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SUMMARY

In survey research, accurate collection and recording of information is
very critical. The researcher must deal with many potential problems. First the
response rate may be poor due to various reasons such as poorly prepared
survey instrument, poor execution of survey, survey questions being very
personal in nature, and untrained field workers. Some of these issues lead to
measurement errors which are the most common form of non-sampling errors.
More formally, these errors are defined as the difference between the true
value of a variable and its recorded value. It is for this reason these errors are
also known as observational errors.

Measurement errors have been studied by various authors with Cochran
(1963) drawing early attention to these errors. While mean estimation for non-
sensitive variables has been studied extensively in the presence of
measurement errors, no attempt has been made to study mean estimation for
sensitive variables in the presence of measurement errors. By sensitive
variable, we mean a variable for which there is a natural tendency on the part
of survey respondent to either refuse to answer or to give a socially desirable
answer as opposed to correct answer. Randomized Response Technique (RRT)
introduced originally by Warner (1965), and later refined by many researchers,
Is a great tool to deal with the problem of social desirability bias in surveys
involving sensitive questions. The main focus of this thesis is on introducing a
generalized mean estimator for non-sensitive as well as sensitive quantitative
variables in the presence of measurement errors, and on studying the impact of
measurement errors on mean estimation.

In Chapter 1, we have provided a brief discussion about measurement
errors, sensitive variables, and various versions of the Randomized Response
Techniques (RRT). Furthermore, measurement errors under simple random
sampling and stratified random sampling have been illustrated. Greater details
on these two important topics, measurement errors and randomized response
methodology, are provided as part of literature review in Chapter 2. In Chapter
3, we have reviewed some existing mean estimators for non-sensitive and
sensitive study variables in the presence of measurement errors under both
sampling designs.

The major contributions of this thesis start from Chapter 4. In this
chapter, a generalized mean estimator for a non-sensitive study variable under
simple random sampling design has been proposed to examine the impact of
measurement errors on mean estimation. Some special cases for generalized
mean estimator have also been discussed. In Chapter 5, we continue the study



undertaken in Chapter 4 but in the context of the stratified random sampling
design. Chapters 6 and 7 are very important chapters where we have examined
the impact of measurement errors on mean estimation of a sensitive study
variable under the simple random sampling design and the stratified random
sampling design respectively.

We have used extensive simulations and numerical examples to validate
our theoretical findings. Finally some concluding remarks with some possible
future directions are mentioned in Chapter 8.
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CHAPTER 1

INTRODUCTION

1.1 INTRODUCTION AND BACKGROUND

This thesis is an attempt to examine the impact of measurement errors in
mean estimation. We will study the problem in various contexts. For these
contexts, we will use two major sampling designs:

(i)  Simple Random Sampling without replacement (SRSWOR), and
(i)  Stratified Random Sampling.

Under each of these two designs, we will consider two cases:

(i)  When the study variable is non-sensitive in nature, thereby
allowing direct responses, and

(i)  When the study variable is sensitive in nature where direct
responses are subject to serious social desirability bias (SDB).

1.2 MEASUREMENT ERRORS (ME)

In survey research, researchers very often make the fatal assumption that
data have been collected without error. But this is not always true. When this
assumption is violated, resulting estimates may be flawed. A common form of
error is known as non-sampling error. And among non-sampling errors, the
most common one is the measurement error which is defined as the difference
between the true value of a variable and its recorded value. These errors are
also known as observational errors. Measurement errors normally occur
during the data acquisition or data recording stage as opposed to data analysis
stage. These errors concern the accuracy of measurement at the level of
individual units .The main sources of such errors are survey instrument, the
data collection method, inadequate instructions to field staff, and the
intentional or unintentional mistakes by the respondent. Some of the ways to
reduce measurement errors are:

(i)  Pre-testing of the survey instrument

(i)  Better training of data recorders

(iii) Double entry of the data followed by careful matching of the two
spread-sheets.



Measurement errors may be random or may be systematic. As the term
suggests, random errors are truly random in nature therefore we need to make
only minimal distributional assumptions. These errors are indicated by
inconsistent repeated readings on the same object. In social sciences research,
even mood swings may cause a certain scale to give you different values of the
variable being measured such as pain and stress level. In recollecting the
amount of money spent last month on food and groceries, a respondent may
not be able to recollect the correct amount spent. Similarly, the temperature in
a room may not necessarily be equal to the level where the air-conditioning
thermostat is set. These errors generally affect the variability, and not the mean
value of the variable. In contrast to random errors, systematic errors follow a
specific pattern, which may even be predictable. These errors generally result
from calibration related issues which allow the reading to be systematically
more (or less) than the actual value of the variable. Thus, these errors do cause
a shift in the mean value also (known as bias).

Measurement errors have been studied by many researchers. One may
find a good account of the history of measurement errors in Cochran (1963,
1968, and 1977). A review of various issues surrounding measurement errors
may be found in Biemer et al. (1991), Fuller (1995), O’Muircheartaigh (1997),
Shalabh (1997), Srivastava & Shalabh (2001), Manisha & Singh (2001),
Manisha & Singh (2002), Wang (2002), Allen et al. (2003), Singh & Karpe
(2007, 2008, 2009, 2010), Chambers (2008), Gregoire & Salas (2009), Salas &
Gregoire (2010), Kumar et al. (2011), Shukla et al. (2012), Singh et al. (2014),
Azeem & Hanif (2015), and Shalabh & Tsai (2016) etc.

If measurement errors are negligible in size, estimates may not be
affected much. But large measurement errors can cause serious problem with
the accuracy of the estimates, as we will see in this thesis. Following Singh
and Karpe (2009), we have assumed that the measurement errors are normally
distributed with zero mean, and are independent of the variable being
measured.

1.3 SENSITIVE VARIABLES

Sensitive survey questions are those where the respondent feels
uncomfortable answering the question in a face—to-face survey mode. We
encounter such questions very commonly in social, behavioral and health
sciences. For example, a question about whether a student has cheated on an
exam is clearly sensitive. Similarly, questions relating to induced abortions,
drug use, and assaulting someone are also sensitive in nature. Face—to-face



responses to such questions are subject to serious social desirability bias
(SDB) which in simple terms is the tendency in human beings to look good.

A quick search will reveal that even for surveys dealing with non-
sensitive questions, a response rate of around 40 - 50 percent is considered
excellent. Infact, it is much smaller. This is based on the articles such as Fan &
Yan (2010) and Miller & Dillman (2011). The problem gets further
complicated if the survey questions are sensitive in nature. High degree of
sensitivity of a survey question leads to higher non-response rate.

Researchers have used various techniques for dealing with the problem
of non-response or inaccurate response when dealing with sensitive questions.
Actually non-response is a better evil than inaccurate response. Sociologists
have used Reynold’s (1982) 13-point social desirability bias (SDB) scale to
guantify the degree of tendency in a respondent to look good to others. This
score can later be used as a covariate to do group comparisons. Another
method, popular with psychologists is the use of Bogus Pipeline (BPL). For a
good review of BPL, refer to Jones and Sigall (1971). It is a fake lie detector
test that connects respondent’s fingers to a computer and the respondent is
tricked into believing that physiological reflexes while giving inaccurate
responses can be detected by the computer. This fear compels some
respondents to tell the truth. However the most scientific approach is the
Randomized Response Technique (RRT) introduced by Warner (1965) which
Is based on valid probabilistic considerations. The technique, to be described
In the next sub-section in greater detail, offers respondents enough privacy to
not give a false response to sensitive questions. While RRT models help in
reducing the non-response rate by offering privacy to respondents, these
models can not address the problem of intentional inaccurate response. They
only decrease the need for inaccurate response. Hence a study of measurement
errors is still important in the context of RRT models so that more accurate
confidence intervals can be constructed for the unknown parameters like the
population mean.

1.3.1 Randomized Response Technique (RRT)

The randomized response technique was first introduced by Warner
(1965) in a very simple but very significant paper. Many variations of that
original technique have since been introduced by authors that include
Greenberg et al. (1969, 1971), Eichhorn and Hayre (1983), Gupta et al. (2002,
2006, 2010) and Huang (2010).



Warner’s (1965) original approach dealt with a binary response
situation. This was done by asking the research question directly to some of
the randomly selected respondents. Other respondents are asked the indirect
version of the same question. For example, some of the respondents face the
question “Did you file a correct income tax return last year?” while others face
the question ”Did you file an incorrect income tax return last year?”. The
researcher does not know which respondent faced which question. Essentially
the responses are randomized (or scrambled). These scrambled responses can
later be unscrambled at aggregate level but not at the individual level. That is,
one can estimate what proportion of tax payers cheated on taxes last year but
there is no way of knowing who cheated and who did not.

1.3.2 Methods Dealing With Randomized Response Technique

RRT models can be characterized in various ways. A RRT model is
called quantitative, binary or multi-category depending on the type of response
the question carries. For quantitative RRT models, interest is in estimating the
mean of the variable of interest. For binary RRT models we are interested in
estimating the prevalence of certain behaviors in the population. A RRT model
can also be called Full RRT, Partial RRT, or Optional RRT depending on
whether all or only some of the respondents provide scrambled responses, and
depending on whether a respondent has been forced to provide a true response,
as in Mangat and Singh (1990) two-stage model, or the choice is left to the
respondent as in Gupta (2002) optional model. RRT models can also be
classified as additive, multiplicative or generalized depending on whether we
use additive scrambling, multiplicative scrambling, or more general
scrambling.

In this thesis, we will concentrate on the additive quantitative RRT
model presented by Warner (1971). The respondent is asked to provide a
scrambled response by adding a random number to the real answer. The
researcher knows the probability distribution of the scrambling variable but
does not know what specific number was used for scrambling that response.
Again the scrambled responses can later be unscrambled at a group level but
not at individual level. This model is used in this thesis when we estimate the
mean of a sensitive variable in the presence of measurement errors.

A very important point to be noted is that both measurement errors and
sensitivity of survey questions are major problems individually. However the
problem becomes more acute when the two of them occur simultaneously.
Handling this situation was the main motivation for undertaking this study.



1.4 SIMPLE RANDOM SAMPLING VS. STRATIFIED RANDOM
SAMPLING

The most basic sampling design is the simple random sampling design,
where we select a sample of size n from a population of size N by giving equal

probability to all the NCn possible samples. By contrast, in stratified random

sampling, the target population is divided into a number of groups (strata)
based on some criteria, and a simple random sample is drawn from each
stratum. There are several reasons for stratification but the primary reason is to
convert a highly heterogeneous population into non-overlapping subgroups of
homogeneous sub-populations. This often results in big savings in terms of
sampling cost. Need for sub-domain level estimates is another reason for
stratification. Geographic considerations can also be a factor. If stratification is
used, we first get estimates for each stratum and then combine the results using
appropriate methodology.

1.5 MEASUREMENT ERRORS UNDER DIFFERENT SAMPLING
DESIGNS

In all the sub-sections below, the measurement errors are assumed to be
normally distributed with mean zero and known variances. It is also assumed
that the measurement errors are uncorrelated even though the study variable
and the auxiliary variable are correlated. Measurement errors are also assumed
to be independent of the true values of the variables.

1.5.1 Simple Random Sampling

(i)  Non-Sensitive Variables
A random sample of size n is selected from the population of size N by a

simple random sampling without replacement (SRSWOR) method. Let (yi : xi)
be the observed values and (Y;, X;) be the true values on two characteristics
(y,x) respectively associated with the i" (i=12,..n) sample unit. The
measurement errors are then given by

Ui=V —Y (1.5.1)

V. =x — X;

(1.5.2)



These measurement errors (ME) are assumed to be random and
uncorrelated with mean zero and variances Sﬁ and S/ respectively. Let SZ

and S>2< denote the population variances, C, and C, be the population co-
efficient of variation, and p,y be the co-efficient of correlation for the study
variable (Y) and the auxiliary variable (X).

(i)  Sensitive Study Variable and Non-Sensitive Auxiliary Variable

Let Y be the sensitive study variable, which cannot be observed directly
due to potential respondent bias, and X be a non-sensitive auxiliary variable
which has a positive correlation with Y. Let S be a scrambling variable which
Is independent of Y and X. The respondent is asked to report a scrambled
response for study variable (Y) given by Z=Y+S, but is asked to provide a true
response for the auxiliary variable (X) (as in Gupta et al. (2012)). Here additive
scrambling is used as opposed to the multiplicative scrambling used in Gupta
et al. (2002). A simple random sample of size n is drawn without replacement
from the population of size N. Let (yi,xi,zi) respectively be the observed

values (factoring in measurement errors) and (Y;, X;,Z; ) be the true values for

the study variable Y, the auxiliary variable X, and the scrambled response
variable Z associated with the i"" (i=12,..n) sample unit. The respective

measurement errors (ME) associated with the scrambled response variable (2)
and the auxiliary variable (X) respectively be given by

T =z -2, (1.5.3)

These measurement errors are assumed to be random and uncorrelated
with mean zero and variances ST2 and S\ﬁ respectively. Let S§ and S)2< be the
population variances, C, and C, be the coefficients of variations for the

scrambled response variable (Z) and the auxiliary variable (X) respectively. Let
psx denote the co-efficient of correlation between Z and X .

1.5.2 Stratified Random Sampling

(i)  Non-Sensitive Variables

Consider a finite population of size N and let Y and X respectively be the
study and auxiliary variables associated with each population unit. Let the
whole population be divided into L strata with N, units (h=1,2,...L) in the h"



L
stratum such that >’ N, =N. A simple random sample of size n, is drawn
h=1

L
without replacement from the h™ stratum such that Y n, =n. Let ( Yy, % ) be
h=1
the observed pair of values instead of true pair of values (Y,;, X, ) of the study

variable Y and the auxiliary variable X on the i" unit of the h™ stratum, where
(i=12,...N;)). The measurement errors in h™ stratum are given by

Uhi = Yhi = Yhis (1.5.4)
Vhi = Xpi — X (1.5.5)

These measurement errors are stochastic in nature with mean zero and
variances Sﬁh and S&h respectively. Let SYZh and Sih be the variances, C,,
and C,, be the coefficients of variations and py,, be the coefficient of
correlation, for the study variable (Y) and the auxiliary variable (X)
respectively in the h" stratum. It is assumed that U,.'s and Vs are
uncorrelated although (Y,;, X;) are correlated.

(i)  Sensitive Study Variable and Non-Sensitive Auxiliary Variable

Let Y be the sensitive study variable which is not directly observable.
Let a non-sensitive auxiliary variable X be available, which is strongly
correlated with Y. Let S be a zero-mean scrambling random variable with
known distribution. The respondent is asked to report an additively scrambled
response for the study variable Y given byZ =Y +S, and is also asked to
provide a true response for auxiliary variable X. Let (Y. Xyi.Zpi)be the

observed values (factoring in measurement errors) and (Yy;, Xyi,Zy,; )be the

true values for the sensitive study variable Y, the auxiliary variable X and the
scrambled response variable Z associated with the i unit of the h™ stratum,
(i=12,..N;). The respective measurement errors associated with the

scrambled response variable Z and the auxiliary variable X in the h™ stratum
are given by

Thi = Zni = Zhi» (1.5.6)
Vhi = Xpi — X

These measurement errors are stochastic in nature with mean zero and
variances S& and S7, respectively. Let SZ, and Sk, be the variances, C,,



and C,, be the coefficients of variations and p,,, be the coefficient of
correlation, for the scrambled response variable (Z) and the auxiliary variable

(X) respectively in h™ stratum.
1.6 OBJECTIVES OF THE STUDY

The four major objectives of this thesis are the study of following
Issues:

o Impact of measurement errors on mean estimation of a non-
sensitive study variable in Simple Random Sampling.

o Impact of measurement errors on mean estimation of a non-
sensitive study variable in Stratified Random Sampling.

o Impact of measurement errors on mean estimation of a sensitive
study variable in Simple Random Sampling.

o Impact of measurement errors on mean estimation of a sensitive

study variable in Stratified Random Sampling.



CHAPTER 2

LITERATURE REVIEW

2.1 INTRODUCTION

We divide this literature review into two main parts: one for presenting
the literature about the mean estimation for the situation when measurement
errors occur, and the other for presenting the literature about randomized
response models used to estimate the mean of sensitive study variable.

2.1.1 Measurement Errors

We give below a chronological attempt to deal with measurement errors
by various researchers.

Berkson (1950) studied measurement errors and pointed a situation
where measurement errors in auxiliary variables cause no harm, but in general
these errors need to be handled carefully.

