 | \
MSE(t))=1 | | ey o7 ar? | |
N 22 22 22 l+ (), 1) | j(e G)=3,5,...,11]
| s | 22 | 1 1 1 +( 22~ ) ‘J(E )=3,5,..., |
N R | | |
L b ay,” by, ) |
(4.3.19)

The optimal values which lead to minimum MSE as,

1 _ V1’10V0102 B V0111V1I01
(]71\ ’ ! ’ 2
- Vi00V002 ~ Vior
L2 )
4y,
and
1 _V2,00V0'11_V1'10V1,01 L = 1
(i-1) ' , , 2 ez e
ij Vi00Vo02 ~ Vios 1+ Ay,
b\ ?
22
where
r
AS iV’ LIy L vt
= + +
22 | 020 (i\z 200 (;ﬂz 002 []7_1) 110
A A 2
T EE T
1
) 1 v ) 1 1 . I
) B o1t (L) (L1 o1
’ 2 ’ 2 ' 2
b, 4y, by, J

i)  For aj,,=-1B,,=-1, we get exponential product cum product
estimators given in Table 4.3. The MSE of t;5 is expressed as
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v 12 ;2 ' ' ' ' , 2

|[ s (7“22 (Voo + Vo0 + Voo + 2Vi'g + 2Vgyy = 2Vig; ) + (g, = 1) ) k(e G) = ]|
o ( 1 1 1 \ \ |

v | | Voao + R Voo + R Vioz + 2?\/1'10 | |

M SE (t}y) = | (2) (2) 2 |

22 _ | a b a |
12 ;2 22 22 22 , 2

Y125, |+ (M), -7 [ k(e G)=4,6,..12]
| | ‘ +2 LV _ 2 1 1 V. | | |
| [ N N IO | J |
l L by a5, by ) ]
(4.3.20)

The optimal values which lead to minimum MSE as,

1 _ V1,10Vo,02 B V0,11V1’01
(k) / ' , 2
L*J Vi00Vo02 ~ Vior
A2
4y,
and
1 _V2'00V0'11_V1,10V1'01 L = 1
(k\_ V. \! Vrz ,22_1 A,G
L;J 200V 002 ~ V101 T Ay
bzz
where
r
’ G I r 1 r 1 ’ 1 ’
Az = Voao Voo + Voo ~  Vito
' o) o) o)
A2 A2 I\ 2
L 22 bzz 22
1
V ! 2 1 ! I
- [hj Oll+ {h} [EJ 101|
\ 2 W\ 2 2
b22 4y, b22 J

i)  For o = -1,p; =1, we get exponential product cum ratio type estimators
given in Table 4.3. The MSE of ;5 is expressed as,

v 12 ;2 ' ' ' ' ' ' ' 2
‘[Ys (kzz (Va2 + Voo + Voo + 2Vi19 = 2Vg1p = 2Vig ) + (A5, = 1) ) I(eG)=13 ]‘
o 1 1 1) ) |
| | | Voo + o Voo + 0 Voo + 2 (=) Vito | \
MSE (t},) = | (%) (%) AL \
22 =2 , | 422 bs, = | 2
YT, |+ (hy, -1 [I(e G)=15,17,...,23|
‘ | | 22— ! ;LV' ‘ ‘ ‘
L e | J |
2 2 o2
| L by ay, by J J

The optimal values which lead to minimum MSE as
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1 _ V1'10V0'02 B V0111V1101
(1-1) ' ' ;2
*J Vzoovooz - V101
A2
4y,
and
1 _ Vzloovolll _V1’10V1'01 L = 1
(1-1) ' , , 2 ez , G
LTJ Vi00Vo02 ~ Vior 1+ Ay,
bzz
where
r
! G I ! 1 ’ 1 ’ l ’
Ry = |V020 + oy v + oy Vioz — (I;lJ Vito
L2 ) L2 ) \ 2
L a5 bzz 22

]
|
“_1\\/011 + 2 TETRNIES Vio I

) eyt e

Iv) For a),=18},=-1, we get exponential ratio cum product- type
estimators given in Table 4.3. The MSE of ;5 is expressed as

{\75’2 (7"222 (Vozo +Vaoo * Vooz = 2Vt + 2Vip = 2Vg1s) + (Mo, - 1)2) m(eG)=14 ]|
I O O S oty ) ) |
i l | |V020 + ﬁvzoo + ﬁvooz - 2ﬂvuo | | L
MSE (t;;) = —, \ ) | aé(g) bz'(;) aé; | 2 |
AR |+ (M), —1)° | m(e G)=16,18,...,24]
e e I |
| L Loby a5, by, ) J J
(4.3.22)
The optimal values which lead to minimum MSE as
1 _ V1'10V0,02 B Vo,11V1,01 and 1 _ Vzloovolll B V1,10V1,01 L= 1
(m \ - ' ' ;2 (m \ a ' ' ;2 ' 22 — /G
12 ) V200Vo02 ~ Vios 12 V200Vo02 ~ Vios 1+ Ay
\ 2 b, 2
a22 22
where
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:
A'G—IV’ eV vy ’
22 _| 020 (1\2 200 (E\z 002 {m} 110
R Y ay’

1

1 |

ECRENENC

b3 ag, by

Case II:

The generalized estimator under case Il may be proposed following
(4.3.1) as

0<Ay, <1 (4.3.23)

22 —

(Z¢+ (g, - DTY)

“J
( bl 7" AR
oxp| P 1- Il
where (aj,, by,, »,,) are constants to be determined such that the mean

square error (MSE) is minimum. (o%,, B%,) are known constants takes the
value (0,1,-1) to produce different ratio-type and product-type estimators.

We follow the same routine along with the class of estimator in Table
4.3 for proposed estimator in (4.3.23) , as that for case-l in Section 4.3.1. In
addition, the relation between ay,, «4,, 25, and by,, p4,in case-1l is the
same as that for case-I in Section 4.3.1.1. Finally, the same is true for the MSE

and the Bias. It is therefore directly from Section 4.3.1, we may write
Bias (ty, ) and MSEty, ) following the same, and we may also produce a
class of estimators for similar choices of ay,, %, and a7, in case-ll. The bias

of (4.3.23) may be obtain by following the notations and expectations for case
Il presented in Section 4.1,

The bias of (4.3.23) may be obtain by following the notations and
expectations for case Il presented in Section 4.1 as,
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r 2 r r 2
H /,G _ r _fl azz r BZZ r BZZ r
Bias(ty; ) =725, Y| 5 V200 ~ b Vooz * > Vo002
a
| @22 22 22
B'Z,Z r (x ,2'2 r a ,2,2 B’Z'z r —| _If r
- Voir = —ViY P VlOlJ +Y/ (A, - 1), (4.3.24)
22 22 822 Dp2

Similarly the expression of MSE may also be given as

,'G — r 2_’12 r 2 r r 2 r rr rr
MSE (tzz )‘ Aoy Vs [Vozo + 255 Voo T Uzs Voo — 2255V

r r r r r _/! 2 r 2
—2u5V i, + 2z55u Vi 1+ Y Ty, ~ 1), (4.3.25)

By substituting the optimum values of z;, and u}, , we get 14,°"" as

14 2 [

2
1 V +V// VI/ _ZVNVI/V// \
10pt " " 110 Y002 " Vo11 Y200 110¥101V 011
Aoy = . where Ay, =| Vgyo - o ) |
1+ Az N Va00Vo02 ~ Vios )
(4.3.26)
The minimum MSE may be obtained as,
o ( Ar/ * \
IIG V12
MSEmin (t22 ):Ys | L| : (4327)

L1+ A,
Remark 4.7

) Foray, =1,85, =1, We get exponential-ratio type estimators given in
Table 4.3. The MSE of t;; is expressed as,

112 ;12 1" " " " " " " 2 :

[ s 222" (Voz +Vaoo + Voo = 2Vi1o = 2Vg1y + 2Vigy ) + (A3, — 1) iteG)= !
| |
| |

S 1o 1 1) )
_ J | | Vozo + e Vi + i Voor =275 Vio | \

MSE(t,)=1 | | A5 A7) a;’z( o |
Iy a2 22 22 |+ 1y, -2 | j(e 6)=3,5,..,11]
. \ 1. 1 . | ‘ |
| \ L_Z (= Vo, + 2 BN Vio1 J \ |

m\o2 m\ o2 m\o2
[ L by, 8y, by J J
(4.3.28)

The optimal values which lead to minimum MSE as
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r r A r
1 _ V110V002 _V011V101

(j,l\ h r 12 " 2
Lij V200V002 - V101
r 2
4y,
and
1 _ V2'(,)OV0'11 — V1’1'0V1,o'1 L = 1
(]'*1\ - r 1 2 ' 22 © G
Lij Vi00Vo02 ~ Vios 1+ Ay,
b/! 2
22
where
r
AI! G IV r 1 V rr 1 V r 2 1 r
= + +
22 | 020 (;1\2 200 (;1\2 002 {17_1] 110
!VL 2 J IVL 2 J r 2
L a5y bzz 22
1
2 1 V r 2 1 1 V " I
- = o1 t TS 101|'
!/L 2 J /!L 2 J r 2 J
bzz 4y, bzz J

i) For oy,=-1,py,=-1, we get exponential-ratio product estimators
given in Table 4.3. The MSE of t}; is expressed as,

7'72 rn 2 r r r A r " A 2
‘(Ys (7‘22 (Voz + Voo + Voo + 2ViTg + 2Vg1y — 2Vi5; ) + (A3, - 1) ) k(eG)=2 ]|
o 1 1 1 \ \ |
Lk J \ | Vozo + e Voo + 2 Vooe +2—Vilo | | L
— r\2
MSE(t;)={ _ | ] ayl oy ay, I
} A }xzz | . . |+ (MY, —1) Ik(eG):A,G ..... 12I
| " " |
+2—— 22—V
R Y | | |
| L 22 8 D ) J

The optimal values which lead to minimum MSE as,

r r r r
VitV _V011V101

1 _ V110Y002
(k\ rr r r 2
n Vi00Vo02 ~ Vior
aV/LZJ
22
and
1 ViooVorr — Vi1oVios ar 1
(k\_ VHVN Vr/2 ,22_1 o G
L*J 200Y002 ~ V101 + Ay
bf/ 2
22
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where

r
rr G { rr 1 r l rr rr
Ay, = | Voo + Tvzoo + Tvooz -2 {'L] Vilo
i\ aé!2L2J bé’zLZJ aérz 2

]

1 y 1 1 . |

ORI

g, * SO A

i) For ay,=-1,85,=1, we get exponential-product cum ratio type

"G
22

estimators given in Table 3. The MSE of /) is expressed as

‘(75”2 ()‘,2'22 (Vo2 + Voo + Voo + 2V — 2V — 2Vy5, ) + ()“,zzy - 1)2) (e G)=13 W‘
| ( (. 1 ., 1 ) 1 L) 3 |
ol J | | Voao + — 7 Va00 ¥ T 5 Vooo * (i) 110 | | L
MSE(t;) =4 _ | | ) o5 al) | |
} DR, 22 22 |+, -1 | 1(e ) =15,17,..., 23}
| ‘ 1 y 1 1 y | |
| ‘ -2 (u)vou (2) (2 Vio1 | \
| L L byt ay, “ byt ) J J
(4.3.30)
The optimal values which lead to minimum MSE as
1 _ V1'1’0Vo,62 B Vo’1'1V1,011
(Ifl\ r r r 2
7) Vi00Vo02 ~ Vio1
4y,
and
1 _ ViooVo11 ~ VitoVios - 1
(|*1\ " " 12 ' 2z — G
LTJ Vi00Vo02 — Vio1 + Ay,
by,
where
r
AHG_IVN +LV 12 +#V 12 _ 2 1 VH
22 _| 020 “71\2 200 “71\2 002 [5] 110
e Py a2
e
1 1 1

“71\\/011 +2 (1) (11) 101

gy ot oy o)

S — |
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Iv) For «aj,=18%,=-1, we get exponential-ratio cum product type
estimators given in Table 3. The MSE of t;, is expressed as,

g 112 ' " " " " " " " 2
‘[ s (7‘22 (Vozo +Vaoo + Voo = 2ViTe + 2Vo1y — 2Vigy ) + (R5; - 1) ) m(e G) =14 ]|
A R (VRS SV SV SV ) |
" | | Vozo * Lz Voo * L Vooz — 2 B Vito | \
MSE(t;,")=4 | | 2l bz ay,’ | \
Y2y, Y 22 22 |+ (Y, -1)% | m(e G)=16,18,...,24 |
\ | l .5 1 NI 1 1 N | \ |
| L R C N R | J |
l L ba ay, by J J

(4.3.31)
The optimal values which lead to minimum MSE as,

" 2
_ V110V002 0117101
2

1 _ V " V "
(m\ - r r
o V200V002 - VlOl
a!/L ZJ
22

and
1 _ VZ'éOVO'lll B V1/1'0V1'0,1 L = 1
(m) B 2 2 2 rte22 G
”L;J Vi00Vo02 ~ Vior 1+ Ay,
b))
where
r
|
A!/ G _ |V l V r V r 2 r
2z = Yoz + T 200 + 2 V002 (m 110
I’L?J ’IL;) ,,L;J
L 457 by, 22
1
2 rr 2 1 1 V r ;
+ (ﬂ} 011 ~ (EJ (ﬂj 101|
i\ 2 m\ 2 m\ 2
by, a5, by, J
Case Il1:

The generalized estimator under case Il may be proposed following
(4.3.1) as
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b
1 - — 22°s C 0<A,, <1 4.3.32
expLB”L (zs+(b22—1)z‘s)U e ( )

where (a,,, b,,, 1,,) are constants to be determined such that the mean
square error (MSE) is minimum. («,,, B,,) are known constants takes the
value (0,1,-1) to produce different ratio-type and product-type estimators.

The proposed estimator in (4.3.32) follows the same routine along with
the class of estimator in Table 3, as that for case-1 in Section 4.3.1. In addition,
the relation between the constants a,,, o,,, b,,, B,, and »,, in case-lll is

the same as that for case-l in Section 4.3.1.1. Also, the same is true for the
MSE and the bias. It is therefore directly from Section 4.3.3.1, we may write

Bias (t;,) and MSE ) following the same, and we may also produce a class
of estimators for similar choices of a,,, «,,, b,,, B,, and x,, in case-Ill.

The bias of (4.3.18) may be obtain by following the notations and expectations
for case Il presented in Section 4.1,

H G 22 22 22 22
Bias(t,,) =2,,Y| 5 Vooo = — Voo + —2\/002 - 22V,
| 822 by, 22 22
22 oy, By 1T -
- Viio Vier |+ Ys(Rhy — 1), (4.3.33)
422 a,, by,

Similarly the expression of MSE is also given as
G 2 2 2
MSE (tzz ) APPSR [Vozo + 155 Voo + Uzz Yooz = 2855V110
2 2
—2U,,Vyq + 2tV ]+ Y S(hy, —1)7 (4.3.34)

By substituting the optimum values of t,, and u,, , we get »,,°"" as

2 2

+V011 VZOO B 2\/110\/101\/011 }

2
Vzoovooz - V101

(4.3.35)
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The minimum MSE may be obtained as,

M I (4.3.36)

Remark 4.8

) For «,,=1,8,, =1, we get exponential ratio-type estimators given in
Table 3. The MSE of t;5 is expressed as,

2 2\ .
|[Ys (7‘22 02 * Vaoo + Vooz = 2Vis0 — Vors + 2Vigy) + (Rpp - 1) ) j(eG)=1 ]|
e 1 1 1 ) ) |

| | Voao + e Vago + e Vo2 =2 = Vit | |

MSE () =1 _ | | (%) () N |

22 v 2] 2| a5, bzz 22 | 2
lY s Ao +(h,,-1)" 1j(e G)=3,5,..., 11]
T P Ty | | |
| | - (H) o11 t (,71) (,71) 101 | |
[ L b,, ""222 bzzz J J
(4.3.37)

The optimal values which lead to minimum MSE as,

1 V110V002 _V011V101
(i-1) r2
L J VzooVooz _VlOl
4y,
and
1 V200V011 ~Vi1oVios o = 1
( \ 2 iv22 T
L J Va00Vo02 ~ Vios 1+ A
2
where
r
AS Iv LIy 1y oty
22 | 020 [l_l]z 200 [l_l]z 002 [171} 110
2 2 2
{ 4y, bzz 822
1
1 ) 1 1 v I
Oy e T oy e e
L2 ) L2 ) )
by, ay, by, J
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i)  For o,,=-1,p,, = -1, we get exponential product cum product type
estimators given in Table 4.3. The MSE of t;, is expressed as

|f 52(7‘22 02 T Vaoo + Voo + 2Vige + 2Vo1y = 2Vyg) + (A pp _1)2)k(€G)=2 W‘
e 1 1 1 \ \ |
\ | Vozo * — = Va0o * T 7 Voor * 27 Va0 | |
MSE (t;,) =1 | | a2 ple) ag?) | |
I Y2 %y, | . 22 221 |+ (A, -1)° [k(e G)=4,6 12}
\ | 1 - \ |
| DT TN A | |
l L L by 22 Doy ) J J
(4.3.38)

The optimal values which lead to minimum MSE as

1 V110Vooz Vo11V101
(k) 2
L*J VzooVooz _V101
2
4y,
and
1 _ V200V011 — V110V101 2z _ 1
(k) - , 2 M2 T
L*J V900V 002 ~ Vi1 1+ A
b
22
where
r
A,° =v Y By 2 Vv
22 | 020 (k}z 200 (k}z 002 (5} 110
2 2 2
L EPY bzz 22
.
1 |
_2 (k}V011+2 (E} (h} lOlI'
2 2 2
bzz 4y, 22 J

i) For a«,,=-1,8,,=1, we get exponential product cum ratio type
estimators given in Table 3. The MSE of t,5 is expressed as
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|[stz (7“222 (Voz +Vaoo + Vooz + 2Vi10 = 2Vo11 = 2Vigr) + (A, — 1)2) I(e G) =13 W‘
o 1 1 1 \ \ \
| J | | Voao + (ﬂ)z Voo + (H)z Voor + (1) 110 \ | L
MSE (t,,) ,2| )| a,, b,, ay, | 2 |
:Yslxzz } . . . }+(x22 ) }I(EG):15,17 ..... 23}
22—V, -2V
| ‘ % 011 (% % 101 ‘ ‘
s SR ) J j
(4.3.38)
The optimal values which lead to minimum MSE as
1 _ V110V002 _V011V101 and 1 _ V200V011 _V110V101 Ao = 1
(1-1) 2 (1-1) o M2z T
TJ Va00Voo02 ~ Vios LTJ Va00Vo002 ~ Vios 1+ Ay
a3, by,
where
r
I 1 1
Agp = |V020 + iy Voo + iy Vooy = 2 “71\\/110
7 7 2 )
REEEEEE R
) 1

(|-1\V011+2 (1-1) (|-1\V101

R

22 22 22

- 1

iv) For a«,,=1,B,,=-1, we get exponential ratio cum product type
estimators given in Table 3. The MSE of t;, is expressed as,

|[ s (7‘22 Vozo +Vaoo + Vooz = 2Viig + 2Vo11 = 2Vig1) + (R gy _1)2)”‘(66):14 ]|
e 1 1 1 \ \ |
" j | | Vozo + szoo + Wvooz - Zﬂvllo | \ L
MSE (t,,)= . 2 plz a,’ | \
i I Y2 %y, | . T2z . 221 - |+ (1,,-1)% |[m(e G)=16,18,..., 24I
| l2—v 2———V | |
| TN e | J |
l L L by 8y by ) J
(4.3.39)
The optimal values which lead to minimum MSE as
1 V110V002 — V011V101 and 1 _ V200V011 _V110V101 Ao = 1
(m) 2 (mY) 2 22 T G
L ) V200Y002 ~ Vios l2) V200Vo02 = Vios 1+ Ay,
b

N
N
N
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where

:
. I 1 1
Ass :|V020+ (m\zv + ; > Voo — 2 (EJ 110
L a£22J sz22J a222
]
1 |
vem Vo — 2 (m\mvmi'
0t e

4.3.4 Proposed Generalized Estimator 1V

Case I:

We generalize Khoshnevisan et al. (2007) for two stage sampling design
using two auxiliary variables as,

_ oc’23
o ( ChaX [+ d, )

t. =AY, —
23 23 S ! ’ <! ! ’ ! ’ !
La23(023xs +dgg )+ (L-ag)(cps X+ dzs)J

( Ki.Z! + 1! P
23%s 23

Lbés(kész_é t155) + (1= bgg)(kgaZg + 'ég)J

(4.3.40)

where the constant c,, k,,(»0), d;,and 15, are either real numbers or the
functions of the auxiliary variable, in form of coefficient of variations,
standard deviations, correlation coefficients, skewness or kutosis from the
population. (aj,, bj,, A%, ) are constants to be determined such as mean square
error (MSE) is minimum.
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Table 4.4(a)
Some Special Cases of Generalized Estimator t,;

Ratio-cum-Ratio Estimator Product-cum-product Estimator | | Cl , ,
o o o o C23 das | 2as | Kzs 123
(X23—lxl323_1 0"23__1’[323__:L
L Xz L (R
t23:’123 |TH__| ty =4, s‘—,HT,‘
LX)l ) (X250 )
(X+C\(Z+C\ 4 (x+C\fz+C\
th = ALY =" | | th = AnVl| = = | 1]c,|1]c, |1
kx+C )kz+C) \X +C)\Z+C)
s ( 2xx_'JrC \( 2zZ_'+C\ ( (x)x +C, \( (z)z +C, 3
tz'g:ﬂ;avs\ﬂ()_f *Hﬂ()_f = t;§=lzss|ﬂ IIﬁ [{r.co| C | 1 ]s@]|C,
\ B,(0)x +C, | B,()Z,+C, ) LB, (0X[+C, JUB,(DZ]+C, )
; (CX VCZ ) (Cx+ x\(Cz+ 7))
TN A e iy L ) VPR 209 O e, |nw| 1 e, [no
ka+ﬁ(x)ACz+ﬂ2(z)) \cx+p(x))\cz’+ﬁ(z)}
o I_,(ﬂz(x)x_s'ﬁ-o-x\(ﬂz(z)z_s’+o-1\ a0 (ﬂ (x)x +0o, Vﬁ’ (z)z +0, )
tza = ﬁ'za Y —, ‘ —, tzs = 23 ys H , ‘ B,(X) [ 1
(B, ()% +0, J\ B,(2)z,+0, ) (B, x)X +o, ) B, (z)Z to,)
tz’?:ﬂz’g_s’(x + P, (B, (z)Z +p, 3 t£22:1£3_;(:;+pxy \fﬁz(z)§+pyz\ 1 - 1
X+ p, ,Bz(z)zs+pyz X5'+pxy ,BZ(Z)ZS'+-pyZ
. _(X_s'+ﬂ(x)\(2_s’+ﬁ(z)\ 10 _(x_s'+ﬁ(x)\(z_;+ﬂ(z)\ B.(X)
= Ayl = | T | e = ALY | = || =——| 177711 s
(Xe+ B,(x) JLz,+ B,(2)) (X +B,(x) L 2.+ B,(2))
. (o X! +1\o,z!+1) . (o X +1) o,z +1)
ty = 45! I | e = ALY —=— || —=—| o, | 1|10, |1
\O'X+l)k6xz+1) \GX +1)\02 +1)
@ =gy | XA Mo 2 ) N A R AR A +“Z)} o |pol| 1
Lo X+ A(x) )0, Z,+ B(2) ) Lo, X[+ () Lo, 2+ p(2) ) ;
1 (o-X +ﬂ(x)\(aZs+ﬁ(Z)\ 20 Lo xi+ ) a7+ p,(2))
e =A%V, || == s = 45591 I \ o, |ro| 1|0, s
Lo X +8,(x) Lo,z +B,(2) ) Lo X+ 8,00 )0, 2]+ B,(2) )
( + \( + 3 ( X! 4 7' )
G g LU RO AW L@ e (MOOT 00 ([ AOR D] | o | ] {4, | 200
(ALOOX + B,(x) J B(2)Z, + B,(2) ) LB (X)X + B,(x) J\ B()Z!+ B,(2))
tz,ig:Aéaﬂlfﬁz(x)i;+ﬂ,(x)\‘(ﬂz(2)i;+ﬁj(l)\‘ tz,?:/lz,aﬂ‘(ﬂz(X)§l+ﬁ1(X)\H(ﬂz(z)ngﬁl(Z)\‘ soo |500] 1
B, (X)X, + B (X) J{ B,(2)z, + B.(2) ) (B, (X)X + B.(X) J\ B, ()2, + B.(2) )
(p, X_’+1\(p Z'+1) (p X +1V p. 7 +1)
tye = A7 — e =AY | —= —— P, 1 11]~,,
nyxs*'l pyzzs’+1 pxyxs'+1 Py 41 y y
2 (o x+c Moz!+C,) s, [ ox+C o,z +C, )
s :123)’ | [ ‘ s :izays| =, [l =, I o, CX 1 o, Cz
\UX+C }\O‘XZ +C . ) \UXX5+CXJKJZZS+CZ)
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Table 4.4 (b).
Some Special Cases of Proposed Generalized Estimator t;,

Product -cum-Ratio Estimator Ratio-cum-product Estimator , ] ,
@y = 1pl =1 @ =15 ]!
_(xz) (X7
e = Ayl = = | U = ALy =l = |
(X)Lz, ) (X JUZs)
. (X+C\(Z+C\ (X+C\fz+C\
e = ALYl = I | e = A5 | =1 1(c |1]c,|1
\X5+Cx}\zs+CZ} \x +C, }\Z +C}
[ B,()x.+C [ pg,(2)z.+C,) e (B,00X!+C ) [ ()7 +C,)
' = A5V, | | ||t = AL | l|s0| C, | 1|s@|cC,
\ B, x)X +C)\ﬂ(z)2'+0) \ﬁ(x)x +C, )kﬁ(z)z +C, )
135 (Cx+ﬂ(x)VC Zs+ﬁ(z)\ s , (Cx+ﬁ’(x)VC Zs+ﬂ(z)\ B,(x)
L :)'23 s [ -, ‘ L —/123)/5 -, I CX l CZ B,(2)
(C, X' B, (X)L CLz + B,(2) ) (C, X! cHB,(X) )L Cz,+ B,(2) )
B (ﬂ(x)x +o, \(ﬂ(z)z +o, 3 _(ﬂz(x)x_s’+o- \(ﬂz(z)z_’+o- 3
t = ALY I [t = 22! —— || —[|nw| o, | 1
(B, X)Xs“TxJkﬂz z)zs+aZ) (B, (X)x +0o, J B, ()2, +0, )
(X' +p \(,b’(z)Z_'+p ) (X_’+p OB ()T +p. )
tz,ig _ 22,3 )75, _s' Xy 2 _'5 yz tz,;;o _ /12,3 —s, _'s Xy 2 _s' yz l p l
Xs+pxy ﬂz(z)zs+pyz Xs+pxy ﬂz(z)zs+pyz
. fx+,8(x)\fz +/>’(z)\ B (X +ﬁ(x)\(z +ﬁ(z)\ £,(2)
iy = 25V, I | ty = ALY | = | 1 (s 11|
\X + B,(x) J 2.+ B,(2) ) XL+ B8,(0) JLZ.+B,(2))
. (o, X +1 )V o,z!+1) " (o X! +1) o,7/ +1)
' = ALYl —=—| | ty' = A5,V | —=—| o, 1|10, | 1
ko‘X +1)k0xz+1) \O'X+1)KO'Z +l} !
5 (o X +B,0) M o,2!+B(2)) " (o X! Ve 7 3
e =gy Dt A00 G2 B e g X RO O BB G g |
(o, X+ B, (X)) o,z;+p(2)) Lo X+ B,(x) J\o,Z/+B,(2)) i
“ (o-x+/i(x)\(o-zs+ﬂ(z)\ s (o, X'+ p,00)( z+/3(z)\
tz’3 = j'23 s H - ‘ tzya :}“zay | Z [l z | O'X ﬂQ(X) 1 O'Z B,(z)
kax +B,(X) )Lz, + B,(2) ) Lo X+ B,(x) Jlo,Z/+B,(2))
5 _(B00X !+ B0 BT+ B,(2))
T EACLEYAC) \H(ﬁ](Z)Zi'Jrﬁz(Z)\l e =AY, ﬂﬂ((xx));f:/f((:; I g::;ii ((ZZ)) A 1 B.(2)
23 23 Skﬂl(x);ﬁﬂz(x))k/31(2)7;+ﬂ2(2)) \ 1 s 2 )\ 1 s 2 ) /3;(X) ﬂz(Z)
s o BLOOK B0 ) B()Z1+ B,(2) se o (BLOOX B0 B, (D7 + A,(2)) B, (x)
G = 4| =, [l — | s :ﬂzaysl —, [ =, | B, (x) 1
LB, ()X + B (X)) B,(2)z+ B,(2) ) B, (X)X + B(x) ) B,(2)Z;+ B,(2))
(p X, +1 ) p,z!+1) (p. X' +1) p. 7' +1)
I A R - T 7] e Mg e ol 110,
pxyx5+1 pyzzs’+1 pxyX;+l pyzzs'+1 y y
55 (ox+C, VWo,z/+C,) 56 ,_!(o—XXS’+CxVo-Zz_S’+CZ\
t23 = Z3y ‘ | t23 :123y5| H | O-x CX 1 O-Z CZ
(o, X +C )k(’xz +C, ) \axx;+cx )KGZZ;+CZ)
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The Bias and Mean Square Error of proposed Generalized Estimator 1V

In order to find bias and mean square error of (4.3.40), we use notations
from (4.1.1) and express the estimator given in(4.3.40 ) in form of e's as:

_ —a) - B,
_ ¢’ . X'e’ \\ ( k! 7 e \\
thy = Mhe¥ (L4 eg)| L+ ajy| o || 1abyy| 2R
23Xs+d23)} \k2325+|23))
(4.3.41)
tG =)\’ Y_’(1+e )(1+a N e,)*aéa' (1+b, o' e,)*ﬁé3
3 23's 0 23Y23%1 23%W23%2
Ch X! K!.Z
where v, = —250 ) = 20 (4.3.42)
Coz X g '+ d g KyaZ '+ 1yg

We assume that [e;|<1 and |e;|<1 so that we may expand the series of

(1+aj505.e)) 2 and (L+ bjyoh.es,) = we ignore the terms in e’s of order
more than one as:

té(sg - Y_s’ = 7‘,23Y_ [eé — 0p38,3055€ + W é320,232e1,2
—Bo3bysmyse; + alBiriay3h50 505580,
PPl T o e eyt aaeie;
— Bsb, 23%90} (A23 - )Y_s' (4.3.43)

In order to get the bias, we take expectation on (4.3.43) and get

! !
£\ ~[abs(ay; +1) o 2 '
Blas( )— AosYs ) 833 Vo3 Voo T ®23P23855P55055055V01s

st(st +1)
2

’ ’
bss (”23 Vozo

—| —
— 03853053V 0 = Bosbys (’323V101J +(hy —1)Y, (4-3-44)

We take square on both sides on (4.3.43) and retaining terms in e’s upto
second order and take expectation, we will get MSE(t,; ) as
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,G 12 ;2 ’ P2, ' ' ' '
MSE (tzs )= Yy [7‘23 (Vozo + 023 Voo + 923V002 — 2933V110

’ ’ ’ ’ ’ ’ 2
—2055Vy1; + 2053055V, ) + (A — 1) J (4.3.45)

" ’ ’ ' r_ Q! ! 4
where 85, = a%385,0%,,  and  @hy = Bhybjm),

For the following optimal values of the constants o, and ¢}, we
achieve the minimum MSE among the class of proposed generalized estimator
1’10V0'02 _V0’11V1’01 _ V2’00V0’11 _V1'10V1'01 - 1
123 T

and o), =
VSV VA P23 V., V2 1+ ALS
2007 002 101 2007 002 101 23

V

! p—
623_

fG ’ ’ 2 ’ ,2 ’ ’ ’ ’ ’ ’ 1 ’
Ays = [Vozo + 053 Voo + P23Vo02 = 2053Vi10 — 2055V + 2923@23\/101}
(4.3.46)

By substituting the optimum values of e, and ¢ in (4.3.45), we get »,°"" as

2 2

1 . VAR VARV VAN \WEASVANVARER

2 o where Al =| Vv, — 110 “002 011 V200 11071017011 |
23 T 23 020 - N

1+ Azs \ V200V002 ~ Vios )

(4.3.47)

The min MSE may be obtained as by substituting (4.3.46),(4.3.47) in (4.3.45)

(At )
P (4.3.48)
\1+ Azs)

S

MSEmin (té(; ) = Y_'z

On substituting the optimal value 1,.°"" and a;,°"",b;.°"" in (4.3.40), we
get optimal estimator as:

'
a

J— 23
’ ! ’ \
t'GOpt—X’ opt — CZ3XS+d23
23 h 23 yS éropt rr d ’ 1 ropt ’ )(_r d ’
b3 (CaaXe +dz3)+ (L—ajhy )(CchaX{+dyy)

_ Bas
( 1 ’ ’ \
KozZg + 153

! t ’ > ! ! t ! _, !
Lbz3Op (KaaZy +155) + (L= bhy )(kgaZ{ + Izs)J

(4.3.49)

In some practical situations, when it becomes impossible to collect
information on some of the population characteristics, it is valuable to replace
them with their consistent estimators as it is discussed in previous section.
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A/ 2Af AV 2’\/ ’
- opt 1 ‘f V1o Vion + Vi1 Vieo — 2V Vs oV

L where A" =| Vi - - 2110 101011 |
1+ Ay, \ VzooVooz - Vi1 )
(4.3.50)
So (4.3.50) may be wriiten as
~,G opt , opt—, Cog X g + djg )
t =X y —
23 23 S ,opt d' ,\,Opt ' ' d!
dhg (CoaXg +dgg)+ (1—ahy )(cyaX ¢ +dyy)
( _ B3
k:.z! + 1!
- — 2375 fopt — (4.3.51)
b’ (kpgzg +155) + (1= by )(kész;+|és)
Also the minimum MSE may be written as:
_( A 3
MSEmin(fZGB): AsymtoticVar('fZG:,)):Y's —\ (4.3.52)
\1+ A23 )

Remark 4.7

) For o4, =1,p,, =1, the mean square error for the estimators given in
Table 4.4 can be expressed as,

;2 ;2 2y ' ' ' 2y .

|[ s (7‘23 (Vozo +azs 200 T Pas” Voo = 2853V = 2035V gy +28,5b55 101)+(7‘23 -1) ) i(e G):lw‘

{ ‘f ( {;} ['*J ) \‘ }
Iy 2 )y c2 2 -

i \ ‘ Voao * az3 Vs Voo + Do @33 Vo2 | \ }

mMse(y=4 | | {J;l\ [g\ | | s

vzl 2l 2 2 | 2 |

i o M| 2aj305s © Vito = 20550%s Vo |+ (Apg =17 | i(€ G)=3,5,...27 }

| } | = (;} | } |
\ 2 ), 2 ) |

I L L +28530750 55 33 Vios J J }

\ J

The min MSE may be obtain for the following optimal values of the costants
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1 (Vl'IOVO,OZ B Vo,1 1V1,01 \

853 = —
[leﬂ V200Vo _V1,012

200V 002
Vo3
and
b!. — 1 (VZIOOVO,ll _V1'10V1,01\ - 1
23 7 o1y , , , 2 J B ,G
7) Vi00Yo02 — Vio1 1+ Ay,
A2
W53
where
[ [—1\2 (1 (i-1)
YG | ! ! 2 ! 2 ! ! ! 2 ’ ’ ’ 2 ’
Aps = |V020 T d53 Vy3 200 T D304 Vo = 2853V 53 Lllo
& GG
’ 2 ’ ’ ' 2 ’ 2 '
2bj 05, Vi1 + 28,3053 D30 53 Vio1 I
|

i)  For a),, =-1,p,, = -1, the mean square error for the estimators given in
Table 4.4 may be expressed as,

(V! +al. 2V, +bl.2V!  +2aV, ) )
x,232L 020 23 Y200 T P23 Voo2 23 110J+(7"2371)2JK(EG):2
+20;5V 1y — 28,5055V,

-

3%

' r 2 2
V2o + 833 Va3

(k) (k)
v LZJV’ +2bl 0! LZJV’ 2

\
23V 23 110 23033 k(e G)=4,6,...,28

AL +2a + (A5 - 1)

C o
—2a)3b,5055 w55 T Vi

|
\
\
\ (
|
MSE(tgg)—J I
‘ 2|
} |
| |
| |
| L

|

The min MSE may be obtain for the following optimal values of the constants

al. — 1 (V1'10V0,02 _V0/11V1,01\

T | VAR VAR VARR:
1 J 2007002 101
Va3

and

b/ — 1 (VZIOOVO,ll_Vl’lovl,Ol\\ - 1

R BV VAN J 1+ AL
1 J 2007002 101 23
W33
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[ (i-1)° [1\2 [j\
VG | ’ ! 2 ’ 2 ’ ! ! 2 ’ ! ! 2 ’
Ay = |V020 T 833 V3 200 D230 53 002 ~ 2853V 73 Lllo
[;1} {j\ (:j 1
' 2 ' ' 2 ' 2 ’
2b),m 5, Vi1 + 28,3055 Jbzs(‘)zs Vio :
]

i)  For o, =-1,p,, =1, the mean square error for the estimators given in
Table 4.4 can be expressed as,

( ( (v P2y, P20 VR 3 ]
— \Y +a,, V +b,,"V - 2a,,Vv
21 ., 21 Yoz20 23 V200 23 Yoo2 23 , 2
IYsLx23 L o o “0J+(x23—1) Jl(ee)=1 |
: —2b;3Vyyy + 2853b,55Vi0, :
o & ) | |
Iy p2 2 2, |2 oo
K j | |V020 +t 833 V3 Voo + D337 05, Vooz ‘ |
MSE (t,3) = | | | (5} (1-1) \ | |
2] L, 2 b L2 , o L2 / , 2 |
SE I —2al,0h," 2 V), - 2bl0h, 2 Vg, }+(x23—1) € G)=35...27]
i | | [l_lJ {|-1}2 \ | i
| | s o2 ) o2 ), \ |
| L | +28,30,305, W33 Vi1 ‘ J |
t \ ) J

For the following optimal values , we get minimum MSE as,

1 (Vl'IOVO,OZ B Vo,1 1V1,01

853 = B
,[I;JL V200Vo _V1,012

200V 002
V23
and
o 1 (V2'00V0'11 — V1'10V1/01\ L = 1
23 (Ifl\ VI VI VV 2 J, 23 1 A/ G
tTJ 200vV 002 ~ V101 T Ays
23
where
[ (|-1\2 (1-1) (|-1\ ]
I\ c2 2 |, ool )y o2 A
AC |V020 + 853 Vg Lzoo + D305, Vooa = 2853053 " Vi |
A (1-1) () (Y |
r 1 2 r ’ ’ 2 ’ ’ 2 ’
L_sza‘”zs V11 + 285305, by305s Vio J
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Iv) For o}, =-1,p,, =1, the mean square error for the estimators given in
Table 4.4 can be expressed as

20, ¢ 24\
2 (Vozo a3 Vogo + Do Voo + 2323V110\+ (Ms _1)2\m(e G)=30

= 2b,5Vo1, + 2a5,b5,V)
»
|
|
|
|
|
|
|
\

011 237237101

R ——)

7
\
\
\
,k
MSE(t23)=J
\
\
\
\
\

C I
2 ' r 2 2 ' ‘
Vg + a23 Vg Voo + D33 05 Vo2 ‘ |
I |
72 2 ! 1 ! r ' ’ 1 2
YA, +2ah,055 2V = 2bhs0Y, SV, }+ (hyy —1) Im(eG):32,34 ..... 56 |
N i
' ’ 2 ' 2 '
T28y3b53055 T 055 " Vi, } | |
) J J

The MSE (t}5) in (4.3.56) is minimum for

1 (V110V0/02 Vo11Vil \

) 011V101
ay3 = (m) . 2 J
;) VzooVooz _V101
Vo3
and
b/ — 1 (Vz,oovou V110V1,01\ W= 1
(m\ V Vr _V! 2 J’ 23 1+A, G
,L?J 200V 002 101 23
W53
where
r Bl 5) 5,
| ’ ’ 2 ’ 2 ’ ’ ’ 2 ! ’ ’ 2 ’ |
AC |V020 + 8,5 Ly " Voo + byamiy™ 7 Vg, — 28550557 7 Vi |
o 2 GG
2 ’ ’ ’ 2 r 2 ’
L 2bj 05, Vi1 + 28,305, b30,3 Vio1 J
where
ol X , 2 By (X)X ;3 C X
23 = T, 23 = - 23 = - '
Xs+Cx [32(X)Xs—i-CX CXXS+B2(X)
, e B(X)Xy s X , 6 X'
23 = - 1 Vog = — 1 Vo3 = = )
B,(x)X{ + o, Xo+p, X+ B,(x)
7 o, X , 8 X ;9 o, X
Vs = - 1 Vo3 = - v = = '
c, X +1 o, X +B,(x) o, X +B,(x)
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, 10 Bl(x)xé , 11 BZ(X)XS’ , 12 Pxé

23 = -, 1 Vo3 = - 1 Vo3 = T~ g
Bi(X)X ¢+ PB,(x) Bo(X)X ¢+ PBy(x) pXg+1
;13 GXXé 1 Z; ;2 BZ(Z)Zé
23 < -, 1 Wa3 = = 1 Wag = -, d
o, X +C, Z . +C, B,(2)2;+C,
;4 CXZS’ , 4 BZ(Z)Z; ;5 Zé
®a3 = - 23 = - Wi ==
C,Z.+B,(2) B,(2)Z,+0o, Z.+p,
0)/ 6_ S’ 0)/ 7_ GZZS’ 0)/ 8 Zé
23 -, 1 Wo3 = -, 1 Wog = -,
Z.+PB,(z) c,Z +1 c,Z,+B,(2)
, 9 c,Z; , 10 B, (z)Z,
Wiz = - 1 Wo3 = - ,
GXZS+B2(Z) B1(2)25+Bz(z)
o' 11 BZ(Z)Z; o' 12 pZS' o 13 Gzzs’
P,z +B(2) T pzi+1 P s,zi+cC,
Case II:

The generalized estimator under case Il may be proposed following
(4.3.40) as

o’

— 4
r rr r
tNG _ 7\(!! VH( C23XS + d23 \
23 - 23 S rr e e r r r _I, r
La23(023xs + A5 )+ (M- agy) (e X'+ dys)
( ”_" r B:t,
k, 2+ 1,

(4.3.57)

kbz'g(k'zw 1)+ (- b} (kyZ !+ u')J

where the constant cj, kj, (= 0), dj,and 1y, are either real numbers or the

functions of the auxiliary variable, in form of coefficient of variations
,standard deviations, correlation coefficients, skewness or kutosis from the
population. (ay,, bj,, 14, ) are constants to be determined such as mean square

error (MSE) is minimum.