Measurement errors, if not handled properly, can introduce serious bias
in statistical estimation. This was studied by Cochran (1968) in the context of
ordinary least square estimates where these errors can lead to inconsistent
estimates.

Non-response is also an equally serious issue. It increases when we deal
with surveys that involve sensitive questions. This poses even more serious
problems in conjunction with measurement errors. Hansen and Hurwitz (1946)
and Cochran (1977) discussed these problems and introduced estimators by
exploiting auxiliary information. Cochran (1977) concluded that:

“Measurement errors that are independent from unit to unit
within the sample and average to zero over the whole population
are properly taken into account in the usual formulae for
computing the standard errors of estimates, provided that finite
population correction term (fpc) is negligible. Such errors
decrease the precision of the estimates and it is worthwhile to
find out whether this decrease is serious”.



Srivenkataramana (1980) exploited the non-response group very
cleverly and introduced a dual-to-ratio estimator for the population mean by
using auxiliary information and conducted an empirical study to check the
performance of proposed estimator with existing estimators.

Khare and Srivastava (1995) discussed the non-response in surveys and
compared some ratio and product estimators with some regression type
estimators by factoring in fixed survey cost. However, focus of this thesis is on
measurement errors and not non-response.

Fuller (1995) highlighted the significance of measurement errors in the
estimation of various population parameters, estimation of quantiles and
estimation through regression model.

Shalabh (1997) discussed the impact of measurement errors on the ratio
estimator and made comparison among the ratio estimator and the mean per
unit estimator of population mean in the presence of measurement errors.

Srivastava and Shalabh (2001) examined the influence of measurement
error on two estimators of regression co-efficient by using information on a
single auxiliary variable. One of these estimators was arising from direct
regression while the other was arising from reverse regression.

Manisha and Singh (2001), Manisha and Singh (2002) presented
additional discussion on measurement errors in the context of ratio and
regression estimation respectively. Comparative studies were made among the
linear regression estimator, the ratio estimator and the mean per unit estimator
In the presence of measurement errors.

Wang (2002) offered an adjustment for measurement errors in the
context of various regression situations. The suggested correction is easy to
implement in computing with minimal computing cost.

Allen et al. (2003) utilized multiple auxiliary variables to develop a
family of estimators for the mean. They analyzed the properties of their
suggested estimators for situations where measurement errors were present in
case of complete response.

Singh and Karpe (2007, 2008) suggested new classes of estimators for

the population mean and the population variance respectively in the presence
of measurement errors.
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Chambers (2008) also discussed the effect of measurement errors in
auxiliary variables under two different situations. In the first situation, it was
assumed that the auxiliary variables had known population means, and survey
weights were constructed in such a way that for the auxiliary variables, the
sample means equal to their population means. The second situation was that
the marginal population information for use with regression estimation
contained errors.

Singh and Karpe (2008a) analyzed ratio and product estimators of mean
in the presence of measurement errors. Singh and Karpe (2009) proposed
estimators for the ratio and product of two population means in the presence of
measurement errors and analyzed their properties.

Gregoire and Salas (2009) examined the case of systematic
measurement error as well as measurement error that varies according to a
fixed distribution in auxiliary variable when estimating the population total.

Singh and Karpe (2010) introduced separate and combined ratio,
product and difference estimators for population mean in stratified random
sampling when the observations are contaminated with measurement errors.
Generalized versions of those estimators were also given along with their
properties.

Salas and Gregoire (2010) presented extensive simulation study to
examine the impact of systematic and random measurement errors in
estimating the ratio-of-means and the mean-of-ratios.

Kumar et al. (2011) studied the impact of measurement errors on
exponential-type mean estimators. They compared their suggested estimators
with the existing estimators for situations when measurement errors were
present.

Shukla et al. (2012) proposed an estimator of population mean in the
presence of measurement errors that was a linear combination of
Srivenkataramana’s (1980) dual-to-ratio estimator and the usual mean per unit
estimator. They found the conditions under which their suggested estimator
was more efficient than the Shalabh (1997) and the Manisha and Singh (2001)
estimators.

Singh et al. (2014) proposed a mean estimator in the presence of
measurement errors in the context of finance related modeling. Their
Investigation indicated that proposed estimator is the most suitable estimator
with a smaller MSE relative to other estimators under measurement errors.

11



Singh, V.K., Singh, R., and Smarandache (2014) suggested difference-
type mean estimator in the presence of measurement errors using auxiliary
information. The merits of proposed method over other traditional methods
were illustrated through an empirical study.

Azeem and Hanif (2015) studied mean estimation when measurement
errors and non-response exist simultaneously and presented theoretical and
empirical results. Shalabh and Jia-Ren Tsai (2016) studied mean estimation
using ratio and product methods when the observations on both the study and
the auxiliary variables are subject to correlated measurement errors.

As stated earlier, the problem of measurement errors gets complicated
further when the study variable is sensitive in nature and direct observation on
it is subject to serious response bias. This necessitates the use of randomized
response methodology. With that in mind, we provide below some literature
review on RRT models.

2.1.2 Randomized Response Models

Warner (1965) was the first to introduce the concept of randomized
response methodology by using indirect questioning technique where based on
a random selection, some respondents answer the direct version of a question
and others answer an indirect version of the same question. For example, some
respondents are asked if they filed correct tax return last year and some are
asked if they filed an incorrect tax return last year. Clearly both questions
reflect on cheating on taxes but in one case, a “yes” response makes the
respondent honest, and in the other case a “no” response makes the respondent
honest.

To avoid the situation where all the respondents are confronted with a
direct or indirect version of the sensitive question, Greenberg et al. (1969)
introduced the famous unrelated question model where some respondents,
based on random selection, answer the real question and others answer an
unrelated question such as “were you born in the month of January?”

Since the work in this thesis concerns quantitative response situations,
we are more interested in quantitative response RRT models. Both Warner
(1971) and Greenberg et al. (1971) have provided quantitative response RRT
models. Greenberg et al. (1971) still relied on the unrelated question technique
where some respondents answer the actual quantitative response question and
some answer an unrelated gquantitative response question. Warner (1971) on

12



the other hand, suggested the use of additive and multiplicative scrambling.
Since additive scrambling will be used extensively in this thesis, we provide
below Warner (1971) idea briefly.

Suppose Y is the study variable which is sensitive in nature and S is a
scrambling variable, preferably with zero-mean and non-negligible variance.
The respondent is asked to provide a response Z given by Z =Y + S. Note that
larger variance of S ensures greater privacy but dilutes the data quality more.
Smaller variance of S does the exact opposite. The researcher must find the
right balance just as one does in constructing confidence intervals where one
must find the right balance between the confidence level and the margin of
error.

Eichhron and Hayre (1983) proposed a multiplicative randomized
response model given by Z = YS, but this model compromises respondent’s
anonymity since a non-zero response clearly suggests that for that respondent,
Y could not have been zero. This is a major criticism of this model.

Gupta et al. (2002) proposed what they called “Optional RRT Model”
where the sensitivity level of the survey question plays an important role.
Clearly, some questions are more sensitive and some are less sensitive. In
Gupta et al. (2002), a respondent is asked to provide a scrambled response if
he/she considers the question sensitive and an accurate response otherwise.
The model is given by z=Y.S", where T ~Bernoulli(w) and W is the
sensitivity level of the research question. That is, W is the proportion of
respondents in the population who consider the question too sensitive and
personal for a direct response. Although it was shown that this model is more
efficient than the Eichhron and Hayre (1983) model, it introduces an additional
parameter in the model in the form of W.

Gupta and Shabbir (2004) proposed another multiplicative “Optional”
RRT model where simultaneous estimation of the sensitivity level and the
mean are possible but some approximation is required. Ryu, J. -B, et al. (2005)
proposed a quantitative randomized response model based on Mangat and
Singh’s (1990) two-stage randomized response model. They derived the
estimator of the sensitive variable mean and showed that their method was
more efficient than other randomized response models suggested by Greenberg
et al. (1971) and Gupta et al. (2002) estimators. However, this model does not
account for the sensitivity level of the survey question.

Arnab, R. and Dorffner (2006) discussed RRT models for complex
surveys and presented theoretical and empirical results.

13



Hussain et al. (2007) relied on double responses from each respondent to
get improved estimates. Efficiency comparison with several existing
estimators is provided.

Saha (2008) presented a variation of the Eichhorn and Hayre (1983)
model under unequal probability sampling.

Hussain and Shabbir (2009) provided improved estimates for the mean
of a sensitive variable by modifying the Ryu et al. (2005) estimator using
simple random sampling and stratified random sampling protocols.

Gupta et al. (2010) introduced a two-stage optional additive RRT model
that allowed simultaneous estimation of the mean and sensitivity level without
the need of any approximation. This was done by using the traditional split
approach. It is similar to the additive model suggested by Warner (1971) but
far more flexible. This model produces estimators that are unbiased and
asymptotically normally distributed. This model has been used heavily in
many studies involving ratio and regression mean estimation, and will be used
in this thesis as well. Some of these studies are described below.

Sousa et al. (2010) was the first to use non-sensitive auxiliary
information to estimate the mean of a sensitive variable by using ratio
estimation. They show that there is hardly any difference in the first order and
second order approximations for MSE even for small sample sizes, and also
generalized the proposed estimator to the case of transformed ratio estimators
but these transformations did not result in any significant reduction
in MSE. An extensive simulation study was also presented to evaluate the
performance of the proposed estimator. They also presented a numerical
example using real data from Information and Communication Technologies
(ICT) sector in Portugal.

Gupta et al. (2012) carried this study forward and introduced regression
estimator of the mean that performed better than the ratio estimator of Sousa et
al. (2010). This work was extended again in Koyuncu et al. (2014) by
introducing exponential-type estimators using one and two auxiliary variables.
It was shown that the proposed exponential-type estimators are more efficient
than the existing estimators.

Gupta et al. (2014) extended further the work done in Sousa et al. (2010)
and Gupta et al. (2012) by utilizing optional additive RRT models. The
optional models, while being more complex, did result in further gains in
efficiency.

14



Blattman et al. (2014) developed and tested a survey validation
technique that uses intensive qualitative work to check for measurement error
in potentially sensitive topics such as stealing, substance abuse, and gambling
etc.

Kalucha etal. (2015) used optional RRT methodology to introduce
another ratio estimator of the mean which they called an additive ratio
estimator. It performed better than the ordinary RRT mean estimator.

Gupta et al. (2015) introduced further improvement in mean estimation
through optional RRT models by introducing a regression estimator that
performed better than the ratio estimator even for modest correlation between
the study and the auxiliary variables. Gupta et al. (2016) extended this work
further through an exponential mean estimator using optional RRT models.

Batool et al. (2016) used additive, multiplicative, and combination of
both additive and multiplicative scrambling models to achieve further gains in
mean estimation.

Mushtaq et al. (2016) introduced a ratio, a regression, and a general
class of estimators for the mean of sensitive variable using non-sensitive
auxiliary variable based on randomized response technique in stratified two-
phase sampling. Efficiency comparison with several existing estimators is
provided.

Mushtag et al. (2017) proposed a combined general family of RRT
estimators for estimating finite population mean of a sensitive study variable in
stratified random sampling. A simulation study showed that the proposed class
of estimators is more efficient than the existing estimators, i.e., usual sample
mean estimator, Sousa et al (2014) ratio and regression estimators of the
sensitive variable in the same design.
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CHAPTER 3

SOME WELL KNOWN ESTIMATORS
OF THE POPULATION MEAN

3.1 INTRODUCTION

In this chapter, we have reviewed some existing mean estimators of
population mean along with their mean square errors (MSE) in the presence of
measurement errors (ME) in simple random sampling and stratified random
sampling designs. When the data are subject to measurement errors on both the
study variable Y and the auxiliary variable X, these estimators are presented
according to two situations:

(i) Both Y and X are non- sensitive variables
(i)  Study variable Y is sensitive and the auxiliary variable X is non-
sensitive

3.2 MEAN ESTIMATORS IN SIMPLE RANDOM SAMPLING

3.2.1 Mean Estimators when both the Study Variable and the Auxiliary
Variable are Non-Sensitive

(i)  The Mean Per Unit Estimator

The sample mean per unit estimator is given by

i Yi (3.2.1)

i=1

o1
y="-
n

The variance of the mean per unit estimator with measurement error is:

Var*(y) = e(sY2 + 52 ) (3.2.2)

-n
Nn

where 0= N

The variance of y without measurement error may be obtained by
putting S2 =0 in (3.2.2).
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(i)  Shalabh’s (1997) Estimator

Shalabh (1997) introduced the following ratio-type estimator in the
presence of measurement errors:

t = y@j (3.2.3)

X

The mean square error of t; up to the first order of approximation is

MSE" (1) = 0(S7 + R’S —2Rpyy SxSy ) +6(S5 +R*S7),  (3.24)

where R =

><|| <

The mean square error of t; without measurement error may be obtained
by putting S3 =52 =0 in (3.2.4).

(ili)  Singh et al. (2010) Estimator

Singh et al. (2010) studied an exponential ratio type estimator i.e.

X —
t, = yexp( < xj' (3.2.5)

The mean square error of t, up to the first order of approximation is

2
R e L - P N CED

The mean square error of t, without measurement error may be
obtained by putting S5 =S¢ =0 in (3.2.6).

(iv) Shukla et al. (2012) Estimator

Shukla et al. (2012) proposed the following estimator

17



ts :0c7§+(1—a)7. (3.2.7)

The mean square error of t; up to the first order of approximation in the
presence of measurement error is

Y? X2
(3.2.8)

2
MSE*(tg)zeW[chmzcx 2anchcx]+eY {—U i}

an

where n = N
—-n

The optimum value of n is:

5% Cy _
Pyx Cy =MNo:

The optimum mean square error of t; up to the first order of approximation is

* — 82 2
SE opt (t3) =0Y Z[CY +nOCX znopyx CYCX :|+ GY |:Y_2 + T]S ?j|

The mean square error of t; without measurement error may be obtained
by putting S3 =52 =0 in (3.2.9).

(v) Azeem and Hanif (2015) Estimator

Azeem and Hanif (2015) developed the following estimator

t,=y {aexp(x —X j+(1—a)exp(x* _é}:l (3.2.10)
X +X* X"+ X

where X' = =—
N —n
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The mean square error of t, up to the first order of approximation is
MSE*(t,) =AY ? (c& + % n’C% —upC,Cy j
72( ~2 1 2~2
+0Y 7| Cy(y) +zM Cx@ —HP2Cv2Cx(2)

S 1,
Y u? Sy +oy2| V@ | 22V | 3.2.11
[YZ 4t xe J [YZ 2" X2 (211

The mean square error of t, without measurement error may be
obtained by putting S5 =SZ =0 in (3.2.11).

3.2.2 Mean Estimators when Study Variable is Sensitive
and the Auxiliary Variable is Non-Sensitive

Here we discuss some existing mean estimators by using Randomized

Response Technique (RRT). In these estimators, an additive quantitative RRT
model is used to get the scrambled responses.

(i) Ordinary RRT Mean Estimator

The RRT mean estimator for sensitive study variable Y of a finite
population is given by

1
7=
n;

i (3.2.12)

Here Z=Y +S, where S is a scrambling variable with zero mean and
known variance.

The variance of Z in the presence of measurement error is
Var*(z)ze(s§ +ST2), (3.2.13)

The mean square error of zZ without measurement error may be
obtained by putting SZ =0 in eq. (3.2.13).
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(i)  Sousa et al. (2010) Estimator

Sousa et al. (2010) proposed a ratio estimator for the mean of sensitive
variable (Y) utilizing information from a non-sensitive auxiliary variable (X).

This estimator is given by

tg = z(z]. (3.2.14)

X

If measurement error is considered, the mean square error of t; up to the
first order of approximation is

MSE" (t;) = 0(SZ + RS} —2Rp;Sx S, ) +6(S7 + RS} ), (3.2.15)

where R =

|| N

The mean square error of t; without measurement error may be
obtained by putting SZ =S¢ =0 in (3.2.15).

(ili) Guptaetal. (2012) Estimator

A regression estimator was proposed by Gupta et al. (2012), for
estimating the mean of a sensitive variable. It is given by

ts =7 +Box (X —X). (3.2.16)

The expression of mean square error of t; up to the first order of
approximation with measurement error is

MSE" (t;) =082 (1-pZy )+ 0(SF +B°S7 ). (3.2.17)
The mean square error of t; without measurement error may be

obtained by putting S7 =S¢ =0 in (3.2.17).
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3.3 MEAN ESTIMATORS IN STRATIFIED RANDOM SAMPLING

3.3.1 Mean Estimators when both the Study Variable and the Auxiliary
Variable are Non- Sensitive

Here we discuss some existing mean estimators for a non-sensitive study
variable when auxiliary variable is also non-sensitive. We do this in stratified
random sampling.

(i) Combined Sample Mean

The traditional unbiased mean estimator (i.e. stratified sample mean) is
defined as:

Yot = hZWth : (3.3.1)
1

The variance of Y in the presence of measurement error is

. L W282
Var®(yg) = > "=, (33.2)
h=1 NpOyp
Ny (v, — V)2
where S&, = fw and 0y, =S3 /(S2, +S2,).
i-1  Np—

The variance of Yy without measurement error may be obtained by
putting S2, =0 in (3.3.2).

(i)  Singh and Karpe (2010) Ratio Estimator

Singh and Karpe (2010), presented a combined ratio estimator of the
population mean given by

w=%{§9- (333)

Xst

The mean square error of t, up to the first order of approximation in the
presence of measurement error is
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2
MSE*(t;) = 3, f“ ”WR—mmﬁmﬂ, (3:34)

h=1 Ny \ Yyp Xh
where
Voo N(xy = Xp)? No (Wi = YR) i = X4)
R=—, S% = I 'S — hi h/\%hi h ’
XX El N, —1 YXh ;1 N, —1

S
Oy, = San/ (S +S%n). and By :SY—;(h-
Xh

The mean square error of t, without measurement error may be
obtained by putting S3, = SG, =0 in (3.3.4).

(iti)  Singh and Karpe (2010) Product Estimator

Singh and Karpe (2010) presented a combined product estimator which
Is defined as:

_ [ X
%=mﬂ%} (335)

The mean square error of tg in the presence of measurement error is

s2 32
MSE* (tg) = z [ Yho Xh(R""ZBYXheXh)J' (3.3.6)
h=1 Np | Oyp Xh

The mean square error of tg without measurement error may be
obtained by putting S2, =S5, =0 in (3.3.6).

(iv) Singh and Karpe (2010) Difference Estimator

Singh and Karpe (2010) presented a combined difference estimator
which is defined as:

ty =Yg +d (X —Xg)- (3.3.7)
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The minimum variance of ty in the presence of measurement error is

L

2
W,
g2 {hzln: ByxnSh J
Varg, (t Yh - . 3.3.8
hlnh eXh

The mean square error of ty without measurement error may be
obtained by putting S2, =S5, =0 in (3.3.8).

3.3.2 Mean Estimators when Study Variable is Sensitive and the
Auxiliary Variable is Non-Sensitive

Here we discuss some existing mean estimators by using Randomized
Response Technique (RRT). In these estimators, an additive quantitative RRT
model is used to get the scrambled responses.

(i) Combined Sample Mean (using RRT)

The usual combined sample mean, ignoring the auxiliary information, is
given by

M

Zg = 2. Wi, (3.3.9)

h=1

The variance of z,, in the presence of measurement error is:

St

S
var' (z4) = X Wy h(eZh] (3.3.10)
Zh
where
Zh Yh Sh Yh (Nh _1) y Ogh (N, 1) ,
2
-1 -1 S h
Yh=(N, =N and 9., =—~zh
h (h h ) ” Sfzh“LSzzh

The variance of Z, without measurement error may be obtained by
putting SZ, =0 in (3.3.10).
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(i)  Sousa et al. (2014) Ratio Estimator

Sousa et al. (2014) proposed a combined ratio estimator, defined as:

o =74 [_Ej (3:311)

Xst

The mean square error of t;, up to the first order of approximation in the
presence of measurement error is:

. 52 S2

MSE" (t;,) =zhlwh2vh[ 2+ R0 (R — 2750 )J (33.12)

021 Oxn
where
R z B _ Svxh _ Szxn S Ny (Yni = Yn) i — Xp)
T v ! Xh — 19YXh = i=1 )
X SXh SXh Ny -1
S

Xpi — Xp)?
82 z N_h ( hi h and g, =——xh
xh T Li=1" ~y 1 Nh 1 xh szh + th

The mean square error of t;; without measurement error may be
obtained by putting S&, =S3 =0 in (3.3.12).
(ili) Sousa et al. (2014) Regression Estimator

Sousa et al. (2014) proposed combined regression estimator for the
population mean of a sensitive study variable (Y), which is given by

ty =Zg +Be (X —Xg). (3.3.13)

The mean square error of t;; in the presence of measurement error is

W2y, 52
MSE” (t;) = >'- %(1—,33), (3.3.14)
Zh

where
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L 2
Zh:lwh yhsth

\/ZhﬂWhZYthh /02, \erilthYhSih [ Oy
pyxh

\/1+ $./8%)

The mean square error of t;; without measurement error may be
obtained by putting S7, =S3 =0in (3.3.14).

Pc = » Szxh = PzxhOzh Sxh

and p,, =
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CHAPTER 4

MEAN ESTIMATION FOR A NON-SENSITIVE STUDY
VARIABLE IN THE PRESENCE OF MEASUREMENT
ERRORS UNDER SIMPLE RANDOM SAMPLING

4.1 INTRODUCTION

In this Chapter, a class of generalized estimators of population mean for
a non-sensitive study variable has been proposed when both the study variable
and the auxiliary variable are contaminated by measurement errors, and the
sampling design is simple random sampling without replacement. The focus is
on studying the impact of measurement errors on the efficiency of mean
estimators. We have also compared our proposed estimator with some existing
estimators.

4.2 SAMPLING PROCEDURE AND NOTATIONS

Consider a finite population of size N having identifiable units
M=(M;M,,.M,). A sample of size n is selected from the population by

simple random sampling without replacement (SRSWOR) method. Let (y,,x)
be the observed values (factoring in measurement errors) and (Y,, X;) be the

true values on two characteristics Y and X for the i (i=12,3,...n) sample

unit. We recall that the measurement errors associated with the non-sensitive
study variable and the auxiliary variable, as defined in Equations 1.5.1 and
1.5.2 in Chapter-1 are given by:

Ui =(yi —Yi)
Vi =(x = X;),

We will use the following notations:

Wy = _%(Yi -Y), 4.2.1)
vy = XU, (4.22)

i=1
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vy =__i1(><i - X), (4.2.3)
and

vy =2V, (4.2.4)

In (4.2.1), (Y;—Y) is the deviation of the true Y - values from the

population mean of the non- sensitive study variable for the ith unit and these
deviations are summed over the entire sample.

Adding Equations (4.2.1) and (4.2.2), we have

n n

Wy Yy =_§(Yi—Y)+_§Ui- (4.2.5)

Using Equation (1.5.1) in Equation (4.2.5), we have
Wy Wy =é(Yi -Y)+ i;1(% -Y;)
Dividing both sides by n, we have
%(\VY +yy) :%é(Yi —V)Jr%é()ﬁ =Yi),

or
n

%(\VY +\Vu)=%i§1(yi -Y).

After simplification, we get

T T — 1

y=Y +Y', where Y :H(WY +yy ). (4.2.6)
Similarly, from Equations (4.2.3) and (4.2.4), we have

T o -, 1

X=X+ X", where X'==(yy +yy ). (4.2.7)

n
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Squaring both sides of (4.2.5), we have

(e + )2 = z(vi—v‘)+zui} ,

i=1 i=1

ovewre| S g el

“H

Applying expectation, the cross-product term becomes zero since the
true values of non-sensitive study variable Y are independent of measurement
error, thus

or

Taking expectation on both sides, we have

E(yy +yy)’ = E{i(Yi V) 2 (U -U) 2{%(% _V)H

i=1 i=1 i=1

L1

E(wy +yy)° = i E(Y, —V)Z + i EU; -U)?,
i—1 =
or

2 X2 He2 02, o2
E(yy +yy) =25y + 255 =n(Sy + ().
i—1 i—1

If the finite population correction factor is used,
E(yy +wy)” =n(- f)(S] +S5),

where f :%. In this situation,

1-f
Ewy +wu)t = S (s 4 83),

or
E(yy +wy)? =n?0(S2 +S3),

where
_(@-f) 1-n/N_(N-n)
n n Nn

0
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Dividing both sides by n?, we get

2
E(wj =E(")? =0(s} +55)

n
2
E(WJ =E(X)?=6(S% +57), (4.2.8)
E{(\VY ';\VU j(\l’x :\Vv j}: E(YX') = 0pyy Sy Sy .

4.3 PROPOSED GENERALIZED ESTIMATOR IN THE PRESENCE
OF MEASUREMENT ERROR

In this section, we propose a generalized estimator for population mean
in the presence of measurement error on both the non-sensitive study variable
(Y) and the auxiliary variable (X) in Simple random sampling without
replacement.

The proposed estimator is:

Yo =[ ¥ +k(X 4)][?? (4.3.1)

where

Here k and g are suitable constants, and A is assumed to be an

unknown constant whose value is to be determined from optimality
considerations. Also a; and b; are the parameters or functions of parameters of

the auxiliary variable (X). Many estimators can be deduced from the proposed
class of estimators. For example, with g =1, we get various ratio estimators
and with g =-1, we get various product estimators.

Remark 1:

For g =1, ?Pi can take the following form:
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i o i (& X +1y)
Ypi:[y+k(x_X)}{x(ai7+bi)+(1—x)(ai>?+bi) '

(4.3.2)

By setting different values of unknown constants in Equation (4.3.2),
various ratio estimators based on single auxiliary variable may be obtained as a

family of \?Pi . For example,

(i) Byputting k=0 and A =1, we have

(ax +b)

(i) By putting k=1 and A =1, we have
(&X +bi)}

(ax +b) (4.3.4)

Yp2 2[7 +(X - 7)]{
(ili) By putting k=h,, (the slope term in regression Y on X) and A=1, we
have

(ax +b) (4:3.9)

fog [+ -] S22

(iv) Byputting k=0 and A =2, (optimized value of A relative to the MSE
of the proposed estimator), we have

v (@&X +h)
Y., = : 4.3.6
P4 y{kopt(aiK+bi)+(l—kOpt)(ai)? +bi)} (4.30)
(v) Byputting k=1 and A =2x,,, we have
V2 o (T - (& X +b)
Yor = X — : 3.
P [y+( X)][xopt(ai7+bi)+(1—kopt)(ai)?+bi)} (4.3.7)
(vi) By putting k =by and A =A%, , we have
- _ — _ (a,)z +bi)
Ypg = X - . (4.3.
" [y+bYX( X)]{Kopt(aierbi)+(1_7‘opt)(ai)z+bi)} 40
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Remark 2:

For g =-1, ?Pi can take the following form:

V. - [y+k(>? )}{k(aii+bi2;)(zllgg(ai>?+bi)' 439

By setting different values of unknown constants in Equation (4.3.9),
various product estimators based on single auxiliary variable may be obtained
as a family of Yp;. For example,

(i) Byputting k=0 and A =1, we have

> | (X +h)
Yoo = y{—(ai — b.)}' (4.3.10)

(i) By putting k=1 and A =1, we have
_—} (4.3.11)

(ilf) By putting k =b,, and A =1, we have

. ;X + b,

Yoo =[[V + by (X — )]L(a < +b))} (4.3.12)
(iv) By putting k=0 and A =2, we have

- kopt(aii+bi)+(1—kopt)(ai)?+b,)

Yp1o = { @X+b) : (4.3.13)
(v) Byputting k =1and A =%, , we have

. A g (@ b))+ (1= Ay ) (8 X +by)

Yo = Y+ (X - X)][ z (ai)(? b )pt) ] (4.3.14)
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(vi) By putting k =hy and A =A%, , we have

ot (aii+bi)+(1—kopt)(ai)? +by)

A _ A
YP12:[7+be(X—7)] (@ X +b)

.(4.3.15)

4.3.1 The Bias and Mean Square Error of the Proposed Generalized
Estimator

Using Equations (4.2.6) and (4.2.7) in Equation (4.3.1), we have

Yo :[(V+V')+k(>z —(X+ X’))}

(X +b;) :
AMa(X +X)+b )+ (1-2) (g X +by) |
or
2 T, T =, i (aix'i‘bi) J
Yor <[ +¥"-kx ]_(ai)?+bi+kai)?') ’
or

o -9
Vi =[V +¥'—kX'] 1+7‘ai—x)} |
i

By using Taylor series expansion

(1+x)™" o XD e
we get
_ — 2
o N Aa; X' g(g+( AgX'
Yoy [V +V' —kX"]| 1- g5 5 . (4316
sl ][ Yax+h) ' 2 ((aiX+bi)j] (43.10)

In order to derive the expression of bias, using second order
approximation, we have
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- 10 9(9+1)( raYX’ i XaYY’X' kkaYX’2
Y 2 (a X +b) (aX+b) (aX+b)

Taking expectation and using Equation (4.2.8), we get

1
.0 @mf(si +5¢)
E(Ypi —Y)“Y: ,
+97»kRi(5>2< +S\?)_g>“Ripr Sy Sx
where R, S L
(8 X +0;)

On simplification, we get

1
Bias” (\(P,)~:{g(gz+ )32R252 4 gAkRSZ — ghRpy SYSX}

(4.3.17)
" _{g(g 90941, 20262 | g3im s\,}
Y| 2
or
Bias™ (Yp;) = Bias(Yp;) + ME'(Yp;), (4.3.18)
where
Bias(Yn) :{g(g; Y12R2S2 1 gIkR S — GAR pry Sy Sy } (4.3.19)

Is the bias of proposed estimator (?Pi) without measurement error, and

2 +1
ME' (Vo) ~ YQ{Q(GZ )2R2s? + gkaisVZ}, (4.3.20)
Is the term expressing the contribution of measurement error.

In order to obtain the mean square error of the proposed estimator, up to
the first order approximation, we note that Equation (4.3.16) reduces to
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(Yo =¥ )| ¥~ g |
(& X +by)
Squaring both sides and taking expectation, we have
E(? _)2 E(Y'?) + g*A*R2E(X"?) + K’ E(X %)
i _2gARE(Y’X") = 2kE(Y'’X") + 2gAKR.E(X 2) |

After simplification, the MSE of the proposed estimator is:

MSE” (Yp;) = 0] S7 + 9°A°R7S§ +K?S% —202Ripyy Sx Sy
~2kpyy Sx Sy +20MKR;S5 |
+0] 8§ + g°0R7S] + k7S] + 20MkR;S | (4.3.21)
or
MSE* (Yp;)  MSE (Yp; ) + ME(Yp,), (4.3.22)

where

- SZ + g*A°R?S% +k2S3
MSE(Yp;) ~ 0 , (4.3.23)
— 292 Ripxy Sx Sy —2Kpyy Sy Sy + 2gAkR;S%

Is the MSE of the proposed estimator without measurement error, and

ME(Yp) ~ 0] 85 + g*2RS] +K°S] + 200kR;S) |, (4.3.24)

IS the term due to measurement error.

To find the optimal value of A, we differentiate the expression in
Equation (4.3.21) with respect to A, and then equate to zero, to get

X:pYXSYSX —k(S§ JFS\?)_7L

- 3.2
gRi(S% +S%) o (4329

Substitution of (4.3.25) in (4.3.21) yields the minimum MSE of (?Pi) as:
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2 o202
Pyx Sy Sx

MSE iy (YAPi)ze Sy +SG - :
(S +7)

(4.3.26)

The expression of minimized MSE of proposed estimator without

measurement error can be obtained by putting Sj :85 =0 in Equation
(4.3.26). It is given by,

MSE i (Ypi) = 933 (1_ p\z(x ) (4.3.27)

Note that this expression of MSEmin(\fpi) is same as that of the
approximate variance of the usual linear regression estimator.