The proposed estimator in (4.3.57) follows the same way along with the
class of estimator in Table 4, as that for case-1 in Section 4.3.4. In addition, the

relation between ay,, a4,, 245, and bj,, B4, in case-ll is the same as that for

case-l in Section 4.3.4.1. Finally, the same is true for the MSE and the bias. It

is therefore directly from Section 4.3.1, we may write Bias (t;, ) and MSE

(tys) following the same, and we may also produce a class of estimators for

similar choices of a},, a4, and v, in case-ll. The bias 0f(4.3.30) may be
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obtain by following the notations and expectations for case Il presented in
Section 4.1,

— ooy +1) 5

I’G r r r
Blas( ) 33 { ) 833 V3 Voo T ®23B23855055055055V 1y
B’Z’S (B12’3 +1) ’12 r 2 r r
+ 5 bys @353 Vioae = %33855053V170
7 _
— By va + (A - 1)Y, (4.3.58)

The expression of MSE is also given as
I’G _ffz r 2 rr r 2 r r r
MSE( )= Y [7‘23 (Vozo + 053 Vago + @23V002 — 2053V170
rr r ! r 2
—2053Vo11 + 2055055V 5 ) + (M35 —1) }

where
055 = al3a,3055,05; = BLsbLel (4.3.59)

The MSE( "G) will be minimum for

" 2

1 ( V!! 2VI/ +V V!! 2V!IVIIV//
i opt v " 110 Y002 011 ¥ 200 110¥101V 011
Aog = — where Ay =[Vgy - . T ’
1+ Ags \ V200Y002 ~ Vi1 )
(4.3.60)
The minimum MSE may be obtained as
o ( Al * \
IIG //2
MSE 4in (t23 ):Ys | %| (4-3-61)
\1+ Ay )

Remark 4.8

) For «}, =1,B,, =1, the mean square error for the estimators given in
Table 4 can be expressed as
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[ ( ( r r 2 r IVZ n n n \ \ ]

— Vg + a5, Voo, + b5 Vi, —2a,,V
|Ys”2 L}“IZ’SZL 020 T 823 ”20?' 23 ”0012' : 23V110 J . 1)2J i(c6)-1 |
I =2by3Vo1s + 2853055V, I
| |( ( [QJ [g] ) \| !

Ly an2 0 |2 v 2 2 .
; J | | Vozo + 823 Vaza Voo t 025 @35 Vooz | | L
MSE(‘za):| B {u} [u} | I |
71'2| " 2| oo 2 " " " 2 " ‘ " 2 | .
|V | 23 | —28530 55 ViTo = 2bg505; Voia ‘+(7‘23_1) |J(€G):3’5*“'27|
o SIS I |
r n r 2 r 2 r

| L L +2853by50 55 ©33 Vioa J J |

(4.3.62)

The min MSE may be obtain for the following optimal values of the costants

A r r r
al — 1 (V110V002 _V011V101\
23 (]—*1 VHVN _V,,Z
Liz 200V 002 101
r
Va3
and
r r r r
7 1 (V200V011 _V110V101\ 7
b23 = : Aoy =
(]*1 V”V” —V”Z 1+ANG
tiz 2007002 101 23
r
23
where
i 2 i 2 .
[ (1—1\ (;—1\ (i-1y ]
| r rr 2 rr 2\)!! e e 2 rr r r 2 r |
PN |V020 + 833 Va3 200 T P23 353 002 ~ 2853073 110 |
23 . . .
| (J—l\ [J—l\ {J—lJ |
rr rr 2 \J!! rr r 2 g/! r 2 r J
L —2bjym7, 011 T 2853053 2390 23 Vio1

i)  For o}, =-1,p,, = -1, the mean square error for the estimators given in
Table 4.4 can be expressed as,

a (VI 4y o prr 2y \ \ ]
w21 12, Y020 23 V200 23 Vo002 " 2
Y| ha o . Y ,,J+“23‘1) k(eG)=2 |
+ 28,3V T + 2by3Vg1, — 2a55b)3V 0 i
S '
" 2 g\ 2 " w2 4 2 "
Voo + 853 Vg Voo +055 053 Voo

B
\ \
\ \
\ [EJ {KJ \
2 " r L2 " 2 o\ 2 " "
A3s | +2853055 " Vi g + 2by055 " Vo, } + (A3 -1)
\
\
\
)

|

| (2, 3]

| ~2a;b50y, g, V)
\



iii) For oy =-1,8, =1, the mean square error for the estimators given in

4
Table 4.4 may be expressed as,

r //2 r /12 r 1 1
‘(Y*,Srz [7“12'32 (Vozo + a3 ,\fzor?'Jr bys \,/,00?,_ ’2’&‘23\/110JJr 0, 1)2J l(cG)=1
} —2b,5V g1y + 28,530,500,
S T T I B
[ w2 a2 y w2 ulo2 by
ol J | |V020 + a3 Vg Voo + 055 @53 Vo2 | |
MSE(t23):‘ | | {I_—lj {';1] | |
7”2| 2 " 2 2 " " r 02 " " 2 |
Y |7“23 l - 2a,3V5; ViTp —2by305, Voi1 I+(7“23_1) |
o (5,05 o
| v oo l2 ) 2 " |
\ | + 2a,3b,507, W53 Vio |
| ( \ ) J
For the following optimal values , we get minimum MSE as
A r r r
al — 1 (V110V002 — V011V101\
23 (|*1\ Vr/ V/! _VIIZ J
TJ 200V 002 101
r
v
23
and
r r r r
b!' — 1 (V200V011 _Vllovlol\ A = 1
23 ('*1 VN Vr/ VN 2 J, 23 l A/! G
LT 200V 002 ~ V101 T Ay
r
23
where
[ {'—1\2 ['—1\2 (';1\ 1
| r r 2 r 2 é r r r 2 Q/ r r 4] 2 Q/ r |
A”G_|V020 t 83 Vs 200 T P230753 002 ~ 2853V 73 110 |
5 =
| & EEE |
rr rr 2 rr rr rr 2 4)!/ rr 2 rr
L_szs(‘)za Vi1 + 28,305, 23923 Vio1 J

-

Iv) For o}, =18}, = -1, the mean square error for the estimators given in

Table 4.4 can be expressed as
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[7 ( (V rn +a'l 2V 1 +bVV2VVV +2a//vlf \ \ ]
|Y,5’2L}”’2’32L 020 23 V200 T P23 Voo2 23 110J+ 0, _1)2J m(cG) =30 |
I =205V + 2853055V 5, I
| ‘f ( H H ) \| |
Iy o I " ne 0o
ok j \ |V020+a23 V23 ’ V00 + 0253 @53 ’ Vo2 ‘ |
|\/|5E(t23):| ‘ | [1} {EJ ‘ | |
|Y;’2} xgazl a0, PV 2be ), 2V }+(x;3—1)2 Im(eG)=32,34,..,56|
: | Lpu | | }
v o okl2) w2 ),
| L I +2ay3by5055 T ey T Vg, } | |
[ k ) J J
(4.3.65)
where
nl Xé' o2 _ BZ(X)X;, nm3 _ CXX;,
23 T 23 - ! 23 - - !
Xé'+ C, BZ(X)XS”+ C, CXX!+B2(X)
_77 _” _f'
w4 BZ(X)XS ) XS nm 6 _ S
23 - ! 23 - ! 23 T = !
B,(xX)X+ 0o, XI+p, X+ B, (x)
_” _” _ff
1 _ GXXS " 8_ XS " 9_ GXXS
23 v ! - - ! 23 -
o, X +1 o X+ B (x) c X+ PB,(x)
y 10 B, (x)X ¢ ol M B, (x)X{ o 12 pX
23 - - 123 - - ! 23 - v !
BL (X)X [+ B, (x) B, ()X '+ By (x) X+ 1
_’l
13 Gxxs
23 - -
c X!'"+C
x s X
nml Z;' n2 BZ(Z)Z! n 4 CX é,
23 = =, 1 Wo3 = = 1®Wa3 = - ,
Z/'+C, B,(2)2/+C, C,Z.+B,(2)
n 4 _ BZ(Z)ZS’ nooS ZS’ n 6 _ S’
23 - — 23 I ! 23 - = !
B,(2)Z,+ 0o, Z;erZ ;+[32(z)
n 7 _ GZZS’ " 8_ Zé 9 _ GZZ;
b3 = T = y Wo3 =T = 23 T :
c,Z;+1 2o+ Bi(2) c,Z;+B,(2)
yo 10 B.(z)Z; 11 B,(2)Z, yo12 pZ,
23~ -, 1 Wo3 = -, 1 W3 =, ]
B,(2)Z¢+B,(2) B,o(2)Z¢+B,(2) pZs+1
_’
13 GZZS
23 = =,
c,Z,+C,

For the following optimal values , we get minimum MSE as

4] r r r
al — 1 (V110V002 _V011V101\
23 (m\ r r r 2 J
tzj Vi00Vo02 — Vios
e
o)
23
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and

L VRV VoV )
23 (m " " 2 J h "G
”L;) Vi00Vo02 ~ Vios 1+ Ay,
23
where
S N
AL G :Vozo ay. 2 Voo + D055 " Vg, — 2ay5055 "V, I
| @) N |
L 2byz0 5 Vi1 + 2853053 " " b0y Vois J
Case III:

The generalized estimator under case Il may be proposed following
(4.3.40) as

— \ 23
CogXg +dyg
8,5 (CogXg + dy) + (1= azs)(C23xs + dzs)
— Bas
+ 1

k23zs 23 _ (4366)
byg (KpaZg + 1p3) + (L= Dbpg) (kpsZy + |23)J

TN

where the constant c,, k,,(»0), d,,;and 1,, are either real numbers or the

functions of the auxiliary variable, in form of coefficient of variations
,Sstandard deviations, correlation coefficients, skewness or kutosis from the
population. (a,,, b,,, A,,) are constants to be determined such as mean square

error (MSE) is minimum.

The proposed estimator in (4.3.66) follows the same steps along with the
class of estimator as in Table 3, as that for case-I in Section 4.3.4, In addition,
the relation between a,, o,, », and b,, g, Incase-11l is the same as that for

case-l in Section 4.3.1.1. Finally, the same is true for the MSE and the bias.
It is therefore directly from Section 4.3.4.1, we may write Bias (t;) and
MSE (t;) following the same, and we may also produce a class of estimators

for similar choices of a,, «,, », and b,, p, in case-11l. The bias of (4.3.39)

may be obtain by following the notations and expectations for case Il
presented in Section 4.1.
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The expressions of bias and MSE are given as:

|— 23(0‘23+1) 2 2

Bias( L 853 Vag Vg0 + 3P 238230230530,5V01s
[323(623 +1) 2 2
+ ) 23 @33 Vo0 — ©p38,3V,3Y110
b 1 A 1)Y. (4.3.67)
— Bo3byy0,; 101J+( 23 —1)Ys. +9-
2 2
MSE( ) Y_52 {[7“23 V2o + 923 Voo + ®23V002 ~ 2623V110j+ Or s 1)2]
=20 3Vg11 + 2030,5V0;
(4.3.68)
where 6,53 = @ ,38,30,5,  and  @,; = B,3b,50,,
The MSE( ) will be minimum for
1 L[ Vi10Voor + Vorr Vaoo = 2ViroVieVors |
7»230’” _ —where A,y =| Voyo - 110 Voo2 011 2110 1017011 |
1+ Ay L V200V 002 _V101 )
(4.3.69)
The minimum MSE may be obtained as
(A )
G 2
MSE 4in (tzs):Ys‘ = . | (4370)
\1+ A23 )

Remark 4.9

) For a,, =1,B,, =1, the mean square error for the estimators given in
Table 4 can be expressed as
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(Vo +a,V,  +b 2V, —2a, V. ) ) |
020 23 V200 23 Voo2 23 110J Oy _1)2 i(cG)=1 |
—2b,3Voqy + 28,3b,5V40, I
(i-1)° (-1 ) ) |
020+323 V33 Voo + 054 0323 Vooz | |
(i-1) (i-1) | |
2 LZJv 2b LZJv o 12 leey=3s 27|
— 2833V ,3 110 ~ 4P23® 53 011 |+( 23— 1) |J(e )= |
5,05, | | |
+ 2a,3b,30,, Vi1 J J |
(4.3.71)

The min MSE may be obtain for the following optimal values of the constants

a.. = 1 (V110V002 _V011V101\
23 = (-1 L 2 J
ij Vzoovooz _V101
Vo3
and
b, — 1 (V200V011 _Vllovlol\ A _ 1
23 )
(i-1) 2
t?J Vzoovooz _V101 J 1+A
®53
where
[ (1} (1} {JJ 1
| 2 2 2 2 |
A G =|V020 T 853 Vs Voo + by30,; Vooa = 28,3V ,3 Viio |
. (u] (u} {*1) |
2 2 2
L 2by 05, Voi1 + 28,30, by30,3 Vio1 J
i)  For a,,=-1,, = -1, the mean square error for the estimators given in

Table 4.4 can be expressed as

[
"
|
|
MSE(t:3)—J
|
Y
|
|
|

, 2
s

|

8

A

"

2

2
3

L (Voo +a,, 2V, 4 b, AV 42,V ) ) |
020 23 V200 23 Voo2 23 110JJr Or e _l)ZJ k(€ G) =2 |
+20,3Voqy — 28,3b,5V, gy }
SO OOV *
| 2 2 |
|V020 + 853 V3 Voo + bag @53 Vooz | |
| (k) (k) | | |
| 4 2a Jv +2b LZJV o 2|k( G)=4,6,.,28
| 23Y 23 110 23® 23 011 | 23 | € = |
| () (k) | | |
| 2a..b sz 2 )y | | |
| 823023V 23 23 101 | \
k ) J J
(4.3.72)
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The min MSE may be obtain for the following optimal values of the constants

(v

a _ 1 110V002_V011V101
2 (i-1) L vV, V. v, 2
L ) J 200 002 101
V3
and
b — 1 (Vzoovon_ 110V101
2 (i-1) v,V v, 2
L ) J 200V 002 — V101
O3
where
“ &
| 2 | 2
A C =|V020 T 853 Y Voo + b0y
G
2
L 2by,0, Vi1 + 28,305,

i) For o,,=-1,p,, =1, the mean square error for the estimators given in

Table 4 can be expressed as

|
\
|
\
MSE(t;3)=j
\
\
\
\
|
t

For the following optimal values, we get minimum MSE as

(v

2

a,, V

~2b,.V

+ 2a,,b,,v

200

011

23723~ 23

\Y

002 —

2
+ 0,3 V02 —

+ 2a,5b,,V

011

vy

2a

and

L 110

VZOOVOOZ

-V

2

101

N~

)
23 110J+ (7“23 _1)2
101

I(eG)=3,5,..,27

L)
)

-

|
|
|
|
J

(4.3.73)
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1 (V200V011 _V110V \ 1

b - 101 | 5
2o e L vV, V Vv, 2 J 14 A8
LTJ 200V 002 ~ V101 T Ay
O3
where
[ fl—lf (1-1)° 1
| 2 2 2 |
|V020 +t 853 Vy3 Voo + by30y; Vooz |
| (';1} /';1) |
G 2
Ays :I —28,3V,, Vitg = 2byzm 5 Vo I
| oy |
2 2
I +28,30,, b,30,3 Vios I
L ]

Iv) For o}, =1,p,, = -1, the mean square error for the estimators given in
Table 4 can be expressed as,

[ (v, +a,V,  +b,.2V.  +2a,V, ) ) ]
|YSZL7‘232L 020 23 V200 23 Yoo2 23 110J+(}‘23_1)2J m(c G) =30 |
I —2b,3Vyq + 28,3D,5V 4 i
| ( (my* (my ) ) |

| \ ey 2 (2 ) | |

v | ‘Vozo+a23 Va3 Voo + D30, Vooz | |
MSE(t23)=| | | (mY (mY | | |

—2 2 2
Y, Ing } - 2a,,v,, ZJv110 + 2b23m23L2JV011 I+(x23—1) Im(eG):32,34 ..... 56 |
{ | GG | | :
2 2

| | } +28,30p5055 " 0,3 T Vg I | |
L . ) J J
(4.3.74)

For the following optimal values , we get minimum MSE as

a.. = 1 (V110V002_V011V101
2o (m) L V.,V v, 2 J
L;J 200002 ~ V101
Vo3
and
b, — 1 (V200V011_V110V101\ N = 1
2o Lv Vv Vv ZJ’ DTN
L;) 200V 002 ~ V101 T Ay
®53
where
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r 2 2 B
| 2 2 2 2 |
A G _ |V020 T 853 Vy3 Voo T 0y30,3 Vooa = 28,3053 Vito |
o 2 GRS '
2
L —2b,30 53 Vi1 + 28,305 by3® 5 Vior J
where
o 1 X o 2 B, (x) X, o 3_ C X
23 T = 1 Voz = = 1 Vpg = =
X, +C, B,(X)X  +C, X B, (X))
v 4_ BZ(X)XS v 5_ Xs v 6_ Xs
23 = = 1 Vo3 = = 1 Vo = 7= )
B,(X)X +o0o, X +p, X+ PB,(x)
v 7: Gxxs v 8: Xs L 9: Gxxs
oo X+l T o X +B(x) T e X +B,(x)
10 B]_(X)XS 11 ﬁz(x)xs 12 pxs
Vs = — 1V23 = — 1 Vo3 = 7= "
B (X)X +B,(x) B,(x) X +B,(x) pX +1
v 13 Gxxs
23 XXS C)(
® 1 Z; ® 2 B,(2)Z © 3 C.Z,
23 = =, 1 Wo3 = - 1Wog = - '
ZS+CZ [32(Z)ZS+CZ CXZS+[32(Z)
© 4_ BZ(Z)ZS © 5_ Zs o 6_ Zs
23 = = 1 Wy = = y Wy = = )
B,(2)Z, + 0o, Z,+p, Z,+PB,(z)
o 7: Gzzs o 8: Zs o 9: zes
Pos,z,+1 T o,z 4B () T 6.Z,+B,(2)
10 B.(2)Z, 11 B,(z)Z, 12 pZ,
Wiz = — ®i3 = — 1 Wo3 T T = ,
B.(2)Z, +B,(2) B,(z)Z, +B,(2) pZ  +1
o 13: G_zzs
®  s,z,+cC,

44 PROPOSED SEPARATE-TYPE GENERALIZED ESTIMATOR
USING SINGLE AUXILIARY VARIABLE

In this section, a new form of the proposed generalized estimator t;, has

been defined by following the estimator given by Srivastva and Garg (2009).
The estimator has been defined under above mentioned three cases.
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) Notations

The notations which are commonly used in two-stage sampling are
given as follows:

N Total number of first stage units(fsu) in the population
n Total number of first stage units in the sample
M. Total number of second stage units belonging to i fsu in the

population
M, Total number of second stage units in population
M Average size of fsu’s
mi Total number of second stage units belonging to i fsu
m, Total number of second stage units in the sample
Y Variable under study
ﬂ Population mean of ssu’s in the i" fsu
Y . 1N M 1M

Populationmean = —3% > v, = — 3 v,

Mygiz1j=1 N jo1

Vi Observation on j* ssu belonging to the i fsu in the sample;

i=1,2,... nand j=1,2,... m,
7‘ s .+ «th 1 o

Sample mean of ssu’s ini" fsu= —3 vy,

mi j=1
X; Sample mean of auxiliary variable for ssu in i*" fsu
o Weight for i fsu
s Population mean square error for Y variable
N M, 2
= 2 2 Yy Y
v _1”“( i)
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g2 Population mean square error for Y variable for i"" fsu
2

1 i —
= > (Y-
M, -1,
g2 Population mean square error of auxiliary variable for i fsu
1 l M i B 2
= X (X5 Xy)
M, -1,
o s,
! Coefficient of variation of Y for i" fsu- Tz
Y
P, Correlation coefficient between the variables Y and auxiliary variable
for i" fsu.
b, Regression coefficient between Y and auxiliary variable for j" ssu in
" fsu in the sample.
B, Regression coefficient between Y and auxiliary variable for j" ssuin

" fsu in the population.

(rory o (o)
_Ln_NJ, i_Lmi_M.}l

i)  Expectations

(4.4.1)

S

Yi=Yi(ey +1), X =X, (e; +1), i=1,2,

where e, and ej; are the sampling error. Further we assume that

E(e; )= E(ez) =0, and some expectations under two-stage sampling design
are obtained in order to obtain the bias and mean square error as,

E(e5 =1, E(e )= f,C, E(eye;)=f,pC,C,

. (4.4.2)

(1 1) 1
where f =| —— — = —-—
Ln NJ M mi M

N——
—_ e — —
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4.4.1 Proposed Generalized Estimator V

We have proposed estimator in two-stage sampling design by taking
motivation from Srivastva and Garg (2009) under the three different cases in
two-stage sampling as mentioned earlier.

Case-I:

We propose a weighted generalized estimator for unequal fsu’s in two-
stage sampling design as,

—Z (4.4.3)

where t;, is proposed weighted generalized estimator in two-stage sampling
design, «, is weighting known constant and t° is proposed ratio type

estimator for population mean for ssu’s belonging to the i" fsu’s as,

] (a. X +b) I
=l e - (4.4.4)

“s(aix‘i +b)+ (- B)(a;X, +bi)J

where g and g are assumed to be the unknown constants whose values are to
be estimated. a, (= 0), and b, are assumed to be known as either real numbers

or (Linear or Non-linear) functions of some known parameters of auxiliary
variable x such as standard deviation (< ,;), coefficient of variation (c,;),

skewness (B,;(x)), kurtosis (B,;(x)) and correlation coefficient (p,) for ssu’s

belonging to i fsu’s from the population. For different values of the constants
in (4.4.2), we may get different ratio and product type estimators as shown in
Table 4.5.
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Table 4.5
Some Special Cases of Generalized Estimators of +°

Ratio Estimator Product Estimator . X
g =1 g=-1 ‘ i
1] _(x) 1. (%)
tZ:— a-tul til: Vil — | t;j:_z aitiz ti2: =1 1 0
noia k X ) n iy \XIJ
1" (X +C_) 1" (X +c_)
13 3 3 — i X 4 4 4 —_ i X
t,=—> at =y, | = : t,,=—> at t =y | = ' 1|c,
24 ni2:1 i in CXIJ 24 né i LX,“’C;‘J i
1" _(ﬂz(xi)X_+Cx\ 1 (,Bz(xl)xl+c )
th==Yat | v=y|7———] |t;="Sat | =7 p,0x)| C,
n ., ﬁz(xi)XiJer, n B,(x)X +C ‘
1 _(CXX_I+,BZ(>(I)\ 1.° (C,x+B,(x))
G e I T LA o I R 1 Lt [ oS P
n . Cx‘xi+ﬂ2(xi) n ., Cx‘xi+ﬂ2(xi) I
1" (B,(x)X +0, ) 1" (B, ()X +0. )
,9 9 . — 2 X X ,10 10 0 — 2 (X)X, x
= =% at =y ——— 2 = =% ot oy x)| o,
24 ni2:1 i Lﬁz(xi)xi‘*o—x‘J 24 né i Lﬂz(x|)X|+UXIJ ﬂz( ) i
1 (X_.+p.\ 1 (I+p.\
11 11 —_ i i 12 12 —_ i i
t24 :_2 altl ti“: || —_ ‘ t24 = aitl t|12: || v | l p|
N i X +p) n . (X, +p, )
1 (X + x)) 1 _(x I
L B A e e T B e i B IR R VXS
N \Xi+ﬂz(xi)) n . \X|+ﬂz(xn))
1" (& X_ +1) " (o X +1)
15 15 15 — X i 16 16 16 —_ x; i
t,=—> at to=y, — t,=—> at L=y, — o,
. niz:1 B LGXX|+1J “ n . v yLUXXi+1J 1
1" 7(o-xxi+ﬂl(xl)\ 1" (o, % +pB,(x))
t; == allti17 i =y, | — tii = — ocltl18 1=y, o TARD o, | B, (x)
n._ o, X%+ (X)) n ., UX‘Xi+ﬂ1(XI)
1" (o X, +B,(x)) 1" ( xx_|+ﬂ2(xl)\
SRS Pl T TR iCON R RS SR B e S N P R
n -1 UXXI+ﬂZ(XI) n o1 lexiJrﬂz(xi)
12 ( % D) 1.0 [ B(X)X, D)
21 21 a = (X)X + B, (X)) 22 22 22— B(X)X + B,(x;)
th = =Y gt | oy LT 22 DN g ¢ oy DA TR X)| 8,(x,)
®, .zl i Lﬁl(x,)X.wz(x.)) S 21 o g \ﬁl(x,)X,wz(x,);‘ A
1. ve (B (X)X, + B(x)) 1. °” v [ X I
222 gt iy AR AL e Do g e g LR AGD G s ()
n ., Kﬁz(xi)xu+ﬂ1(xu)) n ._, kﬁz(xu)xu+ﬁ1(xu))
1/ e [ pX +1) 1.0 v [ px+1)
tzzj = —Z aituzs =i & 7|+ tzzf = _z aitize =i L | P 1
n i L px+1) na (P X, +1)
1" (6 X +C. ) 1" (o . x+C. )
27 27 27 — x i x 28 28 28 — X i X
t, = — at t = . - t, = — t to = — . C
24 nlz:1 ii i yILUXIX_i‘*'CX‘J 24 n i:lall i ylLUXIX‘JrCXJ p| X
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The Bias and Mean Square Error of t, in Two-Stage Sampling Design

In order to obtain the bias expression, let us define the expectation of

t;, in two-stage sampling design as,

E (tha ) = EvE, (tha ), (4.4.5)
_ ElEz{i F o tC (4.4.6)
ni-1
1 N c
=—> a,z, where z, = E, (t;7) - (4-4-7)
N -1
Now the bias of t;, may be written as,
Bias(ty;) = E (ty, )= Y
N —
(4.4.8)

1
= Wi_lai(zi _Yi)'

In order to find expression for the MSE of t, in two-stage sampling, let

us define

MSE (th;) = MSE, ((E,(15;))) + E; (MSE, (th,)) (4.4.9)
where
G (10 )
MSE, (E,(t5,)) = MSElL—z aiziJ (4.4.10)
Ni=1
f N . . 21
= N _llz_:l(oclzl - E(oclzI )) |
where L
LN } (4.4.11)
E ) = — .
(alzl) N ElaIZI J

and
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(MSE (t24)) 1{%Zai2ViJ

|
|
where L (4.4.12)
v, = MSE, (t”) :

J

In order to derive the bias and mean square error(MSE) of the proposed
class of estimator, we need to find z,, z; and v, from the units of second stage.
It is therefore

We rewrite (4.4.3) in the form of €’s as

[ X 1
_G_Y(1+e )|1+Ba_#e;| , (4.4.13)
L (a;X; +b) "]
or
(© =V, ey )1+ phe, | where, n, - — o (4.4.14)
! ! (a,X, +b)

Consider - |<1 so that we can expand the series of (1+px.e;) ° in
(4.4.13). On ignoring the terms in e, and e of order higher than one as,

yl

i XY,

t.G=ﬁ[1+ey_—ngiex_+Mﬁzk|2 ey —Bokesey } (4.4.15)
| | 2

We take expectation of (4.4.15) for ssu’s belonging to every i fsu as,

I )2 1
e®y=v,j1e WP e poshe,c, -2, (4.4.16)
L ]
Now from (4.4.16) and (4.4.8), we will have the bias of t;, as,
A— 2.2 1
Bias(k%) = LZ A 909 =P %, Cf. -BgripiC,Cy |- (4.4.17)
N i1 | 2 : ! 'J

We can rewrite (4.4.15) as,
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v [y_ggxieﬁwm i—ﬁgklexey} (4.4.18)
! 2

G

We retain the terms up to the order one and then take expectation of
(4.4.18). We get,

E(C)=Y, =z, (4.4.19)

In order to obtain the MSE, we take square of (4.4.18), retain terms in
e’s upto the order one and take expectation,

G T N\2 2 2 2 2,2
E(t -Y) =Y, f, (C; +B g 2 C —2ngipiCXiCyi)=

(4.4.20)

Vi

By substituting (4.4.17) and (4.4.20) respectively in (4.4.11) and
(4.4.12), we have

f g(aiﬁ— E(aiﬂ))z where E (a;z;) =

o;Y;

1
MSE, (E,(ty)) = I

= iMz

4.21)

and

n
;2 2 2,2
> oYt (Cy + B g%r]C) - 2BgrpiC,C )

nN i=1
(4.4.22)
The MSE of t,, is finally obtained in two-stage sampling as,
( N
] I T
MSE(t24)— 1IZILOLY ‘N J
+sz ( c, +B°g°2;C; -2Bgr;p,C,C, ) (4423
nN | l I ! I

The values of mean square errors of the ratio-type and product-type
estimators mentioned in Table 1 may also be obtained directly by substituting
different values of g, a,, b;, and p to the expression (4.4.23).
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The MSE of ¢ in  (44.23) is  minimum if

24

vi (= fu Y (Cy, +B 0"27CY - 2pgn,p,C, C, )} is minimum. It is therefore

the minimization of v, with respect to g yields its optimum value as,

opt piCyi

B (4.4.24)

kigCXi

The minimum MSE for i" fsu on substituting the optimum value in
(4.4.20), may be written as,

V_min =Y_iz fmi(_jji (1_pi2)’ (4425)

Now the minimum MSE of t;!" in two-stage sampling is obtained on
substituting (4.4.25) in (4.4.23) as,

opty _
20 ) =

min.MSE (t

(4.4.26)

which is asymptotical equal to the MSE of regression estimator in two-stage
sampling design (see, Srivastava and Garg, 2009).

On using the optimal value p°"*, we get an asymptotically optimal
estimator (AOE) in two-stage sampling as,

n [ _ 10
ty = iz o t°" where t°*' = ¥ | (a;X; +b;) _ |
-1 Lﬁopt(aix_i +b)+ (l—BoPt)(aiXi + bi)J
(4.4.27)

The values of p°*" can be searched out from the previous surveys or

omay be guessed from the knowledge drawn in due course of time, for case in
point, see Horvitz and Thompson (1952), Murthy (1967), Singh &
Vishwakarma (2008), Singh and Kumar (2008), Singh and Karpe (2010),
Upadhyaya et al. (2011), Yadav and Kadilar (2013) and Sanaullah et al. (2014).
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In many real life situations, it is not possible for the researcher to
presume the value g°" by employ all the resources, so it is better to replace
B°P' in (4.4.27) by their consistent estimates as,

5.C
port = L1 (4.4.28)

t2A4oE = izn: Othlopt
Ni-1
where
I - I
tiopt _ _|| - (aiXi + EJI) — | (4429)
“a"pt(aix‘i #b)+ @- BT (ax; + bi)J
Similarly an unbiased estimator for the MSE of t;}" is given as,
n 2
Y
. opt f N o 'Z:“lal I 1 N 2 opt
min.MSE(t;, )= ——> |l a,Y, - +—3 a; v, (4.4.30)

Remark 4.10

) For g =1, some ratio-type estimators are expressed in Table 4.5.we may

express the MSE(t® )=v; given in (4.4.18) for these ratio-type estimators for i"
fsu as,

[YTZ fm.(cj. +B.2Cf_ —ZB.piCy_CX_) j(eG)=1 |

MSE (t))=v/] = N (=) \ ,
Y Lcyl BT e - 2B piCYICXIJj(eG):3,5,..,27|

| J
(4.4.33)
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pi yi
Q
L2 Co

The mse(t') = v/ in (4.4.31) is minimum for ° =

i)  For g=-1, some product-type estimators are expressed in Table 4.5.

We may express MSE(t®)=v; given in (4.4.18) for these product-type
estimators for i fsu may be expressed as,

—

Cfi+2B°piCinXi) k(eG)=2

2 ]

[Y_izfm.(cj +[372
(

MSE (t)=v/ :J
|
L

V.2t | Co +Bzxf§) c? +2ﬁ°xf§)picy_cx_ k(e G)=4,6,..,28]
S | ) J
(4.4.32)
The MSE (tf) = v/ in (4.4.32) is minimum forp = - —
LiC,,
where _
oK g2l PLWX Sl
X,+C, ' B(x)X +C, O X +By(x)
7\‘4— BZ(XL)X_I 7&5=_L 62# 7\.7=GX+XI
B,(X)X +0,  Xitp, X +By(x) o X;+1
o o, X o S, X 10 _ B, (X)X,
| o, Xi+Byi(x) | o, Xi+Bo(x) | By (X)X + B, (%)
11 BZ(_Xi)X_i 12 _ pxyx_i 218 _ Sy, Xi
LB )X B ) T X+l e X sy
Case-lI:

We propose an un weighted generalized estimator for unequal fsu’s in
two-stage sampling design as,

tyS = iz to, (4.4.33)
n

24

where t°, where is proposed unweighted generalized estimator in two-stage

sampling design and t° is proposed ratio type estimator for population mean
for ssu’s belonging to the i" fsu’s as,
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9
. _|F (a,X, +b,) 1|
=y

t. .
'“s(aix‘i +b)+ (1=B)(aX, +b)|

, (4.4.34)

where p and g are assumed to be the unknown constants whose values are to
be estimated. a, (= 0), and b, are assumed to be known as either real numbers
or (Linear or Non-linear) functions of some known parameters of auxiliary
variable x such as standard deviation (o ,;), coefficient of variation (Cy),
skewness (B,;(x)), Kurtosis (B,,(x)) and correlation coefficient (p,) for ssu’s
belonging to i fsu’s from the population.

The proposed estimator in (4.4.33) follows naturally in exactly the same
fashion along with the class of estimator in Table 4.5, as that for case-I in
Section 4.4.1. The same is true for the MSE and the bias. It is therefore

directly from Section 4.4.1.1, we may write Bias (t;2) and MSE(t} )

following the same, and we may also produce a class of estimators for similar
choices of the constants in case-II.

Following the notations and expectations for case Il presented in Section
4.4.1, the bias 0f(4.4.33) may be written directly from (4.4.17),

Bias(ty, ) =

~C, -Bgrp,C,C (4.4.35)

Yi

L 1

M SE (t

Case-l11:

We propose a generalized estimator for equal fsu’s in two-stage
sampling design as,

e Lty (4.4.37)

ni-1
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where t;, is proposed generalized estimator in two-stage sampling design and

t° is proposed ratio type estimator for population mean for ssu’s belonging to
the i fsu’s as,

9
tG—_:— (a; X +b;) —I
=Yy

i i“s(aix‘i +b)+ (1= B)(a;X, +bi)J

, (4.4.38)

where g andg are assumed to be the unknown constants whose values are to
be estimated. a, (= 0), and b, are assumed to be known as either real numbers
or (Linear or Non-linear) functions of some known parameters of auxiliary
variable x such as standard deviation (o, ), coefficient of variation (Cyj),
skewness (B,;(x)), Kurtosis (B,,(x)) and correlation coefficient (p,) for ssu’s
belonging to i"" fsu’s from the population.

The proposed estimator in (4.4.33) follows naturally in exactly the same
fashion along with the class of estimator in Table 4.5, as that for case-I in
Section 4.4.1. The same is true for the MSE and the bias. It is therefore
directly from Section 4.4.1.1, we may write Bias (t5,) and MSEt;,) following

the same, and we may also produce a class of estimators for similar choices of
the constants in case-II.

Following the notations and expectations for case Il presented in Section
4.4.1, the bias 0f(4.4.33) may be written directly from (4.4.17),

c?-pgr,pcC,C (4.4.39)

Yi

| I — |

G N~
MSE (t,,) = >y, - =

24
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CHAPTER 5

GENERALIZED EXPONENTIAL ESTIMATORS
FOR POPULATION MEAN FOR TWO-PHASE SAMPLING
USING TWO AUXILIARY VARIABLES
IN TWO-STAGE SAMPLING

5.1 INTRODUCTION

In this chapter, some generalized exponential-type estimators have been
proposed by utilizing the information of two auxiliary variables separately for
estimating the population mean in two-stage sampling design. The generalized
estimators proposed in two-stage sampling design have been discussed in three
different situations for two-phase sampling discussed by Samiuddin and Hanif
(2007) regarding the availability of information for auxiliary two variables.

Situation I:

When complete information on desired population characteristics is
readily available for the two auxiliary variables. This situation is considered as
full-information case (FIC).

Situation I1:

When complete information on desired population characteristics is
readily available for one auxiliary variable. This situation is considered as
partial-information case (PIC).