4.4 ADDITIONAL SPECIAL CASES OF THE GENERALIZED
RATIO ESTIMATOR

Many additional estimators can be deduced from the generalized ratio

estimator \?Pl given in Equation (4.3.3). We denote the generalized ratio
estimator by,

7yl @X ]
P (a;x+h;)

Various choices of a;, b; are given in the table below. The general
expressions for the MSE and bias respectively with measurement error for the
generalized ratio estimator ijl are given by

MSE" (Y,}) ~ 0(S7 + RS} — 2R;pyx Sx Sy )+ 6(S5 +R?S? ),
il O 0
Bias™ (V) zY:(RJ?sXZ ~Rjpyx SxSy ) + Y:(RJ-ZSVZ ) (4.4.1)
a;Y
Rj= o
(@;X +b;) |
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Table 4.1

Additional Special Cases of the Generalized Ratio Estimator (ﬁ,{)

Proposed Estimators a; b; Mean Square Errors & Biases Ratio’s
. ‘(Xj 1 0 MSE" (Yp1) = 0(S§ +RYSS — 2Ry S, Sy |+ 0(SF + RYS] ) .
X ias* (V1 2 202 X
Bias" (Vgy) ~ o (Rls RleyS Sy)+Y:(R1 s7)
. ()hc MSE* (Y2) = e(s +RESE —2Ry 08,8y ) +0(S5 +R3SY) )
Yo=Y X] 1 C
=Y 5 x a0 0 R, = —
X+C * g2 2a2 2
X Bias™(Y3) ~ (R3S RszyS Sy )+ (REs?) X +C,
s (s MSE" (Yg1) = 0[S} +RESS —2Repyy S, Sy )+ 0(S¢ +R3SY) ¢
Y =7[ ] 1 So(X) R,——
pl . 2 ) A 2] 0 3 ~
X+ X * 73 202 + X
P2 (%) Bias (Yp1)~Y:(R s? R3prS Sy)+Y:(R3SV) £ (X)
., [X,Bz(x)+c J MSE" (Yg1) = 0[S} + RiSS — 2Ry p, 5,8y )+ 0(S5 + RES? ) 7500
\7 X
pl:y ﬁZ(X) Cx ~ - P2\
X (%) +Cy Bias*(YFfl)~Yz(R 52 R4prS sy)+Yi(R§sV2) X B2 (%) +Cy
. [xc L B MSE® (Y1) = 0(S] + RESE — 2Rspy S,y ) + 0(S5 + RES ) -
pl X 2 N 5
XCy + B2(X) Bias*(Y§1)~Yi(R s2 R5prS sy)+Yi(R§sV2) XCy + F2(%)
* 36 B
s (Xt pyy MSE"(Y$) = e(s +RESE ~2Rgpy Sy )+ O(S¢ +RESY ) oy
Ypl_y - 1 Pxy 26 6 )Z—l—

-<|| S

RZS2 — Ry oy Sy sy)+YQ(R§sV2)

36



Proposed Estimators a; b; Mean Square Errors & Biases Ratio’s
. RC. + oy MSE" (Yg1) = 0[S} +RISS —2R; 9, S,Sy ) +0(S5 + RIS? ) 7,
-V X _
Ypl_y[YC + Oyy ] ©r Xy ST 2 0 (h2c2 R XC, + py
X Bias" (Vgy) ~ (R7S R7pxyS 5y )+ Y(R7SV) y
o (Xpe <G, . MSE”(Y2) = e(s +RESE —2Repyy S8y )+ 0(S¢ +R3ST) 7Y
p =Y X pyy +C Xy X o8y 0 0 (p2a2 8 Xp, +C
X Bias (Yp1)~Y:(R 52 RSprS Sy )+ - = (R3s?) xy  Cx
s [iﬂz(X)JFPXYJ 1O R 20185+ 552y 0[5+ 193 V59
Ypr=Y Bo(X) | p =
p]_ — 2 XY 2~
X5 (X) + Pxy Bias*(vgl>~Y£( RopySiSy )+ f(Rgsvz) X Bo () +
* 2 p2c2 B
- y(x N +ﬂ2(x)j - MSE" (Y20) = 0(S5 + RSS — 2Ri0py ScSy | + 0[S + RBSY ) . 7y,
pL = N Pxy 2 ~q 10 =T . 5 7N
Xpxy + Ba(X) Bias" (YY) YQ(ROS2 Ri0/9% Sx sy)+$(RfosV2) X pyy + P2(X)
- —{?+ﬁ1(><)j ” MSE" (Y& )= 0(S} + RASS —2Ri1py S8y )+ 0(S5 +RAST) . 7
pL = Y| = 1 X 1=y
X+ B1Xx) Bias™ (V) g(RﬂsZ Ri14 Sy sy)+YQ(RflsV2) X + By (%)
* 22 2 22
o y(fﬂl(XHﬂz(X)J o | s MSE" (Vp?) = 0(S; + RESS —2Riz oSSy ) +60(SE +RESY) . 7500
pL =Y 2 ~ 12 =5
X BUX) + Bo(X) Bias" (Yp7) YQ(R 557 — Ri2 Py Sx Sy)+Yg(R1223v2) XB(X) + B ()
o _[)thj . MSE" (V) = 0(S + RESE — 2R3y xSy )+ 0(S7 + RES! | . -
Y A R 1 P 13 =5
X +Q, Bias” (Y YQ(RBS2 Ri305SxS ) 5(R123SV2) X +Q,
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X Ratio’s
a b. Mean Square Errors & Blases( )
i ' ’ RisS: YC
osed Estimators j 2_op S.S )+o(s?+ o _Ye,
Prop MSE” (Y ) 9( +R14S o o ) 2 a2 R14 - XC +Q2
Y= u] “ © i *(\? (R1452 RiaPuySxS ) Y(Rl"'s")
pL — y XC +Q2 Bias . S S )+0(S +R158 ) Y_IB_I_(X)
MSE" (Y23 (s +R5SE — 2Ry5 Py Sy R = YA
0 (522 XA +Q
Y=y X409+ A @ Bias” (\f £<R155 ~ Ri505xS ) Y (R15SV)
P RBI0 +Q, Y 2 aRp 5. )+9(5 +RES! ) Y B, (X)
* 1% _ - F2\*)
MSE (Y 9(5 +Ri5S5 16y , Rig = X 5,00+ 0,
X 22
YL].G _ y XIBZ(X)'i‘QZ] ﬁZ(X) QZ BIaS*(YA g(RlGS R]_prys S ) Y (R16SV)
e {5352 2Ry, {58 -] 700
MSE" (YY) ‘9(3 +RirS ~ 2Ry S,y ) R =% 2 20D
0 (52 o2 XA[O)+Q
Yol =y M} AR QP Bias” (Y Q(R 75 _R17nysxsy)+Y:(R17SV)
P %A +QD Y 252 o o s )+9(82+R1283v2) ¥ 5, (%)
-2 u __ /W
MSE" (Vp?) = (S + R:S% - 2Rig oy Xey 9= X 5,0+ QD
X 22
Y118 = V[Xﬁz 2D £ () eP Bias*(YA Q(Rwsz RlBnyS S ) Y (RlBSV)
pl X 3, (X) +QD Y 2 a2 _
Fa 252 _oR Py Sy S )+(9(SUZ+R198V) I
MSE" (Y2) a(s +RigSy —2Ry9/0, S8y R =5
_ 0 (522
v = _(X JFTTII\\/I/I j ' ™ Bias" (Y1) Q(R 95 ~ RugPxySx Sy)+Y:(R198V)
- 252 _oR S,Sy |+6(S5 +Ry v) _YCy
MSE" (V2 9(3 * Ro0% = 20y Sy ey) () 0T SC M
Y 2
- XCy +TM C ™ 0 S,S )+:(R2205v
y20 _y X X Z(RZ S — R Pyy Sk Sy
Ypr = y[ XC, +TM j Bias® (Y Y ( 20 Y
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Proposed Estimators a; b; Mean Square Errors & Biases Ratio’s
2 o2 _
. —Eiva +TMj - MSE* (Y2 = 9( +R352 — 2Ry 9,5, S, )+0(s +R2,S2 ) i Yo,
=Y o T Pxy 0 21~
Xpxy +TM Bias™ (V2 )~—(R2182 Ro19 Sx Sy)+Y:(R2218V2) X Py +TM
. (SMR MSE" (Y22 = 0[S} + R%:S% — 2Ry xSy ) +0(S5 +R5S] ) -
Ym:y(i+MRj 1 MR N 0 (n2 o2 2 = R
Bias (Y Y:(RZZS RzszySXSy)+Y:(R228V) +
* 2 o2
o2 V(XCXJFMRJ ] . MSE” (V2 )= 0(S +R335% — 2Rasy S Sy |+ 0(ST + R:S7 | ) 7c.,
i =Y == 5 X 23 =
XCy + MR Bias™ (V2 YQ(RBS R23pxysxsy)+YZ(R§33V2) XCy +MR
* 2 o2 2 2 g2 _
. V(prv . MR] . MSE" (Y2 e(s +R,S? —2R24,0XySXSy)+0(Su +R24SV) ] 7y
pl — Pxy 24 =
Xpxy + MR Bias™ (Y 5 )ng(R 2,52 — Ryy Py S Sy)+$(R224SV2) X Pxy + MR
. ()h HLJ MSE" (Y2 ) = 0[S} + R3sS% — 2Ros 2y S Sy )+ O( S + R3¢ ) 7
Yo =Y 1 HL Ror = =
pl - 29 25
X+HL Bias” (Y2 Yi(sts stpxysxsy)+Yﬁ(R§53V2) X +HL
* 2 o2 _ 2, p2g2 _
. y[ %C. + HL] . N MSE" (V%) = 0(S] + R3sS% — 2Ra1y SxSy )+ O(S¢ + R3¢ ) o
pL — ¥ X 25 = —
XCy +HL Bias" (Y 3° <Y (R 3655 —Ros PrySxSy ) + Q(RZZGSVZ) XCy +HL
Ty v
- MSE* (Y, RZS2 - 2R R -
YA27 3 prv +HL S (Y (S + 27Sx 27/0xysxS )"'9(8 + 278 ) R pry
pl = - Pxy HL ( 27 = X poy + HL
Xy

Bias" (V2 )~— R%;SZ — Ro7 oy Sy sy)+

(R5?)

Various terms used in Table 4.1 are described in the Appendlx-
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45 EFFICIENCY COMPARISON

To check the efficiency of the proposed generalized ratio estimator (\?pjl)

against mean per unit estimator (y), the mathematical conditions have been
derived by using MSE formulas with measurement errors. The algebraic
expressions are:

MSE"(Y,}) < Var"(y)
2 202 2 202 2 2
0(S7 + RISE — 2R;pyx Sx Sy ) +6(S5 +R?S7 ) < 0(S7 +87 ),

orif
R;S% + RSy < 2pyySxSy.

Rj[S% +S¢
> J| ZX TV 45.1
Pxy 2[ SXSY ( )

orif

When observations are recorded without measurement errors (ME),
Condition (4.5.1) reduces to

Rj Sx.

> — = 45.2
’ s (45.2)

Pxy

4.6 SIMULATION RESULTS

In this section, we conduct a simulation study with particular focus on
the following two issues:

~

a. How does the generalized estimator (Y,;) and the generalized

ratio estimator (ijl) compare with the mean per unit estimator

(Y) in the presence and absence of measurement errors?

b. How are the MSE, PRE and bias, influenced with the contribution
of measurement errors?

We have generated two populations from bivariate normal distribution

with different choices of parameters by using R-Program. The data statistics
for each population are given below.
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POPULATION-I:

True values: X =N(5,10), Y =X + N(0,1),
Observed values: y=Y + N(1,3),x=X +N(13)

POPULATION-II:

True values: X =N(5,10),Y =X + N(0,1),

Observed values: Y=Y + N(15),x=X +N(15)

From both the generated populations, we consider three different sample
sizes n=500,750 and 1000. The following steps summarize the simulation
procedures used to find the empirical MSE’s of any specific estimator.

Step-1: Fifty thousand samples of size n were selected from generated
populations by wusing simple random sampling without
replacement.

Step-11: Using the data from Step-I, estimates (?*) are obtained for
each sample size.

Step-111: The empirical MSE of the estimators is computed by

1 50000

EMSE(Y “)=——
)= 50000 El Y

* —

-Y)?,

where Y™ is the estimator, deduced from Equation (4.3.1) and Y
Is the population mean of the study variable. The percent relative
efficiency (PRE) of the estimators under study is calculated by
using following equation:

pRE = VAR(Y) 100
MSE(Y ™)

The MSE’s, PRE’s and biases of the estimators for generated
populations on different sampling fractions are presented in Tables (4.2-4.7).
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Table 4.2

Theoretical (boldface) and Empirical MSE’s, PRE’s (without ME)

of the Estimators Relative to Mean Per Unit Estimator

in Simple Random Sampling for Population-|

MSE(Without ME) PRE (Without ME)
Estimators f=n/N f=n/N

500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
; Jomeloms om | i | oo | oo
Vo | oooy | oooit | oooos | 1111875 | 10718.1818 | 11242.86
Yy o | ooois | o0vie | 09000 | 988333 | 982500 | 9837.50
V3 | oo | oot | ooore | 116275 | 110187 | 106351
i o s o | | o | s
Vi | oooas | oovos | oooie | 423571 | 421072 | a142.11
Ve | oots | ooore | oooes | 160270 | 161506 | 1606.12
Vo | oo | oo | ooosy | 2695.45 | 267954 | 2623.33
Vi | ooae | oooes | ooois | 523235 | 561429 | 5246.67
Ve | e | oo | ooore | 115519 | 110186 | 1049.33
Vo | oo | oot | oooil | 684231 | 736875 | 715455
0o o s | o | i
Y& | oo | oots | oooes | 988333 | 982500 | 9837.50
i me 0 e | e | wm
| o o s | s | o
Vi | oooes | goist | 00000 | 76352 | 87985 | 828.42
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MSE(Without ME)

PRE (Without ME)

Estimators f=n/N f=n/N

500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
e o e | e | e
VX | oot | ooss | onee | 126170 | 147375 | 1356.89
i s s me | et | v | ora
oo o | e | s | s
BRI
|32 sz | | e | s | om
|30 s | 35 oo | s | e
| s e | s | o
| o o 83 e | s | v
| o om0 | | surs | e
| ot some | et | | s | s
| o o | s | ot | s | s
|30 soma | e | wne | s | s




Table 4.3

Theoretical (boldface) and Empirical MSE’s, PRE’s (with ME)

of the Estimators Relative to Mean Per Unit Estimator

in Simple Random Sampling for Population-|

MSE(Without ME) PRE (Without ME)

Estimators f=n/N f=n/N
500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
p | o anm | 0 | o | wom | onoo
i, | ogmeaam | ann e | onso | ses
AR
75 | o o | 0ne e | woer | w0
7 | oo o | 0 [y | aours | oo
7h | om0 e | e | soom
7 | g | sm | ome s | sun | s
s | g ome | 0ns | som | wes | s
7 | e sme | om | snss | e | smos
i | o | o | one e | woer | wo
s | o ome | om s | e | seos
in | s ome | 0o sz | anio | so0s
i | S oo 0 e | w0 | sm
g | ome o] 0w [ | s | o
in | s oo oome | amos | s | o
i 8:8383 8:3383 8:gig? 42013 | 45176 | 429.50

44



MSE(Without ME)

PRE (Without ME)

Estimators f=n/N f=n/N

500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
i ome ot | uw | e
i e eme | oo | e | s | e
i |3 s e | e | s | s
BRI
i ame ol som || o | o
B o e | o |
| e | oo | s | s | moa
| o o | un | e
N 1 e s | wsa | e
V3 | ooas | ooaca | ooese | 32458 | 27356 | 40519
R om | mwr | se
|30 s e s | wse | e
o o | e | me
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Theoretical Biases (with/without ME) of the Estimators

Table 4.4

in Simple Random Sampling for Population-|

Bias (without ME)

Bias (with ME)

Estimators f=n/N f=n/N

500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
y 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
?pi 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
\?pll -0.00008 | -0.00004 | -0.000001 | 0.0031 | 0.0019 | 0.0015
\?pzl -0.0069 | -0.0047 | -0.0033 | -0.0052 | -0.0036 | -0.0025
\?jl -0.0079 | -0.0054 | -0.0037 | -0.0067 | -0.0046 | -0.0032
\?p“l -0.0036 | -0.0024 | -0.0017 | -0.0011 | -0.0008 | -0.0005
\?5’1 -0.0061 | -0.0041 | -0.0028 | -0.0042 | -0.0028 | -0.0019
ﬁ?l -0.0047 | -0.0032 | -0.0022 | -0.0025 | -0.0018 | -0.0012
\?gl -0.0029 | -0.0019 | -0.0013 | -0.0003 | -0.0002 | -0.0001
\?;*1 -0.0069 | -0.0047 | -0.0033 | -0.0052 | -0.0036 | -0.0025
\?5’1 -0.0021 | -0.0014 | -0.0009 | 0.0007 | 0.0004 | 0.0004
\ﬁ}f -0.0080 | -0.0054 | -0.0037 | -0.0067 | -0.0046 | -0.0032
ﬁ}ll 0.0001 | -0.0003 | -0.00006 | 0.0033 | 0.0016 | 0.0016
\ﬂ}f 0.0020 | -0.0022 | 0.0005 | 0.0020 | -0.0021 | 0.0005
\?[}13 -0.0086 | -0.0058 | -0.0039 | -0.0078 | -0.0052 | -0.0036
\ﬁ}f -0.0078 | -0.0051 | -0.0035 | -0.0065 | -0.0041 | -0.0029
yis 0.0011 | -0.0015 | 0.0003 | 0.0011 | -0.0015 | 0.0003
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Bias (without ME)

Bias (with ME)

Estimators f=n/N f=n/N

500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
Y -0.0067 | -0.0042 | -0.0030 | -0.0049 | -0.0031 | -0.0022
Yy 0.0008 | -0.0011 | 0.0002 | 0.0008 | -0.0011 | 0.0002
v -0.0074 | -0.0049 | -0.0034 | -0.0059 | -0.0040 | -0.0027
oo -0.0086 | -0.0057 | -0.0039 | -0.0078 | -0.0053 | -0.0036
Y2 -0.0078 | -0.0051 | -0.0035 | -0.0064 | -0.0042 | -0.0029
v -0.0086 | -0.0057 | -0.0039 | -0.0078 | -0.0053 | -0.0036
Y2 -0.0086 | -0.0058 | -0.0037 | -0.0078 | -0.0053 | -0.0031
YZ | -0.0079 | -0.0053 | -0.0027 | -0.0066 | -0.0045 | -0.0018
vz -0.0086 | -0.0057 | -0.0037 | -0.0079 | -0.0053 | -0.0031
Y% | -00086 | -0.0058 | -0.0030 | -0.0078 | -0.0053 | -0.0036
Y2 -0.0078 | -0.0051 | -0.0035 | -0.0064 | -0.0042 | -0.0029
v -0.0086 | -0.0058 | -0.0039 | -0.0078 | -0.0053 | -0.0036
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Table 4.5

Theoretical (boldface) and Empirical MSE’s, PRE’s (without ME)
of the Estimators Relative to Mean Per Unit Estimator
in Simple Random Sampling for Population-II

MSE(Without ME) PRE (Without ME)
Estimators f=n/N f=n/N

500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
;o ol 0o oy | s | o
Vi | oo | ooone | ooool 11163750 | 12733.33 | 11857.14
Yy | oo | oot | oooe | 10344.44 | 1041818 | 10375.00
V3 | oo | oooes | ooora | 112848 | 116939 | 112162
i |oms ol s e | s | wn
Vi | oteas | oosod | ooote | 4137.78 | 4407.60 | 4368.42
Vo | oo | ooer | ooeer | 1647.79 | 171045 | 1627.45
Vs | ooy | oo | ooy | 269855 | 2865.00 | 2766.67
Vi | oo | oooe | ooois | 532000 | 603158 | 5533.33
Ve | oo | ooes | ooore | 112848 | 116939 | 112162
Vo | ooes | ooore | oooia | 6896.30 | 764000 | 7545.45
|30 som | e | | s | ono
Y& | Doore | oot | oooas | 10344.44 | 1041818 | 10375.00
i ome  e | me | me
|0 om0 | s | wewr | we
Vi | oooee | ooiy | oo | 81310 | 84265 | 86458
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MSE(Without ME)

PRE (Without ME)

Estimators f=n/N f=n/N

500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
o onelem s | s | o
V| ooiae | oo | oo | 131127 | 138072 | 143103
e o | e | o
i am o | 00w | e | s
i o om0 | e | o | i
0 om0 s | wow | o
| e o [ | wen | o
Y2 | ooy | ooioe | ooas | 219059 | 91680 | 4509
V3 | ooone | oo | ooeas | 92078 | 41978 | 247.02
08 e ome | s | s
e e o e | | s
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Table 4.6

Theoretical (boldface) and Empirical MSE’s, PRE’s (with ME)
of the Estimators Relative to Mean Per Unit Estimator
in Simple Random Sampling for Population-II

MSE(Without ME) PRE (Without ME)
Estimators f=n/N f=n/N
500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
Y| ool | oS | 2% | 10000 | 10000 | 10000
30 o | e aon | e |
MR
V2 | Soee | ooeay | ooons | 27123 | 269.94 | 275.13
VS | 90308 | 0007 | 00998 | 25681 | 25637 | 25854
Vi | ool | Doosz | DOST2 | 27250 | 268.42 | 276,61
| 3 98T | e |
| 0 oY | s |
AR
Ve | ooeee | oooae | ooons | 27123 | 269.94 | 274.40
Vo | ooens | ooore | oooes | 26473 | 26011 | 267.97
V| Doae | ooaos | Dosr | 25653 | 255.91 | 25019
i | oo | omm | 008 | aner | s | e
5 o s | s | e
| S o 00 | | i | e
Vi | poost | D05 | D095% | 26233 | 26202 | 267.62
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MSE(Without ME)

PRE (Without ME)

Estimators f=n/N f=n/N
500/5000 | 750/5000 | 1000/5000 | 500/5000 | 750/5000 | 1000/5000
A9 o e | e | o | s
| o | o | am2 s | o | o
3By 0 o8 | e | wm
vie | o0%Te | 0oal | D051 | 265.04 | 263.96 | 27008
YE | Does | ootas | ooacs | 22065 | 22105 | 22321
3 o 0 | s | et | e
om0 | | o |z
|3 o 08 | e | e |
3 o 0 | er | et | s
V3 | Joors | oo | ooz | 26625 | 22595 | 183.10
BRI
| om et o | s | s | e
| o ook | e | om | s
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Table 4.7

Theoretical Biases (with/without ME) of the Estimators
in Simple Random Sampling for Population-II

bias (without ME)

bias (with ME)

Estimators f=n/N f=n/N

500/5000 | 750/5000 |1000/5000 | 500/5000 | 750/5000 |1000/5000
y 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Lpi 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
\?pl -0.0002 | 0.0001 | -0.0000 | 0.0086 | 0.0058 | 0.0038
\?pzl -0.0073 | -0.0045 | -0.0033 | -0.0028 | -0.0015 | -0.0013
?gl -0.0084 | -0.0052 | -0.0038 | -0.0048 | -0.0028 | -0.0022
ﬁj‘l -0.0039 | -0.0023 | -0.0017 | 0.0029 | 0.0021 | -0.0013
?F?l -0.0063 | -0.0039 | -0.0028 | -0.0011 | -0.0004 | -0.0005
Yi?l -0.0050 | -0.0030 | -0.0022 | 0.0011 | 0.0009 | -0.0004
YAp71 -0.0031 | -0.0018 | -0.0013 | 0.0042 | 0.0029 | 0.0018
Y?l -0.0073 | -0.0045 | -0.0033 | -0.0028 | -0.0016 | -0.0013
ﬁ?l -0.0023 | -0.0013 | -0.0009 | 0.0054 | 0.0037 | 0.0024
ﬁ}f -0.0084 | -0.0052 | -0.0038 | -0.0049 | -0.0029 | -0.0022
ﬁ}ll -0.0001 | 0.0002 | 0.0000 | 0.0087 | 0.0059 | 0.0039
Y22 | 00006 | 0.0007 | 0.0011 | 0.0006 | 0.0007 | 0.0011
?gf -0.0090 | -0.0056 | -0.0040 | -0.0069 | -0.0042 | -0.0030
v | 00081 | -0.0049 | -0.0036 | -0.0042 | -0.0024 | -0.0018
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bias (without ME) bias (with ME)
Estimators f=n/N f=n/N

500/5000 | 750/5000 |1000/5000 | 500/5000 | 750/5000 |1000/5000

yis 0.0004 | 0.0004 | 0.0006 | 0.0004 | 0.0004 | 0.0006

16 -0.0069 | -0.0042 | -0.0030 | -0.0021 | -0.0011 | -0.0008

v 0.0003 | 0.0003 | 0.0004 | 0.0003 | 0.0003 | 0.0004

y1s -0.0079 | -0.0048 | -0.0035 | -0.0038 | -0.0022 | -0.0016

19 -0.0090 | -0.0056 | -0.0040 | -0.0069 | -0.0042 | -0.0031

y 20 -0.0081 | -0.0049 | -0.0036 | -0.0042 | -0.0025 | -0.0019

Y2l | -0.0090 | -0.0056 | -0.0040 | -0.0069 | -0.0042 | -0.0031

Y 22 -0.0078 | -0.0056 | -0.0037 | -0.0037 | -0.0040 | -0.0032

v 23 -0.0056 | -0.0048 | -0.0040 | 0.0002 | -0.0022 | -0.0029

Y 24 -0.0078 | -0.0056 | -0.0037 | -0.0037 | -0.0041 | -0.0032

y 25 -0.0090 | -0.0056 | -0.0040 | -0.0069 | -0.0042 | -0.0031

y 26 -0.0081 | -0.0049 | -0.0036 | -0.0042 | -0.0025 | -0.0019

Y2, -0.0090 | -0.0056 | -0.0040 | -0.0069 | -0.0042 | -0.0031

Results in Tables (4.2-4.7) show that our proposed generalized estimator
(?A4) and its special cases have zero or near zero bias and is performing well
both in presence and absence of measurement error. The performance of all the
estimators in the proposed series of ratio estimators (\?pjl) shows that the

efficiency of these estimators is effected quite a bit under measurement error.
With the contribution of measurement error, MSE of these estimators has
increased and this causes decline in percent relative efficiency. Note that the

classical ratio estimator (\ﬁ}l) is doing the best without measurement errors but
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not so with measurement error. We also note, as expected, special cases that
utilize those population parameters that reflect on mean estimation do better.
For example, utilization of the Tri Mean (TM ) produces better results as
opposed to utilization of various quartiles such as QD.

4.7 NUMERICAL EXAMPLE
To check the performance of proposed estimator, we used the data taken

from Gujarati and Sangeetha (2007, page 539). The population characteristics
are described as:

Y; = true consumption expenditure,

y; = measured consumption expenditure,

X; = true income,

X; = measured income

Table 4.8
Summary Statistics for the Real Data
N | n Ky Hx Sy Sx Px | op oy
70 | 10 | 981.29 | 1755.53 | 613.66 | 1406.13 | 0.778 | 36.00 | 36.00
Table 4.9

Theoretical MSE’s and PRE’s (with/without ME) of the Estimators
Relative to Mean Per Unit Estimator in Simple Random Sampling for

Real Data
Mean Square Error Peré%q;[:ilgﬁ::atlve
Estimators - - - y_
Without | Change With | Without With
ME due to ME ME ME ME
y
(Mean per unit 32278.17 3.08 32281.25|100.0000 | 100.0000
estimator)
?1
pl
(Classical ratio 20901.40 4.04 20905.45|154.4307 | 154.4155
estimator)
Ypi
(Proposed generalized 12740.71 3.44 12744.15 | 253.3467 | 253.3025
estimator)
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When dealing with the real data, Table 4.9 shows that our proposed
generalized estimator (Yp;) is better than the existing estimators yand \7p11

under both scenarios when measurement error is present and when it is absent.
The contribution of measurement error in generalized estimator is lower
as compared to classical ratio estimator. However it is not so as compared
to the mean per unit estimator because the mean per unit estimator has only
one source of measurement errors (Y) but our proposed estimator has two
(Y and X).

48 CONCLUSION

It is well known that proper use of auxiliary information can help
produce better parameter estimates. It is more so at the estimation stage. In this
chapter, we have proposed a generalized estimator for population mean which
leads several new estimators as special cases. Particularly, the special cases

(ijl) utilize some conventional and non-conventional measures with single

auxiliary variable which is highly correlated with study variable. Results in
Tables (4.2-4.7) show the effect of measurement error on the estimators of the
proposed series using different sampling fractions. As expected, the theoretical
and empirical mean square errors are in very good match. The amounts of
biases are larger for small sample size but become negligible as the size of the
sample increases. It can be readily seen that the efficiency of the estimators
reduces if we take measurement errors into account. Thus there is a need to
take due care of measurement errors. A case in point is the classical ratio
estimator whose performance is very good when there are no measurement
errors but it performs poorly when measurement errors are present. Numerical
results based on real data corroborate our simulation results.
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CHAPTER 5

MEAN ESTIMATION FOR A NON-SENSITIVE STUDY
VARIABLE IN THE PRESENCE OF MEASUREMENT
ERRORS UNDER STRATIFIED RANDOM SAMPLING

5.1 INTRODUCTION

In this Chapter, we introduce a class of generalized mean estimators for
a non-sensitive study variable where measurement errors can occur both in the
study variable and the auxiliary variable. Also, unlike the previous chapter, it
Is done here using a stratified random sampling design. Once again, the focus
IS on studying the impact of measurement errors on mean estimation. We have
also provided a comparison of proposed estimator with some existing mean
estimators.

5.2 SAMPLING PROCEDURE AND NOTATIONS

We follow the usual notation for stratified sampling and consider a finite
population M =(M,,M,,...M ) of size N which is divided into L strata either

to ensure greater homogeneity or because of some other consideration such as
need for sub-domain level estimates. We assume that the h™ stratum contains

. L . i N
N, units such that > N, = N and the weight of the h™ stratum is W, :Wh
h=1

where (h=1, 2,..., L ). A simple random sample of size n, is drawn without

L
replacement from the h™ stratum such that > n, =n. Let (y,;,x,) be the
h=1

observed pair of values (factoring in measurement errors) and (VYy,;, Xy; ) be the

true pair of values of the study variable Y and the auxiliary variable X on the
L L

i"™ unit of the h™ stratum. Let Y =YWVY,, V=W, where
h=1 h=1

Np Ny
Yy, :Niz Yhi» Yh :iz yii denote the population mean and sample mean
hi=1 hi=1

L L
of the study variable (Y). Also, let X =>W,X,,X;=> W,X,, where
h=1 h=1

_ Ny 1 M .
Xh :N—thi,ih =—> X, denote the population mean and sample mean
hi=1 Ny i=1
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respectively of the auxiliary variable (X). The measurement errors associated
with the non-sensitive study variable and the auxiliary variable in the h"
stratum, as defined in Equations 1.5.4 and 1.5.5 Chapter 1 are given by:

We use the following notations:

Let e = _ Vst~ and = Such that, E(e.,)=E =0, and
ost v €5t = ost €1t
1 Lw? Y 52 1 Zy S2
E(egst)_ = h YhYh —Vzan( 2 ): - Wi YnSxn
Y“hzt Oy X2 no1 Oxn
1L 5
=V, E (€t elst)_:x 2 Wi ¥hSyxn =Va1s
where
—\2 _\2 _ _
g2 :NZ“:(Yhi—Yh) g2 :%(Xhi_xh) ¢ :Nzh:(Yhi—Yh)(Xhi—Xh)
Yh izl—Nh o izl—Nh T N —1 ,
s2 S2 1— f n
eYh:%’GXhzz—Xhszh:[ hjand fh=N—h-
(Sdn + Syn) (Syh + Skn) Ny h

(5.2.1)
5.3 PROPOSED GENERALIZED ESTIMATOR IN THE PRESENCE
OF MEASUREMENT ERROR
In this section, we propose a generalized estimator for population mean
in the presence of measurement errors on both the non-sensitive study variable

(Y) and the auxiliary variable (X) in stratified random sampling.

The proposed estimator is:

A

Y_pl st = |:y5'[ "‘k(>Z Xs

ag X + by
Y Frewmrmie ’

)(astx + bst)
(5.3.1)

Here the constants A, k and g may be assumed known, or may be
assumed unknown. In the latter case, their values will need to be estimated. As
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usual, the constants ay (= 0), and b are either real numbers or functions of

the known parameters of the auxiliary variable X. Many estimators can be
derived from the proposed class of estimators with specific choices of the
constants. For example, g =1 gives us various combined ratio estimators and

g =—1 gives us various combined product estimators.

Remark 1:
For g =1, Y,; & can take the following form:

s o - ay X + by
thst—[ystwtk(x Xst)} MagXy +by ) +(1-1)(ag X +by ) |
(5.3.2)

By setting different values of unknown constants in Equation (5.3.2),
various combined ratio estimators based on the single auxiliary variable may

be obtained as a family of v, For example,

pi,st -

(i) By putting k=0 and A =1, we have

~ a. X +hb
Y —y, | —st2t - st 533
plat = Y (ast Xt + bstJ ( )

(i) By putting k=1and 2 =1, we have

o - a, X +b

Y =(Vy + (X =X%)) =—=L |, 534
p2,st (YSt ( St))(astyst N bst j ( )

(ili) By putting k=h,, (the slope term in regression Y on X) and 1=1, we

have

~ _ ag X +Db

Yoo =(Yg + X —%X,)) =—=t |, 535
p3,st (yst bYX ( St))(astyst N bst j ( )

(iv) By putting k=0 and =2, (optimized value of 5 relative to the MSE
of the proposed estimator), we have

g XDy _ | (5.3.6)
}"opt (ast Xst + bst ) + (1 - 7"opt )(ast X+ bst )

~

Yp4,st = Vst
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(V)  Byputting k=1and % =2, , we have

- _ a X +b
Yos.st = (Vs + (X — %) — st st - .
ot ( N ) )[xopt(astxst +bst)+(1_}‘opt)(astx +bst)
(5.3.7)
(vi) By putting k=D, and 4 =4, , we have
- _ ay X + by
Yoo.st =( Vst +byx (X —%g)) — .
P i i kopt( st Xt + Dyt ) (1_7‘0pt)(astx Jrbst)
(5.3.8)
Remark 2:

For g =-1, Yipi,st can take the following form:

Yipi,st :[yst +k()?—73t)}|: ( Bk +b8t) )?( b, )( +bSt)}.