Situation I11:

When information of desired population characteristics for both
auxiliary variables is not available. This situation is taken as no-information
case (NIC).

The availability of information will be dealt according to three cases (as
mentioned in chapter 4) in two-stage sampling for each situation regarding the
availability of information. .

In order to obtain the bias and mean square error under two-stage
sampling design, we follow the notations given as:
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Notations:
Case-l: When first-stage units are unequal and weighted mean is used.

Let a population consists of N first stage units (fsu’s) and each fsu
consists of M; second stage units (ssu’s). Let n be a sample of fsu’s and m,,,

be the sample of first-phase units of which m,,, (m;,, = m;,,) be another
sample of second-phase units selected from second-stage units and each of n

. . : M. :
fsu’s is selected by assigning weights n, = — to it. Further we assume that
M
the selection of units at each stage has been made by simple random sampling.

M, Total number of second-stage units (ssu’s) in the population,

ﬂ Mean of the study variable of ssu’s belonging to the i fsu,
Y Population mean =

Vi) Observation made in 2"-phase sample of | ssu belonging to the
ithfsu. j=1,2,.m andi=1,2,... n.

Sample mean for second-phase sample of ssu’s belonging to i fsu

Yi2).
B 1 M2y
Yie)y = 2 Vij) -
Mic2y j=t
X;qy Sample mean of for first-phase sample of ssu’s belonging to i" fsu,
B 1 M; 1)
Xiy = — 2 X -
Miq) j=1

Xy the mean of first-phase sample in two-stage sampling for auxiliary

. 17
variable X, X7, = =3 n,%q)
ni-

z,,y the mean of second-phase sample in two-stage sampling for auxiliary

n

_ 1
variable z, z;,, = =% n,7],),
Ni=1

Ye(o) the mean of two-stage sample for study variable
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n

Ye(2) = ;Z MiYic2).
i-1

(SN

1) Expectation
Let us define

Vs(z) Y (1+e0(2)) xs(l) X | (1+e1(1)) Z_s(2) Z (1+e2(2))

Xo(2) = =X (1+ €12)) Zeq) = -7 @1+ e51)) (5.1.1)
E(e[;(z)) = E(ei(z)) = E(eé(z)) = E(e{u)) = E(eé(l)) =0 ]
' 2 ' ;2 ' ' 2 ’ r 2 |
E(eo2) ) = Voao2y E(81(2) ) = Vinoeay  E(€2(2) ) = Vioo(2)  E (&) ") I
' ;2 ' ' ' '
=ViooayE(€20) ) =Vaoaay E(81(2)81)) = Vaooqy i
E (96(2)‘}1,(2)) = V1'10(2) E (91'(2)‘3%(2)) = V1,01(2) E (eé(z)eé(z)) = Vo'11(2)' |
E(eo2)811y) = Vitoa)  E(&(2)8201)) = Vio1a)y  E (80(2)€2¢1)) = Vor1(1) |
W here I
1 J(l 1y , 1N (1 1) l J(l 1y , 1N~ (1 1), ]
Y2 | e | Ly Ry e S - s
020(2) 12 yb i ywi 200(1) ~ 2 xb i XWi
v [Ln N J nN [, L M2 ,(UJ J X [Ln N J nN -y Mgy M, ]
|
, 1j(1 1y, 18,0 1\ L ' j(l 1y ., 18,01 1\,2l|
V200(2) == L77 7J5xb + b i XWI 'V002(1) —0 L77 7Jszb + > i - Szwi '
X [ n N nN j_; Mic2) m|(1) J 7 [ n N nN j_; Mty Mi J |
|
, 1 j(l 1y ., 18,01 1), 1 |
Vooa(z) = =, Lfi*JszbJr 2 - Swit |
Z, [ n N nN _; M2y M) J |
» 1 j(l 1) o 1 zN; (1 1) . 1 !
110(1) === T pxyb yb ~ xb + i p><yW| yW| xwi (1 L
YOX [Ln » NS (Mg My J |
|
, 1 j(l 1) o 1N L0 1) o l |
V110(2) = == Li_ 7Jpxybsybsxb + Z i - prWISyWISXWi ! |
YoXg(\n N N Ger (Migy Mig) |
, 1 j(l 1) S B R 1) o 1 :
VlOl(l): — o — LifinxzszbebJr zni - pxzwiszwisxwi '
sts[ n N nN j_; Mgy M, J I
I '
V101(2) = == Li 7Jpxzbszbs xz i - pXZWISZWISXWI |
z,x g \n N nN ;_; Mz Mg |
|
, 1 j(l 1y, 1N 0 1) l |
VZOO(l): — . — Li_iJsbexb+ Zrll - SXWISXWI |
ZoXg[\n N =t (Mg M, |
|
v 1 j(l 1) e b % N 1) o o l |
011(2) = —  —. T T T |Pyzb® b yb + i - P yzwi® zwi® ywi |
Z,Y, [L” N N (M) Miq) J |
|
, 1 j(l , LY O U U R L |
V011(1): — Li_ przbszbsyb"' znl yZWISZWIS wi
z,vg in i-1 Mg M; J J
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Case-l1: When first-stage units are unequal and un weighted mean is used

For case-l, in order to obtain a weighted and unbiased estimator for
: I M, . .
population mean we used a weighting constant n, = —- in two-stage sampling
M

design. If we assume equal weights for all unequal first-stage units, it will give
us an un-weighted and biased estimator of population mean in two-stage
sampling design and this situation will be considered as case-I1.

1 Mi(2)
Y Vi, (see Sukhatme et al.,

Mi2) i=1

1984) an estimator defined in case-1 may be turned into the estimator for case-
I1. So the procedure of two stage sampling design for case Il will be same as
described in Case I. The notations and expectations may be derived for case Il
as:

ie. for n, =MTi=1, and y;,, =

1) Notations

v the mean of two-stage population for study variable.

1
YII - —
N

S

||Mz

y(2)

Ye) the mean of two-stage sample for study variable

[EEN

Ye(a) =

||M:

>

Xiqy the mean of first-phase sample in two-stage sampling for auxiliary

variable x,
1 n
é,(1) = ;Zzl |(1)

z;(,, the mean of second-phase sample in two-stage sampling for
auxiliary variable z

l n
Iy =—21 .(2)
ni-1
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"2 1 T2 a2 2
Syb = Z(yij _YS) Sywi = Z (yiJ(Z) Y.) .
N -1;, M;-1i
rr Syb r Sle r )’(’b rr S)’(’b r S;E)
Cyb :TH’CyWi :T”,be - _”,be - _r/’CZb - _N,
Ys Ys X s X s Zs
C X} _ S)’(:NI C r _ ),((NI C I3 _ ;\'NI C r ;\INI C 123 ;L} C 12} ;\’NI
xwio T, xwi T o, T zwi T 5, T zwi T 5, Tz T o Y awi T o,
X s X s Zs Zs Zs Zs
p” — —S xyb p” — SXyWI " _ S)’(’Zb " _ S)’(’ZWI
Xyb - 1 r ! Xle N rn 1 ! XZb N rn n ! Xle - 1] rn !
beSyb waiSywi beSzb waiSzwi
" S;/'zb ' S;ywi ' s>,<,yb ' S>,<,ywi
pyZb = A rn ! pyZWI - r n ! Xyb - r r Xle - A4 A4
SzbSyb Szwisywi beSyb waisywi
p" _ S)'('Zb p” _ S)'('ZWi " _ SyZb r _ SZyWi
XZb - r r ! XyWI - r r ! yZb r r yZWI r r
beszb waiszwi S bsyb Szwisywi
i)  Expectations
Yerzy = Ys L+ €05)) Xy = Xg L+ e{(y))s Zg(p) = Z (1 + e50,)),
Xio) = Xs(L+ej(5), 20y = Z,(L+e) (5.1.3)
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E (eé,(z)) =E (91 ) = E( 2(2)) E (elrél)) =E (eél(l)) =0
T " " " w2 "
E(eg(2) ) =Voao(2y: E (e1(2) ) = V30002 E(€202) ) = Vio2(2y

mo2 "
E (&) ) =Viooq E (€7 ) =Vgoa0y

E(e0(2)1(2)) = Vilo(2)  E (81(2)82(2)) = Vig1(2) - E(€072)€312)) = Voi1(2y -

]
\
\
\
\
\
\
" \
E (eg(2)81(1)) = ViToy  E (81(2)8201)) = Vioiqy - E (80(2y8201)) = Vi1 ‘
W here }
1j(1 1y, 1 N1 1\2l 1j(1 1y, 1 N[ 1\21\
V., =—4| ——-— 1S\, + — 2 - sre Ly =—4| —=-— S+ — - et
020(2) 1,2 yb ywi 200(1) .2 xb XWi
Y. an N J nN |:1Lml(2) .(1)J J X LLn NJ nN izle.u) MiJ J ‘
\
1j(1 1y, 1M1 1\,21 11(1 1y o, 1 N[ g 1\”21\
Viooz) = 7"2L777J5Xb + z - Swi tVo02) T =75 Lf*fJSzb + z - Swito|
xs n N nN j_; mi(z) mi(l) J ZSL n N nN j_; mi(l) Mi ‘
\
iy sl 1y »
V002(2)=T,,2 L*—N*JS“J + N ZL - Jszwi ' ‘
Zg\n N iz Mig)  Miqy J |
w 1 j(l 1) s 15(1 1) . S”L |
110(1) JE— Liiijpxyb yb xb T - P xywi® ywi® xwi
v x Ao N NN o Mgy My J |
\
» (O O T L N N N |
1102) = =, =, 77 T |Pxypypoxn T - P xywi ywi xwi
. X an N J nN izlei(Z) mi(l)J ] }
, NI S S |
V101(1) = —,, — Li 7Jpxzb zbeb + Z - p><zwiSzwiS><wi ’
z xy(\n N NN ioa| Mgy My ] }
[ e e |
V101(2)= —, — Lf_’\TJpxzbszbeb + N ZL - Jpxzwiszwisxwi ! ‘
et TE Ay | ;
1 I(l 1) 1 N L \
V200(1) = 7”2L77N7J8xbsxb + N ZL - J wi XW i ‘
xyin N g My, My J \
\
T ORI TSR RV »
011(2) = — = T pyzb zb ¥ yb + pyZW| wi < ywi ‘
Z,Y, LL” V) nN i:1Lm|<2 ImJ J \
\
v S [ESUE S NP WA I U R |
o11(1) T —, —,, Li_iJPyzb zb ybJr - P yzwi® zwi® ywi
2.y, [ n N nN j_; Miq) M, J J

Case-I11: When first-stage units are of equal sizes.

Let a population consists of N first stage units (fsu’s) and each fsu
consists of M second stage units (ssu’s). Let n be a sample of fsu’s and m,, be

the sample of first-phase units of which m, (m, < m, ) be another sample

of second-phase units selected from second-stage units and each of n fsu’s is
selected by assigning equal weights to it. Further we assume that the selection
of units at each stage has been done using simple random sampling.
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1) Notations

;> Observation made in 2"-phase sample of j* ssu belonging to the i
fsu. j=1,2,.m,andi=1,2,.. n.

(j=1,2,...M;i=1,2,...,N)

Yi2y. Sample mean for second-phase sample of ssu’s belonging to i" fsu

B 1 M@
Yi(a) = 2 VYij(2) -
(2) i=1

x;qy Sample mean of for first-phase sample of ssu’s belonging to i" fsu,

B 1 M)
Xiq) = 2 Xija) -
My j=1

X,q, the mean of first-phase sample in two-stage sampling for auxiliary
l n
variable X, x_, = Wz Xi ().

z,,, the mean of second-phase sample in two-stage sampling for

|(2).

||M:

- . _ 1
auxiliary variable z, 7, , = —
n;

Yy, the mean of two-stage sample for study variable

_ 1"
Ysc2) = ;Z

v, the mean of second-phase unit at jth second-stage unit in the ith fsu
In the population.

M
2 Yij2)

~ 1
Yi.:_
M o

vy. the mean per second-stage unit in the population.

S

_ 1 N

Y,= =3V,

S i(2)
N -1
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2 N2 2 VRN
Syb = Z (ylj Ys) " SyW| - Z (ylj Y| )
N -1i, M -1i,
S Sywi S S S S
yb ywl xb zb XW i Zwi
c,=—¢6,.=—-%6, =—"C =—C .=—-,C = —=
yb P ywi '~ xb '~ zb P oxwi VY ozwi
Ys Ys Xs Zs Xs Zs
0 _ Sxyb 5 _ SXVW' N S b o S xawi
xyb ! Xywi — 'Foxzb T ! Xywi — !
besyb S><W|Sywi bezb SXWISZWI
Syzb SzyWi
pyzb = ! pyzwi = !
SzbSyb SZWISyWI
i)  Expectation
Let us define
Y2y = Ys L+ €5(5)) Xoqy = Xg L+ €10))s Zg(p) = Z (14 €5(5y),
Xoa) = X+ e5)) Zyqy = Z,(L+€y)) (5.1.5)
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E (eo(z)) =E (el(z)) =E (ez(z)) =E (em)) =E (ez(l)) =0
2 2 2
E(eo2) ) =Vozoz) E(e12) ) = Vaoo(2): E(€202) ) = Voo2(2):

2 2
E ey ) =Vaooa)y E(r) ) = Vooaqy

E (eg(2)€1(2)) = Vi1o(2)' E (81(2)€2¢2)) = Vio1(2) » E (€0(2)€2(2)) = Vo11(2):

]
\
\
\
\
\
\
\
E(eo2)811y) = Vitowy E(12)8201)) = Viora) » E(8o(2)8201y) = Vor1(y) ‘
\
\
\
\
\
\
\
\
\
\
\
\
\
\

W here
11 1 1 N 1) 11 1 1 NC1 1)
Vozo2) = 'J[_stib +7NZL - J 5w. 1 Vaoou) = 2 j{ Nj x2 N ZL —NTJszwi
Yo\ NN i=1 Mgy Mg, J s [\ i=1{ M) J
1j(1 1y, 1 N1 1\2l j(l 12, 1 N[ 1\2L
Vaoo(2) = = L*_ijsxtﬂf z - Sewi Voo = L* 7} zb ) - ISt
X L n N nN j_; My My, J n N nN j_ m g M J
1 j(l 1Y, N 1), l
V002(2) == L*— N*JS bt ZL - JS wi (0
Zg|\" i=1{ M2y M J
y 1 j(l 1) s %f 1 1) . s l
110(1) = — —. T p><yb yb > xb + T Pxywi® ywi® xwi
sts[Ln » NizlL”‘u) MJ |
\
y 1 j(l 1) 1 gf 1 1) s s l |
110(2) — — o T T T [Pxyb®yb xb + - P xywi® ywi® xwi
Y X LLn NJ nN i—le(z) m(l)J }
v ! j“ L) s E(L 1 S,.:S l }
101(1) — = o T T [Pxaw PP T T T Pxawi 2 zwi O xwi
ZSXSLLn NJ nN izltm(l) MJ J }
y 1 j(l 1) o 1 g( 1 1) . s l }
101(2) — = o T T [Pxab2 2k T - P xzwi(1)® zwi® xwi 1
s X [Ln NJ nN izltm(Z) m(l)J ‘
\
y 1 j(l 1) o 1 g( 11 \s l \
= —J] —= — + _——
200(1) — xb *~ xb XWi s xwi ‘
XflL” v) ”N'*Lm(l) M J |
\
1 J(l 1) 1 N[ 1) l \
V011(2): — ti_ijpyzbszbsyb"' z - pyzwiszwisywi |
VAR R [ n N nN ;_; Moy My J |
\
y 1 J(l 1) 1 gf 1 1) . s l |
011(1) T — T T T |Pyb b yb + T Pyzwi ® zwi 2 ywi
.y, an NJ nN izltmm M J J
(5.1.6)

5.2 PROPOSED GENERALIZED ESTIMATORS UNDER
SITUATION Il USING TWO AUXILIARY VARIABLES

In this section generalized estimator VI has been developed by assuming

an exponential relationship between study variable and the two auxiliary
variable for three different cases (defined in chapter 4) under situation I.
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5.2.1 Proposed Generalized Exponential Estimator VI

Case |

) The exponential-type ratio-cum-ratio estimator may be defined as,

( 2X! A 27 )
'RR ! S(l) 8(2)
t,y = Ys(2)8XP 1- = exp|1l- = | (521)
X S + Xs(l) S + Zs(2)

i)  The exponential-type product-cum-ratio estimator may be defined as,

[ X, AR 7 )
tlzpsR: 7;(2)9XPL—L1—2X;S)JJGXPL1— —ZZ#Jy (5.2.2)

Z;+ zé(z)

1) The exponential-type ratio-cum —product estimator may be defined as,

( 2% Yoo 27! R
t’ZF;P: Yi(2y€XP| 1~ _X;(i) exp| -|1- _ZA , (5.2.3)
L X§+X;(1)J L Z;+z_;(2)J
iv)  The exponential-type product-cum -product estimator may be defined
as,

([ X' W 7 1)
ths = Vi(2yeXP L— Ll - —_sz(i) Uexp L— Ll - _ZZ—JJ , (5.2.4)
X+ X, Zg+ Z_2,(2)

s(1)

From (5.2.1)-(5.2.4), we may write a generalized form by introducing
some real constants o)., B4, ays Ay, and by, .

G o |( , |( 325 X5 \|\|
tys =AosYs€Xpl g 1——— _

(X;+(aé5—1)x;(l))H

(o by, 7! 1)

25%5(2) | |

(Z¢+ (b3 —1)7,

,0<a,. <1 (5.2.5)
')

25 —

exp| [3'25|1—

where (a,., b;., 1,s) are constants to be determined such that the mean
square error (MSE) is minimum. («%., B%;) are known constants takes the
value(0,1,-1) to produce different ratio-type and product-type estimators.
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Table 5.1
Some Special Casse of Generalized Estimator ;¢

Ratio-cum-product estimator Product-cum-product estimator ’ o
a )
L r_ o o 25 25 25
azs_l*ﬂzs_l A5 = 1'ﬂ25_
(X' -x (z' -7, (X -x'N (7, -2
. . s~ N s~ % 2 _ = s@) s s~ 4
t y””EXpo' — JeXpL£, — J t; = SEXPL,,l {,JEXPL - Z'J 2112
st s() st s(2) s() + s Zs(Z) + 4
()(7!7X/ \ (Ziliﬁ \ (X X,’\ (7 N
' = s s s s ' d s(1) s s(2) s
tzz ys(z) expt X7' = JeXpL E, (Z)J tz: ys(Z) exp 1)(7' JexpL 227, J l l l
( X! -X A Z! -7 3 ( X! ) z, ~-Z! 3
ths = Vi ©XP| =—— smf, exp| =— oy ) ts = Vi &XP| =, sm, —— |exp| = sm. — a;5 1 bz’s
Xo+(ag — DXy, L+ (b =17, X+ (8 =1)Xg, (b= 1) 7z,
(X! -x,) (z!-7,) (X -x) (1 A
t, = Agsfgexpt = ;(”JexpL = i(z)J e = ﬁ.;fs’expt 20 55Jexp =@ e 2 |41 2
X s+ s(1) Zs + Zs(Z) X st Xs(l) Zs + s(2)
(K% (Zi-T) (K- X\ (T -20)
, = s~ M s~ L , = s s s s
te = 44 e % 1Jexpt = J e =% x| = Jo| s | 12,51
X! X! A Z! -7 3 ( X=X ) 7., 7! 3
e = ALV exp| =t Jexp| =— " = AL ylexp| —————lexp| =——2———1 la | 1, | b
Xs+(a5_1)xs zs+(b5_1)zs(2) Xs+(a2571)x5(1) Zs+(b 2571)25(2)
Product-cum-ratio estimator Ratlo-cum'pFOdUCt estimator , ,
/
al, = -1,p) =1 al =1,BL = -1 Bzs | A | bas
25 1 Fos 25 1P 25
(X'-% (7, -2 (xt, -x\ (z7,-2")
t, = Viexp| = :” exp ifz) : ' =¥l exp :’(1) = |exp ;(2) = 2 1 2
Xs + X Zs + Xey t Xs Zyny t Zs
(Ki=%) (=20 (R - X)) (T2
' Vi s s(1) s@) s ' i s@) s s(2)
t ysm”pt N - JGXpL 1*, J ty ys(z)“DL T JeXPL 7 J 1 1 1
a7 _ = ( X s’ - Xiu) \ ( Z;(z) - Zs’ \ a8 _ = ( Xs’(l) - Xs’ \ ( Zi(z) - Zs’ \ ’ b;
L =Yue 8XP| = T |&XP| = s = Vo 8XP| =" |eXP| = : = 8,5 1 25
X+ (ag —1)x[y, Z/+(b',-1)7},, X+ (ag —1)Xy, Z!+(b'y-1)7],,
(x'=x. Y (7, -2") (x -x'\ (7 A
1 = Ay exp| = [exp| 22— 120 = 2.7 exp| 22— Jexp| 22— 2 |41 2
X+ X 2.+ 25, X+ Xy 2,425,
(X=X (T 20 (X =XN (7, -2
' vl s s s s ’ v s() s s(2) s
e = A sexpt = mJexpL s J ty =4 SexpL = Jexpt = J 14,1
[ X! -x Yo T, -z ) ([ X=X Y ( z,-z. )
2= A Yexp| = lexp| = —— ta' = ALy exp| = ——lexp| = ——— aL, | Az | bl
Xs + (azs 71))(5(1) s T (b 25 1) Zs(Z) Xs + (azs 1)X5(1) Zs + (b 25 1) Zs(2)
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The Bias and Mean Square Error of Generalized Estimator VI

To derive the bias and mean square error we proceed as follows:

Using (5.1.1) we can express (5.2.5) as,

o i ek [ @)
s = AasYy (1+ e0(2))eXp - iy [ 1+ . ©100) |
L 25 25 J
M. , -
B25 , (b25 1)
exp| - 2(2)| 1+ , 2(2) | |, (526)
{ bs bss J
-1
U R VA §
We assume that ‘el’(l)‘< 1, we expand the series , | 1+ —*>——¢;, | and
\ s J
1
[ (b -1
gy Pos 1) b2y |+ We get,
\ bs
[ an.  ( (a s - 1) V]
/G C oy , Ao (a5 -1) (a5 -1 , 2
the =AY, (1+e0(2))exp|——' &y |1-— Cqlw T o G T |
25 25 435 |
’ ’ ! 2
I— B25 ' ( (bzs_l) ' (bzs_l) P2 \—{
exp _fez(z) 1——’ e2(2) + —'2 ez(z) + ...,
L b25 b25 25 J
(5.2.7)

It is assumed that the contribution of terms involving powers in e, ,
and e;,, higher than one is negligible. It is therefore expanding the

€1q)
exponentials and ignoring terms in e; ,,, and e; ,, of order higher than two, we
have
_ |— a/ a! 2 B/ B/ 2
/G ’ ’ ’ 25 1 25 ’2 25 v 25 12
s =A% s(1+ e0(2))|1_ , Gt T S |1 b’ €2(2) T2 %22 K
L 25 25 25 bs i
(5.2.8)
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S g Y_’|— ' 05 aész )2 Bos [?”252 .2
s =Yg =255V €y — — €y + T2 Qi) T fay T Bee)
25 825 bss bos
Bos |, ' O ., e
— e 5080y — 8w |+ Vs (Mg — 1), (5.2.9)
bys 25 ]

In order to get the bias, we take expectation on (5.2.9) and get,

o 2 B! 2 B!
. IG ’ _I 25 ’ 25 ’ 25 ,
25 25 25
(X,,ZS ’ a’25 B’25 , —| -, ,
, Vitoq) ——Vioww |+ Vs (Aps — 1), (5.2.10)
25 ay5 Dy

To get the MSE of the estimator, we take square and retain terms upto
second order of e’s then we take expectation of (5.2.9) and we obtain,

,G _12 ’ 2 ’ ’ 2 r r 2 ’ ’ ’
MSE (tzs )= Y, [7‘25 (Vozo(z) + Zy5 Vooou) + Uas Voo2(2) — 2225Vi10q)
! ’ ! ! ’ ’ 2
—2U35V011(2) T 2Z35U25V101(1) ) +(Ays —1) ] (5.2.11)
al ’
where 2y = 25 and Uje = Bﬂ
azs bss

For the following optimal value of the constants z,, and u,., we

achieve the minimum Variance among the class of proposed generalized
estimator,

, V1’10(1)Vo,02(2) - V0,11(1)V1101(2)
25 = ' , . 2
V200(1)Vooz(2) _V101(2)
and
, V2'00(1)Vo’11(1) - V1'10(1)V151(2) . 1
25 ~ ) ) ) 5, Mos T .G
V200(1) 002(2) _V101(2) 1+ A
where

!G ’ 2 ’

’ r 2 ’ ! ’
Ays = [Vozo(z) + Z55 Voo + Uzs Vooz(2) — 2225Vit0n

=20,V 51102y + 225U 55V 010y ]
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By substituting the optimum values of z; and u;, we get »;°"" as,

1
, opt
Aas = *
1+ A%
where
( VARV VARV oV, N )
* , 110(1) Yoo2(2) T Vor1) Y200@) ~ “Vi10@)V101(2)Vo11(2)
Ars = Vozo(z) - ) ) , 5 1
V200(1)V002(2) _V101(2)

(5.2.12)

We obtain asymptotic variance of the proposed generalized estimator as

the expression for var (t;‘; ) was considered up to 1st degree of error term, so

minimum MSE may be written as,

G A%s )

25

MSEmin(t ): AsymtoticVar(té(;):Y_’sz\ —|. (5.2.13)

\1+ A’

From (5.2.13), we observe that asymptotic variance of the proposed
estimator is less than the Variance of Usual Linear Regression Estimator.
We may observe from (5.2.13) that proposed generalized estimator gives us
more precise results under the optimal conditions, as compare to its class of the
estimators.

On substituting the optimal value »,.°"" and a;.°*",b;.°"" in (5.2.5) , we
get optimal estimator as,

"!G - - |( ’ |( éé5x_é(1) \]\l
tys =AosYs€Xp opg i 1 - —— _
(X1 + (A —1)x;(1))J
’ 5 S !
exp [325| 1-——— — | i 0<rys <1 (5.2.14)
L L (Zs+(b25—1)zs(2)”)

As described earlier in section (5.2.1.1.1) that in some practical
situations, when it becomes difficult to collect information on some of the
population characteristics, it is valuable to replace them with their consistent
estimates as,
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a'(\/' V' -V 2)

o opt 25 200y 002(2) 101(2)
25 T, ~, ~, ~, ’
V110(1)V002(2) _V011(1)V101(2)
and
' ' ' ' 2
6' opt 1825 (VZOO(l)VOOZ(Z) - V101(2) )
5 T A, ~ ~ -~ )
V200(1)V011(1) - V110(1)V101(2)
T, opt 1
25 A~ .
1+ A,
where
AI 2 A! AI 2 AV AV AV A/
~L o ( ~, V110(1) V002(2) + V011(1) V200(1) - 2V110(1)V101(2)V011(1)\
A =| Vo) '
(2) L T T 2
V200(1)V002(2) - V101(2)
(5.2.15)
So (5.2.15) may be wriiten as,
01 G Sy oopt —y |( ’ ( éésopt Y;(l) \\|
s = 4ss yoexpla, i 1l- —, . opt _
(Xs + (a5 _l)XS(l))
( ( 6/ Oplz_v \\
expl pr |1 — = @ 1 0<az <1 (5.2.16)
| | (Z'+(6'0pt—l)z_' )||
k k s 25 s(2) ))
Also the minimum Variance may be written as,
~G . ~G _z( A;5*
Var,, (f;;) = AsymtoticVar (f,0 ) =Y ] ——/. (5.2.17)
1+ Ay )

Remark 5.1

) For o), =1,8,s =1, we get exponential-type ratio-cum-ratio estimators
given in Table 5.1. The variance of t,; is expressed using (5.2.11) as,
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(7 ( (V] +V,/ Al ) ]
\Y 7»252 020(2) 200(1) 002(2) b - 1)2 i(cG)=1 |
} Vitow = Vorr2y + Viowq i
R :
‘ | Vozoez) + Tvzoou) + Tvoozu) | |
MSE(tZS)_J } i az b, i : ,
| — 2 | 2| 1 , 1 | , 2 | . |
Y, ‘XZS | - ﬁvnom ﬁ 011(2) |+(x25—1) | j(€G)=3,5,.11]
} o az’ b’ | | l
e ! I
2 —V
o L (5,05 J | |
{ L 855 25 ) J
(5.2.18)
The optimal values which lead to minimum MSE as,
(1-1) , , ;2
a’L 2 J_ V200(1)V002(2) V101(2)
25 =, , '
V110(1)V002(2) _V011(1)V101(2)
and
(-1 , , ;2
,L 2 J V200(1)V002(2) V101(2) , 1
bs - , , o5 = }
Vooomy\Vorra ~ Vitow)\Vio1(2) 1+ Ay
where
[ 1 , 1 1 ]
|V020 + Y Voo + o1y Vooz(2)y — 2 T Vitoq |
| e e 2 ) |
' 2 ’ 2 ’
,G | a5 b25 25 |
Ays = | |
| 1 1 1 |
| -2 (17) Voi1(2) + 2 [;1} {J\ 101(1) |
' 2 ' 2 , 2
L b)s 455 bys J

i)  For o,y =-1,B,,=-1, we get exponential-type product-cum-product

estimators given in Table 5.1. The Variance of t;° is expressed using (5.2.11)
as,
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( ( (V020(2) + Voo + Vooz2) + 2Vitoq ) ) ) |
Y% S' A + (Mg — 1) k(s G)=2 |
‘ 2\/011(2) - 2V101(1) |
\ |
R . . \ ) |
| | |Vo/20(2) + 2 Vooowy + T+ 2 Voo2(2) | | |

| | (2) pol2) | |

M SE(t)5) = | | 425 25 | |
| ,z| 2 1 | / , | |
AR +2 ()V110(1)+2 o Vi) |+ (s = 1) k(e G)=4,6,.,12|
T e '
\ |
| | t | | |
| | (5 () | |
l N 855 Dy ) ]

(5.2.19)

(7\ ! ! ! 2
a’L 2 J_ Vieom\Vooz(2) ~ Vioi(2)
25 = ,
V110(1)V002(2) _V011(1)V101(2)
and
(i-1) : : .2
,L 2 J Va00w)\Vooz(2) ~ Vioi(2) , 1
bss - , A s = G
V200(1)V011(1) V110(1)V101(2) 1+ A
where
[ 1 , 1 1 1
|Vozo + Y Voo + o1y Vooz(2)y — 2 i Vitoq |
| o - 2 ) |
' 2 ’ 2 ’
AC | a2L5 J bzg J 25 |
25 | E
| 1 1 1 |
| -2 (17\ V011(2) + 2 (;1\ (j_l\vlol(l) |
L2 L2 ) L2
L bys 455 bys J

i) For o), = -1,p,, =1, we get exponential-type product-cum-ratio estimators
given in Table 5.1. The Variance of t,3 is expressed as,
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[—2( (VOZO(Z) +Viooay + Vooz(z) * 2V110(1)\ 2\ |
Y22 g’ + (M 1) |1(eG)=13 |
| 2\/(),11(2) 2\/1'01(1) |
| |
R N P SR S 7 |

| 020(2) T 2 Va0 Y T2 Vooz(2) |

| | (%) b,(?) |

Var(tyy) = | | 425 25 | |
| =2, ol L ¢ | |
|Ys | 7\,25 | +2T;1)V110(1) _ZTJ)VOll(Z) |+(7\,25 1) ||(E G)=15,17,..., 23|
| | | s’ | | |
| | 1 Sy | | |
lL L i a7 p ) | J J|

855

(5.2.21)

The optimal values which lead to minimum Vaiance as,

(I;l\\ ’ / 1 2
a’L 2 J B Voom)Vooz(2) ~ Vioi(2)
25 - ! ’ !
Vito@)Vooz(2) _V011(1)V101 2)
and
(1-1) : . ;2
,L 2 J Vaeom)Vooz(2) ~ Vioi(2) , 1
bys - , , A5 = G
V200(1)V011(1) V110(1)V101(2) 1+ A
where
’ 1 r 1 ’ 1 ’
Vozo2) T ['1)2 Vaooa) + ('1}2 Vooa(2)y — 2 (I;l} Vito)
A A2 2
AC 25 bzs 25
25 = ’

[ 1
| |
| |
| |
| 1 1 1 |
Bt o
i J

(,_1\\/011(2)Jr2 o1 “_1\\/101(1)

) faNe

25 25

iv) For o, =18, =-1, we get exponential-type ratio-cum-product

estimators given in Table 5.1. The Variance of t;; is expressed as,
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(—2( 2[V0'20(2) + Voo T Vooz(2) ) ) |
‘Ys’ Mg , . + (A = 1) m(eG)=14 |
\ = 2Vih0a) + 2Vo112y) — 2Vio1q) |
\ |
| ( 3 3 |
1 1
‘ } |V020(2) + 2 Vioou) T 2 002(2) | I |
. | ) ) |
MSE(ty5) = \ | 25 25 | | ,
|0l 1 1 | , , | |
Y] hsl | ~2 V) + 2V |+ (s — 17 Im(c G) =16,18,.., 24
A e e | | |
|| | | | |
| | ot | | |
| k Ky 101(1) |
| | NENE | |
25 D25
(5.2.22)

(7\ ! ! ’ 2
a’L 2 J_ Vieom\Vooz(2) ~ Vioi(2)
25 - ’ ’ r
V110(1)V002(2) _V011(1)V101(2)
and
(i-1) . , ;2
,L 2 J V200(1)V002(2) V101(2) , 1
bs - , , A5 =
VooomyVor1a) ~ Vitom Vioi(2) 1+ A
where
|—V ' ! V. ! \%
+ +
I 020 (i\z 200(1) o1y 002(2)
) ey
,G 25 25
Ays = |
| oty P !
| (17) 012 [;] [’*l}
' 2 ' 2 , 2
L bys 855 bys
Case II:
The generalized estimator-1 under case Il may be proposed by following
(5.2.1) as,
( ( a/! Il \
,,G | - | 25 s(l) | |
tys =Aysy explaysll- = ,
(Xs + (s — )Xy, J
( (A2 =
| oo |( bs Z(2)
exp [325 1-

(z__;'+ (b —

|,
1)25(2) U

0<7»’2’5 <1

(5.2.23)
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where (aj,, bjy,, 14.) are constants to be determined such that the mean
square error (MSE) is minimum. («4., B,.) are known constants takes the
value (0,1,-1) to produce different ratio-type and product-type estimators.

The proposed estimator in (5.2.23) follows the same way along with the
class of estimators given in Table 5.1, as that for case-l in Section 5.2.1. In
addition, the relationships between aj,, a,, 15 and by, p,, in case-ll is

also the same as that for case-l in Section 5.2.1. Finally, the same is true for
the Variance and the Bias. It is therefore directly from Section 5.2.1, we may

write Bias (ty; ) and Var(tys ) following the same, and we may also produce a

class of estimators for similar choices of a),, %, and a4, in case-ll. The bias

of (5.2.23) may be obtain directly using the notations and expectations
presented in Section 5.1 for case II.

B' t”G — 7\‘!! Y_”|—a,2’52 V r 6’2'52 V r B’2’5 V r
fas(tys ) = A5sY| .2 ' 200Q1) + ., 2 Yo002(2) © b 011(2)
25 25 25
o%s o35 BYs ., 1 T g
Vo t Vi [+ Y (s 1), (5.2.24)
25 ays byg

Similarly the expression of VVariance may also be given as,

IfG _', 2 r 2 r rr 2 r r 2 r r r
Var(t25 ) Y, [7‘25 (V020(2) + 275 Vooou) + Uas Vooz(2) ~ 2Z25V1100)

r e r r r r 2
—2U35V011(2) T 2Z35U25V10101) ) + (M35 —1) ] (5.2.25)

r r
o p
where zy, = —2 and uy, = —2>.
b!!
25

For the following optimal value of the constants z;, and uj,, we

achieve the minimum Variance among the class of proposed generalized
estimator.

. V1,1’0(1)V0’c')2(2) - VO,il(l)Vl’O’I(Z) . V2,60(1)V0’il(1) _V1'1’0(1)V1’o'1(2)
25 - r rr r and UZS - r r r 2 '
V200(1)V002(2) _V101(2) 200(1) Y 002(2) _V101(2)
}\'H 1
25 =
1+ Al ©
where
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rr r 2 ’ r 2
,,G :—Vozo(z) + 235 Vyooa) * Uzs Vooa(2) —:
—2255 Vi) — 2Uzs Voii(a) T 2255 Uy, V1’o’1(1)J

By substituting the optimum values of z;, and uy,, we get 14, °*" as,

. 1
rr Opt
j’25 = A *
1+ A;’S
where
AI/ 2 r r A
|( V110(1) V002(2) V011(1) VZOO(l) |
| _2\/’\ r \/AI! \/AN |
T ~ 110(1) 1 101(2) " 011(1)
AL T =V - , (5.2.26)
25 020(2) " " "
| V200(1)V002(2) V101(2) |
The minimum MSE may be obtained as,
—( A
Var . (fi0) = Asymtoticvar (7 ) =Y’ = . (5.2.27)
1+ A,

Remark 5.2

) For o). =185, =1, we get exponential-ratio type estimators given in
Table 5.1. The Variance of t;¢ is expressed using (5.2.25) as,

( ( .2 (Voléom) +Vioom * Voor(2) ) ., 2\ ) |
Y2y, ’ + (A —1) |ieG)=1 |
i = 2Vi%00) — Vo110 + Vigiqy :
| ( ( 3 ) |
| | |V” +;V” +;Vu | ‘ |
| | Y020(2) (,71 2 V200(1) (,71 = V002(2) | ‘
MSE(ty)) = J : i a5 bys i }
| 2| 2| " " | ’ 2 ‘ i |
|Ys | s | -2 = 110(2) Ti)vou(z) |+(7‘25 -1 ‘1(66)23'5“'"1”
| | m\ 2 br/ 2 |
| 25 25 | \
| |
B S S | | |
| | (, 1) ( ) 101(1) ‘ |
| L J |
( a5 )

(5.2.28)

122



The optimal values which lead to minimum MSE as,

(;1\ A (A2 r 2
a”L 2 J_ V200(1)V002(2) _V101(2)
25 - r r r r
V110(1)V002(2) _V011(1)V101(2)
and
(i\ (A2 (A2 r 2
,,L 2 J V200(1)V002(2) _V101(2) . 1
b25 - r r 2] r '7\‘25 = ’" G !
V200(1)V011(1) _V110(1)V101(2) 1+ A
where
|— r l r 1 r 1 r _]
IVozo(Z) + TR Vaooq) + TR Voo2(2) [171} 110(1) I
L2 ) o2
N _| 55 by 25 |
25 - | 1 1 1 |,
| ~2 V2 Vv, |
| (i-1) 012 (i-1y  (j-1) W |
!IL 2 ) I!L 2 J IfL 2 J
L bzs 25 by J

i) For aj,=-1,p,, =-1, we get exponential-ratio product estimators

/!G

given in Table 5.1. The Variance of t,

Is expressed using (5.2.25) as,

[_ ) ( ) (VOIZ’O(Z) + Voo + Vooz(2) ) 2\ |
[y < ny + (-1 k(e G)=2 \
S 25 1A r 1 25
| + 2Vi50a) T 2Voi12) — 2Vioi \
| \
| ( ( 1 1 3 3 \
| } IVO,Z'O(Z) + 2 Vioou) + Lz Voo2(2) I I ‘
o] ] ) e |
(1) - | 2 & | ,
| 7/72‘ r 2| 1 r 1 1 | r 2 | ‘
|Ys | 255 7| +27V110(l)+27V011(2) [+ (Ays —1)° [k(e G)=4,6,..., 12|
| 5 i |
: | I 855 by I | }
| \ | 1 oy | | \
| L | ()5 | J |
l L 85 Dps ) J
(5.2.29)

The optimal values which lead to minimum MSE as,

(5\ rr r r 2

a”LZJ B V200(1)V002(2) _V101(2)

25 - A r A r
V110(1)V002(2) - V011(1)V101(2)

and
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(k) 2

,,LZJ VzléO(l)Voléz(z) _Vl’0,1(2) ., 1
b25 - " " 2 2 ,7\‘25 - n G !
V200(1)V011(1) _V110(1)V101(2) 1+ A
where
|7 r 1 r 1 r r —|
IVozo(z) + o Voo T o Voo02(2) {EJ 110(1) I
HL;J ,,L;J i\ 2
Al G _| 455 b25 855 |
25 - | |’
| 2 1 1 2 |
| - fk\voll(Z) (k) (k\vlol(l) |
A2) Az2) 2
L b25 a2s b25 J

iii)
estimators given in Table 5.1. The Variance of t
as,

"G
25

For oy, =-1,B,, =1, we get exponential-type product cum ratio
Is expressed using (5.2.25)

[—’2( ., Z(Voyéom + Vo0 * Vooz(2) ) o 2\ |

Y| Ay ) ) ) + (s —1)° |I(e G) =13 |

| +2ViT0m ~ 2Voi12) ~ Vio1q) |

| |

S N T S S | |

020(2) ¥ 72 Veoo) v T2 Vooz(2)
| | | (5) b'(T) \ |
MSE(t);) = | | 25 25 \ \ ,

| — z| z| | 2 | |

| S’ I ?\,’2’5 | + Wvlyl’o(l) - ZWVO,il(Z) ‘+ (?\,’2’5 —1) } |(E G)215,17 ..... 23|
’ 2 r 2

I | I 835 bys } | I

| [ L \ | |

| L | () 5 | |
r 2 r 2

| N 85 Dyg ) J

The optimal values which lead to minimum MSE as,

(I;l\ 12} 12} 7] 2
a”L 2 J V200(1)V002(2) _V101(2)
25 - r 12 r r
V110(1)V002(2) _Vo11(1)V101(2)
and
(I;l\ 2 r 17 2
,,L 2 J V200(1)V002(2) _V101(2) . 1
b25 - r " " r ’7\‘25 - ”G,
V200(1)V011(1) - V110(1)V101(2) 1+ A%
where
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1 1 1
V r + V r + V r r
020(2) [Il}z 200(1) ['I 002(2) (1-1) ' 110Q)
o2 o2 2
NG s bzs 25
25 = ’

“_l\von(z) + 2 TEVES Vio1q)

e ol )l e

[ 1
| |
| |
| |
| |
| —2——V/]! " |
| |
i J

Iv) For oy, =18}, =-1, we get exponential-ratio cum product type
estimators given in Table 5. The Variance of t;, is expressed using (5.2.25) as,

2(\/0'2/0(2) +Vio0a) * Vooz(2) ) 2\
2y + (-1 |m(eG)=14
- 2ViTow T 2Voi102) — Vi@

1 1
020(2) t 2 Visom + 2 Voo2(2)
A7) b,,(?)
2

25 5

R ——

a

(
I
|
|
|
MSE(té'Sm):J
|
|
|
|
|
|
|

( )

| \

| \

| \
, ol 1, L | y 2 |
M Pl m 2V 2V 1+ (MY -1 [m(e G)=16,18,...,24

| |

| |

| \

| \

N )

|

(%) A (3)
a25 b25 i
1 1 w |
S5 (8T |
a25 b25 J
(5.2.31)
The optimal values which lead to minimum MSE as,
(ﬂ\ r r r 2
a/rL ZJ _ V200(1)V002(2) _V101(2)
25 B " r r r
V110(1)V002(2) _V011(1)V101(2)
and
(ﬂ\ r r r 2
b”L 2J B VaoomyYooz(2) ~ Vios L 1
25 B r " " 2 ! 25 © ,,Gl
V200(1)V011(1) - V110(1)V101(2) 1+ A%
where
|— 1 rr 1 r I7: —|
|V020(2) + T Voo * T Vooz2(2) ~ 2 Cmy Y110@) |
| o) o) 2
m\ 2 2 2
Al G _| 4,5 bzs 455 |
25 - | |1
| 2 r 1 1 7 |
| * (m 011(2) (m) (my 101(1) |
”L?J /IL;J 12 ;J
L b25 855 b25 J
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Case Il11:

The generalized estimator under case Il may be proposed following
(5.2.5) as,

G _ |[ ( a25X_s(l) \\|
tys = A,5 Y, €XP a5|1— — |
(X, + (ag —1)75(1))H
( ( bZSZ_ 2 \\
expl Bl 1- — B Il 0<n, <1 (5.2.32)
L (ZS+(b25—1)zs(2))M

where (a,y, b,s, %,5) are constants to be determined such that the mean
square error (MSE) is minimum. («,., B,;) are known constants takes the
value (0,1,-1) to produce different ratio-type and product-type estimators.

The proposed estimator in (5.2.32) follows naturally in exactly the same
fashion along with the class of estimator in Table 1, as that for case-l in
Section 5.2.1. In addition, the relation between a,,, o,;, 2,5 and b,,, B, In

case-11 is also the same as that for case-I in Section 5.2.1. Finally, the same is
true for the MSE and the bias. It is therefore directly from Section 5.2.1, we

may write Bias (to) and MSE (. ) following the same, and we may also
produce a class of estimators for similar choices of a,., a,, and r,; b,., B,
in case-III.

. G — razs 2 [325 2 BZS
Bias(tys) = Ay Yo | — 5 Vaoowy T 3 Vooz) —  Voiuz)
a5 25 25
%25 % 55 Bas 1 -
Vio *+ Viowgy | +Ys (A — 1), (5.2.33)
25 25 b25

G — 2 2 2 2
MSE (t25): Y [7‘25 (Vozo(z) + 255 Vaoooa) * U2s Voozz) — 2225 Vitoq

2
—2U,5Vo1q00) + 2255U55 Vigiy ) + (A5 —1) ] (5.2.34)

For the following optimal value of the constants z, and u,, we achieve
the minimum MSE among the class of proposed generalized estimator.
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V110(1)V002(2) _V011(1)V101(2)
Zys = .
VaoowyVooz(2) ~ Vioi(2)
and
Vasom\Voriay ~ Vitow\Vioi(2) 1
Uys = Aog = ,
2 G
Vaoomy)Vooz(2) ~ Vioie) 1+ Ay
where
2 2
A G _ =—V020(2) + Zy5 Voooay T U2s Vooz(2) ~ 2225\/110(1)—;
25 = ,
L —2U,5Vo112) T 2225 U5 Vg1 J

By substituting the optimum values of z,, and u,,, we get 1y °** as,

1
opt
A =
1+ A,
where
( 2 2 3
o | Viio@) Vooz¢2) +Vor1) V200w — 2Vio@)V 101(2)V 011(2) |
Ays =] Vo20(2) - 5 ;
L V 200)V 002¢2) =V 101(2) J
(5.2.35)
The minimum MSE may be obtained as,
|
— A
~G 2 2
MSE i (fhs )= Y ¢ | 2 | (5.2.36)
1+ A ")

Remark 5.3

) For o, , =18, =1, we get exponential-ratio type estimators given in
Table 5.1. The MSE of t;, is expressed using (5.2.33) as
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[ ( (V +V +V ) ) 1
|Y52 7»252 020(2) 200(1) 002(2) b Oy - 1)2 cG)=1 |
I - 2V110(1) - 2V011(2) + 2V101(1) I
| |f ( L L ) \‘ |
| | i Vozoz) * (171)2 Vooouy + (171)2 Voo2(2) I | |
M SE (t)) =J : I 25 bg : }
| 2|, 2 1 1 | 2| .
|Ys |}“25 | - (,;1)\/110(2)_2 (,71) 011(2) |+(7~25_1) ‘J(E G)=3,5..11
} o A bys’ | |
N T PO S BN | |
L () (7)1 |
t N L a5~ bys J )
(5.2.37
The optimal values which lead to minimum MSE as,
(i-1) 2
aL 2 J B V200(1)V002(2) _V101(2)
25 =
V110(1)V002(2) _V011(1)V101(2)
and
(;1\ 2
bL 5 ) B V200(1)V002(2) _V101(2) " 1
25 = 1Mo T G’
V200(1)V011(1) _V110(1)V101(2) 1+ Ay
where
r 1 1 1 ]
|Vozo(2) + o1y Vaoo) + Y Voo2(2) Cio1y Y110@) |
| 2 2 ) Ry |
A © _| s bys 25 |
25 | |
| 2 ! Vv 2 ! ! Vv |
| - {:J o11(2) T (;1) (17_1} 101(1) |
2 2 2
L bys 4,5 bys J

i) For o, =-18,,=-1, we get exponential-ratio product estimators
given in Table 5.1. The MSE of t,, is expressed (5.2.33) as
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2 (V020(2)

25
2

+V

200(1) 002(2) )

+ 2100y * 2Vo1102) 2V101(1)J

1 1

\ \ Vv

020(2) ¥ 7 2 Y200y t T2 Voo2(2)
(%) b(;)

855 25

(%)
a,. b

2
25
1 1
5 (%) Viouw

2 2
a,5 Dy

The optimal values which lead to minimum MSE as,

(k) 2
aLgJ V200(1)V002(2) _V101(2)
25
V110(1)V002(2) _V011(1)V101(2)
and
(k) 2
bLgJ B V200(1)V002(2) _V101(2) - 1
25 = M5 = G
Vaoo)Voria) ~ VitoVio1(2) 1+ A,
where
[ 1 1
|V020(2) + 2 Voo * e Vooz(2) =
| Lz 2 a
A C :| 25 25 2
2 | 1 1 1
I -2 R Voi1(2) + 2 e (k\vlol(l)
ey lz) (2]
L bys 25 Dos

)

+ (M —1)2Jk(eG)—2

( )
| |
| |
| |
| 1 1 | ,
Aos | +27V110(1)+2WV011(2) [+ (A, —1)" [k(e G)=4,6,..., 12
| |
| |
| |
| |
\ )

|

S ——

|
|
|
I
|
J
(5.2.38)

i) For o, =-1,B,, =1, we get exponential-product cum ratio type

estimators given in Table 5.1. The MSE of t;. is expressed (2.5.33) as,
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( — ( ) (V020(2) +Vaooow) T Vooz(2) ) ) ) |
Y| %y + (L —1)° [I(e G)=13 |
l +2Vi00 ~ 2Voiizy) ~ 2Viorw l
| ( h 3 |
1 1
| } | Vozoz) * 2 Voo + 2 Vooz(2) | i |
| a(?) b(?) |
5) = \ | 25 25 | |
| *z‘ z| 1 | 2 |
Vs } hos |+ Zﬁvnou) - EVOM(Z) |+ (has = 1) :'(E G)=1517....23
2 2
I ‘ l a25 b25 l |
L o, | |
| L | () (5) 0 | J
a,’’ b,?
l N 25 Pas )
(5.2.39)

The optimal values which lead to minimum MSE as

and

where

Iv)

Bl
a252 =
Bl
a252 =

|_
|
|
AG 25 ~ |
|
|

2
V200(1)V002(2) _V101(2)
VitowVooz2) = Vo11)V101(2)
2
V200(1)V002(2) _V101(2)
VitowVooz2) = Vo11)Vi01(2)
1 1
Vozo2) + iy Voo + oy Vooz(2) — 2 [,;1}
2 ) 2 ) 2
855 bys 25
1 1
-2 (,_l\von(z) + 2 1y “_l\VlOl(l)
2 ) (2 ) [ 2)
b, 55 bys

For o, =1,B,; =-1, we get exponential-ratio cum product type
estimators given in Table 5.1. The MSE of ;. is expressed (5.2.33) as
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[72( Z(VOZO(Z) +Vaoow) + Vooz(e) ) ) |

Y| % ys + (M, —1)° | m(eG)=14 |

| = Vi) * 2Voi2y ~ Vio1a) |

| |

| ( ( 1 1 h 3 |

| } IV020(2) + (L)z Voo (k)z Vooz(2) } } |

2 2
M SE (ty:) =J } | 35 bys | }

| —, zl | 2

YO A 2] =2V + 2— Vo |+ (s ~1)° [m(c G)=16,18,...,24

| | () plz) | \ |

| ‘ | a'25 25 ‘ ‘ |

| | , 1 | | |

| | Ky (k) 101(1) \ |

(), ()

l \ 85 P25 ) ]

(5.2.40)

The optimal values which lead to minimum MSE as

(ﬂ\ 2
aL 2J V200(1)V002(2) _V101(2)
25
V110(1)V002(2) _V011(1)V101(2)
and
(E\ 2
bL ZJ B Vaoom)Vooz(2) = Vios o 1
25~ 1Aos = c
V200(1)V011(1) _V110(1)V101(2) 1+ A,
where
[ 1 1 1
|Vozo(2) + T Voo T T Voo2(zy = 2 Cmy Y110() |
| |2 Y L2 |
2 2
A G :| 4,5 bys 25 |
25 | 1 1 |'
I 2 Vo) T2 0y Ty Vo1 I
l2) 2] 2]
L bys 8,5 " by J

5.2.2 Proposed Generalized Exponential Estimator
for Situation Il Using Two Auxiliary Variable

In this section generalized estimator VIl has been developed by
assuming an exponential relationship between study variable and the two

auxiliary variable for three different cases (defined in chapter 4) under
situation 1.

5.2.2.1 Proposed Generalized Exponential Estimator VII
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Case |

) The exponential-type ratio cum ratio estimator may be defined as

( 2X" ) ( 27 )
e = Viexp| 1= ———[exp|1-=—2—|, (5.2.41)
Xs@) T Xs(2) Z(,)

i)  The exponential-type product-cum-ratio estimator may be defined as,

SN

( ( 2xs(2) \\ ( 27!

)
' o (2)
tZZR = Yo(2)8XP| — 1- _’— exp|l- % ) (5.2.42)
Xsay T Xsq) L+ Iy

1)  The exponential-type ratio cum product estimator may be defined as,

( 2 A 27] 1)
tys = V() €XP Ll - el JEXIO L— Ll - —ZAJJ ’ (5.2.43)
s(1) s(2)

xs(l) + x! Z

Iv)  The exponential-type product cum product estimator may be defined as,

[ X! AR 7 A
607 = Topexp| [ 1- —SE | lexp] - 2% (5.2.44)
L Xsw + Xs(l)J L s(Z)J

From (5.2.41)-(5.2.44), we may write a generalized form by introducing
real constants o, B,s, ays 15 and b, .

(o i N

_ | 6 Xs(2) i
the = Ao Yae €XP | 0pet 1—

L L (Xsq) + (236 _1)X_é(2))H
(o o 7 N

26 £5(2) ||

L L (Z_S+(b26 1)25(2))H

where (aj,, by, 1,;) are constants to be determined such that the mean
square error (MSE) is minimum. (a4, B%,) are known constants takes the
value (0,1,-1) to produce different ratio-type and product-type estimators.

, 0<iys <1 (5.2.45)

By substituting different values to the constants in (5.2.45), we get a
class of estimators as given in Table 5.2. Some members of estimators t,
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Table 5.2

Some Special Cases of the Generalized Estimator t;°

Ratio-cum-product estimator
a, =10, =1

Product -cum-product estimator
a2’6 = _1’ﬂ2,6 =-1

26 26

b!

26

" , ( s~ X ) (Zs ~ Zs2) ) 2 = (xs(z) ~ X ) ( 2oy ~ 4 )
th = Vi €XP| = —— |exp| =— ty, = Viexp| = — |exp| = = 2 1 2
Xs(l) + Xs(z) Zs + Zs(z) Xs(z) + Xs(l) Zs(z) + zs
v v 77 o ! vl = 77
1=y ( X = Xs) ) (z, s(2) ) vt ( HO BRI ) (7,5-2") 1 1 1
26 = Ysi2) €XP ; eXpt =, J 26 = Y52 eXpL = JeXpL 7 J
Xs@w Z, s s
/5 , s~ %@ ) 5 — ( w2~ Ko )
b = Vo) EXP| / - Lo = Vo) 8XP| , =
Xiqy + (a6 - 1)xs(2) Xeqy + (a; - 1)x5(2) , ,
( z -7 \ ( z,-7" ) 2o | 1|
s Zs(2) s(2) s
exp| = — eXPL = — J
Zs+(b6 1) s(2) s+(b 5_1)25
- . (xsm—xs(z)\ (z!- zs(z)\ . ’_, (Xs(Z)*X;m\ (zs’(z)f I
tye = Ay Y. exp| ————— |exp| =—— t= 2.9, expL_! — JexpL = J 2 2
Xs(l) + Xs(z) Zs + Zs(z) X5(2) + Xs(l) Zs + Z5(2)
(%, -x (Z:-7,) Ky %) (T, =20
t = ﬂgsi’expt T L Jexpt L ’(6'g =2, ;expL (2)7 @ Jexpt 2 _ 1 /12’6 1
. 7 . 7
s(1) s s(1) s
a1 , = ( X;(l) - X;(Z) ) 12 y= ( X;(Z) B X;(l) )
te = Az Y €Xp| = ————— o =Agy,exp| ——— —————
sw T (as - l)Xs(Z) s(1) + (ae - 1))(5(2)
’ ’ ’
- — a6 A2 bze
Zs’ - Z;(z) \ ;(2) - ; \
exptfj exp| = —
Zs+(b 671)25(2) Zs+(be_1) s(2)
Product -cum-ratio estimator Ratio-cum-product estimator ’ ’
’
ro_ ro_ ro_ r_ aze /126 bze
a,=-1,8,=1 a,=1,8,=-1
v v -7 7! v ! T o7 77
a3 = ( s~ "s2) ( L)~ % ) a4 = ( X2y ~ X ) ( Zoay ~ Z, )
R s i e B B U e S Eaee T RS BN E:
xs(l) + Xs(z) Zs + 25(2) Xs(Z) s(1) Zs(2) + Zs
t,15 = ( s ~ Ts(2) \ ( Zs(l) T s \ 16 = (X;(Z) X;(l) \ ( Z;(z) - s'\ 1 1 1
% = Yz expt - Jexpt = J tr ys(Q)expL — JexpL = J
s(1) s Xs(l) s
t,17 = ( XS(1> ~ Ts(2) \ ,18 , ( 7£(2) 7;(1) \
26 yS(Z)EXp il ' bl tzs = ys(z) exp —, , §
Xoy + (a5 = 1) X 4, any (@5 )X , 1 b
a
- 7! o7 77 26 26
( 20y - 2! ) ( 7, - 2! )
exp| = — exp| = —
LZ +(b 2671) s(Z)J LZS+(b zsfl)zs(z)J
(R - K ) (T -0 (%, -% ) (T -70)
19 ' = s(1) s(2) s(2) s 120 r = s(2) s(1) s(2) s
e = AV exptﬁ = JEXPLZ’ - J 2 = 4l Sexpo/ — expLZ,, . J 2 |4, ] 2
sy T Xs(l) s T zs(z) Xs(2) + Xs(l) s T Zs(Z)
— — — —_ vl d =7 1
21, = (X =X ) (75 =20 N TR N SN I 1 . 1
2o = Ay Y. €XP expoJ te =AY, expL - Jexpt = J Age
s(1) Zs Xs(l) s
( X! X! ) [ x X 3
02 = ALy exp| — 2 — 0 = AL exp| 2
s(1) + (azs - 1)X5(2) s’(l) + (aée 1)X;(z)
a! |4, |b.
( =7 _ 3 ( ) > 3 26 26 26
2oy ~ Zs s(2) Z,
exp| = — exp| = . =
s'+(blzefl) ;(z) s+(b zs’l) s(2)
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The Bias and Mean Square Error of Generalized Estimator VII
To derive the bias and mean square error we proceed as follows:

Using (5.1.1) we can express (5.2.45) as,

|— ’ ( ! ' 71—|
,G r _I r a26 ! ! el(l) (a6 - 1) ’ \\
the = AheY, (1+ eo(z))exp| -— (91(2) - 91(1))| 1+ —+ —e/(,) | |
L 426 8z 426 ) J
[ o : -]
B [ (b, —1) 3
exp| —%eé(lﬂ 1+ #ez(z) o (5.2.46)
L bg \ bae ) J
(e Vo
. € a,. -1
We assume that ‘el’(l)‘< 1, we expand the series, | 1+ —2 4 (226 )el’(l) |
L 2 a2 )
-1
[ (by -1 )
and |1+ weé(z) |, we get,
\ bag J
_ oy 1T gy,
/G ' ' ' 26 ’ ' 26 1
the = AoeYe (L + €02, )EXP] _a’_(el(z) - el(l))Jepr__b’_ez(z) 1. (5.2.47)
26 26
|— /2 72 f2 2 ’ ’
— — al * 26 (el(Z) t e~ el(z)el(l))
£ vyl 26 (. '
26 — 's T Moels ) T (61(2) _el(l))+ 2
| ag 836
L
! 72 !’ !/
Bas Bas 2 %326 Pe N el _ e
b 2(2) , 2 2(2) Y 2(2)( 1(2) 1(1))
26 26 26 26
r a’ZG r ’ ’ B'ZG ’ ’ —| ’ _I
teoi2)y = T, Co(2) (91(2) - 31(1))_ Y €0(2)€2¢2) | T (Ao —1)Yy,
26 26
(5.2.48)

By taking expectation of (5.2.48) and using (5.1.1), we get the Bias (té(; ) as,

Asg (VZIOO(Z) - V2,00(1) ) B'226 /
= T 2 V200(2)
L aje 2bys

’ B' —| —
—M(Vﬁo(z) “Viow ) - Pae,, . (Lhe —1)Y., (5.2.49)

110(1) b 110(2) |+
26
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To get the MSE of the estimator, we take square and we take
expectation of (5.2.8) and we obtain

2 il b 2 Bl

/G ) , 0‘26 ) , )2
(tzs _Ys) = 7‘2 | 0(2 , ( 1(2) ~ 1(1)) R
326 bss
a’26 ’ ’ B, ’ ’
—2 =005 (B1(2) — &y ) — 27 €a(2)8h(2)
ajs b
B'ZG a’26 ’ ’ ’ —| 1 2 _I 2
2= —el ) (el(z) - el(l)) |+ (M —1) Y7, (5.2.50)
bye @z ]
We take expectation on (5.2.50) by using (5.1.1) as,
M SE v v, 2 (V) V) LV,
SE (t)g 6) =12 [ 020(2) t 226( 200(2) ~ 200(1)) 002(2)
—21,, (V1'10(2) Vi) ) — 2U,6V411(2)
! ! ! 2 _7 2
+2U56 256 (V101(2) Vioia) )J + (M —1) YT, (5.2.81)
where 25, - %26 o Pas
Ay bse

For the following optimal value of the constants z,, and u,,, we
achieve the minimum MSE among the class of proposed generalized estimator.

' (V2'00(2) - Vi) )VOIll(Z) (V1’10(2) Vit )(Vl'()l(z) - Vi1 ) \|
Use = ' |
(V2'00(2) - Vi) )Vo'oz(z) (V151(2) Vi1 ) |
V’ V r V’ _V’ V ’ _V’ |
, ( 110(2) 110(1)) 002(2) 011(2)( 101(2) 101(1)) |
Z6 = P |
(Vzoo(z) =V )Vooz(z) (V101(2) - V101(1)) |
’ 1 |
and AL = T |
1+ A, |
where I
r ’ r |
|(V020(2) + Zze(vzoO(z) _V200(1))+ U26 002(2)\| |
AsS =l = 2250 (Ve ~ Viow) ) - 2uheV | |
26 | 26 (V110(2) 110(1) 26V011(2) i |
| : ' |
L7 2U)6256 (V101(2) V101(1)) )

(5.2.52)
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By substituting the optimum values of z; and u;, we get ».°"" as,

1
, opt
Aag =
1+ Ay
where
( ’ ’ 2 ’ ! 2 ! !/ \
| (V110(2) _V110(1)) V002(2) +V011(2) (V200(2) _V200(1)) |
| ! ’ ’ ’ ’ |
, | , -2 (V110(2) - V110(1) )(V101(2) - V101(1) )V011(2) |
Asg :| Voo — ’ , , , , 2 |’
| (V200(2) = Vo) )Vooz(z) - (V101(2) - V101(1)) |

(5.2.53)

We obtain asymptotic variance of the proposed generalized estimator as
the expression for M sE (téG ) was considered upto first degree of error term, so

minimum MSE may be written as,

/G oy _od A )

MSEmin(tZG): AsymtoticVar(tZG):Y (5.2.54)

From (5.2.54), we observe that asymptotic variance of the proposed
estimator is less than Usual Linear Regression Estimator. We may also
observe from (5.2.54) that proposed generalized estimator gives us more
precise results under the optimal conditions, as compare to its class of the
estimators.

On substituting the optimal value 2,,°*" and a),°™ b;,°"" in (5.2.54),
we get optimal estimator as,

( ( aj. X! )
t,G :7’;, — 1_ _ 26 s
o Sexpl%ek (x;+<a§6—1)x;)U
( ( b..z! )
expl pyl 1 - ———26% [ 0<ny, <1 (5.2.55)
L (Z1+ (B 1)2;)U
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As described earlier in section (5.2.1.1) that in some practical situations,
when it becomes impossible to collect information on some of the population
characteristics, it is valuable to replace them with their consistent estimators
as,

v opt 1
26 -

1+ A}
where
2 2

’ ’ \ ’ ’ ’ r \\
LV 110¢2) =V 110(1)J V 002(2) +V 011(2) LV 200(2) =V 200(1)J I
|

|

|

|

|

|

|

|

—~

( \(
—ZLV "110(2) =V "1100) JLV "101(2) — V "101(0) JV "011(2)

2

( ) ( )

LV "200(2) =V "200(1) JV "002(2) — LV 1o1(2) -V '101(1)J

So (5.2.55) may be wriiten as,

B A
| ':
. ~ opt — | a’ Pty |
G =has Viexplage] - ——————]|
l I Lx_;ﬂaas"‘”—l)‘;ﬂ'
- )
[ A
| N
. b} "7, |
exp|[3’26|1—( : \||, 0<nrhs <1 (5.2.57)
| ; Lz_s + (03" —1>z‘éJ Il
- )
Also the minimum MSE may be written as,
( L)
MSEmin(té6 ): AsymtoticVar(tAé(é):Y_'sz‘ L I (5.2.58)
1+ A, J
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Remark 5.4

) For o), =1, =1, We get exponential-type ratio cum ratio type
estimators given in Table 5.2. The MSE of t.; is expressed as

|[ — ‘( 2 |(Vo'20(2) + (Vz'oo(z) - Vz'oo(z) ) + Vo,oz(z) \l . 2\‘ ) 1‘
lYS ‘xze + (Mg — 1) ‘](eG):l |
| L L 110(2) V110( ))+ 2(\/101(2) - Vl;Jl(l) ) - 2\/011(2) ) ‘
I , ) ) |
| ‘ I Voao + T (Vz,00(2) _V2,00(2))+ Tvo,ozm I ‘ \
MSE(t;é):l } | aé(z) be’(z) | }
| | | \
_ 1 1 .
IYSZ} 7”262} _ = (Vi102) ~ Vitoay ) — 2ﬁ(vm(2) 7v1’01(1)) i+ (e —1)° } (e G) = 3,5,...,11}
ol Ay b * | | |
IR | | |
| +2— v, \
NN ] |
[ L ag 6 ) J
(5.2.59)
The optimal values which lead to minimum MSE as
[ '_1\ ’ ’ ’ ’ 2
,L?) (Vzoo(z) = Vo0(2) )Vooz(z) - (V101(2) Vioim )
a =
26
(VllO(Z) - V110(1) )V002(2) - V011(2) (V101(2) - V101(1) )
and
(i-1) ' ' ' ' 2
b’L?J (VZOO(Z) —V500(2) )Vooz(z) - (V101(2) Vioim )
26 = '
(Vzoo(z) - V200(2) )V011(2) - (VllO(Z) - V110(1) )(V101(2) a V101(1) )
A !
2 = )
1+ A,°
where
|— 1 ! ! 1 ’ 1 ’ —|
|V020(2) [ -1y (V200(2) - V200(2) ) + o1y V002(2) -2 (-1 (V110(2) 110(1) ) |
: A2 2 a}GZ ) I
A,G 26 26
: 1 , 1 1 , I
| Zﬁ(vlm(n V101(1)) +2 [i-1) ﬁvou(z) |
2 L2 ) 2
L b26 a26 b26 J

i) For oj=-1p;,=-1, we get exponential-product cum-product type
estimators given in Table 5.2. The MSE of t,° is expressed as,
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‘( |( ) |(Vo'20(2) + (V2,00(2) *V2,00(2))+V0,02(2) \|\‘ W‘
)\II
v 12 26 r r 2 —
}Ys I L + 2(\/110(2) *V110(1) ) + 2(\/101(2) *V101(1) ) - 2V011(2) }k(e G)= }
\ ) |
‘ L +(7\’26 1)2 J ‘
\ |
o , , U |
j | |V020(2) + (L)z ( 200(2) _V200(2))+ (L)z Vio02(2) ]
MSE(téke) = ‘ l | aéez béaz | l ‘ ’
| 1 1 |
| a0 +2 Yoy — Vito ) + 2 ——(V S i \
— P (2) () P (2) o
}YS,Z: 26 | aé(ﬁz)( 110(2 110(1 bé(g) 101(2 101(1 ) | :k(e G) = 4,6,...,12}
| |
‘ | | 11 v | | ‘
LTy e | |
} I L a3 b ) I }
L (5 = 1)’ ) J
(5.2.59)
The optimal values which lead to minimum MSE as,
(k\ ’ ’ ’ ! ’ 2
,LEJ ( 200(2) ~ V200(1)) 002(2) ~ (V101(2) - V101(1))
a =
26
(V110(2) B V110(1) ) 002(2) V011(2) (V101(2) - V101(1) )
and
(k) , , , : : 2
b'L;J (V200(2) =~ Vaooq) )VOOZ(Z) - (V101(2) - Vioi )
26 '
(V200(2) - V200(1) )V011(2) - (V110(2) - V110(1) )(V101(2) - V101(1) )
AL —1
26 = ,G !
1+ A%
where
[ ]
| 1 2 ’ 1 2 |
| Vozo2) * e (VZOO(Z) ~Vaooq) ) + e Voo2(2) |
| 2) 2} |
W\ 2 I\ 2
I a5 byg i
1
’ G — | _ - ! _ ’ _ - ’ _ r |
A = | 0 (VllO(Z) V110(1)) 2 R (V101(2) V101(1)) A
) o) |
| 26 26 |
L, t 1, |
NN |
| L2) 2 |
L 856 Dy i
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i) For af,=-1,8,,=1, we get exponential-product cum ratio type
estimators given in Table 5.2. The MSE of t is expressed as,

{\7’2 (}L' ) ‘(Voyzom) + (V2'00(2) = Viooq) ) +Vio2(2) \| o 1)2\“( o) 3]|
s 26 T (Aoe — € =
: l\ L + 2(\/1'10(2) _Vlle(l) ) - 2(V1,01(2) _Vlbl(l) ) - 2\/0,11(2)J )| I
I \ ) |
| vy P (Vs -~V ) | |
J | ‘ 020(2) (I;l)z 200(2) 200(1) | |
MSE(tyg) =1 | | ag | | ,
If'zlx'zl LI 2t (v : Al ZII G)=1517 23I
| s | 26 | + (I;l)z 002(2) T (=) ( 110(2) ~ 110(1)) |+ (A3 | (eG)=1517,..., |
I 26 | | |
: I [ , Ly , 1 L, | I :
- 11y Y101 T 11 011(2)
1 Y ENE | | |
(5.2.60)
The optimal values which lead to minimum MSE as
(Ifl\ ' ' ' ' 1 2
,LTJ (V200(2) V000 )V002(2) (V101(2) V101(1))
26 =
(V110(2) - V110(1) )V002(2) - V011(2) (V101(2) - V101(1) )
and
(Ifl\ ' ' ’ ' ' 2
b'LTJ B (V200(2) - Vo) )Vooz(z) (V101(2) - Vio1a) )
26 '
(V200(2) V200(1) )Vou(z) (V110(2) V110(1) )(V101(2) V101(1) )
}‘"26 = '
+ A’z(é
where
[ 1 , , 1 ]
|V020(2) + oy (V200(2) = Voo ) + oy Voo2(2) |
| L2 ) Sy |
A _ | 26 26 |
26 = '
I 1 , , 1 1 1 I
| - (';l} (V110(2) _V110(1) ) -2 (I;lj V101 + 2 (|_l} (I;lJ V011(2) |
2 2 ’
L 456 boe PN b, J

Iv) For o), =18}, = -1, wWe get exponential-ratio type estimators given in
Table 5.2. The MSE of t; is expressed as,
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‘( |( ‘(Volzo + (V2/00(2) V2'00(1)) \I \‘ ]|
}YZZ: }”262} +Vioa(2) ~ 2(V1'10(2) 7\/1!10(1)) i* (A6 - 2 }m(e G)=14 I
} L ‘K + 2(V1,01(2) V1'01(1)) 2V011(2))| J l
\ |
ol ( ! ) ) |
m J | Vs + ——(Vioo - Vioow ) | |
MSE (t;5 )= | ‘ 020(2) (L)z 200(2) 200(1) | ‘
| \ g | \ |
TR N B . | | |
V2067 T+ —Vioaga) - 2——(Vi1002) = Virow ) l+ (VY -1)° Im(eG)=16,18,..,24|
TG ale) | | |
| \ 26 26 | \ |
(I \ 1 , , A R | | |
‘ | L +2 W(VIOMZ) —Vio1m )_ 2 ?Wvon(z) J ‘ |
L by’ ay i ) J
(5.2.61)
The optimal values which lead to minimum MSE as
(m) , , , , : 2
L J (V200(2) - V000 )Vooz(z) - (V101(2) V101(1))
6 1
(V110(2) - V110(1) )Vooz(z) - V011(2) (V101(2) V101(1) )
and
(m) f ' ’ ' ' 2
b'L?J ~ (VZOO(Z) ~Vo00q) )V002(2) - (V101(2) - V101(1))
26 '
(V200(2) - V200(1) )V011(2) - (VllO(Z) V110(1) )(V101(2) V101(1) )
AL —1
26 '
1+ A
where
[ ]
| ’ 1 ’ ’ 1 ’ |
I Voao + (m]z (V200(2) - Vo000 ) + (m}z Voo02(2) I
W\ 2 A2
I a5 bJe I
1
’ G _| _ ! _ ! |
A26 _| (ﬂ\ ( 110(2) VllO(l)) |
| L2) |
| 2 |
‘ ’ ’ 1 l ’ ‘
|t 2 ) (V101(2) VlOl(l)) oy (m L 01L(2) |
| L2 L2) \2) |
L b6 8y = byg ]
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Case II:

The generalized estimator under case Il may be proposed following
(5.2.) as,

( e e \
f,G r o | r |( a26Xs(2) \ |
te =AagYoe €XPl Gyl l-

|
T (R @ -xg))

( r ey
| o |( be Ze(2)
exp! Byl 1l—

- 1,
L (Z, + (bjs —1)2_;’(2))H

o<rys <1 (5.2.62)

26 —

where (a,,, by, , A,,) are constants to be determined such that the mean
square error (MSE) is minimum. («4,, B,,) are known constants takes the
value(0,1,-1) to produce different ratio-type and product-type estimators.

The proposed estimator (5.2.62) follow the same routine along with the
class of estimator in Table 5.2 as that for case-1 in Section 5.2.2.2 In addition,
the relation between aj,, a4, , 245, and by, , p,, In case-l1l is the same as that

for case-1 in Section 5.2.2.1.Finally, the same is true for the MSE and the Bias.

It is therefore directly from Section 5.3.2.1, we may write Bias (t;; ) and

MSE (t;5 ) following the same, and we may also produce a class of estimators

for similar choices of aj,, o},, 25, In case-1l. The bias 0f(5.2.62) may be

obtain by following the notations and expectations for case Il presented in
Section 5.1,

The bias and MSE expressions may be given as,

”2 r r
o —,,|r°‘26 (Vatoz) ~Vavow) — pge
Bias(tys )= 2 Y, L — + " 2 V200(2)
a
26 26
a'2,6 r r B'Z’G r —I r _'I
-, (V110(2) _V110(1))_ ' V110(2) |Jr (7‘26 _1)Ys’ (5'2'63)
26 bog
VIG r 2_/f 2 r 7’2 4] r 7/2 r
MSE (t;5 ) = A3 Y [V020(2) +t 236 (V200(2) ~ Voo ) + Usg Vooa(2)
-2, (V1'1'0(2) - Viloq ) — 2U,6Vo11(2)
r r r r 4] 2 _// 2
+2U56255 (V101(2) = Vi) )]” (Ays —1) Y7, (5.2.64)
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Now by substituting the optimal values of the z,, and u,, we achieve
the minimum MSE among the class of proposed generalized estimator.

., (Vzléo(z) - V2'(,)0(1) )VO’l’l(Z) B (V1,1'0(2) - V1,1’0(1) )(Vlgl(z) - V1,0’1(1)) \|
Uz = 5 N
(Vz'cI)O(z) Vzléo(l) )Volcl)z(z) B <V1,011(2) N V1'0,1(1) ) |
(VH _VN )VN _VN (V 2 —V” ) |
g 110(2) 110(1) ) Vo002(2) 011(2) (V101(2) 101(1) |
226 = 2 |
(VZ,(SO(Z) Vzléo(l) )Vo'(;z(z) - (V101(2) V1,o'1(1) ) |
1 |
and LY = G |
1+ AJ |
where I
" G " ,,2 " " ”2 " |
Asg [Vozo(z) (V200(2) V200(1)) V002(2) |
— 2125 (V1'110(2) ~ViToq) ) — 2U,6Vg11(2) + 2U5256 (Vlldl(z) Vi1 )U
(5.2.65)
By substituting the optimum values of z; and u; , we get 2,°"" as,
1
r Opt
AJs =
1+ A%
where
( V!! V!! 2V!! VI! V!I VI! \
| ( 110(2) 110(1)) 002(2) 011(2) ( 200(2) 200(1))|
| r r r r |
) |, _2<V110(2) V110(1))(V101(2) Vio 1))V011(2) |
Aze 7 Vozo ~ 2 |
| (VZ'(,JO(Z) ~Vi000) )Vo’éz(z) - (Vl’O’l(Z) - V1'0,1(1)) |
(5.2.67)

We obtain asymptotic variance of the proposed generalized estimator as

the expression for M SE (t;’f ) was considered upto first degree of error term,

so minimum MSE may be written as

*

r
e -, 2( A

MSE . (t26 ) AsymtotlcVar( £y ) =Y, | —2— (5.2.68)

*l'

\1+ A26)

144



It may be observed from (5.2.68), that asymptotic variance of the
proposed estimator is less than Usual Linear Regression Estimator, We may
observe from (5.2.68) that proposed generalized estimator gives us more
precise results under the optimal conditions, as compare to its class of the
estimators.