(5.3.9)

By setting different values of unknown constants in Equation (5.3.9),
various combined product estimators based on single auxiliary variable may be

obtained as a family of YIDI &t - For example,

(i) By putting k=0 and 2=1, we have

2 ay Xy +b
Y =y, | =St St 5.3.10
p7,st yst( astX +bst ) ( )

(i) By putting k=1and 2=1, we have

> = S o ay Xy +b
Yps,st :(Yst +(X - Xst))(ﬁ]- (5.3.11)
S S

59



(il) By putting k=hb,, and 2=1, we have

s s o A Xt + by
Yoo.st =( Vst +byx (X = Xst))[ﬁj. (5.3.12)

(iv) By putting k=0 and 4= 4,,, we have

Y04 = y eopt (BstXst + Byt ) + (1_7‘opt)(astx + bst)
p10, st st " t)Z s

J. (5.3.13)

st

(v) Byputting k=1and 1=24_,, we have

opt !

2 (7 F(X X ))[xopt(astxst +bst)+(1_7”opt)(ast>z+bst)J
st st .

Ypll, st =

(vi) By putting k=h,, and A1=4,,, we have

A

_ Aot (&
Yp12,st :(yst +bYX (X _Kst))[ Opt( =

Xgt + g ) + (1_ Aot )(ast)Z + by )]
(5.3.15)
5.3.1 The Bias and Mean Square Error of the Proposed Generalized

Estimator

Expressing Equation (5.3.1) in terms of ¢’s, we have

A

Yo st :(Y_(1+ Cost )+ k(>Z a X(1+em)))

{ ag X + by Jg
MagX (1+eg ) +by )+ (1-2)(ag X +bg) )

or

- 9
A _ — _ a. X +b
Yoo =(Y +Yeq — kXe _ st st )
et ( o St)[astx + Dby +Aag Xey

or
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A

Ypi,st = (Y_ + Y_eost - kxelst )[l+

- -g
kasl Xe
agX +by |

or

A

Y_pi,st - (Y_ + Y_eost - kielst )(1 + At )—g ,

where
ag X

b= (ay X +bst).

By using Taylor series expansion

1+x) " =1—nx+
(1+x)

we get

~ 1)

Y_pi,st ~ (Y_ + Yeoy —kXey )(1_ gAdes + g(%(kd)eﬂ.st )zj’

or

Y — gAdYey + ] (g2+ ) 120 Yejy +Yeoy

<<

7 = +1 —
pist ~ —gApYesslrst + 9(92 )7‘2¢2Yeostelzst (5.3.16)

_ _ +1 _
—kXeyg + gxd)kxelzst 3 (92 ) X2¢2kXefst

In order to derive the expression of bias, using terms up to second order
from Equation (5.3.16), we have

A

- _ 1 _ _ _
Ypist —Y)= (%k2¢2Yel25t — gADYeps eyt + gx(l)kXefst )

Taking expectation and using Equation (5.2.1), we get
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E(Yp| st ) (g}\'(l)) LWhZYhSih 1 LW2 S !
El Oy —;El h Vh9yxh
or
- g+1 - —
Bias™ (Y, &) = (929) - OAY + kX Vg —YViq |- (5.3.17)

The expression of bias of the proposed generalized estimator without
measurement error may be obtained by putting S\?h =0 in Equation (5.3.17).

In order to derive the expression of MSE of proposed estimator, using
terms up to first order from Equation (5.3.16), we have

~

(Y_pi,st - Y_) ~ (Y_eOst - g}‘d)Y_elst - k)zelst )

Squaring both sides and taking expectation, we have

2 o2
72 _LZL:Wh YhSvh
Y2 Oy,

_ _ _ _ L W, 2
E(Vpis — V)7 =] +((020)2Y2 +Kk*X? + 2g)gVKX ) e > WSk |
X?ha O
72 o) 1< W2
- (292077 + 2\(kx)W g 2 Syx
(5.3.18)
After simplification of Equation (5.3.18), we get

MSE" (Vi o) = Y Vg + ((924)°Y + K2X? + 2924 ¥k |V,

(5.3.19)

~(2079Y% + 2VXKk Vs,

In order to obtain minimized MSE*(YApi,st)’ we differentiate Equation
(5.3.19) with respect to (gA9), and equate the results to zero, i.e.
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OMSE" (Ypi )
o(grd)

H

or
OMSE” (Vi) _
o(gr4)

2( gAY + KK Vg, — 27 2y, (5.3.20)

On solving (5.3.20), the optimum value of (gA¢) is obtained as,

(920)opt = (\\;—i —Yék}- (5.3.21)

It may be noted that optimization with respect to (gA¢) is mentioned

only because of notational convenience, the key parameter being optimized is
A . The value of g will always be 1 or -1, and ¢ is a function of known

parameters of the auxiliary variable. Also, k will always be 0, 1, or the
regression coefficient between X and Y.

Substitution of (5.3.21) in (5.3.19) yields the minimized MSE*(YApi,st) as:

MSEpin (Vi o) = ¥ Vg (1-p% ), (5.3.22)

where pg :Vll/(\/%\/@).

The expression of minimized MSE of the proposed estimator without

measurement error may be obtained by putting Sf,h :S\?h =0 in Equation
(5.3.22).

5.4 ADDITIONAL SPECIAL CASES OF THE GENERALIZED
RATIO ESTIMATOR

Many additional combined ratio estimators can be deduced from the
generalized ratio estimator Y, , given in Equation (5.3.3). We denote the
generalized ratio estimator by,

A . j N j
plst — yst i bj :
Agt Xt + Ogt
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Various choices of asjt, bsjt are given in the table below. The general
expressions for the MSE and bias respectively with measurement error for this

A .

- - - J
generalized ratio estimator Y ; o

2

are given by

* Lj L 2 S
MSE " (Y 1. 5t)= 22 Wy vy 0
h=1 Yh

Bias* (Y] _)=| 2
(pl,st) (X

h=1 e)(h

j p—
ad X

Y
0j=——o—, Ry :fd)j’ Byxh =

(asjt X + bsjt )

. g2 :
L Rt OXh (stt —2ByynOxp )J
xh

(I)j jZL:WhZYhS)Z(h

(stt _BYXheXh)'

SYXh
>
SXh

(5.4.1)
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Table 5.1

Additional Special Cases of the Generalized Ratio Estimator (?leyst)

Bias” (erfrl,st) = (i—fj > \m( = PrxnOxn )

=1 Oxn

Estimators al bd Mean Square Errors & Biases Ratio’s
7 MSE* Wiy S +R! Sk R% — 2fByxn @ v
2 X (Yplst) = Z h7h sty ( st = 2Pxn Xh) 1Y
Ypl st = Yst| = BYh Xh R == %
Xt 1 X
0 B ) L Wi 7Sk ¢ =1
Bias” (Ypl )= (:) > ( ﬂvxrﬂXh)
X ) Oxy
29 ) 82 82 2 Y_
Ypl,st L MSE (Ypl,st) ZWh |5 T R ( st 2:BYXhé)Xh) R2 = :¢2
va — ‘9Yh exh st X
( X +Qy j 1 O = hlehCXh W, o2 <
= y = - * V2 = /_
T X+ Bias™ (Y i&) = (@—j ) m(R2 — ByxnOxn ) %2 (X +€))
X )ha  Oxn
Yip31 st L MSE*(YLSLSt) ZWh ”h S + R Sn (RS 2ﬁYXh‘9Xh) RS — £¢3
| - 1 Qy = 2 Wy Bon(X) A Oxn st T
[ X +Q, j h=1 a W 52
= Y
* Xst €2 Bias™ (Yplst) (Yj > M(Rgt _ﬂYXhGXh) % = /X +Qy)
ha Oxn
v 4 s L S S _
PLst L . MSE" (Yp1.61) = ZWhZJ/h{ I+ RG 9Xh (R4 2PxnOxn )J RG = A A
Q, X+ Q,p = X WqBon(X) O, = YW,C h=1 Gn Xh X
— yst -~ h=1 1 — h™~Xh (@) )Z
QZXSt +Ql h=1 ¢4 —==2
(Q, X +C)
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Estimators al bd Mean Square Errors & Biases Ratio’s
Yplst MSE* (Y2 )= S W.2 % R i R> _2 el 5 Y
L L (Ypl,st) = 2 Wi + Rt st PyxnOxn Ri==¢&
(X409 ) | o, =Tw.C Qp = 2. WhfBon (X) h=1 Ay Xh X
Vo o 1= 2 Wl h-1 4 ) L W2y, 52 X
17t 2 Bias” (Yplst) = |2 M( :BYXhHXh) %5 = %Ql)? +€Q)
X )ha  Oxp
N S2 S?
YoLet MSE” (Ypl st) = ZWh Vn| o0+ Rg X0 (RG zﬂYXhQXh) - ¢6
L eYh QXh St
( X +Qy ] 1 Qg = hz_:lthYXh i) LWy 52
" X + Qs Bias" (Ypist) =| = ZM(R ﬁYXhQXh) % = %X +Q3)
X )hat  Oxp
. * 27 L2 SYh 7 SXh 7 Y
Youst . . MSE" (Yp1st) = 22 Wh 7h + Ryt t g (R ZﬂYXhQXh) Rl = — g
~ h=1 B Xh X
[ O X +Q, j O = thWhCXh Q3 = thWhpYXh 51 LWy, 2 o
= — = = P ¥ =4 _
%y +Qy Bias" (Yy1.q) = | ‘= ZM( ﬂYXh‘9><h) ¢7 /le +(3)
X Jhaa Oxn
L S S V2
YoLst MSE” (Yplst) = ZWh 7h { Y: +Ry HX: (R8 2 BrxnOxn )J RS :;T%
X
[ QX+ ] Q3 = thWhpYXh Q= thWhCXh W2 52 0.%
= P =""3 _
T Qa%y + O Bias" (Ypys) = % ZM(R ﬁYXhexh) % %)3)( +)
X ) Oxn
Yig 82 SZ
pLst 0 ZL:W 00 MSE* (Ypl st) = ZWh 7 {ev +Rg QXh (Rgt —zﬂYXhQXh) RS =— ¢9
- st(Qz_tz?’] =t Qa—ZWh/’YXh Q,X
QZXSt+Q3 h=1 ¢9: 2/{22X+Q3)

= Brxnxn )

X Jh=1

el L W 7, S
Bias (Yp?l,st){@jZm(R?t

Oxn
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Estimators al bd Mean Square Errors & Biases Ratio’s
Yilo SZ S _
pLst ] 0 iW B ) MSE* (Ypl st ZWh 7 [HY +Ry HXh ( ZﬂYXhQXh) RO = ;:@0
7 = h Xh
(QX_Q] Q5 = Xy |2 s 0.2
— - _Q3
QX +Q, Bias™ (Yp1 ) = (@0 ) > h 7h°Xxh (Rslto _ﬂYXhQXh) Mo A)gx +0y)
har Oxn
2 S2 S2 va
Yois . MSE® (Ypl st) = ZWh | 2+ Ry QXh (Rll ZﬂYXhHXh) RLL _ Y:(/ﬁi
_ A Xh st = Al
_ (X+Q4] 1 Q4=thWhﬂ1h(X) A1 LWy .
= y — = }/ — /_
T\ X +Q Bias” (Yplst) ( 1]Z—h0h Xh( ﬁYXhHXh) h (X +Qy)
ha  Oxn
y12 S s2 B
pLst ) o ZW 5 () MSE* (Ypl st) = ZWh [th +Ryf 9Xh (Rlz 2 Byxn Oxn )J R = ;T(ﬁlz
7 = h Xh
- - ) _Q
QX +Qy Bias" (Y st) [¢12 j 3 h;/h Xh (Rsltz _ﬂYXhQXh) P %Qélx +Q,)
ha  Oxn
> Sth . 013 S&h (13 V2
Yor L MSE* (Yais) = ZWh Vn| =2+ Ry Rst —2Bxnbxn i3_Y
et Qg = 2 WhQzp (X) P On " O ( ) Rt = X ha
_y ( X+ Qg J 1 h=1 " W2 S " <
" Xt + Qs Bias™ (Yplst) ( SJZ—hgh Xh(R ﬁYXhQXh) 3_%X +Qg5)
ha  Oxn
v 14 MSE* (Y24_) = zw St + R X0 Sk (R14 2 B0 ) u_Y
L Lst) = h7h Xh%Xn Ry ==
- - Q5 = 2 WhQzp (X) i O Oxn S tra
~ [ O X +Qs j Q) = hlehcxh h=1 ho ) L Wy, S X
= -~ -~ 7 = va
QX + Qs Bias™ (Yp1 st) = [ : jg‘l—hé’:h X (Rslt4 _ﬂYXhexh) ha Alﬁ( +Qs)
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Estimators al bd Mean Square Errors & Biases Ratio’s
A Svh S2
Vit L L MSE" (73 = W | o RE 220 (RE ~2 it RS
_ O —SW Q5 = 2 W, Qan (X) B Oxn
B [94)( +Q5) 4—th hBin (X) h=1 4o ) L W2y S2 Q,X
=Yst| T~ - h 7h9Xh - 4/ X
: Q4% + Qs Bias” (Yplst) ( S)hzl hghh Xh (Rgts _ﬂYXhQXh) hs (X +Qs)
o O
?&fst St . o6 Skn (6
: ] 0 ZL:W 00 () MSE" (Vj0y;) = th 4w + Rt _(Rst _ZIBYXhHXh) RIS =
- - h Xh
_ v, ( QX+ j Q, = hleh:BZh(X) =T b ) L W2y 0, X
Qy X +Q = b4 —==°2 _
20t TS Bias™ (Ypl st) = [ 2 thl%(R ﬁYXhQXh) Ao QX +Qx)
Xh
717 S Sz
Ypl,st B ] 0 iw 9D, () MSE™ (Ypl st) = ZWh [ejh + Rl7 9Xh (R17 2 By Oxin )] RY —
= h Xh
_ ys{éux +f£226 J Q= X/ (0 |0 T b LW 52 O, %
X + = R vl =""4 va
e+ s (730 = 42| £ M2 (R — ) =" ok o
o Oy
y18 S S%
pLst ) L L MSE* (Yplst) ZWh Vh( LU QXh (Rls 2 ByrxnOxn )J
_ (QZX +Qp ] Q, = hZWhﬂzh(X) Qg = hZWhQDh (x) B Xh
=V | ————— =1 =1 Q,X
QX +Q Wi 7, S —=22 _
2Xst + €2 Bias* (Yplst) (%j%%(R ﬂvxrﬂxh) hs /sz +Q)
Xh
vyl L MSE* (Y2, ) = zw Sin + R X0 S (R19 2 Bescn© )
= 2. Wi hOxn
plet Q; = S W,TM;, (X) et O Oxn o
~ ( X +Q; j 1 h1 ho) L W2y %
* Bias” (Ypl st) = ( : )hzl%hm@gtg _ﬂYXhQXh) o = %_ +
o1 by