On substituting the optimal value a7y, °** and aj, °*,by, °*" in (5.2.62),
we get optimal estimator as,

P aexy )
B _k%ysexpL%Ll (x‘;’ua;@—nfé’)”
[ ( e V)

eprB;};'l— — f‘f's — |I,0<9u2'631 (5.2.69)
C L (e o) )

As described earlier in section (5.2.2.1) that in some practical situations,
when it becomes impossible to collect information on some of the population
characteristics, it is valuable to replace them with their consistent estimators as

o
7\'26 -

where

2 2

)
V "11002) -V ”110(1)J V "002¢2) +V "o11(2) LV "200(2) =V "200(1)J

/TN

( r r \( r r \ r
—ZLV 110(2) =V 110(1)JLV 101(2) = V 101(1)JV 011(2)

2

( r r \ rn ( rn 1 \
LV 200(2) =V 200(1)JV 002(2)—LV 101(2) =V 101(1)J

(5.2.70)

So (5.2.70) may be wriiten as,
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R ( ( ~rr Opt X_H \\\
0 = A " yrexpl a1~ = |
L (X "y (An Opt_l)xn J
( ( bu OP‘ZH \\
epr /32';3; 1- — : H 0o<ar<1  (5.2.71)
" 7 opt 71
CoL (z7+ (b, —1)z)U
Also the minimum MSE may be written as,
211G G o 2( '&” ) \
MSE . (5 )= Asymtoticvar (£, ) =Y " —2— . (5.2.72)
1+ A% )

Remark 5.5

) For Y, =1,p,, =1, We get exponential-ratio cum ratio type estimators
given in Table 6. The MSE of t;5 is expressed as,

‘( — 2 |( ) ‘(VOZO(Z) (V200(2) VZV(;O(Z)) V002(2) \l \‘
‘Ys |}‘26 +(7»2671) ‘](GG)fl
| L L 110(2) 110(1) ) + 2(V1'0'1(2) 101(1) 011(2)J )
L .
} | ‘Vozo + (Ll)z (V200(2) Vz'(30(2)) ‘ |
wseh=1 | ajy | |
\
—,2| 1 1 |
}Ys 2| 7‘252} +TV002(2) ZT(VMO(Z) V110(1)) }J’(xzs 1)’ |J(EG):315 ----- 11|
ey i | | |
A T R SV L1 | | |
| - 2——(Vio12) ~Vior ) +2 (=) 1 = 1) Voi1(2) |
[ L L 26 J J ]
(5.2.73)
The optimal values which lead to minimum MSE as,
( \ rr r rr r r 2
L J (Vzoo = V00(2) )Vooz(z) (V101(2) V101(1))
6 r r r r r
(V110(2) - V110(1) )V002(2) - V011(2) (V101(2) V101(1) )
and
(Ji_l\ r rr rr r r r rr
b”L 2 J (Vzoo(z) V200(2))V011(2) (V110(2) V110(1))(V101(2) V101(1))
26 = > )

(VZ,(I)O(Z) - Vzléo(z) )Voléz(z) - (V1’61(2) - Vll(;l(l))
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26
1+ AL °
where
[ ]
| r 1 r r 1 r |
IVozo(z) + {_1}2 (V200(2) = Vo0(2) ) + [_1)2 Vioo02(2) i
r 2 r 2
I a6 bye I
1 1
V/G A r r r
Aze = I -2 (i-1) (V110(2) - V110(1) ) -2 (i-1) (V101(2) - V101(1)) ;
| A2 ) A2 ) |
| 85 bJe |
U S S |
. NG Yone }
r 2 4] 2
L a5 byg 1

i)  For oy, =-1,B%, = -1, we get exponential-product cum product type
estimators given in Table 5.2 The MSE of t/° is expressed as,

_ 020(2) 2002) ~ V200(2) 002(2)

I[ ,2|( HZI[V s Y ) \| " 2\‘k G)=2 W‘
| s |7”26 +(7‘2571) ‘ (E ): ‘
| ( L + 2(V110(2) *\/110(1))4r 2(V101(2) *V101(1))* 2Vygi1(2) ) ‘
| \
o v »
j | | 020(2) + & ( 200(2) ~ 200(2)) | |

nk ne

MSE (tys ) = | \ ags” ‘ | '
I \ 1 1 \ | |
N2 A R —— 2———(Vylgn = Vi1 (s -1)% k(e G)=4,6,....12|
| s 26 |+ (L)z 002(2) t (L)( 110(2) 110(1)) |+ (A% € =40, |
L 1 . LS SV | |
| L T (Vibaa) = Vitaw ) = 2 5 5 ou | J |

b// 2 al/ 2 bl/ 2
[ N 26 26 D26 ) J

The optimal values which lead to minimum MSE as
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2
kY " " " " "
;J (VZOO(Z) _V200(1) )V002(2) - (V101(2) _V101(1))

" _
azﬁ - V/Y V/V V// V!/ V// V/l
( 110(2) 110(1)) 002(2) 011(2)( 101(2) 101(1))
2
(k)
and b”L;J B (Vzlo’o(z) _Vzlolo(l)) 0'0,2(2) - (V1g1(2) _Vlgl(l))
26 - !
(V2,é0<2) - V2,0,0(1)) 0’1,1(2) - (Vlvl’O(Z) - V1'1,0(1) ) (V1:)'1(2) - V1:1'1(1))
l!/ — l
26 G’
L+ A
|— r l r r 1 r l r r —|
|V020<2) + PR (Vzoo(z) _VZOO(l))+ % Vooz(z) -2 (K (V110(2) _V110(1)) |
| a ;J bHLZJ a”LZ |
where A" = | 2 2 * |
26 '
|—2 ! (Vi) = Vit )+2——£—~¥L—v” |
| (ﬁ] 101(2) 101(1) [hJ (5\ 011(2) |
2 2 2
[ by ai by, J

i)  For aj,=-1,B% =-1, We get exponential-product cum ratio type
estimators given in Table 6. The MSE of t° is expressed as,

26

020(2) T (VZV(V)O(Z) = Vo) ) +Vi02(2)

L +2 (V1’1,0(2) - V1’1’0(1) ) -2 (V1,0,1(2) - V1'0,1(1) ) - 2Vo,1,1(2) J

~
m
®
N
[
-
w
S ——

020(2) + 2 (Vz'('m(z) _V2’60(2))

Voozzy + 2 (=) (Vl'ZlIO(Z) 7Vl'1'0(1)) +(hys - 1)
r 2

(
|
|
|
|
MSE(QQ)J
|
|
|
|
|
|

The optimal values which lead to minimum MSE as,

(1-1) " " 2 2 2 2
”LTJ (V110(2) N V110(1) )Vooz(z) - V011(2) (VlOl(Z) - V101(1) )
426 = 2

(VZ,(I)O(Z) - VZ'(,)O(l) )Voréz(z) - (Vll(;l(Z) - V1’0’1(1) )

and
_ 2
bz"glzl} _ (V2/60(2) - Vzléo(l)) 0'62(2) - (V1(0,1(2) - V1'0/1(1)) ,
(Vz'c,)o(z) - VZ,(SO(l) ) 0,11(2) - (V1'1,0(2) B V1,1/0(1) )(Vl,o'l(Z) - V1,011(1))
A 1
o1 ays
where

148



[ ]
| 1 1 |

V r + V r _V r + V r
I 020(2) (I_l}z ( 200(2) 200(1)) ('_1}2 002(2) I

2 2
: a6 b6 I
1
G _ | _ iz _ " |
Aje = | 2 A1y (V110(2) V110(1)) i
V/L 2 J

e |
| 1 v ) 1 1 v |
| ~ [I_lj 101 T (I_lJ [I_lj 011(2) |
| 2 L2 )l |
L bJs a6 bJe ]

Iv) For a«j, =1,p}, = -1, we get exponential-ratio type estimators given in
Table 5.2. The MSE of t;; is expressed as,

|[7 2‘( ) ‘(Vorzyo + (Vzréo(Z) _V2,60(1))+V0/t')2(2) - 2(\/1,1,0(2) _V1,1'0(1) )\‘ 2\‘
Y s oD mee) =
| L L+2(V1,0'1(2) - Vl,O/l(l) ) - 2\/0111(2) )
o \ )
‘ ‘V” +#(V” —v. ) I |
| ‘ 020(2) (L)z 200(2) 200(1) | |
MSE (t;5') = \ \ a5 | |
| 2\ 2\ 1 1 | , |
I s } Ay } + Tvo’éz(z) - 2?(%'{0(2) ~Vitow) I+ (MY = 1) i m(e G)=16,18,...,24
| ‘ ‘ bé;s(z aé’GZ I |
| \ | ) ) 1 1 |
| ‘ t + 2?(\/101(2) - Vi ) - 2??V011(2)J |
Ll by aje’ by, )
(5.2.76)
The optimal values which lead to minimum MSE as
(m\ r r 1 r r 2
ey (VZOO(Z) - V200(1)) 002(2) ~ (V101(2) - V101(1))
a =
26
(V110(2) - V110(1) )V002(2) - V011(2) (V101(2) - V101(1) )
and
(ﬂ\ r r r r r r r
”LZJ (V200(2) _V200(1)) 011(2) (V110(2) _VllO(l))( 101(2) _V101(1))
b26 = 2 !
(Vzoo(z) - V200(1) )V002(2) - (V101(2) - V101(1) )
}\'H l
26 ,,G,
1+ A%
where
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[ ]
| 1 1 |
| Voao + —Z(VZI(;O(Z) ~Va00q) ) + —— Voo2(2) \
| (m) (m) |
| gy by, *) |
1
rr G r r
A = I - (ﬂ) (V110(2) - V110(1)) {
A |
| 1 r r 1 1 r |
I + 2W(V101(2) - Vi ) -2 [E} {E} Voii2) {
L b aj " by’ ]

Case 111
The generalized estimator under case Il may be proposed following
(5.2.) as,

G _ |( |( 876 X5(2) i
Lyg =AoeYs €XP 0yl l—
(Ys(l) + (8,5 - 1)X_s(2))JJ
[ ( b 7 A
expl g l1- — 20 =(2) 11, 0<a,o <1 (5.2.77)
(Zs+(b26—1)z_s(2))M

where (a,,,b,s,%,,) are constants to be determined such that the mean
square error (MSE) is minimum. («,,, B,,) are known constants takes the
value(0,1,-1) to produce different ratio-type and product-type estimators.

The proposed estimator (5.2.77) follow the same routine along with the
class of estimator in Table 6, as that for case-I in Section 5.3.2. In addition, the
relation between a,,, o,,, »,, and b,,, p,, In case-ll is the same as that for

case-l in Section 5.3.2.1. Finally, the same is true for the MSE and the Bias. It
is therefore directly from Section 5.3.2.1, we may write Bias (t5,) and MSE

(t5,) following the same, and we may also produce a class of estimators for
similar choices of a,,, a,,, »,, and b,., B,, incase-ll. The bias 0f(5.2.77)

may be obtain by following the notations and expectations for case Il
presented in Section 5.1,

The bias and mean square expressions may be given as
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2

a®,6 (v _V ) 2
. G — 26 \ ¥200(2) 200(1) B o6
Blas<t26): A ag YS' 2 * > Va200(2)
L a26 2b25
A o6 ' Bog -
B (V110(2) - V110(1) ) - _V110(2) [+ (7‘26 - 1)Ys (5278)
a26 b26

G 252 2 2
MSE(tye) = Ay Yy [Vozo(z) T Z 9 (V200(2) _V200(1))+ U 56 Vooz(2)

=22, (V110(2) ~Vitom ) = 2U,6V011(2)

, —
+2U,5254 (V101(2) —Vioiq) )JJ“ (Ape —1) Ysz' (5.2.79)

Now by substituting the optimal values of the z, and u,, we achieve
the minimum MSE among the class of proposed generalized estimator.

y (Vzoo(z) ~Vaooq) )V011(2) B <V110(2) Vi )(V101(2) ~Vio1) )
26 5

(V V200(1) )V v VlOl(l) )

200(2) 002(2) _( 101(2)

(V110(2) - V110(1) )V002(2) - V011(2) (VlOl(Z) - V101(1))

(V200(2) - V200(1) )V002(2) - (Vlol(z) - V101(1) )

: (5.2.80)

2

v 200(1) ) + U 56 Vooa(2)

v 2%, (V v

020(2) 200(2) ~

3
|
|
|
|
|
|
|
|
|
|
|
|
|
|

\Y 2 \Y |
110(2) ~ 110(1))_ Use |

(
|
G
Asg :I - 2226(\/
|
\Y
\

3
|
|

011(2) |
|

J

+ 2U 62y (V

)

101(2) ~ 101(1))

opt

By substituting the optimum values of z; and u,, we get % ,°*" as,

opt 1

}\'26 = *
1+ Aze

where
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2

( 2 )

| (V110(2) - V110(1)) V002(2) + V011(2) (Vzoo(z) V200(1) ) |

| |

] - 2(V110(2) - V110(1) )<V101(2) 101(1)) 011(2) |
Aze 7 Voo ~ 5 |
| (V200(2) ~Vaoooq) )V002(2) - <V101(2) Vioia) ) |

(5.2.81)

We obtain asymptotic variance of the proposed generalized estimator as
the expression for MSE(tf) was considered upto first degree of

approximation of error term, so minimum MSE may be written as,

MSEmin(t§6): AsymtoticVar(tzsﬁ):Y_26 | —=28 : (5.2.82)

It may be observed from (5.2.82), that asymptotic variance of the
proposed estimator is less than Usual Linear Regression Estimator, We may
observe from (5.2.82) that proposed generalized estimator gives us more
precise results under the optimal conditions, as compare to its class of the
estimators.

On substituting the optimal value »,,°* and a, ™ b, °*" in (5.2.77) ,
we get optimal estimator as,

N iz M
(2 =4 1-
” 26ySEXpLa26L (X +(aze 1) x, JJ
[ s 1)
expl Bl 1- 26 %s I 0<n,, <1 (5.2.83)
L (Z, + (B - D)T,) )|

As described earlier in section (5.2.2.1) that in some practical situations,
when it becomes impossible to collect information on some of the population
characteristics, it is valuable to replace them with their consistent estimators
as,

where
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2 2
(V 110(2) =V 110(1)) Vooo02(2) +V o11(2) (V 200(2) =V 200(1))

-2 (V 110(2) — V1100 )(V 101(2) — V 101(0) )V 011(2)

2
(V 200(2) — V 200@) )V 002(2) — (V 101(2) =V 101(1))

|

(5.2.84)
So (5.2.84) may be wriiten as,
~G ° pt — I( |( a6 X \|\|
ts = Ao ysexp| O, 1 — — s |
\ (Xs+(a26 —1)xs) )
( [ 6 optz- \\
expl Bap|1- ——2 e |I,O<x2631 (5.2.85)
{ (Z,+ (B, _1)ZS)J)
Also the minimum MSE may be written as,
(A"
MSE . (fZGG) = AsymtoticVz;lr(fZGG):YS2 \ AL* | (5.2.86)
\1+ Ay )

Remark 5.6

) For o,, =1,B,, =1, we get exponential-ratio cum ratio type estimators
given in Table 5.2. The MSE of t;, is expressed as,

— 020(2) 200(2) ~ Y200(2) 002(2)

|f ZI( i ‘(v (v v )+ v \‘ 2\| _ W‘
Y R + (hye 1) lj(eG):l |
| \ L -2 (V110(2) - V110(1) ) + 2(\/101(2) - V101(1) ) - 2V011(2) ) ‘
| |
| ( ( 3 3 ‘

| 1 1 \
| l Vozo + 2 (VZOO(Z) - Vzoo(z)) T Voo2(2) l \

N (5) (%) | |

MSE (t);) :l I | a,, by | }

| |
IWH 2| L v 21 (v v le 0, -2 ljeGy=35 11}
e 6 | (J;i)( 110(2) ~ 110(1)) - (1;3)( 101(2) ~ 101(1)) |*'( 26 — 1) | i€ G)=3,5,.., ‘
2 2
| | | 826 bag | \ |
| I | 1 1 | } \
| I +2 I = Voii2) | |
2 o\ 2
- (5) ) J |
L 826 26 )

(5.2.87)
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The optimal values which lead to minimum MSE as,

1 (V110(2) - V110(1) )Vooz(z) - V011(2) (V101(2) - V101(1))
(i-1) 2
aL?J (V200(2) - Vzoo(z) )Vooz(z) - (V101(2) - V101(1))
26
and
1 B (V200(2) _V200(2) )V011(2) - (V110(2) _V110(1) )(V101(2) _V101(1))
(j-1) 2 '
bLTJ (Vzoo(z) - V200(2) )V002(2) - (V101(2) - V101(1))
26
W 1
T
where
[ 1
| 1 1 |
IV020(2) + ﬁ(vzoom) = Va00(2) ) + Fvoozm I
| ) ot
1
AzeG :I 22— (-1 ( 110(2) _VllO(l)) I
| L) |
| T2 |
| 1 1 1 |
| =2 i (V101(2) ~Vio1q) ) +2 TR \V011(2) |
| Fe PR |
R o’ ot

i)  For a,,=-1,B,, = -1, we get exponential-product cum product type
estimators given in Table 5.2. The MSE of t; is expressed as,
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|[ |(k 5 ‘(VOZO(Z) + (V200(2) _V200(2))+V002(2) + 2(\/110(2) Vitom )m W‘
—5 | 26
:Ys I ( + 2(V101(2) - Vioi ) = 2Vo11(2) J }k(e G)=2 }
I L+(x26 -1)? J }
| (o . ) \| |
M SE (t5) —j | }Vozom + F(Vzoom Vaoo(2)) I |
| I | P | : \
Ilex 2} Ly 21 (v ~v I A 2 lk(e G)=4,6 12}
| s | 26 | + (L)z 002(2) * (2)( 110(2) 110(1)) |+( 26 | (eG)=4,6,... |
1 Pa Az | | |
| \ 1 11 | | \
|[ L L ' 2(7k*)(\/101(2) Vi ) -2— = on(z)J J J
byg
(5.2.88)
The optimal values which lead to minimum MSE as
(k) 2
ey (V200(2) ~Vao0q) )Vooz(z) - (V101(2) = Vi )
a =
26 '
(V110(2) - V110(1) )V002(2) - V011(2) <V101(2) - V101(1) )
and
(k) 2
bLEJ (V200(2) ~Vao0q) )Vooz(z) - (V101(2) ~ Vi) )
26 '
(V200(2) - V200(1) )V011(2) - (V110(2) - V110(1) )(V101(2) - V101(1) )
1
Aog = '
1+ A
where
[ ]
| 1 1 |
| Vozo2) + e (V200(2) ~Vaooq) ) + e Vooz(2) |
| — — |
| ) 0t
| |
1
G _| _o,_ _ |
AZG - | (k) (V110(2) VllO(l)) |
NS |
| |
| 1 11 |
| - (k} (V101(2) ~Vioia) ) + 2 (k} {kJ Voii2) |
| 2 2) L2 |
L byg 8,5 Dy ]

i) For o, =-1,B,, =1, we get exponential-type product cum ratio
estimators given in Table 5.2. The MSE of t;, is expressed as
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|[72|( 2(\/020(2) (VZ/(;O(Z) Vzléo(1))+vo'(;2(2) ) 2\| ]|
Y21, oy -2 lie ) =13
[ ] y " " " | |
| L k + 2(V110(2) _V110(1))_ 2(\/101(2) _V101(1))_ 2V011(2)J ) |
L \ ) |
L 1 | | |
| ‘V020(2) ?(VZOO(Z) V200(1)) | |
MSE(te)={ | | aj; | |
|72| 2\ 1 1 | . | |
IYs I Ao } + I;l)z Vioa(z) * 2?(\/110(2) 1,10(1)) I+ (A6 - il(e G)=1517,., 23:
1] b %26 | | |
I : \ N VIR L | I I
e, V101 T o1y (o1 011(2)
UL ) ) J
(5.2.89)
The optimal values which lead to minimum MSE as
(1-1)
LTJ (V110(2) ~Vioq) )Vooz(z) ~Vo11(2) (V101(2) =~ Vi )
CPY = '
(V200(2) - V200(1) )V002(2) - (V101(2) - V101(1) )
and
(1-1) 2
bLTJ B (V200(2) - V200(1) )Vooz(z) - (V101(2) - V101(1))
26 = '
(Vzoo(z) N V200(1) )V011(2) - (V110(2) - V110(1) )(Vlol(z) - V101(1) )
1
Aog = '
1+ A
where
[ ]
| 1 1 |
Vv + ———(V -V +—V
} 020(2) (I_l}z ( 200(2) 200(1)) {'_1)2 002(2) I
2 2
I EPY by i
1
G _ | _,_ - _ |
A = | 2 (1-1) (V110(2) V110(1)) |
L2
e |
| \Y 2 ! L \Y |
|~ {I_lJ 101t {I_lJ [l_l] 011(2) |
| 2 2 ) L2 |
L by P by ]

iv) For o, =18, =-1, we get exponential-type-ratio cum product
estimators given in Table 5.2. The MSE of t;, is expressed as,
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N

»

MSE (ty) =

|
N

I~ - - T T T T T T/ /T T TN

<

»

o~

—2(v

110(2)

020 F (V200(2) -

-V

1

2 (Vzoo(z) ~Vaooq ) + -V

()

236

\

110(1))

+2(v

E(Vllo(z) ~Vitow )

200(1) ) +Voo02(2)

\Y

101(2) ~ V101(2)

1 1

2
26 b26

)_

2——(V -V -2——V
101(2 101(1 011
iy Vo ~Viow ) =2

y
[+ (g - 1)

2V011(2)

|

2

)
|
|

)

3
|
|
|+ (hpe -1)° Im(c G)=16,18,..,24
\
\
\
\
J

m(e G)=14

(5.2.90)
The optimal values which lead to minimum MSE as
(m) 2
ey (V200(2) ~Vao0q) )V002(2) - (V101(2) ~Vioim )
a =
26 '
(V110(2) - V110(1) )V002(2) - V011(2) (V101(2) - V101(1) )
and
(m) 2
bL;J (Vzoo(z) ~Vaooq) )Vooz(z) - (V101(2) —Vioia) )
26 '
(Vzoo(z) - V200(1) )V011(2) - (V110(2) - V110(1) )(V101(2) - V101(1) )
N 1
26 '
1+ A,°
where
[ ]
| 1 1 |
IVozo + (m]z (Vzoo(z) = Voo ) + [m}z Vioo2(2) }
2 2
I 856 by I
1
G _ | _, > _ |
AZG - | (m)\ (V110(2) VllO(l)) |
1)
e |
| 1 1 1 |
| (m) (V101(2) - V101(1) ) -2 (m) (m\V011(2) |
| 12 2) (2] |
L byg 8,5~ byg ]
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5.2.3 Proposed Generalized Exponential Estimator for Situation 111

In this section generalized estimator VI has been developed by
assuming an exponential relationship between study variable and the two
auxiliary variable for three different cases (defined in chapter 4) under
situation 1.
5.2.3.1 Proposed Generalized Exponential Estimator VIII

Case |

) The exponential-type ratio cum ratio estimator may be defined as

( 2% Yo ( 27

)
,RR —, s(2) s(2)
ty; = YieXp|l-—————|exp|l- ——=—|, (5.2.91)
sy T Xs(2) Zs) T Zs(2)

i)  The exponential-type product cum ratio-type estimator may be
defined as

([ ( ox ) 27 \
tyy = y;(Z)expL_Ll_ %Hexptl— %J (5.2.92)

Xsy ¥ Xsq1) 5(2)
Iii)  The exponential-type ratio cum product estimator may be defined as

RP (1 2X¢(2) ) ( (1 27,2 AR
by =VYsyeXp|l-—————jexp| - |1-————""—" 1|,
Xsy T Xs) Zsay T Zs(2)

(5.2.93)

Iv)  The exponential product cum product estimator may be defined as,

(( 2% W 27 AR
tyy = Ye)8XP| —|1- ————— XS(Z_) exp| —|1-—"""— ZS(Z_) , (5.2.94)
L Xeay + X;(l)J L Zsw z;(Z)J

From (5.2.91)-(5.2.94), we may write a generalized form by introducing
real constants o)., B, , aj, A5, and by, .

158



( ( a! Y' \\\

G ] ' 27 s (2)
t7:X27ys(2)exp|a27|1— — ||
(Xsq + (3% 1)Xs(2>)U
(o 3 Thia)
expl py, | 1- — [l 0<ny, <1 (5.2.95)
(Ziw + (b = D7y, )J

where «},, p,, are known constants. a,, =0 and b, = 0 are unknown

constants whose values are to be estimated from large scale surveys. It is also
assumed in advance that value of 0 <2 <1 to get more precise results.

By substituting different values to the constants in (5.2.95), we get a
class of estimators as given in Table 5.3.

Table 5.3
- - G
Some Members of the Generalized Estimator t,
Ratio-cum-product estimator Product-cum-product estimator , o
' ' , , ay, | by | Ay
a,, =1,B5, =1 (127:—1,[327=—1
(x_ - X! 2 3 (7 ) (X! = X0 ) - 3
/ = s Ts) Ts@m  Ts(2) , —, s(2) s(1) 5(1
tzl7 = Yo exp| = = exp t2§ =ylexp| ———— exp 2 2 1
Xsw * Xs(2) 20y + 2 Xs@2) * Xsq) 2oy + 2o
(x_ x_ \ ( -7l ) (X!, —X / \
, (2 , —, s(z) 5(1)
tZ?; = yS(2) Exp tz? = Ys(2) €XP 11111
s(l) 5(1) 5(1) 5(1)
5 = [ X~ X ) r— ( Xs(2) = Xsq1) )
t7 = Vo) 8XP| = t7 = Vo) 8XP| =
Xey + (a l)xs(z) xs(l) + (a l)xs(z)
a;; | by | 1
( 7! - 17! 3 ( 7! - 1! 3
sy ~ sy s(2) ~ Zsq)
exp| — — exp| — —
Lzs(l) +(b'7-1)2{, J Lzs(l) +(b'7-1)2{, J
_ _ - (X, X2) ~ Xsq) )
7 (Xu)*xs'(z)\ [ 2y - =t Vi EXpL J
ty =25 Vi expL_ J L_ J X2y + Xoq)
5(1) 5(2) 5(1) 5(2) - — 2 2
(20— Ziw )
exp| — —
L Zsay) t Zs2)
(X2~ Xw )
(% e \ = hir Vi S
-7/
5(1) 3(2) s(1) s(2) s(1) ,
t27 =2y ys(Z) eXpL L J 1 1 o
X< Z) (i)~ T )
exp _—
5(1)
11 . = ( 5(1) 5(2) \ 12 —, ( X_s,(z) - _sl(l) \
tr = Ao Yez) €XP Ly =k ¥ exp| —
Xeay * 1)Xs(2) Xey + (25 1)Xs(2)
~ _ ag, | b; |2
( Ziay ~ Ze(2) ) ( Z;(z) - Zgy )
exp exp| — —
t +(b'y-1) 7, s(2) J L Zsay t (by; = 1) Z5(2) J
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Product -cum-ratio estimator Ratio-cum-product estimator |
;:-1;37_1 al, =1,p) =-1 o
3 Vo (2 - 2y (Xl =Xy ) (2l = Zig )
S(Z) eXPL (2) J L (1) J t2’174 Ve eXpL—,(Z) ) JeXpL—,(Z) —,(I)J 2 2
5(1) 5(2) 5(1) s(z) Xs2) T Xsq) Zs2)y ¥ Zsq
(X, (z] ) (Xl =Xy ) (Tl =2 )
47 = Vi eXpL e J p{—z“” J 5 = Vi 5| S || “ (“J 1)1
. Xsw Zs
T exp i)~ Xi(2) ) L exp( X{(2) ~ X )
27 s(2) L s(l) (a _1)Xs(2) J 27 s(2) L s(l) + (a _1)Xs(2) J i
_ _ _ _ az; | by
exp( 2oy~ Zi 3 exp( 20y~ 2w 3
Lz_s'(l) *(b'ﬂ*l)_s'(z) J LZ_S,(U +(b'y, 1)z s(2) J
,19 = 7‘27 ys Xp (M\ exp ( :;(2) _j_;(l) | tz’§° = ?»27}75' exp [ ?(2) ?(1) Jexp[é(z) _i_;(l) } 2 2
Xsw + X 2oy + i) Xs2) + Xsq) Zay *+ Zsq2)
=g exp”—;‘” ER PN RIS ”"[Z(zl . }Xp[%)’_ zm] 1|1
L Xs(1) J L Zoa) J Xs() 250
[ Xy - X \ ([ Xl - X \
T e | T 0 - |
«() (a —l)xs(z) Xy + (a —1)xs(2) , "
a
( 2_5,(2) - Z_s:(l) ) ( Z_s,(2) - Z_sl(l) ) v '
exp | — EXp | — —
Lzs(l) (b2 —1) 24z J Lzs'(l) + (b =1) 2{() J
The Bias and Mean Square Error of Generalized Estimator
To derive the bias and mean square error we proceed as follows,
Using (5.1.1) we can express (5.2.95) as
|— ’ ( 4 ’ _1—|
/G F o , Uo7/, ' b1y (B, - 1) )
ty, =Ah, Y, (l + eo(z))exp| -— (el(z) - e1(1))| 1+ —+ : €l2) | |
L a7 a7 27 ) J
[ ( ' -
! e bl —1) 3
27 (. ' 2(1) (b, /
exp| —r(ez(z) — ey )| 1+ ot G| | (5.2.96)
L 27 27 27 j
We assume that e/, |<1.le,, /<1, we expand the series,
1(1) 2(1)
(e Y ey N
a,, —1 b,, -1
|1+ 2L, (257 )el’(l) | and |1+ 224 (®2; )e;(z) |, We get,
\ a7 27 ) \ by, by, )
_ Y T T g 1
IG ’ ’ ! 27 ’ ! 27 ’ !
a7 = Ao7Ys (1+ eo(z))exp| _,_(e1(2) B el(1)) | €XP| _f_(ez(z) B 82(1)) i
437 ] Y ]

(5.2.97)




I ' oc’z ( 2y €1y — 26 )
G Vil ' _r| %27 ' ' 21 1(2) 1(2) 1(1)
ty; = Y5 =2,V _,_(el(z) T ) + , 2
L 27 22,
B2 , Baz /2 2
Y (202 — €20y ) + 2 (e2<2> + €y T 285(2)€ 2(1))
27 b27
oyy Boy , , , , o 7 , , ,
Y (e202) — €2y ) (B1(2) — &y ) + €02y — . Co(2) (el2) ~ &l )
ay7 Dy ayy
B27 ’ ’ —| ’ _I
" —==e) 5 (ez(z) - €5 )J+ (Ay, —1)Y/, (5.2.98)

By taking expectation of (5.2.98) and using (5.1.1), we get the Bias(t;G ) as,

|—a/2 (V! _V ! ) '2
' o= %27 (V200(2) 200(1) By , ,
Blas(t2 ): A s| 2 T (Vooz(z) _Vooz(l))
L 2a, 2b,,
OL'27 , ' BIZ? ' ' —| ’ o
-, (V110(2) _V110(1))_ , (V011(2) _V011(1)) |+ (7‘27 a 1)Ys’
ayy b27 ]

(5.2.99)

To get the MSE of the estimator, we take square and we take
expectation of (5.2.98) and we obtain

— .2 ’_ a,z 2 B/Z 2
’G ’ ’ 2 27 ’ ’ 27 14 ’
(t27 - Ys) = A5 s | e0(2) + ( 1(2) ~ e1(1)) + = (62(2) - e2(1))
327 b27
o 57 , , Bas , ,
—27 8z (el — &l ) -2+ —Co2) (e202) — €201))
a; b

’ !
by, a,-

B, a , , . ) ] , -,
Zil(ez(z) - e ) (8l2) ~ &l )j'+ (%7 - Y *, (5.2.100)
We take expectation on (5.2.100) by using (5.1.1) as

,G ’ 2 ’ ,2 ’ ’ !2 ’ ’
MSE (t); ) =25, Y, [Vozo(z) + 23 (Vzoo(z) _\/200(1))Jr Us; (Vooz(z) _VOOZ(l))

—217,; (V1,10(2) - Vitoq) ) - 2U,, (Vo,11(2) Vo’11(2))

’ ’ ' o, 2
+2U,y725; (V101(2) \/101(1)”+ (%57 _1) Yoo (5.2.101)
a’ !
where z;, = —2- u}, = Par ,
457 by,
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For the following optimal value of the constants z,, and u},, we achieve
the minimum MSE among the class of proposed generalized estimator.

, (V2'00(2) - V2'00(1) )( 0111(2) - V0,11(1) ) - ( 1/10(2) - V1,10(1) )(Vl'Ol(2) - V1'01(1) ) \|
U7 = g
( 2’00(2) - V2'00(1) )(VO'OZ(Z) - Vo'02(1) ) - (V1'01(2) - Vl’Ol(l) ) |
r ’ ’ ’ ’ ’ r ’ |
, (V110(2) _V110(1))(V002(2) _V002(1))_ ( 011(2) _V011(1))(V101(2) _Vlol(l)) |
Zy7 = 2 a
(V2’00(2) - V2’00(1) )(Vo'oz(z) - V0,02(l) ) - (V1’01(2) - Vlbl(l) ) |
r 1 |
and A,, = S |
1+ A, |
where I
r I2 ’ ’ |
(VOZO(Z) T 2y <V200(2) _V200(1)) ) |
| | |
r G 72 ’ r ’ ’ r
Ay = I + Uy, (V002(2) —Voo2q) ) =22y, (V110(2) - V110(1)) I |
| r ’ ’ ’ ’ r ’ |
L~ 2u,, (V011(2) - Vo) ) + 2Uy; 2, (V101(2) - Vi ))
(5.2.103)
By substituting the optimum values of z;and u;, we get 1,°"" as,
1
, opt
Aaq = ,
1+ A,
where
( r ’ 2 ’ ’ \
| (V110(2) _V110(1)) (Vooz(z) _V002(1)> |
| ’ 2 ! ’ |
| + (V011(2) _V011(1)) <V200(2) _V200(1)) |
| |
, | , -2 (V1'10(2) - V1'10(1) )(Vl,Ol(Z) - Vl'Ol(l) )(Vo/u(z) - V0,11(1) ) |
Ayz =] V020(2) - ) |
I (V2’00(2) - V2’00(1) )( 0'02(2) - V0’02(1) ) - (Vl,()l(z) - V1’01(1) ) I
| |
| |
| |
\ )
(5.2.104)
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We obtain asymptotic variance of the proposed generalized estimator as

the expression for msEe (t;‘? ) was considered upto ist degree of error term , so

minimum MSE may be written as ,

_,2( Aé7 )
S| *|'

MSEmin(tﬁ) AsymtotlcVar( ’G)_ oA

(5.2.105)

From (5.2.105), we observe that asymptotic variance of the proposed
estimator is less than Usual Linear Regression Estimator, We may observe
from (5.2.105) that proposed generalized estimator gives us more precise
results under the optimal conditions, as compare to its class of the estimators.