Estimators al bd Mean Square Errors & Biases Ratio’s
Y S2 s? vV
st ) 1 MSE" (Y Xy = th 7{ "+ R (R = 2B )] R = L g,
(le ‘0, ] O, = SW.Cy, Q, = hzlvvhﬂvlh(x) A Xh X
=Vst| =0~ ] = L X
= W27, S2 —=4
Xyt + €y Bias” (Ypl ) = £¢ZO j > m(Rszto _:BYXhHXh) P20 /le +Q)7)
ha  Oxn
y2l sa S% Y
plst ] o WML (0 MSE" (Y5it) = zwh 7h [ 9:“ +R X0 (RE" —2Bxn )] R2 :;:@1
- - h Xh
- (gs_x +?27 j Q3 = hZ_lthYXh =T W2 52 0,X
¥t T2%7 Bias® (Yplst) (@lj 2 M(R ﬂYXhQXh) P = A)sx +Q7)
haa  Oxn
R 52 52 -
Y22 L MSE* (Y 2) = zwh 7| o4 R22 2X0(R22_ 2R v Oy 2 _Y
et . Qg = > W, MR, (x) Phet A Oxn ( ) Ret” = Y¢22
X + Qg h=1 _
= L W2y, S2 = )y—
) [Xst +Qs] Bias” (Ypl st) = (@2 jhzl—hghh X (Rszt2 _:BYXhHXh) P22 =X +Qg)
o O
R 52 52 v
v L MSE* (Y 23 ist) = ZWh Vh| =2+ RE =X (REE — 2B O rRE-Y
e o s fwe, |G X wMRG| o G| | g
QX +0O 1= h“~Xh h=1 X
= st[ = ] h=1 ) Wi’ 74 Sk $o3 _Ql)y v
0,7 + Q% Bias® (Ypl ) = thH—(R ﬂYXhQXh) (X +Q4g)
Xh
V24 Svh S% v
plst B Q iW MR, (¥) MSE” (Yplst) B th " {6% +R QXh (R24 2 Py Oxin )J RS’ =;T¢24
= h Xh
_ QX+ || Oy = thpYXh S Q.X
QX+ h=1 zm o4 = 3/{2 X +Qg)
3 8

Bias® (Yplst) (@4j (R24 ﬂYXhQXh)

= Oxn
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Estimators al bd Mean Square Errors & Biases Ratio’s
y2 L MSE* (Y 25, ) = zw ¥ Sin +R® SXh( — 2By ) 5 Y
= h/h h¥Xh -
o _ Qg = > W, HL;, (%) PLet By O Xnox Rit' =5 ¢5
; [ X +Qq j 1 hot b ) LWy S 5o X
= Yst| o ¥ =
T K + Qg Bias™ (Ypl st) = ( 2 jhz:l—hghh X (Rszt5 —ﬁYXhQXh) > %X +Qyg)
= X
v 26 L MSE” (V2 Lst) = th h SYh +RE %(R%G - 2ﬂ\(Xhé’Xh) R =
PLst L Qg = 3 W HL, (%) P On O\ T X ¢26
( X +Qq O = thWhCXh h=1 4, W2y, S o, X
= t — = }/ = —
Tl +Qq Bias™ (Ypl st) = ( 2 jhzl%h)(h(R = Brxnbxn ) P20 A)lx +Qy)
X
Y_p217,st MSE* W SYh R27 SXh R27 2 0 27
] L (V&) = Z h 7h + Puxnbxn RZ = _¢27
QX +0O 0, = W, Qg = th HLh (X) @h 9Xh
v 9 3= hzl hPYxh h—1 L W2 s2 0.%
— ~ _ Q3 _
% €% Bias* (Y 2/st) = (@7 j ) %(Rfﬁ —ﬁvxrﬂxr]) Po1 = %)ﬁ( +Qg)
1 Oxn

Various terms used in Table 5.1 are described in the Appendix-B.
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5.5 EFFICIENCY COMPARISON

To check the efficiency of the proposed generalized ratio estimator
(YIol «t) against combined sample mean estimator (Y,), the mathematical

conditions have been derived by using MSE’s formulas with measurement
errors. The algebraic expressions are:

MSE" (Y, 1) <Var®(yg)

if
L S SZ W2y, &
th h[eYh + RS Xh(RJ ZBYXhBXh)]< Z—hgh e
h=1 Yh Xh h=1  Oyp
or if
L S2 (i .S
ElWhZYh[RSJtﬁ(RSJt _ZSY—ﬁeXhJ] <0,
or if
Rl <2 Vi
02
or if
RS < A (5.5.1)
Ao

s2
where A = ZWh YhSyxn and A, = ZWh Yh =%
h=1 eXh

The generalized combined ratio estimator Ypl & Will be more efficient

than the combined sample mean estimator y,, under the condition (5.5.1).
When the data are recorded without measurement error, the corresponding

condition may be obtained by setting SZ =0

5.6 SIMULATION RESULTS

In this section, we conduct a simulation study with particular focus on
the following two issues:
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a. How does the generalized estimator (?pi,st) and the generalized

ratio estimator (ijl,st) compare with the combined sample mean

estimator (y,) in the presence and absence of measurement
errors?

b. How are the MSE, PRE and bias, influenced with the contribution
of measurement errors?

We consider two bivariate normal populations with different covariance
matrices to represent the distribution of the study variable (Y) and the auxiliary
variable (X). All of the simulated populations have theoretical mean of (Y, X)
as Y =[5 5] and covariance matrices as defined below:

Population-I Population-I1

N=1000 N=1000

9 32 5 3
= : =0.5154 = : =0.9511
S Lo i F

For both populations, the methodology used to get the observed values
of (yy,i,%,)in h" stratum is as given below:

Yhi =Yhi +Qu and Xy = Xy +Qy,
where Q;,Q,; ~uncorrelated N (0,1)

We have considered three choices for sample sizes, namely n= 60, 150,
and 300. For simulation study, stratification is based on the auxiliary variable
(X). The sample size from each stratum is based on the Neyman allocation, so
we give only the total sample size in each case. The following steps were used
in a R-program:

Step 1: Twenty thousand samples of size n were selected from both
populations, using (simple random sampling without replacement)
in each stratum.

Step 2: Using the data from Step 1, twenty thousand values of an
estimator (sayYy, ) are obtained for each sample size.
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Step 3: The empirical MSE of the estimators is computed by

2

. 1 20000, .
EMSE(Y.") = (Y*—Y) ,
0= 35550 2, (%

where ?sf represents an estimator deduced from (5.3.1) and Y is

the population mean of the study variable. The following
expression is used to calculate the percent relative efficiency
(PRE) of proposed estimators as compared to the combined
sample mean estimator.

_ VAR(Yy)
MSE (Ys;)

PRE *100

The MSE’s, PRE’s and biases of the estimators for both populations on
different sample sizes are presented in Tables (5.2-5.5).
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Table 5.2

Theoretical (boldface) and Empirical MSE’s, PRE’s (with/without ME)
of the Estimators Relative to Combined Sample Mean Estimator
in Stratified Random Sampling for Population-I

(Pyyy =0.5119,p,y, =0.5547)

Percent Relative
Mean Square Error Effici
Estimators | n - - - Iciency
without | Change with Without With
ME |duetoME| ME ME ME
0.1450 | 00138 | 0.1588
60 | o rnoe | Do | 07205 |100.0000 | 100.0000
Vo | 150 060055113 88823 8’822313 100.0000 | 100.0000
0.0219 | 00025 | 0.0243
3001 00216 | 00027 | 00243 | 100:0000100.0000
0.0918 | 00103 | 0.1021
60 | oooms | oot | Oinss |157.9521 | 1555338
- 0.0310 | 00083 | 0.0402
Vo |150] ooote | oooes | ooaoe | 160.8151 | 142.0398
0.0139 | 00017 | 0.0156
300 Jores | oo | oores | 1575539 | 155.7692
0.1020 | 00293 | 0.1313
60 | 01020 | 00231 | 01251 | 1421569 120.9444
o 0.0375 | 00113 | 0.0488
Yors | 199 00389 | 00105 | 0.0494 |130:8000117.0082
0.0163 | 00047 | 0.0209
300 | 00103 | DT | 00502 11343558 | 116.2679
01012 | 00272 | 0.1285
60 | giote | D02re | 97255 11432806 | 1235798
5, 0.0369 | 00105 | 0.0474
Yoo | 199 00382 | 0.0006 | 00478 | 1390244 1204641
0.0161 | 00044 | 0.0204
3001 00162 | 00050 | 00212 |130:0248119.1176
0.1015 | 00281 | 0.1296
60 | 0101y | ooony | oioos | 142.8571 | 1225300
as 0.0373 | 00111 | 0.0483
Via | 150| doors | oonl | 09983 11375335 | 118.2195
0.0162 | 00046 | 0.0209
300 | goroe | 20080 | 9050 1135.1852 | 116.2679
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Mean Square Error

Percent Relative

Estimators | n - - - Efficiency.
without | Change with Without With

ME |duetoME| ME ME ME
AR AT
Vi | 150 | Qoo | 20005 | 00990 | 134.6457 | 125.2103
ol 108 | 0108 | 8 7 s
5 | 07017 | 00200 | o127y | 1434224 | 1245490
Vi | 150 | gty | 20007 | 008 lT | 138.6486 | 1197065
300| 20100 | Dooes | ooone | 135.1852 | 116.8269
8 | 07017 | 00210 | o12gp | 1434224 | 12549
o [0 12 O B s cn e
300 20T | D ooss | ooy | 136.0248 | 1197044
AT
o [0 35| 0102 | 80
ol 108 | 010 | B0 o
o | S 808 S8 |
Vi | 150 | g0 | 2000 | 00a02 |140.1639 | 122.7957
300 dores | ooote | ooaos | 136.8750 | 1208955
o DI 00 T e e
Via 1150| goon | oo | oo | 1315385 | 123.8612
300| Dotes | oooas | oosas | 1146597 | 1119816
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Mean Square Error

Percent Relative

Estimators | n . . . Efficiency.
without | Change with Without With

ME |duetoME| ME ME | ME
TEARAR I
iy |150 | gostt | 2000 | 00n Y 138.2749 | 110.2067
o] B0 | 0508 | BB | s e
AT
Vit |150 | groote | 200 | 008 137.9032 | 118.7110
300| 20100 | Dooes | ooory | 135.1852 | 116.8269
AR AT
oo [0 B30 | S | SO s o
300| 0ot | Dooa | ooony | 136.0248 | 119.1176
o SO O s nom
oo [0 35| 0 | B0 an
o] 508 | 050 | BB | vmcus
o S 108008 |y s
Vida | 150 | Qroazs | 20008 | 00980 1212766 | 117.4807
300 dotey | Oooan | ooat, | 1183784 1146226
o | 01| SO iy ori
Yig | 150 8:832; 8:882? 8:8222 111.0390 | 109.3870
300 doocs | oooay | oogey | 103.7915 | 103.4043
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Mean Square Error

Percent Relative

Estimators | n - - - Efficiency.
without | Change with Without With

ME |duetoME| ME ME ME
AR
Vido |150 | groafs | 2000 | 0023t 1108.0000 | 106.9288
0] QU215 | 00025 T 00288 1010005 101673
o0 | SL% | 85078 | 01 Tz 00 sancss
Vila 150 | Qoade | 20092 | 09200 | 126.9802 | 121.4894
ap | 00195 100025 100220 115 5077 110 gsgs
AR AR A
I g P
300 oo | oomee | ooss | 106.8293 | 105.6522
AT
i | 10] QUS| 0072 T 00T s 243
0] S6122 | 900%0 00199 | rznsass 122110
o0 | S1215 | 83 | 01 Tis s ussono
\?pzfst 150 8:8332 8:8822 8:832471 120.9906 | 117.2485
agp | 00185 | 0.0026 00212 1470, |11, e
oo | SHSt| 008 | 0% uansro | sziz
?pzl}st 150 8:8212 8:8823 8:83;2 124.8175 | 119.9580
300 8;8133 8;88% 82838; 121.6667 | 117.3913
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Mean Square Error

Percent Relative

Estimators | n - - - Efficiency.
without | Change with Without With

ME |duetoME| ME ME ME
o | 910881 9017 | 122 13976 12500
?pzfst 150 8:8282 8:883 8:8223 131.8766 | 124.1304
SEEAR A
0 | 01220 | 00132 | 0132 | 1200331 | 1168506
VB, 150 | groaso | 2000e | 0092 1110.3023 | 116.0569
300 8:8122 8:8838 8:8313 117.7419 | 114.0845
o | SHET | oolse | DI | s r20e
i, 10| ST D0t 060 | ipgcpis vione
300 000 | Conen | Ooag | 120.9945 | 116.8269
o | 91088 | 001 | L% |iggsasn szsacs
i, 10| S 0T | 00T |issames 1200t
SRR AR A
AR A A
Y2, | 150 8:833‘7‘ 8:8822 8:8122 120.9906 | 117.2485
oo | 00185 100026 1 0.0212 1,0 576, 114 6
o | Qe | 00188 | DI | saaston 20212
Y | 150 8:8212 8:8823 8:83;2 124.8175 | 119.9580
300 8:81?3 8:88% 82838; 121.6667 | 117.3913
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Table 5.3

Theoretical Biases (with/without ME) of the Estimators in Stratified
Random Sampling for Population-I (p,,; =0.5119,p,,, =0.5547)

bias (without ME)

bias (with ME)

Estimators n n
60 150 300 60 150 300

Vst 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Yy | 00000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Yhq | 0.0016 | 0.0009 | 0.0003 | 0.0047 | 0.002 | 0.0008
YZq | 0.0007 | 0.0005 | 0.0002 | 0.0034 | 0.0015 | 0.0006
Yi« | 00011 | 0.0008 | 0.0003 | 0.004 | 0.0019 | 0.0007
Yi« | -0.0011 | -0.0006 | -0.0003 | 0.0006 | -0.0003 | -0.0002
Yo« | 0.0004 | 0.0006 | 0.0003 | 0.003 | 0.0016 | 0.0007
Y&« | 0.0004 | 0.0004 | 0.0001 | 0.0029 | 0.0013 | 0.0005
Yl | -0.0008 | 0.0000 | 0.0000 | 0.0011 | 0.0007 | 0.0002
Y%« | 0.0002 | 0.0003 | 0.0001 | 0.0026 | 0.0011 | 0.0004
Yo« | -0.0016 | -0.0007 | -0.0002 | -0.0003 | -0.0005 | -0.0002
YX4 | 00007 | 0.0005 | 0.0003 | 0.0034 | 0.0017 | 0.0007
Yiq | 0.0019 | 0.0008 | 0.0003 | 0.0051 | 0.0018 | 0.0007
Y@y | 00132 | -0.0007 | 0.0001 | 0.0209 | -0.0005 | 0.0005
Yy | -0.0022 | -0.0007 | -0.0003 | -0.0014 | -0.0004 | -0.0002
Yy | -0.0019 | -0.0007 | -0.0003 | -0.0017 | -0.0006 | -0.0002
Yig | -0.0013 | -0.0004 | -0.0001 | -0.0011 | -0.0004 | -0.0001
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bias (without ME)

bias (with ME)

Estimators n n
60 150 300 60 150 300
Y -0.0014 | -0.0003 | 0.0000 | -0.0013 | -0.0003 | 0.0000
Yo -0.0021 | -0.0007 | -0.0002 | -0.0018 | -0.0006 | -0.0002
Y -0.0022 | -0.0007 | -0.0001 | -0.0016 | -0.0006 | -0.0001
Y -0.0022 | -0.0007 | -0.0003 | -0.0014 | -0.0004 | -0.0002
Y 2 -0.0019 | -0.0007 | -0.0003 | -0.0017 | -0.0006 | -0.0002
Y2 -0.0021 | -0.0007 | -0.0003 | -0.0018 | -0.0006 | -0.0002
Y2, -0.0021 | -0.0007 | -0.0003 | -0.0013 | -0.0005 | -0.0002
Y2, -0.002 | -0.0007 | -0.0003 | -0.0017 | -0.0006 | -0.0002
Y2 -0.0022 | -0.0007 | -0.0003 | -0.0017 | -0.0006 | -0.0002
Y 2 -0.0022 | -0.0007 | -0.0003 | -0.0014 | -0.0004 | -0.0002
Y2 -0.0019 | -0.0007 | -0.0003 | -0.0017 | -0.0006 | -0.0002
v 2 -0.0021 | -0.0007 | -0.0003 | -0.0018 | -0.0006 | -0.0002

80




Table 5.4

Theoretical (boldface) and Empirical MSE’s, PRE’s (with/without ME)
of the Estimators Relative to Combined Sample Mean Estimator
in Stratified Random Sampling for Population-I1

Mean Square Error

Percent Relative

Estimators | n - - - Efficiency_
Without Change With Without With

ME | duetoME | ME ME ME
IR AT
o o] B O i s
ol £ | EB8 | 8000 oo oo
60 | Jonse | oones | oooes | 1036.0000 | 957.1429
Vo 150 oones | oooes | oooas 10692308 | 997.0588
300 ooors | oo | ooore 10727273 | 817.6471
o | | 8 e e
o (0] OB2 OB 108 e s
300 | ootes | ooer | ooors | 513.0435 | 1985714
o] TSRO s e
A AEACTIET
o 08 | O BN s | nr
o] BB OO s s
Via (150 oo | 00rS | 00190 | 5450080 | 204.2169
00| ooer | oooey | ooore | 4916667 | 1985714
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Mean Square Error