On substituting the optimal value »7.°*" and a;°,b;.°*" in (5.2.105),
we get optimal estimator as,

[ X 1
G A, — || 437 X5(2) i
ty7 = A7 YsyXpy oyl l- (7 @ - DX )J
27 s(2)
( ( B 7 AN
eprB’27|l— 27%5(2) |I 0<i), <1 (5.2.106)
C L (BorC 0T )

As described earlier in section (5.2.3.1) that in some practical situations,
when it becomes impossible to collect information on some of the population
characteristics, it is valuable to replace them with their consistent estimators
as,

< 1
Ay = ~
1+A°,

Where

|(Vo,20(2) - \‘|

| [ v v 2 v v v v 2 v v \ |
. | |( 110(2) 110(1)) ( 002(2) ooz(1))+( 011(2) 011(1)) ( 200(2) 200(1) | |
A =) . . A . . . |

| _2(V110(2) _V110(1))<V101(2) _V101(1) )(Von(z) _V011(1)) |

n 2
L (VZ,OO(Z) V2’00(1)>(V002(2) VOOZ(l)) (V101(2) V101(1)> J
(5.2.107)
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So (5.2.107) may be wriiten as,

( ( éropt v
~G  popt — | , |l 27 Xs(2)
7 =25 ys(z)eXp| Q7,4+~

\

)
|
l\ (Xg + (é'2°7pt_ 1)7;(2))”

( ( ~, opt— AR
| ar | ba ™" Zga)
exp| Bo, i 1

L L (Z_é(l) + (b,

opt

Also the minimum MSE may be written as,

MSE ., (tﬁ ) = AsymtoticVar (tﬁ ) =Y

(5.2.108)

(5.2.109)
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Remark

) For o, =1,B,, =1, we get exponential- type ratio cum ratio type

estimators given in Table 5.3. The MSE of ;% is expressed as,

‘[7,2‘( L2 |(V0’20(2) + (Vzroo(z) —V2’00(2))+ (Vo,oz(z) _Voroz(l) ) - Z(Vlllo(z) _V1110(1) )\‘ , 2\‘ . 1‘
Yoo e +(5 =D iee) =1
‘ \ L+2(V101(z) _V1,01(1))_ 2(\/0,11(2) _Vol11(1)) J ) ‘
| \
( ( \ 3
} | lv, +;(V' -V, )+;(V' -V, )| | }
‘ | 020(2) 2 200(2) 200(2) oy 002(2) 002(1) | |
MSE(tz’i):J } | a;(f) bz'(72) | I
| | L 1 | \
}Ys,Z} 7‘,272I - (=) (V1o = Vitow ) = 2 (2 (Vioae) = Vibry ) I + 04 -1’ I ieG)= 3,5,.-,11}
| ‘ | 272 b£72 | | \
| | 1 1 | | \
\ } | +2 (,;1) Tfn)(voyu(z) ’Vo,11(1)) | I \
[ { L 27 by J ) J
(5.2.110)
The optimal values which lead to minimum MSE as,
(1771\ ’ r ’ ’ ’ 2
a’L 2 ) ~ (VZOO(Z) _V200(2))<V002(2) = Voo ) - (V101(2) ‘V101(1))
27 - '
(V110(2) - V110(1) )(V002(2) - V002(1) ) - <V011(2) - V011(1) )<V101(2) - V101(1) )
and
(J_l\ ’ ’ ’ ! r 2
b,tTJ ~ (V200(2) - V200(2) )(V002(2) - V002(1) ) - (V101(2) - V101(1) )
27 - '
(V200(2) _Vzoo(z))( 011(2) _V011(1))
- (Vl'lO(Z) - V1'10(1) )(V101(2) - Vfo1(1) )
1
AL =
;
1+ A.°
where
[ 1
| ’ 1 ’ ! l ! ’ |
Ivozo(z) + Y (V200(2) = Viso(2) ) + Y (Vooz(z) - V002(1)) }
L2 L2
| bs, |
G _ | o , 1 , |
A27 - | -2 (i-1) ( 110(2) _V110(1) ) -2 (i-1) (V101(2) _VlOl(l)) |
| L2 L2 ) |
| ay7 bys |
| 1 1 ’ ’ |
| 2 TR (V011(2) _V011(1)) |
| 2 ) L2 |
L 4,7 b, J
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i) For a),=-1,p,, =-1, we get exponential-type product cum product
type estimators given in Table 5.3. The MSE of t,5 is expressed as,

|[ ‘(7\’ ) ‘(Vo'zou) + (V2,00(2) - V2'00(2) ) + (V0,02(2) - VO’OZ(l)) \l\‘ W‘
— 27
IYSZ} L + 2(V1'10(2) ‘V1’1o(1))+ 2(V1'01(2) ‘V1'01(1) ) - 2(V0,11(2) _Vo’11(1)) }k(e G)=2 }
l L+(x'27 -1)° J }
o . . ) ) |
MSE (t,k )= j } | Voaozy + ﬁ(vzloom = V002 ) + Tvoyoz(m | I
27 | L) b2 | '
I } | 27 27 | I }
_ \ |
I 5,2} xrz7z} + 2?(%0(2) _vl'lo(l))+ 2Ti)(vl'01(2) —vl'om)) I+ (A, —1)? Ik(e G)= 4,6,..,12}
A% b/ 2
| ‘ ‘ 27 27 I | ‘
[ 1 1 , , | \
| } NCIND) (Vo) = Voun) I \
| L \ 27 by ) J J
(5.2.111)
The optimal values which lead to minimum MSE as
(k) , , , : , C
12) <V200(2) —Vioq) )( 002¢2) ~ Voo2(1) ) - (V101(2) - V101(1))
a =
27
(V110(2) _V110(1) )(V002(2) - V002(1) ) - ( 011(2) — V011(1) )( 101(2) — V101(1))
and
(£\ ! ! ’ ’ r r 2
(V200(2) - V200(1) )( 002(2) V002(1) ) - (V101(2) - V101(1) )
bit?/ =
27 T
(V200(2) - V200(1) )<V011(2) - V011(1) ) - (V110(2) - V110(1) )(V101(2) - V101(1) )
AL L
27 T
1+ A
where
[ ]
’ 1 ’ ! 1 ’ r |
IVozo(z) + o (V200(2) _\/200(1))Jr o (VOOZ(Z) _V002(1)) I
L2) L2)
| by, |
! . |
’ G _ | _ - ! _ ! _ - ’ _ ! |
Ay = | 2 (k) (V110(2) V110(1)) 2 (k) (V101(2) V101(1)) |
\2) L2)
I a,7 b27 I
| 1 1 , . |
| (kj {kJ (V011(2) _V011(1)) |
! L2) L2 |
L a7 b27 ]
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i) For o}, =-1,8,, =1, we get exponential-type-product cum ratio type
estimators given in Table 5.3. The MSE of t,5 is expressed as,

|( —2 |( L2 ‘(VOIZO(Z) + (VZ’OO(Z) - VZVOO(l) ) + (VOIOZ(Z) - V0,02(1) ) \‘ , 2 \l ]|
ARy , , ’ , , 04 -1 1I(26) =13 |
| \ L + 2(V110(2) - V110(1) ) - 2(\/101(2) - V101(1) ) - 2V011(2)J ) |
e \ \ |
o L : | | |
J | | Vozoz) + ?(Vzoom) _Vzoou)) | |
MSE(t;) =1 | | ay,’ | |
| 72| 2\ 1 1 | , |
IY; Ix;7 } +“Y;57Vdou2)+ 2“@;}(Vﬁoa)“Vhou>)i+(x57 -1) Iue G)=1517,...,23
| | ‘ b2'7z a27 | |
| I \ v ) L, | :
| L - 22— Vi - 2 Ve J
(%) (5 09)
t L byy a,; by J
(5.2.112)
The optimal values which lead to minimum MSE as,
(Iil\ ’ ' ’ ’ ’ ’ ' ’
,LTJ ( 110(2) ~ V1101 )(Vooz(z) ~Voo2q) ) - ( o11(2) ~ Vo110 )(VlOl(Z) - Vi) )
a =

27 2
( 2100(2) - V2'00(1) )(Vo'02(2) - VO'OZ(l) ) - (V1’01(2) - V1,01(1) )

and
(1-1) , , , , , ' 2
,LTJ (V200(2) V000 )( 002(2) ~ Yoo2(1) ) - (V101(2) - V101(1))
b27 = B ' ' ’ , , , , )
(V200(2) - V200(1) )(V011(2) - V011(1) ) - (V110(2) - V110(1) )( 101(2) — V101(1) )
A L
27 T
1+ Ay
where
] 1
| 1 ' , 1 , , |
| VOZO(Z) * 2 <V200(2) a V200(1) ) + 2 (Vooz(z) - VOOZ(l)) |
| ('J] [u] |
' 2 ' 2
I a7 b27 I
1 1
G _ | , Ly B |
Aar = | 2 (1-1) (V110(2) VllO(l)) 2 o1 Vio i
!L 2 2
I 457 byy I
| 1 1 , . |
| (1-1)  (1-1) (Vor12) = Vo ) |
| ) |
L 27 byy |

167



Iv)

For o), =1,,=-1, we get exponential- type ratio cum product

estimators given in Table 5.3. The MSE of t,5 is expressed as

{72( ) (Vorzo + (V2'00(2) _V2'00(1) ) + Voyoz(Z) - 2(V1’10(2) _V1’10(1) )\ 2\|
|Ysl |7"27 | |+(7»'27—1) |m(eG):l4
| L L+2(V1'01(2) = Vi ) - 2V411(9) J )
L b
J | : Voaoea) + ?(Vzvoo(z) - VZ!OO(l)) : |
MSE(t;) =4 | | ay;, | |
| 72| 2| 1 1 | , |
IYS’ I 2y, I + ?Vdoz(z) - ZT;)(VJN(Z) ~Viiew ) I+ (A}, - 1) {m(e G)=16,18,..,24
o P 21 | |
[ | 1 , ) o1, | |
| | L + 2?(\/101(2) -Vioim ) - Z?W\/Oll(z)J |
| by’ ay’ by )
(5.2.113)
The optimal values which lead to minimum MSE as,
(m) , , , : , , 2
vy (VZOO(Z) -V )(Vooz(z) — Vo2 ) - (V101(2) - Vio1a) )
a =
27
(V110(2) - V110(1) )(V002(2) - V002(1) ) - (V011(2) - V011(1) )(VlOl(Z) - V101(1) )
and
(m\ r ’ ’ r ! r 2
b'L?J (V200(2) ~ Voo )(V002(2) ~Voo20) ) - (V101(2) - Vio1q) )
27 T '
(V200(2) - V200(1) )(V011(2) - V011(1) ) - (V110(2) - V110(1) )(V101(2) - V101(1) )
AL L
21 5T o
1+ A
where
[ ]
| / 1 / ’ 1 ’ ! ‘
| Vogo + 2 (V200(2) =V ) + 2 (Vooz(z) - V002(1)) |
(m) (m)
' 2] ) |
W\ 2 2
e 0y |
1
! G _ | _ - ’ _ ’ - ! _ ’ |
Ay = | 2 (m) (V110(2) V110(1) ) + 2 (m) (V101(2) V101(1)) |'
| aéL?z ) béng |
| |
| 1 1 , , |
| -2 [mj [mj(vllO(Z) _V110(1)) |
| L2) 2 \
L a,; " by ]
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Case Il

The generalized estimator under case Il may be proposed following
(5.2.) as

( vl
!VG r A | l!|( a27xs(2) \|\|
7 =A57Yg)eXpl oyl — - —
(Xswy * (azy - 1)Xs(2))H
( ( b” S \\\
| g7l 21 %5(2) o<ny 5.2.114
expl grl1- 0<ny, <1 (5.2.114)

L (B + 05 - DTy) |

where «o},, p,, are known constants. aj, =0 and by, = 0 are unknown

constants whose values are to be estimated from large scale surveys. It is also
assumed in advance that value of 0 <2 <1 to get more precise results.

The proposed estimator (5.2.114) follows the same fashion along with
the class of estimator in Table 5.3, as that for case-1 in Section 5.2.3.2. In
addition, the relation between a)., o%,, 245, and by, , py, in case-1l is the
same as that for case-l in Section 5.2.3.2.1. Finally, the same is true for the

MSE and the Bias. It is therefore directly from Section 5.3.2.1, we may write
Bias (t;5) and MSE ;) following the same, and we may also produce a
class of estimators for similar choices of , ay,, a,, 1, incase-lIl. The bias

of (5.2.115) may be obtain by following the notations and expectations for
case Il presented in Section 5.1,

The bias and mean square expressions may be given as,

|—(X”2(V r _V " ) "2
e oo 21 (V2o00(2) 200(1) B5; y .,
Blas(t27 ): A7 Y | ) + ) (V200(2) _V200(1))
] 2b3,
0("2’7 17 " B’2,7 17} 17 —l " T 5 2 116
-, (V110(2) _V110(1))_ bT(Vllo(z) _Vllo(l))Jl+ (7‘27 - 1)Ys’ ( e )
27 27

/’G rr 2_" 2 rr /'2 rr rr /'2 rr rr
MSE (t;7 ) =25, Y |:V020(2) + 2y <V200(2) - Voo ) T Uy, (V002(2) _V002(1))

S
-2, (V1’1’0(2) - Vilow ) - 2uy <V0’1'1(2) - Vo11q) )

rr r r r r 2 _// 2
+2U57 257 (V101(2) ~Vio10) )}+ (Aa7 =1) Y7, (5.2.117)
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Now by substituting the optimal values of the z; and u?, we achieve
the minimum MSE among the class of proposed generalized estimator.

(VZ'(,)O(Z) _Vzrc’m(l) )(Vo'il(Z) _Volil(l) )_ (V1'1’0(2) _V1’1,0(1) )(Vl’(;l(Z) _Vlro’l(l) )

27 2 !

(V2’60(2) - Vzréo(l) )(Vo,cl)z(Z) - Voréz(l) ) - (Vlrc;l(Z) - Vl,(;l(l) )

A

27 2

)

|

I

(V1’1'0(2) - V1'1'0(1) )( 0’62(2) - Vo'(l)z(l) )‘( 0’11(2) _Vo'il(l) )(Vl'orl(Z) _V1'0,1(1) ) I
( 2,(,)0(2) - VZIéO(l) )( o'c')z(z) - VO'(,)Z(l)) - (V '0,1(2) - Vl,(),l(l)) I
|

|

|

|

|

|

|

|

|

1
and LY, = —
1+ Al
where
|(Vo'é0(2) + Z’2'72 (V2’60(2) = Va00q) ) + urz'72 (Vo’62(2) ~Vio2q) )\|
r G r r r rr r r
Az = i — 22,7 (V110(2) -ViTom ) - 2U5; (V011(2) - V011(1)) I
| +2U”Z” (VH _VH ) | J
L 27427 \V1o01(2) 101(1) )
(5.2.118)
By substituting the optimum values of z;, and uy, , we get »,°"" as,
1
o opt
A7 = o
1+ A
where
( A r 2 r r \
| (V110(2) _V110(1)) (V002(2) _VOOZ(I)) ’
| r r 2 r r |
| + (V011(2) - V011(1) ) (V200(2) - V200(1) ) |
| |
., * | ) - 2(\/110(2) - V110(1) )(V101(2) _V101(1) )(V011(2) - V011(1)) |
Ay =] Vozo(z) - |
r r r r r r 2
I (V200(2) - V200(1) )(Vooz(z) - V002(1) ) - (V101(2) - V101(1) ) I
| |
| |
| !
\ J
(5.2.119)
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We obtain asymptotic variance of the proposed generalized estimator as
the expression for MSE( ”G) was considered upto first degree of

approximation of error terms, so minimum MSE may be written as
B { T

) AsymtotlcVar( ”G) <(2) 2| —|. (5.2.120)
\1+ AY )

G
27

MSE i, (t

It may be observed from (5.2.120), that asymptotic variance of the
proposed estimator is less than Usual Linear Regression Estimator, We may
observe from (5.2.68) that proposed generalized estimator gives us more
precise results under the optimal conditions, as compare to its class of the
estimators.

/o opt b// opt In

On substituting the optimal value 27, °*" and ay,

(5.2.120), we get optimal estimator as:

18 _ S I( I( 821 X2 \|\
B = A7 YgpyeXplayll-—— —
(X '+ (85 — )XYy, )U
( ( bé! 7!2 \\
7
eXpI P p— (2) II o<y, <1 (5.2.121)
L L (ZS+(b27—1)zs(2))J)

As described earlier in section (5.2.3.1.1) that in some practical
situations, when it becomes impossible to collect information on some of the
population characteristics, it is valuable to replace them with their consistent
estimators as described earlier in section (5.2.3.1.1)

r Opt
ry°P = ——— where
1+ Ay

2
( 1 \ ( \ ( r 1 \ ( A r \\
kV 110(2) — V "110(1) J LV 002(2) — V "002( 1)J LV 011(2) — V 011(1)J kV 200(2) — V 200(1)J }

( Vo Y )
ZLV 110¢2) -V "11001 JL 101(2) =V "10100) JLV o11(2) - V' 011(1J

—

Y

( Y
LV 200(2) — V "200() LV 002(2) — V' ooz(l)J kV '101(2) V”101(1)J

\;/

(5.2.122)
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So (5.2.122) may be written as,

| w
G - opt— | I aé,7 opt—é,(z) I|
7 =2 Ye(2) €XP| a5, 1 - |
| | [_rr o opt 7 \\ | |

L | Lxs(l) + (ay7 1)Xs(2)J |J

\ )

<1 (5.2.123)

MSE o (£

57 ) AsymtotlcVar( ”G):

(5.2.124)

Remark

) For «j, =1,p), =1, we get exponential-type ratio cum ratio type
NG

estimators given in Table 5.3. The MSE of t;” is expressed as,

( " " 1
| |( (Vozo(z) (Vzoo(z) *Vzoo(Z)) \| \| |
| o2 2 " y " y 2 | . |
| 's I Ay I +(V002(2) _VOOZ(l))_ 2(\/110(2) _V110(1)) I+ (A3, -1 I i(eG)=1 |
| | " " " | |
| L \ +2 (V101(2) - V101(1) ) -2 (V011(2) 011(1) )) J |
| |

( ( 1
| | [y o 1 " y 1 y | | |
| | | Voo + ﬁ(vzoo(z) —Vi00(2) ) + T(Vooz(z) Voo2() ) I |

el || 7 H
| | | [ |

1 1
N PN 725 R S VT VI A B B (VR Y | |
|YS”2| 27| ”(171)( 110(2) 110(1)) b”(,T,l)( 101(2) 101(1)) | ‘J(e G)=3.5,.11]
| I I 27 27 I } |
| L |
. 2 (Voo ~ Vi) | |
| I L a7 gl H |
| 27 27 |
{ L+(7"2’7 -1’ J J
(5.2.125)
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The optimal values which lead to minimum MSE as,

(i-1) . . . . . . 2
a,,Lzlj ~ (V200(2) = Vi) )(Vooz(z) Vo020 ) - (V101(2) —Vioiq) )
o (V1,1,0(2) - V1/1'0(1) )(Vo/(gz(z) - Voléz(l) )

- (Volil(z) - VO,il(l) )(V1’0’1(2) - V1’61(1) )

and
(i-1) . . . . . . 2
b"L 2 ) ~ (VZOO(Z) —Vyo00(2) )(V002(2) ~Voo2q) ) - (V101(2) ‘V101(1))
27 = '
(V2’(,)0(2) - széo(z) )(V0’1/1(2) - V0,1’1(1))
- (V1'1’0(2) - V1’1,0(1) )(Vl’()ll(Z) - V1’61(1) )
Ao 1
s IV
where
| |
| Vozo(zy + %(Vzlc')om = V300(2) ) + ;ZVO'(SZQ) |
| (i-1) (i-1) |
} a;} 2 J bé!} 2 J I
1 1
A'2,7G: I _Zﬁ(vﬁou) - V1,1'0(1) ) - 2ﬁ(\/1(0,1(2) - V181(1)) I
I a;} 2 ) bé,} 2 ) I
| 1 1 , ., |
} +2 TV (Von(z) _V011(1)) I
| Ny !

i) For oy, =-1,p%, =-1, we get exponential-type product cum product

G
27

type estimators given in Table 5.3. The MSE of t;” is expressed as,
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[ ( " " " " " 3 ]

‘ ‘ 2 ‘(Vozo(z) + (Vzoo(z) _Vzoo(z))+ (Vooz(z) ‘Voozu)) \‘ | |

[ 2| 727 " " " " " " | _ |

‘Ys ‘ L + 2(V110(2) -ViTow ) + 2(V101(2) = Vi1 ) - Z(Vou(z) = Vo1 )J |k(E G)=2 |

\ k . 2 J |

‘ + (A5, -1) |

A . . ) ) |
MSE (t2”7k )= J } } Vosoea) + (L)z (VZV(VJO(Z) = Vio0(2) ) + (L)z (Voyézm) - Voyézu)) i }

| \ a7 by * | \

N I | |

} R ) (V110(2) ’V110(1))+2 ) (V101(2) ’V101(1)) [+ (257 1) [k(eG)=4,6,..,12

R by | |

\ \ | 1 1 " " | \

\ 2 o (Vehe Vo) |

NENE
l \ 87 Dy7 )

The optimal values which lead to minimum MSE as,

\ ., ., ., . ., ., 2
a”{ZJ B (V200(2) - VZOO(l) )(V002(2) - V002(1) ) - (V101(2) - V101(1) )
(V1,1,0(2) - V1'1/0(1) )(Voléz(z) - Vol(;z(l) )

27
- (Vo'il(z) - V0'1’1(1) )(Vlroll(Z) - V1’0'1(1) )

and
(k\ 4 r r r (A2 (A2 2
b”L;J (V200(2) - V200(1) )(Vooz(z) - V002(1) ) - (V101(2) - V101(1) )
27 = :
(Vz/éo(Z) - V2'(,)O(1) )(VO,],.l(Z) - VO'il(l) )
- (V1’1'0(2) - V1’1’0(1) )(V1’0'1(2) - V1’o’1(1) )
7\‘!! _ 1
27 L A'2'7G
where
| |
1 1
| Vozoz) + T(Vzléou) - Vi) ) + ﬁvo'éz(z) |
| = = |
| e op) |
Al G_| _2—(Vv/ —\." )_2 1 (V” VAL )|
27 - | () 110(2) 110(1) (k) 101(2) 101(1) |-
} g by |
| 1 1 ., ., |
| (KY (k) (V011(2) B V011(1)) |
| 2) ol |
L az}zj bz}zj |
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i) For a«j, =-1,85, =1, we get exponential-type product cum ratio type

"G
27

estimators given in Table 5.3. The MSE of t)” is expressed as,

lin”Z ‘(w ) |(vo'z'o(z) +(Vah02) — Voo ) * (Vosaay — Voboqy ) \| (x,, 1)2\||( G)=13 1\
s 27 + (Ao = € =
l ‘\ L + 2(V1,1,0(2) - V1,1'0(1) ) - 2(V181(2) - Vl’O’l(l) ) - 2(V0'1'1(2) - V0,1’1(1)) )l }
L . ) \ ) |
J } IVo'z'o(z) + ?(Vzréo(z) _VZV(;O(l))"' ?(Voyéz(z) _Vo’ézu)) } }
MSE(tZ";): | } | ay,’ by, * | } ‘
_ | 1 \
I Cagt w2 (=) (Vifoezy = Vitow ) = 2 (=) (Vig1(2y = Vioaw) |+ (7 =D [I(e 6) =1517,.., 23}
T o T |
| \ 1 1 . . \ \
| I N ?(Voum ~Ven) } \
l L LAty ) J J
(5.2.127)
The optimal values which lead to minimum MSE as,
(Iil\ " " " " 2 2 2
g 7) (V200(2) - V200(1) )(Vooz(z) - V002(1) ) - (V101(2) - V101(1) )
a =
27
(V110(2) - V110(1) )(Vooz(z) - V002(1) )
- (V0’1'1(2) - VO,il(l) )(Vlloll(Z) - V1'0,1(1) )
and
(|71\ " " 2 2 " " 2
b"LTJ (V200(2) - Vo000 )(Vooz(z) = Vo021 ) - (V101(2) - Vioim )
27 = '
(V200(2) - V200(1) )(V011(2) - V011(1) )
- (V1,1,0(2) - V1,1,0(1) )(V1’0’1(2) - Vl’O’l(l) )
A‘!! 1
27 T .G
1+ A5,
where
[ 1
|V rr 1 V r V r l V r |
+ — - +
I 020(2) (I_l}z ( 200(2) 200(1)) {I_l}z 002(2) I
L 2 2
| 03, |
1 1
!!G — | _ rr _ r _ r _ r |
Ay = | 2 (1-1) (V 10(2) V110(1)) 2 (1-1) (V101(2) V101(1)) |-
A2 ) A2 )
I a7 b27 I
| 1 1 r rr |
| T o Ve Vi) |
| A2 ) ) |
L 457 by ]
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Iv) For a”=1,87=-1, we get exponential-type ratio cum product
estimators given in Table 5.3. The MSE of t> is expressed as

‘( |( ‘(Volz'o + (V2’60(2) _Vz'éou)) 002 2)\‘ \| ]|
} :HZI e 2} - 2(V1,1,0(2) _V1,1,0(1)) }* (A3 - 2 Im(EG)—14 :
} L ‘k + 2(V1'0'1(2) - Vibi ) = 2V4112) )‘ J I
o \ \ |
m J | Vo + —— (Vao02) =~ Vaoow ) | |
MSE(tZ"7 ) - | | 020(2) (72 200(2) 200(1) | I
| | | ay;’ | | |
I | 1 1 | | |
Y2y 2T —— Vi — 2 (Vidory — Vitow ) l+(y, -1)% Im(e G) =16,18,..,24|
\ I | b,,(?) an(z) | I |
\ | 27 27 | |
\ | | 1 ; . 11 | | |
t |L L + ?(Vlol(z) - Vi ) -2 011(2)J J J
b, * ay.
(5.2.128)
The optimal values which lead to minimum MSE as
3 . 2

(m ' ' ' ' '
L ) (V200(2) = Vo000 )(VOOZ(Z) ~Voo2q) ) - (VlOl(Z) = Vioim )

o (V1,1'0(2) V1,1'0(1) )(Voléz(z) - Voléz(l) )

_(Volil(z) _VO,il(l))(Vlrt;l(Z) _Vl’Oll(l))
(m) ., . . . . . 2
i b”L?)_(VzoO(z) V200(1))(V002(2) V002(1)) (V101(2) V101(1))
o (V2,60(2) _V2’60(1))(V0’i1(2) _Vo’il(l))
(V1’10(2) V1’1'0(1))(V1'0’1(2) V1’(;1(1))
- 1
! ALY
where
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] I

| 2 1 2 r 1 " ’" |

I Voao + Y (V200(2) ~Vooq) ) + T(Vooz(z) ~Voo2q) ) I
R~y 3] |

AV/ G _ | 2 V 4] V r 2 1 V r V r |
27 - | - (m) ( 110(2) 110 1)) (m) ( 101(2) 101(1)) |

ey A2

o :

| 1 1 r r |

| B (mY) (m) (V011(2) V011(1)) |

| A2 'L ) |

L 27 ’ b ’ |

Case 111

The generalized estimator under case Il may be proposed following
(5.2.) as,

G _ |( |( az7fs(2) \|\|
L7 = A7 Ysa) 8XP | 0y 1= —
(Xs(l) + (ay, - 1)Xs(2) U
( ( b,z Zg (2 h

[l,o<n,, <1 (5.2.129)
(Z_s(l) + (by, _1)2_5(2))U

exp| [327|1—

Where (a,, ,b,, ,4,,) are constants to be determined such that the mean square
error (MSE) is minimum. («,,, 5,,) are known constants takes the value
(0,1,-1) to produce different ratio-type and product-type estimators.

The proposed estimator (5.2.129) follows the same routine along with
the class of estimator in Table 5.3, as that for case-l in Section 5.3.2. In
addition, the relation between a,,, «,,, %»,, and b,,, p,, in case-ll is the

same as that for case-I in Section 5.3.2.1. Finally, the same is true for the MSE
and the Bias. It is therefore directly from Section 5.3.2.1, we may write

Bias (t5,) and MSE ;) following the same, and we may also produce a class
of estimators for similar choices of a,,, o,,, »,, in case-ll. The bias of

(5.2.129) may be obtain by following the notations and expectations for case I
presented in Section 5.1,

The bias and MSE expressions may be given as,
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Fa?,, (v Y ) 2
. G — 27 \ Y 200(2) 200(1) B,
Blas(t27): Aoq Ys| 2 + ) (VzoO(z) _V200(1))
L ay7 2b,,
Aoz B,y 1 -
- (V110(2) - V110(1) ) - _(V110(2) - V110(1)) | + (7‘27 - 1)Ys’
27 27 ]
(5.2.130)
G 25 2 2 2
MSE (t,;) = 4,7 Y |:V020(2) T 2y (V200(2) _V200(1))+ Usys (VOOZ(Z) _V002(1))
—22,, (V110(2) ~ Vi ) — 2U,, (Vo11(2) ~ Vo110 )
2. 2
+2U,y72,7 (V101(2) ~Vio1q) )}* (A7 =1) Y 7y (5.2.131)

Now by substituting the optimal values of the z,, and u,,, we achieve
the minimum MSE among the class of proposed generalized estimator.

(V200(2) ~Vaooq) )(Von(z) ~Voiq) ) - (V110(2) - Vi )(V101(2) - V101(1)) \|
u =
27 2 ! |
(V200(2) =~ Vaooq) )(Vooz(z) ~Voo2q) ) - (V101(2) = Vi )
|
|
|
(V110(2) - V110(1) )(Vooz(z) - V002(1) ) - (V011(2) - V011(1) )(V101(2) - V101(1)) I
Z =
27 >
( 200(2) ~ Y200(1) )(V002(2) ~Voo2q) ) - <V101(2) =~ Vi1 ) I
1 |
and  A,, = G |
1+ A, |
where |
|
2 2
(Vozo(z) T 7 o,y (V200(2) _\/200(1))Jr U 57 (Vooz(z) _VOOZ(l))\ |
| | |
G
Ay = | —212,, (V110(2) - Vi ) — 2U,, (V011(2) - V011(1)) | |
| | |
| |
L +2U,y, 2y, (V101(2) - V101(1)) ) J

(5.2.132)

By substituting the optimum values of z,, and u,, , we get x,,°"" as,

opt 1
27
1+ A27

where
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2 2

( Y Y ( Y[ 3
LV 110(2) — V 110(1)J LV 002(2) — V 002(Q2) J + LV 011(2) — V o11(1) J LV 200(2) — V 200(1)J

( 3 3 B
LV 110(2) — V110(1) J Vi1o1(2) = Vo1 J Vo11(2) = Vo11(1) J

TN

-

(
( A\ [
tV 200(2) — V 200(1) JLV 002(2) — Voo2(1) | — LV 101(2) — V 101(1) J

N~

|

(5.2.133)

We obtain asymptotic variance of the proposed generalized estimator as
the expression for M SE ( ) was considered upto first degree of error term, so
minimum MSE may be written as

MSEmm(t;): AsymtoticVar(t;):Y 2 2L, (5.2.134)

asymptotic variance of the proposed estimator is less than Usual Linear
Regression Estimator, We may observe from (5.2.68) that proposed
generalized estimator gives us more precise results under the optimal
conditions, as compare to its class of the estimators.

On substituting the optimal value 2, °** and a, °* b, °*"in (5.2.129), we
get optimal estimator as:

([ ( X R
6 =7, 7, expl o, l1o —@ )
27 27 Ys 27L (X_s(l) +(d,, - 1)X JJ
( 6T N
explﬁﬂll_ —— |I,0<x27s1 (5.2.135)
\ (Zo + (byy ~1Zy,)) )

As described earlier in section (5.2.1.1) that in some practical situations,
when it becomes impossible to collect information on some of the population
characteristics, it is valuable to replace them with their consistent estimators as
described earlier in section (5.2.1.1)
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2 2
(V110(2) - V110(1)) (Vooz(z) - V002(1) ) + (V011(2) - Vo11(1)) (V200(2) - V200(1))

_2(V110(2) - V110(1) )(V101(2) - V101(1) )(V011(2) - V011(1))
020(2) — 2

(V200(2) - V200(1) )(V002(2) - V002(1) ) - (V101(2) - V101(1))

( ( opt  — AR
G~ opt — | | A7 Xs(2) I
7 =Xy ysexp|a27 1- opt K
L L (Xs(l) + (d,; 1)Xs(2))))

[ 5 ot 1)

expl gy 11— 2 @) 1 ocn,. <1 (5.2.137)

|2 Z.my + (0, P - 1)z N *

L L ( s(1) 27 5(2))))

Also the minimum MSE may be written as,

I\/ISEmin(tA;)= AsymtoticVar(tﬁ):Y (5.2.138)

Remark

) For o,, =1,,, =1, we get exponential-ratio cum ratio type estimators
given in Table 5.3. The MSE of t/° is expressed as

27
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|[ |( ‘(Vozom) + (V200(2) *V200(2)) \| \| ]|
Iyl 2l v Vv 2(V -V v 0 -1 e o) = |
eI + ( 002(2) ~ 002(1)) - ( 110(2) 110(1)) | + (A, - 1) | (e G)= |
| \ | |
| \ + 2(V101(2) _V101(1))_ 2(\/011(2) 011(1))) |
| |
| |( ( . ) “| |
| | iVozo + (H)z (V200(2) = Vaoo(2) ) + (H)z (V002(2) _Voozu)) } | |
i 2 2
MSE (t;) J| | | by | | |L
1 1
I W B S 1Y —v _2———(v Y | |
— 27 ji— 110(2 110(1 - 101(2 101(1
V2] | (%)( (2) W) b(,zl)( 2 W) lic6)=35...11]
| | | 457 27 | | |
N I
i | +2 ) (2 (Vorrzy = Voruw) | I
2 2
| | L a5, by, J | |
2

{ L+(7”27 -1) J J

(5.2.125)

The optimal values which lead to minimum MSE as,

~1) 2
) (V200(2) - V200(2) )(V002(2) - V002(1) ) - (V101(2) - V101(1) )

/_“\

(V110(2) - V110(1) )(V002(2) - V002(1) )

- (V011(2) - V011(1) )(V101(2) - V101(1) )
and
(i-1) 2
L?J B (V200(2) - V200(2) )(V002(2) - V002(1) ) - (V101(2) - V101(1) )
27 - !
(V200(2) - V200(2) )(V011(2) - Vo11(1) )
- (V110(2) - V110(1) )(Vlol(z) - V101(1) )
1
}\' =
s A, °
where
[ ]
| 1 1 |
IVozo(z) ﬁ( 200(2) — V200(2)) ‘i \2 002(2) I
| L) L) |
a7 by,
| |
1 1
AG27 = I _2@(\/110(2) _V110(1) ) —2—— (-1 ( 101(2) V101(1)) :
| o) oL ) |
| 27 by, |
| 1 1 |
| +2 TR (Vorrzy = Vouia ) |
| PR |
] 2, byt ]
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i) For a,,=-1,8,, =-1, we get exponential-product cum product type
estimators given in Table 7. The MSE of t;, is expressed as

]
o (V020(2) + (V200(2) ’V200(2))+ (V002(2) *Voozu))\ )
| | | | \
ly2], 2 2 | \
Yo hoy s 2(V110(2) = Vit ) + 2(V101(z) *V101(1)) - (A7 —1)" k(eG)=2
| | | | }
\ | |
\ L - 2(V011(2) Vo) ) ) ‘
| \
( ( 3 3
| lv L v — v | \
MSE(I§7) - | | 020(2) T (k)z ( 200(2) ~ 200(2))+ (k)z ( 002(2) ~ 002(1)) | |
2 2
} o a7 b7 | | }
| | | \
-, ) 2
‘Ys Aoyl + zik(vuo(z) 7V110(1))+ ZT(le(z) *V101(1)) [+ Ay - 1) k(e G)=4,6,..12]
[ | alz) pl?) | \ \
B | 27 27 | ‘ ‘
I | 101 | \ \
\ L | 2 &) (5 (V011(2) - V011(1)) | J |
2 2
l \ a7’ bys ) J

(5.2.126)
The optimal values which lead to minimum MSE as,

\ 2
(SJ (V200(2) - V200(1) )(V002(2) - V002(1) ) - (V101(2) - V101(1) )

(V110(2) - V110(1) )(V002(2) - V002(1) )

- (V011(2) - V011(1) )(V101(2) - V101(1) )

and
(k) 2
bL;J (V200(2) ~ Voo )(V002(2) —Voo20) ) - (V101(2) - V101(1))
27 T '
(V200(2) _V200(1))(V011(2) _V011(1))
- (V110(2) - V110(1) )(V101(2) - V101(1))
N 1
27 T
1+ A%,
where
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[ |
| 1 1 |
I Vozozy * T(Vzoom ~Vao0q) ) + W(VOOZ(Z) ~Voo2q) ) I
| ) by ;
1 1
Ays ° = I - ﬁ(vllo(z) - V110(1) ) -2 W(Vlol(Z) - V101(1) ) I
| osf) 2 |
| 1 1 |
| (kY (K (Vorzizy = Vourqy ) |
| 2) L2 |
i 2 by ]

i) For a«,,=-1,B,,=1, we get exponential-type product cum ratio
estimators given in Table 7. The MSE of t7, is expressed as

\

Voaoez) + (V200(2) - 200(1))

+ (b, 1% 1(eG)=13

3
|
+ (Vooz(z) ~Vooz) ) +2 (Vuo(z) - V11o(1)) I
|

|

-2 (V1!0'1(2) - V1'0,1(1) ) -2 (V011(2) - V011(1) ))

-

1 1
(. 1)2 (V002(2) _V002(1))+ 2 (=) (V110(2) -
Y 2

b,, 2,7

V110(1))

+ (A yy -1)° I(e G) =15,17,..,23
1

(.;1) (V101(2) - V101(1) )

2

(.;1) (V011(2) - V011(1) )
2

|

3

I

|

|

| |

| |

| |

| |

| |

1 1 | I
J |

J

(5.2.127)

The optimal values which lead to minimum MSE as,

(1- 2
aLI;j B (V200(2) - V200(1) )(Vooz(z) - V002(1) ) - (V101(2) - V101(1))
o (V110(2) - V110(1) )(Vooz(z) - V002(1))

- (V011(2) - V011(1) )(V101(2) - V101(1) )
and
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(1-1) 2

bLTJ (V200(2) ~ Voo )(VOOZ(Z) —Voo20) ) - (V101(2) ~Vioiq) )
27 = '
(V200(2) - V200(1) )(V011(2) - V011(1))
- (V110(2) - V110(1) )(V101(2) - V101(1))
A 1
oy A,,°
where
[ 1
| 1 1 |
IVozo(z) + ﬁ(vzoom ~Vao0oq) ) + Fvooz(z) I
I A’ by, I
G 1 1
Ay = I - W(Vllo(Z) _V110(1) ) - ZW(Vlol(z) _V101(1)) I
o |
| 1 1 |
| (1-1)  (1-1) (V011(2) - V011(1)) |
| 2 ) L2 !
] Lt byt ]

iv) For «,,=18,, =-1, we get exponential type ratio cum product type
estimators given in Table 7. The MSE of t;, is expressed as,

|[ |( |(V020 + (Vzoo(z) _V200(1)) \| \‘ ]|
vzl 2l oy 2(v v o, -2 ] G)=14 |
|Ts ) her T Vooz(2) ~ ( 110(2) ~ 110(1)) |+ (A7 -1 ‘m(e )= |
| | | |
| L + 2(V101(2) - Vi1 ) - 2Vo11(2)) |
| |
L 1 | | |
M SE (1)) = l | | Vozo(z) + o (Vaoo2)y = Vaooay) | |
2

: I | 8,7 | I
I : | 2| _
|YS | Ay, | + Wvoozm - 2w(vm(2) Vi) |+ (A, = 1) |m(e G)=16,18,..,24

2 a.?
| I | b27 27 | |
I | 1 11 | |
| | +2 ) (V1o1(2) - Vi) ) -2 ) (L)Vou(z) |

b 2 a 2 b 2 J
[ L 27 27 P27

The optimal values which lead to minimum MSE as,
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(m
|2
a27
and
{n
2
b27
}"27
where
A27

)
).

(V200(2) - V200(1) )(Vooz(z) - VOOZ(l) ) - (V101(2) -

V101(1) )

2

(V110(2) -

\Y

110(1) )(Vooz(z) - V002(1) )

- (V011(2) - V011(1) )(V101(2) - V101(1) )

002(1))

—Y101(0)

\ 2
J B (V200(2) - V200(1) )(V002(2) - V002(1) ) - (V101(2) - V101(1) )
(Vzoo(z) - V200(1) )(V011(2) - V011(1) )
- (V110(2) - V110(1) )(V101(2) - V101(1) )
B 1
1+ A%,
[
| 1 1
IVozo + W(Vzoom) _\/200(1))Jr W(Vooz(z) -V
Y i)
1 1
¢ = I _2(—1\(\/110(2) ~ Vit ) + 2(—1\(\/101(2) v
BT !
| 1 1
| - (m) W(VOM(Z) _V011(1))
| i °
SR CrY

|
|
I
|
|

)|
I
{
|
|
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CHAPTER 6

GENERALIZED EXPONENTIAL ESTIMATORS
FOR POPULATION MEAN IN TWO-STAGE
ADAPTIVE CLUSTER SAMPLING

6.1 INTRODUCTION

Adaptive cluster sampling provides more efficient estimates when
nature of the population is rare and clustered. In adaptive cluster sampling, we
take an the initial sample (say s,) of size n units from N units that are labeled
u=(1,2,...N) by using simple random sample without replacement and
consider that the variable of interest y; is highly correlated with auxiliary
variable x;. If any of the initially selected units satisfy the condition of interest
C, its neighboring units will be added to the sample and observed. If any of the
newly added units satisfies C, then the same procedure goes on until no new
unit satisfies C, then all neighboring units which satisfy the condition C are
called “Network” and the neighboring units that do not meet the condition (C)
are called “Edge units”. The network together with associated edge units is
called “Cluster”. The final sample consists of initially selected sample and the
units added adaptively. ACS may be considered as simple random sample
without replacement when the averages of networks are taken into
consideration (Thompson, 1990; Thompson, 1991; Chao 2004; Dryver and
Chao, 2007, and Chutiman, 2010).

In this chapter, generalized exponential estimators has been developed
under following three cases by utilizing the information of single and two
auxiliary variable under two-stage adaptive cluster sampling utilizing the
different cases(as mentioned in chapter 4).

In order to obtain the bias and mean square error under two-stage
sampling design, we follow the notations given as:

Notations:
Case-l1: When first stage units are unequal and weighted mean is used.
Let a population consists of N first stage units (fsu’s) and each fsu

consists of M; second stage units (ssu’s). Let a sample of n fsu’s is selected and
an initial sample of m; ssu’s from each of n fsu’s is selected by assigning
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: M, . . :
weights n, = —- to the ssu’s and then the neighboring unit for each of the m;
M

initially selected units is studied for a pre-defined condition (say y>0) .if any
of the neighboring units meet the condition of interest, its neighborhood will
also be studied and the process continues until the condition met. Let m be
the average number of ssu’s belonging to each fsu. u , is the mean of the

study variable y in the j" network with which i" fsu belongs in initial sample

h

i o Y : L
of i ™ first-stage unit. i.e. v, , =~ and t, is the number of units in j'

(y) i t

ji
network belonging to i fsu. The same can be defined for the two auxiliary
variables x and z.

Let (u,,,), and (u,,u,,) are sample means respectively for study

variable and two auxiliary variables in i" first-stage unit, based on transformed
population.

ACS may be considered as simple random sample without replacement
when the averages of networks are taken into consideration.

The following notations have been considered for the derivation of mean
square error and bias.

Let,
_ 1" _ i1~ 1"
U;SZ—ZT]I (Y)I’u;@:_Z Ml i ;s:_z Nil(y)i
nl=l n|:]_ ni:]_
1 m; 1 m; l m;
Uyyi = = X Uy iUy = —— X Uyginly = —— X Uy,
mi J:l m| J:l ml J:]-
, _uys_Ys , _U_;(S—Xs' ' __;s_ sl
Co) = AT i -, o) T =,
X! Z!
S
i)  Expectation
Ul =Y (L+ehqy ) Une = X(L+ejyy ) U =2Z(1+ehy,) (6.1.1)
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E(eg(u))=E(ei(u))=E(e’2(u))=O )
2 2 2 |
E(eow) ) =Vozow) E(81) ) = Vaooq) E(830)") = Vo) I
E (o)1) = Vitow) ' E (B1(u)®2u)) = Vioaw) B (Boq)®2(w)) = Voriqu |
where I
Voyzo(u) = 121(1_ 1Jséiy)b + - ZN:TLZ(L_ L\| Eﬁy)wu l l
Y;[ n N i-1 (m; Mi) J I
Vz,00(u)—1vzj(l_ - jsﬁx)b + - gn?(i_ : | Eix)wil |
x2ln N NiZpom, M, | L
PRSI VU '
S (CRD IR EAI |
B O TR L
110(v) X [Ln NJ (o> > g + T 2 Hm v (uxy)wi ™ (uy)wi (ux)wnJ I
A J(i—i\p S ()b S¢ +L§n?|{i— - \\p iS (wzywi S( -l|
101(u) 7 X [Ln NJ x> )b >(wap * T2 ", P i (ux)wnJ'I
V¢ ;!flfi\p S X +L§n?\(i*i\\9 1S (uaywi S ( l I
011(u) 7N, Ln NJ (wyp> b >(uyp * T2 Hm v (uyz)wi > (uz)wi™ (uy)wi |

Case-11: When first stage units are unequal and un weighted mean is used

For case-1, in order to obtain a weighted and unbiased estimator for

: N M. . :
population mean we use a weighting constant n, = —- in two-stage sampling
M

design. If we assume equal weights for all unequal first-stage units, it gives us
an un-weighted and biased estimator of population mean in two-stage
sampling design and this situation will be considered as case-Il i.e. for

M. : . : :
n, = — =1, an estimator defined in case-l may be turned into the estimator
M

for case-Il. So the procedure of two stage sampling design for case Il will be
same as described in Case I. The notations and expectations may be derived
for case Il as

. 1 M _ . 1 ™ . . 1 ™ _
Yo T2 it T & Heogid Y T 4 B i
i j=1 i j=1 i j=1
u” _Y” "o o 1 "o "
e&' _ ys_ S el = xs_ s e = zs_ s
y r X r z r
YS XS ZS
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i)  Expectation

Wy, =Yy (Lreg )0 = X (1+ey )0y =2/ (1+ef ) (6.1.1)
E(e(’)'(u)) = E(ei’(u)) = E(e’z’(u)) =0

r rr 2 r 1 /l r
E(eow) ) = Voo E(€1u)y ) =Vaooqu) E (€5 ) Vooz2uy E(Bgy) LTX)_VllO uy

]

|

|

|

E(e1u)€2w)) = Viorw)  E(€0w)€2w)) = Voi1(u) |

where I

1 (11 \ 1 N(1 1 |

Vozow) = SIS T S |
020(u) -, L J uy uy)wi’

YSZ[ n NN (Zi(m; M, J |

|

V " _ 1 J(i L\S/vz + 1 N ‘(i 1 |S 2 l |

200(u) = = L - J (ux)b - (ux)wi

xln N N Zmp M J L

v Af(roayg. 1M1 o1 52 l |

002(u) T =7 L* 7J (uz)b - (uz)wi |

Z s l n N N [ 1\mi Mi J |

r 1 j(l 1 \ r ’ 1 N ( 1 1 \ r r l I

V110(u) Y*S,X*S,, LL; Nijp(uxy)bs(uy)bs(ux)b + N ,Z_:leil_ M i |p(uxy)W|S(uy)W|S(ux)WIJ ’|

|

r 1 J(l 1 \ r r 1 N ( l l \ rr 1 ‘L |

VlOl(u) = Zé')?é' lL;_ 7Jp(uxz bS(uz S(u><)b + nN E:llkmil_ M i |p(uXZ)WiS(UZ)WiS(UX)WIJ I

) 1 j(l 1) ; 1 N1 1) o ll

Voll(u) = Z;Y:”LL; ’\TJp(uyz)bS uz)bs(uy)b + N iZ_)le*i— M |p(uyz)wis(uz)wis(uy)wl J

(6.1.4)

Case-111: When first stage units are of equal sizes.

Let a population consists of N first stage units (fsu’s) and each fsu
consists of M second stage units (ssu’s). Let a sample of n fsu’s is selected by
using simple random sampling (WOR)and an initial sample of m ssu’s from
each of n fsu’s by using Simple random sampling (WOR) and then the
neighboring unit for each of the initially selected sample unit is studied for a
specified condition (say y>0) .if any of the neighboring unit meets the
condition of interest, its neighborhood will also be studied and the process
continued until the condition met. The notations and expectations may be
derived for case Il as

189



10" 10" 10
u :_z LI_ :_Z ’ :_Z lJ_ sy
ys i+ Y (x0)s Ui W(z)s (2)i
Ni-1 Ni-1 Ni-1
1m 1m 1m
Ueyyi = — 2 U =—2u Uy = — 2 U )
(y)i i Yooi = Uy i Ui U2y ji
m j_1 m -y m -1
e _ ys_Yse _U_xs_xse _u_zs_zs
ow) T T ot T - Cou) T T
YS XS ZS
i)  Expectation
u_ys=Y3(1+eo(u)),u_XS=X (1+e1(u)) =7 (1+ ez(u))

E(%(u)) = E(el(u)) = E(ez(u )=0

2 2
E(eowy ) =Voaoqy E (B ) Vaoow)y E(€20u) ) =Vooaqu)r E(€ow)€iw)) = Vitow):

E(egu)e 2(u)) =Viorw)  E(€ow)®2¢u)) = Vorrqu

where
1 ( 1 1) 1 N1 1), ]
v - —y|—-— .
020(u) — Ln NJ nN z:lkm MJ (uy)wi J}
1 [(1 1) 1 M 1.2 ]
\Y; =—J| —= — S — —— —S .
200(u) X “n NJ wop + .aLm MJ (ux)w.JF
1 1

(

Vv = —
002 —

(u) 7 2 |

VllO(U) i 14[{1 1Jp(uxyms(u)’)bs(“x)b * i;‘ (1_ 1Jp(uxy)wis(u)')wis(ux)wi F’
Y X [Ln N nN ;_,{m M |
V101(U) == -lfn 4({1_ 1jp(uxz) S(uz)bs(ux)b + - > (1_ L
Zs X s L n N nN ilm M
Vouw = == 4”£—i\p Sty Ss 3 | = byt St S
(u) ZSYS LLn NJ (uyz)b~ (uz)b * (uy)b N | 1km M J (uyz)wi® (uz)wi> (uy)wi

6.2 PROPOSED GENERALIZED ESTIMATOR-IX IN
TWO STAGE ADAPTIVE CLUSTER SAMPLING
USING SINGLE AUXILIARY VARIABLE

Jp(uxz)wis(uz)wi (u><)wiJ !

In this section, we propose generalized estimators using two auxiliary
variables under two-stage sampling design by using the transformed
population means for study variable and auxiliary variable. The estimators are
constructed by assuming an exponential relationship between the study
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variable and auxiliary variable for different three cases (mentioned in chapter
4) under two- stage sampling.

6.2.1 Proposed Generalized Estimator-XI

Case |

The exponential ratio-type estimator may be defined under two-stage
ACS as,

o2 | (6.2.1)

+u_;sj

’
S

i)  The exponential product -type estimator may also be defined under two-
stage ACS as,

_ ( 207 )

téz ZU;S expj—|l—#|l, (622)
LU Xe+Uuy )

The estimators in (6.2.1) and (6.2.2) lead to the generalized form as by
introducing constants »,, and aj, as,

_ ( aj U’ 3
the = AhgU. expja’|l— — 28 X b, 0<a
ys 8 ’ ’ -
\ Xs+(a28_1)uxs J

<1 (6.2.3)

28 —

where aj (= 0) and r,,(+ 0) in (6.2.3) are suitably chosen constants to be

determined such as mean square error (MSE) of t;; is minimum and o},

being constant takes the values (0,-1,1)for designing different ratio-type and
product- type estimators. Also it is to be mentioned that for a different choice
of aj,, »,, and a,, we get different estimators under two-stage sampling

design.

By choosing suitable values of the constants in (6.2.3), various

estimators can be derived as a class of estimators of t;; , i.e.
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Table 6.1
Some Special Cases of the Generalized Estimator t;;

Ratio-type Estimator Product-type Estimators , y
, ' azg 28
aye =1 Ay = -1
(X -0 (- X, )
1 1 2 ’
g = Uys €XP| T | g = Uys €XP| —— | 2 1
L X ¢+ Uy ) LUxs + X5 )
_ (X! -0l _ (= X0)
tyg = ) exp| —=—"*| tig = Ujs exp| == 11
y , y ,
L X ) Lo Xs )
( X! -0 ) ( T )
/5 — S Xs /6 — Xs s '
Lyg = Uys €XP| =, . — g = Uys €Xp| = . = | g 1
| Xg+(agg Uy ) (Uys + (a3 —1)X¢ )
(XU ) (U~ X7 )
7 r T S XS 8 ’ y XS S '
g = Apg Vg EXP| = ——— | thg = Apglys EXP| — = | 2 Aag
sz+uXS) \uXS+XS)
(X - ) (T X
/9 ’ / s XS 10 r = XS S ’
g = A28 Y5 EXP| = | g = AzgUys XP| = | 1 A28
L X ) LX)
( X! -u! ) (T -X! )
A1 P s Xs 12 = XS S ' '
trg = ApgUys EXP| =, . — | tg = AgUys exp| — . =, azg Aog
Xy + (ag 1)st) | Uxs + (a] 1)XS)

The Bias and Mean Square Error of Generalized Estimator-1X

Using notations from (4.1.1) the estimator given in (4.2.5) may be
expressed in form of e, as:

. . -1
g (1, @D L (624)
L a8 N a8

/G

the = A’ZBYS’(l + €0(4) )exp

-1
. ( a,g — 1
We assume that |e;,|<1, we expand the series, |1+ (826 = 1)

!

N ayg

e:{(u) | !

we get,
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It is assumed that the contribution of terms involving powers in eg ,,,
and e;,, higher than one is negligible. It is therefore expanding the
exponentials and ignoring terms in e, and e; ,, of order higher than one, we

1(u)
have,

— I o as.(ay —1)
e A 28 28 (838 .2
e = Y5 = MagYs| €0y =, Gy t 2 1(u)
28 a8
LI IV Ao —1)Y! (6.2.6)
el)Coqy |+ (Mas 1)V L.

28

In order to obtain the Bias (t,; ), we take expectation of (6.2.6) and
using (6.1.2), the bias of t,5 will be as,

’ ! ’
,l_o‘zs(azs_l)v _ Oas
, 2 ZO(U) '
28 28

Bias(t’(a3 ) = x’st_s

2 Vi) |+ (hhg —1)Y{,

a

(6.2.7)

In order to derive the MSE oft,; , we take square of (6.2.6) and retain

termsin e;,,, and e/, up to the order one.

_ 2 _ 0 a'z 20, ] 2 —
!G ! ! 2 ’ 2 ’ 2 28 l2 28 ’ ’ ! ’ 2
(tzs - Ys) =hos Yo [y * T 0w T T, GuwBoq |t (Rag —1) YJ 7,

ayg a2
(6.2.8)
On taking expectation and using (6.1.2), we have MSE ( t;; ) as,
2

G ,2|( ,2|( . (o) ) , (o) ' \| : 2\|
MSE (tzs )z Ys 7\‘28 V020(u) +] , | V200(u) 2| , |V110(u) + (7‘28 _1) !
28 ) 28 J J
(6.2.9)

In order to find the optimal value of %»,, and a,,, we differentiate

(6.2.9) with respect tor ,, anda;, , then equate to zero, we will get,
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Ao = ” , (6.2.10)
foc'zs\ (O‘,zs\
L+ Vosowy 1 | Vaoow) = 2] o [Vito)
ayg 28
and
oLV,
a5, """ = 28' 110(u) (6.2.11)
V00(u)

By substituting (6.2.11) in (6.2.10), we obtain

1" = - , (6.2.12)

( V.2

, 110(u)
T+ Voo =
200(u)

Now by substituting (6.2.11) and (6.2.12) in (6.2.9), we get minimum
MSE as the MSE given in (6.2.10) is derived upto the first order in e’s, so it
will be unbiased, and we may call it asymptotic variance as,

MSE . (tég ) = AsymtoticVar (tég )

S 2y, 2
i Y Viaow (L-0") __ MSE(In (6.2.13)
VY Vo0 (1-07) Y+ MSE(IN)

From (6.2.13) it is clearly observed that minimum MSE of t;; is less

than the MSE of usual regression estimator in two-stage sampling. We may
observe from (6.2.13) that proposed generalized estimator gives us more
precise results under the optimal conditions, as compare to its class of the
estimators.

On substituting the optimal value 2,,°* and a;,°* in (6.2.3), we get
optimal estimator as,

a! Optav

( )
thy = hog " Uy expjag 1- 28 ___xs Loq'zgg (6.2.14)
-l b, )

! , opt
X+ (ag J

In real life situations, it is not possible for the researcher to presume the
value of beta and lambda by employ all the resources e.g. see Horvitz and
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Thompson (1952), Murthy (1967), Singh and Vishwakarma (2008), Singh and
Kumar (2008), Singh and Karpe (2010), Upadhyaya et al. (2011), Yadav and
Kadilar (2013) and Sanaullah et al. (2014), so it is better to replace these by
their consistent estimates as,

ﬂ:, opt _ 1
28 2
N (al, ).
1+V020(u) +| ~, opt | VZOO(u) - 2| ~, opt |V110(u)
\ 8% ) \ @z
and
alV
a0 (6.2.15)
V200(u)
So (4.2.15) may be wriiten as,
_ ( a! ™u’ )
e = AT, exp e 1- ——2—=—— ||, 0 < A% < (6.2.16)
| X!+ (a,, "™ —1)u, J

Also an estimator of the minimum MSE may be written as,

MSE,, (ti )~ MSE in(t;j): — 7 — (6.2.17)
v ,

Remark 6.1

) For o}, =1, we get exponential-ratio type estimators given in Table 6.1.
The MSE of t.$ is expressed as

28

{:'Z(Xész(vozow) Va00(u) 2Vl,10(u))+ (A% ‘1)2) j(eG)=1 ]|
o ) !
J—a' ;2| 1 , , , ) IL
MSE(tzs) |Ys | %28 |V020(u) (J—1)2V200(u) - Zﬁvllo(u) |+ (hy = 1) ||
I L L aész 239 J JI
je G)=3,5,...,11
| J
(6.2.18)

The optimal values which lead to minimum MSE as,
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opt_
M 2
( \ ( 3
| , | | , |
Aog . X 2s '
V020 (u) +I ”_nopt I Vaoo) i G IV110(u)
EEE (o )
28 28
and
(im0
,L 2 ) _VllO(u)
78 =
V00 ()

i)  For ajy, =

Table 6.1. The MSE of t;, is expressed as,

Y ;2 ' , opt2 y opty, ’
|( (7‘ (V020(u) + a5 Vo) t 222  Vitow) ) + (hyg — 1)
| k(e G) =
M SE (t}5) —J | | . . \|
,2 , 2 , , )
Y A5 020(u) * > Vaoow) ~ Vitow) | T (Aog -
| L ©) A2 J
| dzs 28
| k(e G)=2,4
7"208pt: . '
2
( 3 ( 3
| , | | , |
o o
14 Vo + | &V — 2l 2 vy
020 o 200 . 110
(u) | (h} pt | (u) | (hj pt | (u)
r 2 r L2
Lazs J Lazs J
and
(k)™ ,
, L;J Vitow)
428 =
V00

-1, we get exponential-product type estimators given in
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Case Il

The estimators in (6.2.3) may be adopted for case 1l as,

( ayu \l
G e ' 28" xs r
t :kzguysexpja28| 1- — » —— [, 0< Ay <1 (6.2.20)
Xs + (a28 _1)uxs }J

where aj, (= 0) and 15 (= 0) in (6.2.3 ) are suitably chosen constants to be

determined such as mean square error (MSE) of t;° is minimum and o},

being constant takes the values (0,-1,1)for designing different ratio-type and
product- type estimators. Also it is to be mentioned that for a different choice

of aj,, 2y, and «y, we get different estimators under two-stage sampling

design.

The proposed estimator in (6.2.20) follows naturally in exactly the same
fashion along with the class of estimator in Table 6.1, as that for case-I in
Section 6.2.1. In addition, the relation between ay,, ay, and 1}, in case-ll is

the same as that for case-I in Section 6.2.1.1. Finally, the same is true for the
MSE and the bias. It is therefore directly from Section 6.2.1.1, we may write

Bias (t)y ) and MSE(;®)following the same, and we may also produce a

class of estimators for similar choices of a;" o} and »; in case-II.

Following the notations and expectations for case Il presented in Section
6.1, the bias of (6.2.20) may be written directly from (6.2.7),

_ |_aVV (a!f_l) a!! —I _
28 \dg 28 " '
2 200(u) Vitow) |+ (Mg —1)Y.".

r

a28 28

H !!G r ’
Bias(ty)y ) = A5gY/]

(6.2.21)

"G

Also the expression for MSE (t;;” ) may be directly written from (6.2.9) as,

2
MSE "G ~Y_772|(}\‘ ,’2 |(V r ((X’Z’S\ V’f 2(a'2'8 \V r \\| 7\‘/’ 1 2\|
(tza )~ s 28 o0y T 7, | Vaoow) 2], [Vitoq) + (A5 —1)
L 458 458 J
(6.2.22)

In order to find the minimum MSE of (6.2.20) we will have optimal
values of 1, and aJ; as,

197



28 2 !

1 vV " 0('28” vV " 2( 0(',2'8 V "

tVo20u) T, opt 200(u) ~ L B Oth 110(u)
a8 a8
where
%58 Vo
ayy = ——h (6.2.23)

V200(u)

The minimum MSE may also be given as,

Y_SZV" (1—p2)

020(u) MSE (Ir
MSE i, (té’se): AsymtoticVar(té'se): — — - = — ar)
2hY A “p?) YZ+MSE(N)
Ys+Ys 020(u)(1 p) s T
(6.2.24)
Remark 6.2

) For a}, =1, we get exponential-ratio type estimators given in Table 6.1.
The MSE of 1. is expressed as,

|[Y75”2 (7"2'82 (VO'Z'O(u) +Vaoow) ~ 2Viloq) ) + (hog — 1)2) i(eG)=1 1‘
o 3 !
MSE (t},)) = JYS”Z{ My { Visow) * %v;éo(u) - 2(1,.1)V1'1'0(u) I+ (hgg -1’ H
SR ags *) %W J
|[ i(cG)=35,.11 |

(6.2.25)

and
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i)  For o}, =-1, we get exponential-ratio type estimators given in Table
6.1. The MSE of t;° is expressed as,

12 ;2 " i OPt2,, y opt ' 2
|[ s (7‘ (V020(u) +ags Vigou) * 285 VllO(u))+ (A5 - 1) ) ]|
| k(e G)y=2 |
'fk
MSE(tzs)—J |( . . JL
I 020(u) * (o Vaoo(u) * 2 o )V110(u) g (A5 —1) I
| L ;" i |
{ k(€G)=2,4,..,12 |
(6 2.26)
ropt 1
}\'28 - 2
( ) ( )
o, o,
1+ Voow) * } {kjopt I Vioowy * ZI {kJopt IV1’1’0(u)
r r 2
Lazs J Lazs J
and
3% .,
) LEJ VllO(u)
a)g .
Vaoo)
Case 111

The estimator for Case Il may be written as by following (6.2.3),

ngkzgu_ysexpjoczg(l— _ Tames ﬂ 0< g <1 (6.2.27)
Xs+(a28_1)uxs)J

t

where a, (+0) and a,, (= 0) in (6.2.3 ) are suitably chosen constants to be

determined such as mean square error (MSE) of t;, is minimum and o,

being constant takes the values (0,-1,1)for designing different ratio-type and
product- type estimators. Also it is to be mentioned that for a different choice
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of a,,,
design.

r,e and a,, we get different estimators under two-stage sampling

The proposed estimator in (6.2.27) follows naturally in exactly the same
fashion along with the class of estimator in Table 6.1, as that for case-I in
Section 6.2.1. In addition, the relation between a, o and x in case-ll is the
same as that for case-I in Section 6.2.1.1. Finally, the same is true for the MSE
and the bias. It is therefore directly from Section 6.2.1.1, we may write

Bias (t55) and MSE(t,,) following the same, and we may also produce a class
of estimators for similar choices of a, «,, and x,, in case-lIl.

Following the notations and expectations for case Il presented in Section
4.1, the bias of (6.2.27) may be obtained,

I - 1 _
Bias(tyg) = A, Lﬂ’zl)vm(u) LRy ~1)Y,. (6.2.28)
a

28 a8

The expression for MSE of t5, may be written as,

—_— () (ay) ) )
MSE(t;})zYs | 7‘282|V020(u) + OLA| Vaoo) ~ 2| e Vi1o(u) |+ (26 ‘1)2 ’
\ 828 ) \ 825 ) J J

(6.2.29)

The optimal value which leads to the minimum MSE may also be
derived exactly in the same manner as given in section 6.2.1.1 as,

opt 1

hopg = 2
( Qrg ) ( ALog )
1+Vosow) + L opt J Vaoow) ZL opt Jvllo(u)
28 28
where
opt a28V110(u)
a, P = —20TL00) (6.2.30)
Va00(u)

Remark 6.3

) For «,, =1, we get exponential-ratio type estimators given in Table 6.1.
The MSE of t;

.5 IS €Xpressed as,
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—2 2 2\ .
|( s (7‘28 (VOZO(u) +Vooow) 2V110(u)>+ (As —1) )J(e G)=1 ]|
e ) !
j J—2| 2| 1 ) |L
MSE (t)3) =1Ys | 228 | Vo2ow) * 2 Voo ~ = Vitow) |+ (Fog = 1) |
B O S S )
| 28 |
|L i(eG)=3,5,.., 11J|

lv

1+V o | 110(u)

020(u)

and

(j-1)
. LQJ =V110(u)

V200(u)

i)  For a,, = -1, we get exponential-ratio type estimators given in Table
6.1. The MSE of t;, is expressed as

|[Y_32 (7\‘282 (VOZO(u) + azsoptzvzoO(u) + 2a280ptV110(u) ) + (A yg — 1)° )}

| kK(cG)=2 |
MSE(t;‘S):J_'( ( . , \ \| L
|Y52 7‘282 | Vozow) + Tvzoow) - Zwvllo(u) |+ (hg — 1)2 |
U

{ k(€G)=2,4,...12 |

(6.2.32)
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and

6.3

opt 1
28

\ -2

+

020(u) 200(u) V110(u)

(k™

( )
| |
[ | |
f ’ | Ky
Laze}” J

S
T
Lazs J

LEJ B Vitow) .

V200(u)

PROPOSED GENERALIZED ESTIMATOR-X IN
TWO-STAGE ADAPTIVE CLUSTER SAMPLING
USING TWO AUXILIARY VARIABLE

In this section, we propose two generalized estimators using two

auxiliary variables under two-stage sampling design. By using the transformed
population. The estimator are constructed by assuming an exponential
relationship between the study variable and two auxiliary variable for different
three cases (mentioned in chapter 4) under two- stage sampling.

6.3.1 Proposed Generalized Estimator-X for Case |

Let exponential-type ratio-cum-ratio estimator follows as,

[ — ( T ) ( T )
tég ZU;S exle—mJexptl—#J y (631)

Z;+uy)
Let exponential-type product-cum-product estimator follows as,

( u—, ) T

tézgzu_ exp \exp = 1 (6.3.2)
e Ew )

Let exponential-type ratio-cum-product estimator follows as,

(( 0’ M ([ u_’ R
=u_ L exp 1 == exp| —|1- (6.3.3)
el
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iv.  Let exponential-type product-cum-ratio estimator follows as,
[ ™ \ ( ( 0’ 1)
tye = Uy expl—|1- S R exp . (6.3.4)
{ (x z + U J

We may generalize (6.3.1)-(6.3.4) by introducing two real constants o ),
and g, whose values are known in advance as,

( ( aj,u’ W
té(; = k’zgu’ys expLoa’29 kl_ (x_' - (2:' XS 0 )U
S 29 8S
([ ( o 1)
exp| Bhy |l - ——2 22— 0<ryy <1 (6.3.5)
L (Z¢+ (bgg 1)U25)J

where (ajq, bye, 1,,) are constants to be determined such that the mean
square error (MSE) is minimum. («},,, B5,) are known constants takes the
value(0,1,-1) to produce different ratio-type and product-type estimators.

By substituting different values to the constants in (6.3.5), we get a class
of estimators as given in Table 6.2.
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Table 6.2

Some Special Cases of the Generalized Estimator t;;

Ratio-cum-Product Estimator

Product -cum-Product Estimator

2

’ ’ ’ ’ 29
OL29=1'l3‘29:1 Oy = =L Py =-1
i - [xyi-u (z.-u ) P (a, -x ) (a, -z
tyg = y. ex L_, JexpL_’ J t29:uySEXpL—, _IJexpL_' _'J 2 1
Xg+ Zs+ Uy + X U,  +2
P (xi-a ) (z7-a1) P (T -x)  (a, -z
tyg = U,  exp L Jexpt J tzgzuysexpL = JexpL = J 1 1
XS ZS
/5 = ( ;7uxs ) 5 —, ( u_>,<37Xs’ 3
the = U, exp| = — the = U, exp| = —
X!+ (ay — 1)UL X+ (age — 1)Uy 1
[ zp-u, [ m-zy
exp| = — exp| = —
Lzs+(b 29_1) sz Lzs+(b 29_1)usz
. (xi-u ) (z/-a) . (T, -x.) (-2
tyg = Aholye expt = JexpL_' — J tyg = hjelyg expL = JexpL_' — J 2 Al
XS+UXS ZS+UZS XS+ XS ZS+ s
o . (x!-u ) (zr-u) - (w,-x Y (u,-z2) ,
tyg = AhgUy, expL ; JexpL = J tyg = AjgUy, expL = JexpL = J 1 Ao
S ZS XS ZS
_ [ x!-u \ - x )
,11_k, "y exp _ S XS — ,12 —7»'9)/5 exp XS
X+ (a9 —Dugg X+ (ay —1ugg
_ _ 836 | Mo
[ z-w, ) (o -zp )
exp| =——m—— ex
LZ +(b, —l) J LZS'+(b'2 -1) J
Product -cum-Ratio Estimator Ratio-cum-Product Estimator o |
’ 2 ’ ’ 29 29
Oy = —LBy =1 Oy =1 By = -1
PP (xs'—u"\ (U, -z 15 (U, -xy)  (u,-z.)
$omom S| w2 e 2] | 2|8
Xg+ Z;+u s t X U, +2,
e (x"'_u"\ [, z";\ T (T -x)  (a, -z
tyg :u;sexpL JexpL J ty = U, L JexpL = J 1 1
ZS
A7 —, ( >(s’ - uxs \ 18 -, ( u_;s - XS’ \
ty = U, exp the = Uy exp| = ; ;
X+ (ayy —1Luy, X+ (a9 —1ug 1
_ 2z
( Tz ) ( Tz )
Zs S s S
exp exp| = —
Lzs +(b'29_l)usz Lzs +(b'29_1)usz
10 . (X -a) (ar -z 20 — (0 -x2) (i, -z ,
g =AUy eXp| =———|exp| == tyg =hogV, €Xp| =—— |exp| =—— 2 A
X ¢+ Xg Z/+u,, X+ X VAR TIN
PR (xi-a, ) (-2 e ex) (g -z))
thg = AhgUy, expL = JexpL = J the =hyg Y. expL = Jexpt = J 1 Ao
S S XS S
X! -0 \ 0 X
g = hpe ¥ exp | =——= G2 = g, exp | ——
X!+ (agy ~1)ly, Xo+ (g —Duy : :
a29 7\'29
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The Bias and Mean Square Error of Generalized Estimator-X

To derive the bias and mean square error we proceed as follows,
Using (6.1.1) we can express (6.3.5) as,

, 29, 29 ,
thy = AhgY{ (1+ eo(u))exp| ey |1+ ' el | |
L a9 N 29 J
[ . . —1]
Bhe | (b)g —1) 3
exp| — ey | 1+ —e},) | | (6.3.6)
L bog N bog J

We assume that‘el'(u)

. -1
<1, we expand the series, |1+ (B =D, and
\ 359 )
-1

[ y P2o =1, , We get,

2(u) |
y

€2(u) s

b29

' [ (ag-1) (ah —1)° V1
exp| ar €1 (u) Ll &1y + j—zei(u)Z " JJI
29

ey’ + H (6.3.7)

It is assumed that the contribution of terms involving powers in e,
and e, ,, higher than one is negligible. It is therefore expanding the
of order higher than one, we

and e/,
exponentials and ignoring terms in e; ,, and e
have,

1(u)

! ! 2
,G ] Qa9 o’ @29 —H_l 1329 , Bzg N |
owy )| 1= ey * 2 1(u> | b T Cw T g% |
429 439 1L 29 b29 |
(6.3.8)
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] . %9 U9 2 B2 |
| €0 ) AT0) 2 Gy e |
| 29 29 by |
| o’ Br y 2 ’
e Vil RV 29 P29 ' 29 ;2 V2N
g =Yg = 7‘29Ysl T By T TS S I+ Yi(hje — 1)
| ay9 by b |
| Bo , Oy ) |
| T 2wfw) T o) |
i 29 29 |
(6.3.9)
In order to get the bias , we take expectation on (6.3.9) and get,
, 2 , 2 '
. /G v Y29 , Bao , Bao .,
Bias(tyg ) = A,9Ys | 2 Vioow) * 2 Vooay = 7, Vioi(u)
439 29 29
Oy, %og Bag ., 1 T
- Vo) F Vo) | * Y (Ao — 1), (6.3.10)
29 29 D9 ]

To get the MSE of the estimator, we take square and retain terms upto
second order of e’s then we take expectation of (6.3.9) and we obtain,

fG _,2 ’ 2 r r 2 ’ r 2 ’ / ’
MSE (t29 ): Y, [kzg (VOZO(u) + Zy9 Voow) * Y20 Yoozqu) — 2229Vit0u)
! ! ! ! ! ! 2
~2U5Vg1auy + 2259U59V101(yy ) + (Mog = 1) J (6.3.11)
a/ B/
where z;, = —2% and ujy = —>
29 by

For the following optimal value of the constants z;, and uj,, we
achieve the minimum MSE among the class of proposed generalized estimator,

V,' V) vV, V,"

, 110(u) ¥ 002(u) ~— Y011(u)'101(u)
Zy9 =
! ’ ’ 2
Vo00w)Vooz(u) ~ Vioi)
and
, V2100(u)Vo’11(u) _Vlllo(u)V1,01(u) , 1
Usg = Aoy =
' 2 ' 2 , G
Vaoow)Vooz(u) ~ Vioi) 1+ Ay
where

206



;2

, 2
G ;—Vozo(u) + Z9 Vooow) + Uze

29

Vv ]
002w | (6.3.12)

L —2739V1100u) ~ 2U29Vo11(u) * 22é9ué9V101(U)J

A

By substituting the optimum values of z;, and u},, we get %,,°"" as,

1
, opt
Ao = *
1+ Ay
where
' 2y, ' 2y,
|( Vitow) Yooz * Vori() V200(u)\|
. ~2V, o cuVaoriu\Ve |
Ase =1 Vo) ~ — MZ(U) | (6.3.13)
| Vioow)\Voozwy ~ Vioi) |
| |
\ )
The minimum MSE may be written as,
G : G — Aég* )
MSEmin(té9 ): AsymtotlcVar(té9 ):Y’S —2—. (6.3.14)
1+ Ay

From (6.3.14), we observe that asymptotic variance of the proposed
estimator is less than Usual Linear Regression Estimator , We may observe
from (6.3.14) that proposed generalized estimator gives us more precise results
under the optimal conditions, as compare to its class of the estimators.

On substituting the optimal value 2,,°"" and a;,°*",b;,°"" in (6.3.5), we
get optimal estimator as,

. [ a;. X N
téc; :kﬁgulyseXpLa'zgkl_ (X_’ +(;% S 1)X')U
S 29 S
ro by 7! h
exp|[3’29|1— 22 |I,O<k’29£1 (6.3.15)

{ L (z_;+(6£9—1)z—;))

As described earlier in section (6.2.1.1) that in some practical situations,
when it becomes impossible to collect information on some of the population
characteristics, it is valuable to replace them with their consistent estimators
as,
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110(u) Y 002(u) Oll(u) 200(u)

A 2V1,10(u)vl,01(u) 011(u)

|( V. 2y +V/
|

Vo) - —— , e (6.3.16)
| V200(u)V002) VlOl(u)

)
|
|
|

So (6.3.16) may be wriiten as,

( [ ,\,Optu—,
té<93 _wopt eXpI (x'29|1— 29 Yxs
\

| A,op

L (X + (45 - Du, )
[ ~ opt—
| ’ | bégoptu;s

exp [329 1- —

’ AI opt ]
|\ |\ (20 + By — 1),

,0<Al, <1 (6.3.17)

29 —

~——

A DS U —
N— S N

Also the minimum MSE may be written as,

/G

MSE, .. (f29 ) = AsymtoticVar (té(g ) = Y_’sz[lz—f’*J : (6.3.18)

Remark 6.4

) For «},, =1,B,, =1, We get exponential-ratio type estimators given in
Table 6.2. The MSE of t;; is expressed as,

(7,2 ( 2 (Vo’w(u) + Voo * Yooz (u) ) ) _ |
Y5 ] 2t + (M -1 |i(eG)=1 |
I _2V110(u) = Vo1 + Vo1 I
| ( ( B ) |
| r 1 2 1 2 |
| | I Vozow) * (Jﬁl)z Visow) * (Jﬁl)z Vooz(u) I | |
| _ | | a’ : b' 2 | |
MSE (t,,) = | | 29 29 | |
| —, ) 1 ) |
2 I Al I - ﬁvm(u) - ZT;I)VOM(U) I+ (A} — 1) Ij(e G)=3,5,...11]
2 2
} o A bjg | | }
A T B S | | |
L (), () | |
RN |
[ L 829 29 ) J
(6.3.19)
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The optimal values which lead to minimum MSE as,

1 ~ Vl’lO(u)VOIOZ(u) _VOll(u)Vl’()l(u)
(i-1) , ) ' 2
LiJ VZOO(u)VOOZ(u) - VlOl(u)
A2
859
and
1 VZ'OO(u)VO,ll(u) _Vllo(u)vlbl(u) , 1
(i-1) - ' ’ ' 2 7\‘29 - , G
L?J VZOO(U)VOOZ(u) - VlOl(u) 1+ A29
by
where
r 1 1 1 1
|V020(u) Y Vaoow) + i1y Vooz(u) (i1 "110() |
| L2 ) Ny |2 ) |
AC | 429 29 29 |
29 7| |
| 1 1 1 |
| -2 (i1 \V011(u) + 2 TR L) |
L2 L2 ) 2
L by 859 bog J

i)  Fora,, =-1,B,, = -1, we get exponential-ratio type estimators given in
Table 6.2. The MSE of t;; is expressed as,

[_ 2 ( ) (Volzo(u + Vo) * Vooz(u) ) ) |
Y7 ntg + (M —1)° |k(e G) =2 \
: + 2V w) * 2Vorrw) — 2Vioi) }
i |( ‘(V ’ ;V ’ ;V ’ \\‘ \| }
020(u) T cz V200(u) T T2 Vooz(u)

| ‘ 2 pol2) \ |

M SE (t55) = | \ 29 29 \ |
I 1 1 | , | |
AN ihg } +2 (k,)vl'IO(U)+2 o Voiiq) }*‘7“29 1) Ik(EG)—“G 212
| al’ bje \

29

| \ \ | \
| o, 1 ;V | | |
| L T | J |
| \ b, ) J
(6.3.20)

The optimal values which lead to minimum MSE as,

1 3 Vl'lO(u)VOIOZ(u) - VOll(u)Vl'Ol(u)

(kY , , , 2

L;J V200(u)V002(u) _V101(u)
85g
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and

1 B V2’00(u)VO’ll(u) - Vl'10(u)V1’Ol(u) o 1
(kY ' ' ;2 T2 /G
L;J Vaoow)Voozuy ~ Vioi) 1+ Ay
by
where
[ 1 1 ]
IVOZO(U) + o Vo) + o Vooz) — 2 [E} Vitow) I
\2) \2) A2
A © _| 429 by 29 |
29 | |
| 1 1 1 |
| -2 (k\V011(u)+2 K (k\V101(u) |
L2) \2) 2)
L by 8,9 by J

) For a,, = -1,p4, =1, We get exponential-ratio type estimators given in
Table 9. The MSE of t is expressed as,

(—2( Z(Vo'w(u) + Vo) * Vooz(u) ) 2\ ]
Y5 A , + (M —1)" | I(e G) =13 |
| + 2V 0w ~ 2Vor1w) ~ Vo) |
| |
| ( ) 3 |
1 1
| I | Vozow) + 2 Voo + 2 Voo2(u) | I |
\ | I a,(?) b,(T) I |
MSE (t;4) = 29 29
|, 1 1 | , | |
YT 0"+ 2= V00 = 2= Vouq |+ (Ap —1) [1(€ G) =15,17,...,23
| | | {( 2 ) b,( 2 ) | | |
| | | a29 29 | | |
| | | 1 LV | | |
ol I R | | |
l N 8y, Dby ) ]
(6.3.21)

The optimal values which lead to minimum MSE as,

1 ~ Vl'lo(u)VOIOZ(u) _VO'll(u)VlIOl(u)
(1-1y , ) , 2
LTJ V200(u)V002(u) _Vlol(u)
859
and
1 3 V2'00(u)V0'll(u) _Vl’10(u)vl’01(u) n 1
(1-1) ' ' ;o2 T2 /G
LTJ Vaoow)Yoozuy = Vioi(u) 1+ Ay
by
where
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[ 1 1 1 ]
IVOZO(u) + szoow) + Fvooz(u) - 2[|—1JV110(u) I

, 2
ae | gt iyt 22s |
25 | 1 1 1 |
I - “—;ﬂV011(u) + 2 (1) (11 Vit I
L 2] Lo )phe) |

i)  For o}, =1,B,, = -1, We get exponential-ratio type estimators given in
Table 6.2. The MSE of t,5 is expressed as,

[_.( Voo *+ Voo + Voo ]
1Y% 2 |( s e e \|+(x'29—1)2|m(ee):14 \
| \ (= 2V + 2Vg1 — 2Vi0, ) ‘
| I i Vosow) + (L)z —— Vo) * ?Vo’oz(u) ! I \
wsewl -1 | s 2 | | |
- 1 1 | , | |
AT (—L)vl'lo(u) + 27\/0/“(”’ [+ (Mg —1)° [m(c G) =16,18,...,24
] A by’ | | |
: | 1 1 w | | }
| L | als) pld) 10 | J |
| \ b, ) J
(6.3.22)
The optimal values which lead to minimum MSE as,
1 _ Vlrlo(u)VOIOZ(u) - VOll(u)Vl,Ol(u)
(m) ' ' 2
L;J V200(u)V002(u) VlOl(u)
859
and
1 _ V2’00(u)V0’11(u) - VllO(u)V1’01(u) = 1
(m\ B V ! V V ! 2 29 1+ A/G
L;J 200(u)V 002(u) 101(u) 29
bl
29
where
|— ! 1 ’ 1 ’ r —|
|V020(u) + e Vaoowy T T Vooa) — 2 (m\vllo(u) |
| Yy vy L2) |
’ !’ 2 4
A © _| 429 by 29 |
29 T | |
1 1
I +2{—m}\/011(u) -2 [ﬂ} {—valol(u) I
\ 2 A 2 A\ 2
L by 8,9 = byg J
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Case Il

The generalized estimator under case Il may be proposed following
(4.3.1) as,

f’G r rr ( ,'( aé'gu;'s \\
g = AjeUys €Xp|aje|l———
(X+ (agy —Duis)
( ( b u_/! \\
exp| Bhy|1- —=——F——— ||, 0<hryy <1 (6.3.23)
(Z¢'+ (bgy —1)uiy)

where (aj,, by, , A5,) are constants to be determined such that the mean
square error (MSE) is minimum. («},, B4,) are known constants takes the
value(0,1,-1) to produce different ratio-type and product-type estimators.

We follow the same routine along with the class of estimator in Table 9
for proposed estimator in (6.3.23), as that for case-l in Section 6.3.1. In
addition, the relation betweenay,, a4, , 25, and b}, , g}, in case-1l is the same

as that for case-1 in Section 6.3.1.1. Finally, the same is true for the MSE and

the Bias. It is therefore directly from Section 6.3.1, we may write Bias (t}5 )

and MSE () following the same, and we may also produce a class of
estimators for similar choices of a},, a},, %4, in case-Il. The bias of (6.3.23)

may be obtain by following the notations and expectations for case Il
presented in Section 6.1,

The bias of (6.3.23) may be obtain by following the notations and
expectations for case Il presented in Section 6.1 as,

_ a!! 2

Y!/[ 29 V” _

s 2 V200(u)
29

r
BZQ

"
b29

I!G rr 2

Bias(t)y ) =17%, v,/

002(u) T

r r r
Log ., ay9 Bog .,

Bas , .
VlOl(u)_ ' VllO(u) VOll(u)

1
- — | + Ys"(k’z'9 -1).
b29 29 29 b29

(6.3.24)

Similarly the expression of MSE may also be given as,

,/G rr 2_f,2 r 2 rr r 2 r r r
MSE (tzg )= Aag Y |:V020(u) + 279 Vooowy T Y29 Voozuy ~ 2Z29ViT0u)
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S

rr r r rr r _', 2 r 2
S TA 2229u29V101(u)] +Y/ T (MY 1), (6.3.25)

By substituting the optimum values of z;, and u}, , we get x,,°"" as,

1
opt
Ay = .
1+ A
where
A 2 r A 2 r
|( Vitow) Yoozu) * Voiiw) VZOO(u)\l
| _2V1!1/0 V r V r |
e " (u)"101(u) " 011(u)
A9 =| Voo ~ 3 - T | (6.3.26)
| Vaoow)Yooz() = Vioiw) |
| |
\ )
The minimum MSE may be obtained as,
_ (At
MSE ., (ths )= Y| —2—— ] (6.3.27)
1+ Al

Remark 6.5

) For «, =1,B5, =1, we get exponential-ratio type estimators given in
Table 6.2. The MSE of t;,> is expressed as,

— L (Vaow) + Vatow) * Veba,) ) )
Ys” }"2’9 +(7‘,2’g -1) j(eG)=1

- 2ViTowy ~ 2Vio1w) * Vo)

(

|

|

|

|

|

|

|

|

|

|

L

RN ——

1 r 1 r
020(u) (Jﬁl)z Visow) *+ (171)2 Voo2(u)
gy b3 °

1 1

Ve “ 2 ey |+ O~ e 6) =95
" bH 2
a 29

3

\
| \
| \
| \
| \
| \
| \
| L |
| +2 (,71) (,;1) Vioi) |
L arr 2 bzr/ 2 J

"

(
|
|
| h
| \
\
MSE(té’gj):j }
| 2 |
| |
\
| |
|
| l
| )

29 9

|
|
|
|
|
J
(6.3.28)

The optimal values which lead to minimum MSE as,
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1 VH VH _VH VN

~ Vito)Yooz(u) 011(u)¥101(u)
(j-1) h 2] " " 2
LiJ V200(u)V002(u) _V101(u)
A
859
and
1 VZ,(SO(U)VO,l,l(u) _Vlyl’O(u)Vl,(),l(u) y 1
('—1\: v Vv VA 2 ,}\’29:1 Al ¢
LTJ 200(u)Y002(u) ~ V101(u) T Asg
by
where
[_ r 1 A 1 r 1 r —|
|V020(u) + Y Vaooow) + Y Vooz(u) i1y Vitoqu) |
| e 2 ) 2 ) |
2 2 ' 2 2
A G _| 859 by 29 |
29 = |
| 1 r 1 1 r |
| -2 . _l\VOII(u) +2 o1y (1) ol |
//L?J /IL?J r TJ
L by 859 by J

i) For aj,=-1B5, =-1, we get exponential-ratio product estimators
given in Table 6.2. The MSE of t;;° is expressed as,

[_ ) ( 2 (Vo'éO(u) + Vo) * Voozuy + 2ViToq) 3 ) ) |
LY ayg ) | + (MY -1)° |k(e G) =2 |
| +2Vo11) — 2Vio1) |
| |
| ( ( B ) |
1 1
| I ‘Vozow) + Lz Voisow) T 2 Vooz(u) | i |
v | 2 pole) |
MSE (t)y ) = | \ 29 29 | |
| i,z| L2 LYY o | " . | |
YA + 2 Vi * 2 Vo) [+ (Y —1)% |k(e G) = 4,6,...,12
| | ‘ au 2 b// 2 | | |
| | ‘ 29 29 | | |
| | 1 Loy | | |
| L | (5, (5 10 | J |
l \ a5 by ) ]

(6.3.29

The optimal values which lead to minimum MSE as,

1 B Vlrl'O(u)VO'(SZ(u) - Vorl'l(u)vl'O'l(u)

(k\\ h r " r 2

L;J V200(u)V002(u) - VlOl(u)
a5

and
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1 3 VZ'(')O(U)VO'lrl(u) - V1/1'0(u)V1'0'1(u) W 1
(kY " " w2 29 nw G
L;) Vaoow)Vooz(u)y = Viorq) 1+ Ay
bl!
29
where
|— r 1 rr 1 r l rr —|
|V020(u) + o Vaoow) + o Vooa(uy ~ 2 (k\vno(u) |
| HL;J b!rtgj a”LZJ |
N _| 29 29 29 |
29 - | |
| 2———V " 2 ! ;v ' |
| - (K 011(u) + (k) (k) 101(u) |
HL;J NL;J I/L;)
L by a9 byg J

i) For oy, =-1,B), =1, we get exponential-product cum ratio type

estimators given in Table 9. The MSE of t;® is expressed as,

( — 5 ( 2 (Vo'z'om) +Vioow) * Vooz(u) ) . ) \ |

LY/ Ay ) ) . + (Mg =1)° |I(e G) =13

| +2ViT0w) ~ Vi) ~ 2Viorq) |

| |

I |( |( r 1 r 1 r \| \| :

Vozow) + 2 Vioow) + 2 Voo2(u)

| | | L) pol7) | |

| | | 29 29 | |

'/I | _"2| r 2| 1 re 1 r | r 2 | |

MSE (tyg) ={Y [ Ay, “| +2 (|;1)V110(u) -2 (ﬂ)von(u) [+ (A =D |}
| | | ar! 2 bu 2 | | |

| | | 29 29 | | |

[ B S S | N

| L | )5 | J |

| \ 859 29 ) |

I (e G) =15,17,...,23 I

| |

( J

(6.3.30)

The optimal values which lead to minimum MSE as,

1 B V1’1’0(u)Vo’(’>2(u) - VO’il(u)Vl'Orl(u)

(1-1) B 2 2] " 2

LTJ V200(u)V002(u) - VlOl(u)
254

and
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1 V/! VN _VH VH 1

200(u) Y 011(u) 110(u)V101(u) , ,,
-1y p ., L2 hae T ,,G
LTJ 200V o002(u) ~ V1io1(u) 1+ Ay
by
where
|— rr 1 rr 1 r 1 r —|
IVOZO(u) + oy Vaoow) + oy Voor) ~ 2 [,;1} Vitow) I
A2 ) A2 ) o\ 2
NG | 29 by 29 |
29 © | |
| 1 2 1 1 2 |
| -2 (I;lj VOll(u) + 2 (I;IJ [EJ VlOl(u) |
2 2 2
L byg 859 by J

Iv) For aj, =1B), =-1, we get exponential-ratio cum product type
estimators given in Table 6.2. The MSE of t;, is expressed as,

[_ 2( 2(V0'2’0(u) +V3o0u) T Vooz(u) ) 2\ |
[y s ay + (A -1 Im(e G)=14]
S 29 r r rr 29
| = 2ViTowy T Vo1 ~ 2Vioi) |
| |
| ( ( \ 3 |
1 1
| I |V020(u) + 2 Vioow) * 2 Voo2(u) | I |
. () e | -
| 29 29 |
MSE /Ym _ |Y_772| )\’" 2| 2 V r 2 l V r | }\‘f/ 1 2 | |
(thg ) =4Y/" 1Ay " - ) 110u) T () 011(u) |+ (hyy —1)" | F
T e
| | | 1 1 | | |
_ —V r
| | o | |
arv(z) bu(z)
| \ 29 Dag ) |
I m(c G)=16,18,...,24 :
| |
L J
(6.3.31)

The optimal values which lead to minimum MSE as,

1 B Vl’£0(u)V0’62(u) - Vo’il(u)vl'dl(u)

(m) " " .2

L;J VZOO(U)VOOZ(U) - VlOl(u)
254

and
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l VH VH _VH VH 1

200(u)Y 011(u) 110(u)¥Y101(u) A
(m\ h " r r 2 , 29 G
L;J Vaoow)Voozuy ~ Vioi(u) 1+ Ay
by
where
|—V l V r 1 V r 2 r —|
I o20(u) T {m}z 200(u) T (mjz 002(u) [E} 110(u) I
m\ 2 2 m\ 2
N _| 429 by 29 |
29 - | |
| 2 ! v,/ 2 ! ! " |
| + (m) 011(u) (m) (m) 101(u) |
N (u) - -
ey A2 )l
L by 859 by J
Case 11

The generalized estimator under case Il may be proposed following
(6.3.1) as

o<1 (6.3.32)

where (a,,, b,,, %,,) are constants to be determined such that the mean
square error (MSE) is minimum. («,,, B},) are known constants takes the

value(0,1,-1) to produce different ratio-type and product-type estimators.

The proposed estimator in (6.3.32) follows the same routine along with the
class of estimator in Table 9, as that for case-I in Section 6.3.1. In addition, the
relation between the constants a,,, o,,, b,,, B,, and a,, in case-lll is the

same as that for case-l in Section 6.3.1.1. Also, the same is true for the MSE
and the bias. It is therefore directly from Section 4.3.3.1, we may write

Bias (tfg) and MSE(tfg) following the same, and we may also produce a class
of estimators for similar choices of a,,, o,,, b,,, B,, and a,, in case-lll.

The bias of (6.3.18) may be obtain by following the notations and expectations
for case Il presented in Section 6.1,
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2
l329

Bias(t) = A Y_raiv UELRY 20y
ias(tyg) = A Y| > V200(u) oo2(u) T 2 V002(u)

29 29 29

B 2o % 29 % 59 Bag 1
= Vioww T Vitow * BV |+ Yo Ooge — 1), (6.3.33)
b2 29 3,9 Dy |

Similarly The expression of MSE is also given as,
G —> 2 2
MSE (tzg ) = AogYs [VOZO(u) + 19 Vooow) T Y29 Yooz — 2829Vitoq

L2 2
~2U,6V 110y + 2tpeU zgvlol(u)] FY S(h, 1) . (6.3.34)

By substituting the optimum values of t,, and u,,, we get »,,°"" as,

2
|( Vitow) Yooz T Vori(u) V200(u)\]
1 | ~2V, Lo ViorV |
opt (u)"101(u) " 011(u)
Ayg = —where Ayg =] Voyq() — 2 |
1+ Ay | Vaoow)Voozuy ~ Vioi(u) |
| |
\ )
(6.3.35)
The minimum MSE may be obtained as,
. A %Pt )
G 2 29
MSE o (toe ) = Y 5| — |- (6.3.36)
1+ AP

Remark 6.6

) For o,, =1,8,, =1, We get exponential-ratio type estimators given in
Table 9. The MSE of t;; is expressed as,
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[ (Vozo(u 0 Vooau \ ) ]
\Y )\'292 020(u) T 200( ) 002(u) +(k29—1)2 i(cG)=1 |
} llO(u) VOll(u) + 2V101(u) I
| ( h 3 |
B |y Ly oy | | |
| | 020(u) T (171)2 200(u) (171)2 002(u) | |
MSE (t),) _J I : vo b,y I I
| — 1 1 _ |
‘YSZI xZQZI - (7—)\/”0( - 2(J—:)v011(u) I+ (A, —1)° I j(e G)=3,5,...,11]
} . N by’ | | }
] 11 | | |
— v
L () () | |
[ N L 3,9 Dy J ) J
(6.3.37)
The optimal values which lead to minimum MSE as,
1 B Vitow)Woozw)y = YorrunyVioi)
(i-1) 2
ij V200(u)V002(u) - VlOl(u)
a
29
and
1 B Vaoow)Vorrw) ~ Vitow)Vioi(u) B 1
(j-1) 2 T2 T G
LiJ VZOO(U)VOOZ(u) - VlOl(u) 1+ A29
bl 2
29
where
RV SV Sy |
| Yo20(u) (j\z 200(u) (i\z 002(u) |
| 1) (%) |
AC _| 29 29 |
29 7| |
| 1 1 1 1 |
| 2Ty o~ 2 Vo 2T AT T Vo) |
2 2 ) 2 ) 2]
L 859 byg a9 byg J

i)  For a,,=-1B,,=-1, we get exponential-product type estimators
given in Table 6.2. The MSE of t,, is expressed as,
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Voo + Vaoow) + V002(u)

o) T “Vorrqu) ~ 101(u

) 3
J+(x29 1)Jk(eG)—2
)

e

020(u) T 2 Vooo T > Voo2

1
+ 27KV
a(z)

29

|
|
|
1 |
110 T 2 Vorry |+ (e -1
(z) |
|
|
|

1 1
(5) (%) W)

2(

29 L + 2V + 2V
( )
| |
| |
| |
, | |
2 |
| |
' :
| v
| K K
\ 8,5 byg ) J

The optimal values which lead to minimum MSE as,

1 Vitow)VYoozw) = Voriw)Vio1(u)
(k) 2
L;J V200(u)V002(u) - VlOl(u)
859
and
1 Vaoow)Voriw) =~ Vitow)Vioi() 1
= ’}\’ =
(k) Vv Vv Vv 2 ® 1+aA
L;) 200(u)Y002(u) ~ V101(u) +
byg
where
[ 1 1 ]
|V020(u) + e Vaoowy T e Vooz(u) |
| 2 2 |
A G N 29 29 |
29  — | 1 |
I - (k\vllo(u)_z (k\V011(u)+2 (K (k\VlOI(u) I
vy ey 2} (2]
L 859 byg CPPRPYS J

i) For o,,=-1B,, =1, we get exponential-product cum ratio type
estimators given in Table 6.2. The MSE of t;, is expressed as,
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Vv +V +V

020(u) 200(u) 002(u) )

1 1
020(u) T (I;l)z Vaoow) *
2
859 byg

\Y

1 v ., 1
110 _
(5 oW ()

a29 b29

+2 Voiiu)
1 1

() (2 10w
2 2
a29 b29

(
ZQL
(
|
|
|
|
|
|
|
|
\

The optimal values which lead to minimum MSE as,

)

(hyy —1)? [I(e G) =13
VllO(u) - 2V101(u) - 2V011(u)

|

1

L2 ) L2

_|
|
|
|
|

(1-1) VlOl(U) I

29

o Vitow)Voozw) =~ Yoriu)Vioi()
(1-1) 2
LTJ V200(u)V002(u) - VlOl(u)
a
29
and
1 Vaoow)Yoriw) ~ Vitow)Vior(u) 1
(1-1) = 5 !}\‘29 = G
LT Vaoow)Voozuy = Vior() 1+ Ay
byg
where
r 1 1
|V020(u) + Ly Vo) + R Vooz(u)
| L2 L2 )
A © N 29 29
20 |
| Vv 2 Vv 2 !
| - [,;1} 110(u) ~ (I;lj ot11(u) t 1
2 2
L 859 byg 29
Iv) For o,, =1B,4 =

estimators given in Table 6.2. The MSE of t;,

IS expressed as,

(e G)=15,17,...

-

-1, we get exponential-ratio cum product type
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[72( 2(V020(u) + Voo T Vooz(u) ) 2\ |
LY 7| A +(hyy —1)° |m(eG)=14 |
| = 2Vi0w) * 2Vio1w) ~ 2Voriq) |
| |
] '
| Vozow) * 2 Vaoow) 2 Vooa(u) |
) | | ) J5) } |
MSE (t,4) = 29 29
|l 1 1 \ , | |
AAES _ZWV”O(”)JJWVO”(“) |+ (hye ~1)? [m(e G)=16,18,...,24 |
2 2
I } I 859 byg } { I
S T R S U | | |
| | k ky 101(u) \ |
(),
l N 859 Dy ) ]
(6.3.40)

The optimal values which lead to minimum MSE as,

- Vitow)Yoozw) = Voriw)Vioi(u)
(m) 2
L;J V200(u)V002(u) - VlOl(u)
a
29
and
1 _V200(u)V011(u) ~Viow)Vioi) W 1
(m\ - 2 129 T G
L;J Vaoow)Yoozuy = Vior(u) 1+ Ay
b
29
where
[ 1 1 ]
|V020(u) + e Vaoow) + Y Vooz(uy ~ 2 (m\vllo(u) |
| Yy Yy 2] |
2 2
A © _| 829 byg 29 |
29 =
| S I |
| +2 (m\V01l(u)_2 =y (m\VlOI(u) |
1) 2) 2]
L byg 8y ~ by J

6.4 EFFICIENCY COMPARISON
6.4.1 Efficiency Comparison for Single Auxiliary Variable

To compare the efficiency among the generalized exponential estimator
t,, With the other estimators of the class of proposed generalized estimator, we
use the following
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iV)  MSE(t)s) - MSE(t;2) <0 If

minl(lir\/(l—(1+L’)(l—P’))\|<xl<max|(li\/(l—(l+L')(l—P’))\|
(1+ L") J L (L+ L") J
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Vii)  MSE(t)3) - min MSE (t}3) < 0 If
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(1+1L")
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min

(6.4.7)

6.4.1.2 When a’ is unknown and ' is known

i MSE (t,,®) - MSE(y!) <0 If
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i) MSE (t}5 ) — min MSE (t;3) < 0 If
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6.4.2 Efficiency Comparison for Two Auxiliary Variable

To compare the efficiency among the generalized exponential estimator
t,, With the other estimators of the class of proposed generalized estimator, we
use the following
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6.4.2.1 When a’is known and ' is unknown

The efficiency conditions may be written as:

i. MSE (t,,®) = MSE (y!) <0 If
_ |(1i\/(1—(1+ A’)(1—v0'20(u)))\|
m|n|L (1+ A’) J
( 3
T+ (1= (1+ A (1= Viy
<A< maxl \/( ( = ))) I (6.4.11)
L (1+ A') J
H G 1
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Vi)  MSE(t)5) - minMSE(t;5) <0 If
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6.4.2.2 When a’is Unknown and 2’ is Known
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CHAPTER 7

EMPIRICAL STUDY

7.1 INTRODUCTION

The performance of the estimators developed under two- stage single
phase sampling d and two-stage two-phase sampling has been demonstrated
here by conducting an empirical study for the proposed estimators (chapter
4-chapter 6) in this chapter.

The proposed generalized estimators have been compared with usual
two stage estimator and the class of proposed generalized estimators using
two populations, Population —I has first stage units of unequal sizes and
Population —I1 consists of first stage units are of equal size (See Appendix A).

The following three cases have been discussed for the both population |
& population II.

Case-l:  when first stage units are unequal and weighted mean is used.
Case-Il: when first stage units are unequal and un-weighted mean is used.
Case-I11: when first stage units are of equal size.

To illustrate the efficiency of the proposed estimators over there class of
estimators an empirical study has been done. We have used Population-I, for
the estimators proposed and its class of estimators under Case | and Case II.
The Population-11 has been utilized to illustrate the performance of the
proposed estimators along with its class of estimators developed under
Case-I1l. Moreover as the correlation among the study variable and auxiliary
information is high so only ratio type estimators are considered to see their
performance.

The percentage relative efficiencies (PRE) have been computed using
the following formula:

PRE :MXIOO, i=1,2,...,29. (7.1.1)

MSE (t°)

where MSE (t”) is the mean square error (MSE) of the class of the estimators,
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7.2 NUMERICAL COMPARISON UNDER TWO-STAGE
SINGLE-PHASE SAMPLING DESIGN

In this section, the estimator proposed ,under two- stage sampling using
single and two auxiliary variables ( see chapter4) has been compared to their
class of estimators which are also discussed in chapter 4 and the percentage
relative efficiencies has been computed and are given in Appendix B1 ,B3 and
B2,B4 respectively.

7.3 NUMERICAL COMPARISON UNDER TWO-PHASE
WITHIN TWO STAGE SAMPLING

In this section, the efficiency of the proposed estimators has been done
in terms of MSE and PRE under two phase within two stage sampling in the
following sub-sections(7.3.1-7.3.3) for three different situations regarding the
availability of the auxiliary information for for equal and unequal size of the
clusters considering weighted and un-weighted mean for first stage units (see
section-5.1)

7.3.1 Numerical Results for Situation I

The results are presented in Tables B9 and Table B10 respectively under
Situation | for equal and unequal size of the clusters considering weighted and
un-weighted mean for first stage units.
7.3.2 Numerical Results for Situation 11

The MSE and PRE’s computed for the estimators under Situation II are
presented in Tables B11 and Table B12 respectively for all three cases under
Situation 1.

7.3.2 Numerical Results for Situation 111

The MSE’s and PRE’s computed under Situation III for the estimators
proposed in chapter 5 are presented in Tables B13 and Table B14 respectively.
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CHAPTER 8

CONCLUSION

We have proposed some generalized ratio and exponential estimators
under two-stage single phase sampling design by making use of the
information of single and two auxiliary variables. The generalized exponential
estimators have been developed in two-stage sampling two-phase sampling.
Also the generalized exponential estimators under two-stage adaptive cluster
sampling have been fashioned using information single and two auxiliary
variables.

The MSE’s of the estimators proposed in (4.2.5), (4.2.22), (4.2.27) has
been compared with the MSE’s of their class of estimators and usual two-stage
estimator. From Table B1, we observe that our proposed generalized
exponential estimator is efficient as compare to its class of estimators and
usual two stage estimator. The PRE values are also calculated in Table B2,

which also shows that among the proposed class of estimator t;, perform
efficiently. Furthermore the performance of the proposed generalized estimator

at optimum value of the constants t,"" is the same as t;. for all three cases

discussed in chapter 4. We may conclude that the proposed estimator t;,
perform well in case 11l as compare to case | & II.

The estimator given in (4.2.33), (4.2.48) and (4.2.55) are compared with
their class of estimators as well as with usual two-stage estimator in terms
of MSE and PRE values in Table B3-B4. The results demonstrate that

the generalized estimator t;, performs better than its proposed class of

estimator in Case I1l. Among case | and case Il , the estimator performs better
for Case II.

The MSE’s and PRE’s of the estimators proposed in (4.3.5), (4.3.23)
and (4.3.32) and their proposed class of the estimators has been computed in
Table B5 and Table B6 respectively. We may see that the MSE of the

estimator t;, is minimum among the proposed class of the estimator for all
three cases. The estimator is efficient for case II.

The estimators produced using the information of two auxiliary

variables are given in (4.3.40), (4.3.57) and (4.3.66). The MSE and PRE values
of the class of the proposed estimators have been shown in Table B7 and Table
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B8. From Table B7 we observe that our proposed generalized estimator has
less MSE at its optimum values as compare to other members of the same
class. Similarly the PRE (=279%) when we have equal fsu’s. the performance
of our proposed estimator is good when unweighted mean is used for unequal
fsu’s.

We have introduced separate-type estimator in (4.4.3),(4.4.33) and
(4.4.47), and are compared with their class of estimators in terms of MSE and
PRE value. The results are presented in Table B9 and Table B10. From Table
B9, we may observe that the MSE for the proposed generalized estimator
provide us less MSE as compare to its class of estiamtors.

The PRE value(=281%) for proposed generalized estimator when we
have equal fsu’s. The PRE value(=246%) for proposed generalized estimator
when unweighted mean is used for unequal fsu’s which is better than the
unequal fsu’s when weighted mean is used.

We have introduced the concept of two-stage two-phase sampling by
making use of three situations as full-information (FI), partial-information (PI)
and no-information (NI).

The performance of the exponential estimators proposed in (5.2.3),
(5.2.22), (5.2.24) using the information of two auxiliary variables has been
expressed in form of their MSE’s and PRE’s values in Table B9 and Table
B10 respectively for situation | for all three cases. From table B5 we may see

that the minimum MSE suggested generalized estimator o that is equal to the
MSE of t;*. The PRE’s demonstrate the same result as the PRE of the
suggested estimator is high among the class of proposed estimator and t;* is

the same efficient as t; for all three cases. The PRE value when we have

equal size of first stage units (=216%) which is higher than both the cases
when we have a population with unequal fsu’s. When we assign weights to the

o M,
second stage units i.e. n, = — we may also observe that the PRE value for
M

Case | (=207%) higher than the casell (=196%) so it may be concluded that for
this particular population the use of two phase sampling design under situation
| at the second stage of the sampling design will be better to be used either for
equal fsu’s or by using weighted mean in case of unequal fsu’s.

The estimators mentioned in (5.2.45), (5.2.62) and (5.2.77) have been
compared to their class of estimators respectively under situation Il. The
MSE’s and PRE’s are given in Table B11 and Table B12. We may observe
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from Table B9 that the suggested estimator has minimum MSE among the
class of estimator and maximum PRE value for all three cases. We also may
conclude from Table B10 that the generalized estimator is equally efficient as

t;- and we get PRE (=190%) maximum for equal sizes of the first stage units

as compare to the unequal first stage units, for case Il PRE (=156%) which
shows that if we have population of unequal fsu’s, it will be better to use
weighted mean either giving equal weights to all unequal fsu’s.

The performance of the estimators (5.2.106), (5.2.114) and (5.2.129) has
been illustrated through the comparison of the MSE and PRE values with class
of proposed estimators and usual two-stage estimator. The MSE and PRE’s are
given in Table B11 and Table B12 respectively. We may observe from Table

B11 that the MSE of the suggested estimator t° is less than the MSE’s of all

other class of estimator and it is equal to t;*. The PRE also shows that

suggested estimator perform more efficiently than the class of estimator. The
PRE of the suggested estimator (=197%) for case Il (when first stage units are
unequal and un-weighted mean is used) are highest among all three cases
under Situation III. The PRE when equal fsu’s are taken (=150%) is higher
than Case | (when first stage units are unequal and weighted mean is used).
The above results shows that under situation 111 , when first stage units are
unequal and un-weighted mean is used perform more efficiently.

At the end, we may conclude that proposed generalized ratio and
exponential estimators under two-stage single phase sampling, two-stage
sampling two-phase sampling design performs efficiently under all three cases
(mentioned in chapter 4). So these estimators can be used for practical
purposes in practical life.
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APPENDIX-A

Table Al
Data Statistics for Population-1 and Population-I1
Population-I Population-I1
Cluster (equal fsu’s) (unequal fsu’s)
1 2 3 4 1 2 3 4
M. 16 16 16 16 18 14 12 20
m, 8 8 8 8 9 7 6 10
Y_i 26.20625(24.12313|26.68875|22.11438 | 25.77722|22.79286 | 28.43500 | 23.0905
X i 90.96019|50.35994 |62.70413|55.75731|51.06389 |46.49700|67.00217|57.11855
Z_i 35.71519|41.85756 | 39.68550|48.71470| 35.84517 | 39.86467 | 39.86467 | 48.95286
c, | 0.62364 | 0.33905 | 0.32637 | 0.36886 | 0.58025 | 0.39297 | 0.34783 | 0.31545
Cy 1 0.47888 | 0.28038 | 0.38836 | 0.49081 | 0.43322 | 0.29984 | 0.41947 | 0.40689
C, > 1053798 | 0.24680 | 0.28155 | 0.10532 | 0.29194 | 0.28803 | 0.28366 | 0.15534
Pi 0.88451 | 0.85254 | 0.84212 | 0.80242 | 0.88373 | 0.83895 | 0.82425 | 0.82113
Pi2 0.79978 | 0.71317 | 0.87276 | 0.79080 | 0.79943 | 0.67443 | 0.90076 | 0.80311
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APPENDIX-B

Table B1

MSEs of the Class of t, for Population I and Population I1

for Equal and Unequal fsu’s

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

(equal fsu’s) S M
(CASE-III) (CA'SE_“) L
(CASE-1)
Vs 9.817826 10.22425 9.214122
t;o 4.152578 4.328521 4.578562
tS 4.399081 4.669515 4.72486
ty, 3.531721 3.710106 3.98566
t270 4.125222 4.298806 4.653287
ty, 4.368393 4.634952 4.688791
tog 3.511914 3.688253 4.025188
2Pt 3.511914 3.688253 4.025188
Table B2

PREs of the Class of t;5, for Population | and Population I1

for Equal and Unequal First Stage Units

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

e et
(CASE-11) e ASII\EA-I)

Ve 100 100 100
tl, 236.4273 236.2065 201.2449
2, 223.179 218.9574 195.0137
2, 277.9899 275.5784 227.4114
], 237.9951 237.8393 198.0132
2, 224.7469 220.5902 196.5138
il 279.5577 277.2112 228.9116
00" 279.5577 277.2112 228.9116
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Table B3

MSEs of the Class of t;, for Population I and Population I1
for Equal and Unequal fsu’s

MSE using Population-11

MSE using Population-I (unequal fsu’s)

(equal fsu’s) — - M__,

(CASE-III) (CASE-I) (CAS:\EA_D
Vs 9.817826 10.22425 9.214122
ts, 4.399081 4.669515 4.72486
t, 4.329363 4.594165 4.668019
ty, 4.372123 4.640388 4.703417
t), 4.003967 4.241189 4.409587
ty, 3.60534 3.80107 4.513339
ts, 4.305518 4.568376 4.650162
ty 4.132491 4.380916 4.650162
ts 4.397379 4.669139 4.724201
t! 4.394168 4.667079 4.724382
ts 4.380089 4.660068 4.723077
t2; 4.029842 4.26936 4.440704
t2? 4.369764 4.637839 4.694795
t2? 4.2704 4.530377 4.622165
t5! 4.39701 4.667278 4.724441
tor 3.531721 3.688253 3.985495
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Table B4

PREs of the Class of t;, for Population I and Population 11
for Equal and Unequal First Stage Units

MSE using Population-11

MSE using Population-I (unequal fsu’s)

(equal fsu’s) — - M__,

(CASE-III) (CASE-I) (CAS:\EA_D
Vs 100 100
ts, 67.17357 67.29165 62.98315
t, 69.31618 69.46606 64.81901
ty, 68.05673 68.18668 63.75667
t), 82.38184 82.76132 75.54396
ty, 112.6066 113.8529 184.3926
ts, 70.10892 70.27073 65.48817
ty 76.07729 76.34427 65.48817
ts 67.19271 67.31097 63.01192
t! 67.2368 67.35584 62.99796
ts 67.49213 67.61401 63.05025
t2; 86.445 86.81885 77.39186
t2? 67.90199 68.03278 63.74145
t2? 71.62743 71.80838 66.79081
t5! 67.25246 67.37142 63.00016
tor 279.5578 277.2125 231.1914
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Table B5

MSEs of the Class of t;, for Population | and Population I1

for Equal and Unequal fsu’s

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

(equal fsu’s) — - M__,

(CASE-I1I) (CASE-11) (CAS:\EA_D
Vs 9.817826 10.22425 9.214122
t;, 6.957403 6.770836 7.338497
t, 14.61561 14.78759 14.62934
ty, 3.414652 3.541619 3.985658
t) 6.880951 6.698408 7.251852
ty, 14.28226 14.44643 14.289
ts, 3.511914 3.688253 3.959961
to! 3.511914 3.688253 3.959961

Table B6

PREs of the Class of t;, for Population I and Population I1
for Equal and Unequal First Stage Units.

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

(equal fsu’s) N -1 - M__,

(CASE-III) (CASE-11) (CASll\EA_l)
Vs 100 100 100
t;, 141.1134 151.0042 125.5587
t, 67.17356 69.14075 62.98385
ty, 287.5205 288.6886 231.182
t)) 142.6812 152.637 127.0589
ty, 68.7414 70.77354 64.48402
ts, 279.5577 277.2112 232.6821
P 279.5577 277.2112 232.6821
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Table B7

MSEs of the Class of t,, for Population I and Population I1

for Equal and Unequal fsu’s

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

(equal fsu’s) — - M__,

(CASE-I1I) (CASE-I) (CAS:\EA_D
Vs 9.817826 10.22425 9.214122
t, 14.6156142 15.19401 14.6295
t, 14.16383663 14.71841 14.21515
ty, 14.42594931 14.99457 14.45201
t), 11.91746809 12.35396 12.19703
t, 8.718698191 8.980271 4.997013
ts 14.00368261 14.54987 14.0699
to 12.90507396 13.39236 14.0699
toy 14.61145063 15.18965 14.62282
t! 14.60186961 15.17953 14.62606
toy 14.54662898 15.12157 14.61393
t2, 11.357314 11.77659 11.9058
t2] 14.4588261 15.02849 14.45546
t2] 13.70680203 14.23831 13.79549
toe 14.59846947 15.17602 14.62555
e 3.511914 3.688253 3.985495
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Table B8

PREs of the Class of t;, for Population I and Population I1
for Equal and Unequal First Stage Units.

MSE using Population-11

MSE using Population-I (unequal fsu’s)

(equal fsu’s) — - M__,

(CASE-III) (CASE-I) (CAS:\EA_D
Vs 100 100 100
t, 67.17357 67.29165 62.98315
t, 69.31618 69.46606 64.81901
ty, 68.05673 68.18668 63.75667
t), 82.38184 82.76132 75.54396
t, 112.6066 113.8529 184.3926
ts 70.10892 70.27073 65.48817
to 76.07729 76.34427 65.48817
toy 67.19271 67.31097 63.01192
t! 67.2368 67.35584 62.99796
toy 67.49213 67.61401 63.05025
t2, 86.445 86.81885 77.39186
t2] 67.90199 68.03278 63.74145
t2] 71.62743 71.80838 66.79081
toe 67.25246 67.37142 63.00016
tor! 279.5578 277.2125 231.1914
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Table B9

MSEs of the Class of t;, for Population I and Population 11

for Equal and Unequal fsu’s

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

(equal fsu’s) o -1 LY

(CASE-I11) (CASE-1I) (C'A . |¥I-|)
t§4 0.21412 10.22425 13.89066
i, 3.52483 457177 8.30537
t, 3.445658 4.453917 8.303117
ty, 3.399092 4.469444 8.317577
t), 3.4032 4.4273914 8.191568
ty, 3.461715 4.396992 8.303359
t, 3.392318 4.53724 8.297662
to 3.39339 4.466713 8.22723
(e 3.403285 4570755 8.304419
thr 3.403445 4.570942 8.304183
ts 3.402799 4.568796 8.320907
t2, 3.558739 4.473296 8.320907
t2? 3.399232 4.559929 8.24252
t2? 3.388666 4.52186 8.264454
2 3.40345 4571116 8.323517
P 3.2806 4.15116 8.034922
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Table B10
PRE’s of the Estimator w.r.t. t;, for Population-1 and Population-11

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

(equal fsu’s) o -1 W oM

(CASE-III) (CASE-11) (C'ASI;A_I)
ty, 100 100 100
t, 261.4061 223.6388 167.2491
t, 267.4125 229.5564 167.2945
t, 271.0759 228.7589 167.0037
t), 270.7487 230.9317 169.5727
t, 266.1721 232.5283 167.2896
ty, 271.6172 225.3407 167.4045
t 271.5314 228.8987 168.8376
t 270.7419 223.6884 167.2683
tor 270.7292 223.6793 167.273
thy 270.7806 223.7843 166.9368
t2; 258.9153 228.5619 166.9368
t2? 271.0648 224.2195 168.5244
t2? 271.9099 226.1072 168.0772
to) 270.7288 223.6708 166.8845
tor 280.8669 246.2986 172.8786
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Table B11

MSEs of the Class of t,, for Population I and Population I1

for Equal and Unequal fsu’s

MSE using Population-11
MSE using Population-I (unequal fsu’s)
S |
(CASE-II) (CASE-1)
Vs 16.37238 18.14872 10.8367
the 7.697119 8.324106 5.838223
t, 17.25092 18.25624 15.2364
ty, 7.664832 9.381903 5.267307
t), 7.603869 8.214904 5.783813
ty, 16.78842 18.24159 14.86759
toe 7.572147 0.243414 5.22252
2Pt 7.572147 9.243414 5.22252
Table B12

PREs of the Class of t;. for Population I and Population 11

for Equal and Unequal fsu’s

MSE using Population-11

MSE using Population-I (unequal fsu’s)

(equal fsu’s) N -1 - M__,

(CASE-I11) (CASE-1) oA |h5/|-|)
Y 100 100 100
t, 212.7079 218.0261 185.6164
t, 94.90729 99.41105 71.12376
ty, 213.6039 193.4439 205.7351
t), 215.3164 220.9243 187.3626
ty, 97.52186 99.49089 72.88807
toe 216.2185 196.3422 207.4994
tor! 216.2185 196.3422 207.4994
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Table B13

MSEs of the Class of t,, for Population I and Population I1

for Equal and Unequal fsu’s

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

(equal fsu’s) — - M__,

(CASE-I1I) (CASE-11) (CAS:\EA_D
Vs 16.37238 18.14872 10.8367
toe 8.775882 9.108777556 7.664782
to, 14.60792 16.06868874 11.15029
ty, 8.727055 11.79063514 7.647826
t) 8.654592 8.978178952 7.570311
toe 14.27491 15.66666909 10.95147
to 8.607101 11.5727321 7.55377
tor! 8.607101 11.5727321 7.55377

Table B14

PREs of the Class of t;, for Population I and Population I1

for Equal and Unequal fsu’s

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

(equal fsu’s) N -1 - M__,

(CASE-III) (CASE-11) (CASll\EA_l)
Vs 100 100 100
toe 186.5599 199.2443 141.383
to, 112.0781 112.9446 97.18761
ty, 187.6037 153.9249 141.6965
t) 189.1745 202.1426 143.1474
toe 114.6927 115.8429 98.95201
to 190.2183 156.8231 143.4608
t)? 190.2183 156.8231 143.4608
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Table B15

MSEs of the Class of t;, for Population | and Population 11

for Equal and Unequal fsu’s

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

e o [
(CASE-1I) e ASE"_I)

Y, 16.37238 18.14872 10.8367
t 11.15116922 11.79914 9.52239
t2 14.75160896 16.62239 10.48083
£ 11.10218594 9.366685 9.515283
t/ 10.95606565 11.58092 9.377012
t2 14.41209572 16.19256 10.30498
i 10.90877779 9.228642 9.370121
o 10.90877779 9.228642 9.370121

Table B16

PREs of the Class of t;, for Population I and Population 11

for Equal and Unequal fsu’s

MSE using Population-I

MSE using Population-11
(unequal fsu’s)

(equal fsu’s) n -1 0 - M

(CASE-III) (CASE-I) (CAS:\EA_D
Y 100 100 100
t;, 146.8221 153.8139 113.8023
tS, 110.9871 109.1824 103.3954
t, 147.4699 193.7582 113.8873
t,, 149.4367 156.7122 115.5667
t;, 113.6017 112.0806 105.1598
t; 150.0845 196.6565 115.6517
tor! 150.0845 196.6565 115.6517
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