Percent Relative

Estimators | n - - - Efficiency.
Without Change With Without With

ME | dueto ME | ME ME ME
60 | doonr | oooes | oo | 3044162 | 196.2343
T N T
oSI98 | S0 008 i
% | gopss | 00955 | 0.0ags | 3349138 | 1906504
Vo (150 Jooat | ooiie | Oores | 5914894 | 2042169
00| ooee | oooe | ooore | 4916667 | 1985714
AT
lu (0] S5 | 08 S| s | mae
00| oo | Joner | ooore | 368.7500 | 1957746
ol B O e s
o [0] S0 | 0020 OB suron | s
o SIS 8100 | s
o] B O s
Vo (150 20000 | ootee | Ooren | 4711864 | 202.9940
300 doooe | oooss | ooore | 4538462 | 198.5714
o] B | o
Vi 150 gors | oot | 0ol | 1816993 | 156.2212
300 gotie | oooes | oois | 122.9167 | 113.9344
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Mean Square Error

Percent Relative

Estimators | n - - - Efficiency.
Without Change With Without With

ME | duetoME | ME ME ME
o] o S o s |
Ve |150| Jooes | ooioe | ooiss | 545.0080 | 204.2169
o SBE OB I |y oo
o] 1% O e
Yiiq 150 828822 8:8133 8:812? 524.5283 | 204.2169
00| ooes | Cooe | ooors | 536.3636 | 1985714
o] 2SO s s
o o] B | LB SOBT ue na
00| oo | oom | ooor> | 3933333 | 185.3333
Al e
o o] OB OB I s
A A
o] DS ONE | v
Vit |1s0| Qo208 | 0905 | DT 11336538 | 125.0023
300 Joee | oo | oot | 134.0009 | 1252252
o] B | SO OB e | i
Yo 150 8:83;2 8:882; 8:833; 102.2059 | 101.8018
300 oo | ooom | ooise | 104.4248 | 1007246
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Mean Square Error

Percent Relative

Estimators | n - - - Efficiency.
Without Change With Without With

ME dueto ME | ME ME ME
o | 9% | 90 | 00T | raaaon | sansazs
Vifa |150| Joonr | o0l | oooon | 117.2096 | 115.3061
0| OS2 | 002 | 0013t | sosagns | 1a7ar
o | 9070 | SSteL | 908t Tusosomn | sonas
Vilo |150| QoS | 0000l | 2950 | 112.0068 | 100.7087
00| oo | doner | oores | 157.3333 | 1349515
o | 9088 | 0028 | S0 | prienes | o
. 0| S8 | SO ansmr | enz
avo| 00097 00026 00123 | 151 coq | 113 008
o | 9% | 0020 | 0088 | usanss | s6ness
it 10| S8 | SO0 e | setms
AR AR A
o | 9% | 908 | 0008 | isaeso | saaoad
Y2, 150 828328 828823 8:8%; 133.6538 | 124.6324
avg| 00088 00023 O0LLL Ty, 0004 | 155 59
o | 9% | 0018 | 0058 | igr 79 | ssnrs
?pzl%st 150 8:8122 8:8823 8:823? 200.0000 | 159.9057
300 oo | oooar | ooy | 196.6667 | 150.7701
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Mean Square Error

Percent Relative

Estimators | n - - - Efficiency.
Without Change With Without With

ME | dueto ME | ME ME ME
IR AR I AETIE
V2, |150| Qo | 200l | 00els | 2000000 | 159.1549
wo 0BE | 0BS 108 s e
AN A AR
V2. |150| Qoo | do0es | o2l | 1317536 | 123.7226
300 | oo | omen | Oorae | 137.2008 | 1275229
o] B SR o e
o (o] SB2 | OBE I e e
300 | oo | v | Dones | 203.4483 | 1616279
o] B SR O s | o
o o] BB OB I s
wo 052 0BE I ooy
AR T
V2, |50 | Qo200 | 0090S | 02T 11336538 | 125.0023
300 Joee | oo | oot | 134.0009 | 1252252
AR
\?pzfst 150 8:8122 8:8823 8:823? 200.0000 | 159.9057
300 8:8828 8:883; 8:888; 196.6667 | 159.7701
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Table 5.5

Theoretical Biases (with/without ME) of the Estimators in Stratified
Random Sampling for Population-I1 (p,, =0.9525,p,,, =0.9454)

bias (without ME)

bias (with ME)

Estimators N n
60 150 300 60 150 300

Vst 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Vo s 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Yhq | -0.0031 | -0.0011 | -0.0005 | 0.0000 | 0.0000 | 0.0000
Y24 | -0.0033 | -0.0011 | -0.0005 | -0.0005 | -0.0001 | 0.0000
Y3« | -0.0033 | -0.0011 | -0.0005 | -0.0005 | 0.0000 | 0.0000
Y4 | -0.0034 | 0.0718 | -0.0005 | -0.0012 | 0.1145 | -0.0002
Yo | -0.0035 | -0.0010 | -0.0005 | -0.0014 | 0.0002 | 0.0000
Y&« | -0.0034 | -0.0012 | -0.0005 | -0.0013 | -0.0005 | -0.0002
Yh« | -0.0033 | -0.0012 | -0.0005 | -0.0022 | -0.0008 | -0.0003
v% s | -0.0033 | -0.0011 | -0.0005 | -0.0005 | -0.0002 | 0.0000
Yo | -0.0033 | 0.0026 | -0.0002 | -0.0021 | 0.0028 | -0.0002
YRy | -0.0032 | -0.0011 | -0.0005 | -0.0006 | 0.0000 | 0.0000
Yi, | -0.0031 | -0.0011 | -0.0005 | 0.0000 | 0.0000 | 0.0001
Y2, | -0.0017 | 0.0124 | -0.0004 | -0.0015 | 0.0230 | 0.0001
Y&y | -0.0031 | -0.0011 | -0.0005 | -0.0023 | -0.0008 | -0.0003
Yitq | -0.0017 | -0.0006 | -0.0003 | -0.0015 | -0.0005 | -0.0002
v -0.0001 | 0.0000 | 0.0002 | -0.0001 | 0.0000 | 0.0002
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Y2, | -0.0018 | 0.0002 | -0.0001 | -0.0016 | 0.0003 | -0.0001
YY¥s | -0.0007 | -0.0002 | 0.0048 | -0.0007 | -0.0002 | 0.0061
YR, | -0.0034 | 0.0024 | -0.0002 | -0.0022 | 0.0027 | -0.0002
Yog | -0.0031 | -0.0011 | -0.0005 | -0.0023 | -0.0008 | -0.0003
Y2, | -0.0017 | -0.0006 | -0.0003 | -0.0015 | -0.0006 | -0.0002
y2, | -0.0030 | -0.0011 | -0.0005 | -0.0023 | -0.0008 | -0.0003
YZ | -0.0030 | -0.0011 | -0.0005 | -0.0023 | -0.0008 | -0.0003
Y2, | -0.0017 | -0.0006 | -0.0003 | -0.0015 | -0.0005 | -0.0003
Y2y | -0.0029 | -0.0011 | -0.0005 | -0.0023 | -0.0008 | -0.0003
Y2, | -0.0031 | -0.0011 | -0.0005 | -0.0023 | -0.0008 | -0.0003
Y2, | -0.0017 | -0.0006 | -0.0003 | -0.0016 | -0.0005 | -0.0002
Y 27 -0.0030 | -0.0011 | -0.0005 | -0.0023 | -0.0008 | -0.0003

87




Tables 5.2-5.5 give the contribution of measurement error, the amount

of MSE’s, PRE’s and biases for the estimators ( Y ), (\? ) and (YAj ) based

pi, st p1, st
on different sample sizes. It is clear from the simulation results that
measurement errors play a significant role in increasing the MSE of an

estimator. The reduction in PRE for (ijl st )» When measurement errors occur,

Is much higher as compared to the proposed generalized estimator (?pi,st).

Also note that the performance of the proposed generalized estimator is better
than the existing estimators both in the presence and absence of measurement
errors, more so in the high correlation case as compared to the low correlation
case.

57 NUMERICAL EXAMPLE
Data Statistics

The data choice used for numerical study is motivated by Sousa et al.
(2014). While the actual data used there is subject to confidentiality protocol,
we have used here simulated data which follows the summary information in
Sousa et al. (2014). The following notations are used below:

Y = True Purchase orders, X = True Turnover of enterprises
y = Measured Purchase orders, X = Measured Turnover of enterprises

The methodology used to get the observed values of y and X in h"
stratum is y,; =VY,; +Q; and x,; = X, + Q,; Where Q;;,Q,; ~uncorrelated N(0,1).

We generated a bivariate normal population of size 1698 with these
parameters.

Table 5.6
Summary Statistics for the Numerical Example
Strg]t)um Nn Py Y, Svv X4 Sxn Population

1 979 0.7802 2.15 246 312 2.68 | N=1698, p,, =0.9368
2 362 0.7952 16.67 6.86 2031 6.02 | Y =14.44, X =17.97
3 357 0.8408 45.88 30.21 56.33 30.18 | Sy =22.39,5, =25.31
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Table 5.7

Theoretical MSE’s, PRE’s (with/without ME) of the Estimators
Relative to Combined Sample Mean Estimator in Stratified
Random Sampling for the Numerical Example

Percent Relative
Mean Square Error Ffici
Estimators n - - - E Iclency
Without | Change With | Without With
ME dueto ME| ME ME ME
Vet 250 | 0.7204 | 0.0034 | 0.7238 | 100.0000 | 100.0000
(Combined
Sample Mean
Estimator) | 500 | 0.3087 | 0.0026 | 0.3113 | 100.0000 | 100.0000
?pi,st 250 | 0.2060 | 0.0013 | 0.2073 | 349.7087 | 349.1558
(Proposed
Generalized
Estimator) 500 | 0.0857 | 0.0009 | 0.0866 | 360.2100 |359.4688
\?Sl,st 250 | 0.2126 | 0.0053 | 0.2179 | 338.8523 | 332.1707
(Combined
Ratio 500 | 0.0865 | 0.0028 | 0.0893 | 356.8786 | 348.6002
Estimator) ' ' ' ' '

Table 5.7 shows that our proposed generalized estimator (YApi,st)

performs better than existing estimators both in the presence and absence of
measurement errors. We saw the same pattern in Tables (5.2-5.5). Also
presence of measurement errors impacts the proposed generalized estimator

(?pi,st) less than the combined ratio estimator (?;Lst).
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5.8 CONCLUSION

The main contribution of this chapter is the introduction of a generalized
mean estimator in the presence of measurement errors in stratified random
sampling. The generalized estimator leads to several combined ratio and
combined product estimators as special cases. A specific generalized combined
ratio estimator has been studied by using various functions of the parameters
of the auxiliary variable. The asymptotic bias and MSE formulae have been
derived. The results are validated through a simulation and numerical study.
Tables 5.2-5.5 show the effect of measurement errors on the proposed
estimators using different sampling fractions. As expected, the theoretical and
empirical mean square errors are quite similar. All of the estimators are more
efficient as compared to the combined sample mean estimator. Improvement in
efficiency is more significant in the high correlation case as compared to the
low correlation case. It is obvious from the simulation and numerical results
that measurement errors hurt the efficiency of all estimators Thus there is a
need to make a considerable effort to eliminate measurement errors in the
survey.
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CHAPTER 6

MEAN ESTIMATION FOR A SENSITIVE STUDY
VARIABLE IN THE PRESENCE OF MEASUREMENT
ERRORS UNDER SIMPLE RANDOM SAMPLING

6.1 INTRODUCTION

In this Chapter, a class of generalized estimators of population mean for
a sensitive study variable has been proposed when both the study variable and
the auxiliary variable are contaminated by measurement errors, and the
sampling design is simple random sampling without replacement. The focus is
on studying the impact of measurement errors on the efficiency of RRT mean
estimators. We have also compared our proposed estimator with some existing
estimators.

6.2 SAMPLING PROCEDURE AND NOTATIONS

Consider a finite population of size N having identifiable units
M =(M;,M,,..My). Let Y be the sensitive study variable, which cannot be
observed directly due to potential respondent bias, and X be a non-sensitive
auxiliary variable which has a positive correlation with Y. Let S be a
zero-mean scrambling random variable with known distribution. The
respondent is asked to report a scrambled response for study variable (Y) given
by Z=Y+S, but is asked to provide a true response for the auxiliary variable
(X). Let a simple random sample of size n be drawn without replacement from
the population. Let (y;,x,z) be the observed values (factoring in

measurement errors) and (Y;, X;,Z; ) be the true values for the study variable Y,

auxiliary variable X and scrambled response variable Z respectively associated
with the i" (i=1,2,...,n) sample unit. To estimate Y , it is assumed that X is

known. Note that Z =Y is the population mean for the scrambled variable Z
since S has zero mean.

We recall that the measurement errors associated with the scrambled
response variable Z and the auxiliary variable X, as defined in Equations 1.5.2
and 1.5.3 in Chapter-1 are given by:

T, =(z - Z;),
Vi =(x = Xj),
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We will use the following notations:

~¥(z-2), (6.2.1)
i=1
wr = _Z:Ti’ (6.2.2)
=3 (X = X), (6.23)
i=1
and
W =3V (6.2.4)

i=1

In (6.2.1), (Z;—Z) is the deviation of the true Z-values from the

population mean of the sensitive study variable for the ith unit and these
deviations are summed over the entire sample.

Adding Equations (6.2.1) and (6.2.2), we have

n n

Wy Y :gl(zi —Z)+§Ti. (6.2.5)

Using Equation (1.5.3) in Equation (6.2.5), we have

n

vo b = 2(2-2)+ 3 (5 -23).

i=1 i=1

Dividing both sides by n, we have

1 120 - lz”
ﬁ(\lfz +‘VT):Hizl( ~Z)+ H:( %)
or

%(Wz +\VT):%§1(Zi _Z)-
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After simplification, we get
= = = =1 1
Z=2Z+Z7Z', where Z :H(\pz +y7). (6.2.6)
Similarly, from Equations (6.2.3) and (6.2.4), we have
T T -, 1
X=X+ X", where X'==(yy +yy ). (6.2.7)
n

Squaring both sides of (6.2.5), we have

B 2
(vz +yr)° = __1(Zi _Z_)+_§Ti} )

(v +yr)’= _{inl(zi - z‘)}2 +{éTi }2 + z{i;(zi - Z)Héﬂ H

or

Taking expectation on both sides, we have
2 n —\2 —\2 n _ n
E(y, +y;)° =E _zl(zi -Z) +_21(Ti -T) +2 _zl(zi -Z) _lei .
1= 1= 1= 1=
Applying expectation, the cross-product term becomes zero since the

true values of non-sensitive study variable Y are independent of measurement
error, thus

vz +yr)? - ZE(Z -2+ TEQ T
or

n n
E(yz +wr)’ =257 + 257 =n(S7 +57).
i=1 i=1

If the finite population correction factor is used,

E(ws +wr)? =n(- f)(S7 +S7),

where f :%. In this situation,
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1-f
Ewz +wr)? =nt (2 4 8),

or
E(yz +yr)° =n°6(S7 +57),

Dividing both sides by n”, we get

( j =E(Z)*=0(s? +5f),
Also
( +‘ij E(X')?=6(S% +53),

w +y w +y > (65.28)
{ Z T Xn V)}ZE(Z'X'):OPZXSZSX’
e:(l_f):(N_n)’ S§:SY2+8321 Pry = Pyx -

n NN 52

1+
SY

6.3 PROPOSED GENERALIZED RRT ESTIMATOR IN THE
PRESENCE OF MEASUREMENT ERROR

In this section, we propose a generalized RRT estimator for population
mean in the presence of measurement errors on both the sensitive study
variable (Y) and the non-sensitive auxiliary variable (X) in Simple random
sampling without replacement. As pointed out earlier, a scrambled version of Y
Is observed in the form of Z =Y + S,where S is a scrambling variable.

The proposed estimator is:

o[z k(X -x)]
where

ol g

g
} , (6.3.1)
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Here k and g are suitable constants, and A is assumed to be an

unknown constant whose value is to be determined from optimality
considerations. Also a; and b; are the parameters or functions of parameters of

the auxiliary variable (X). Many RRT mean estimators can be deduced from
the proposed class of estimators. For example, with g =1, we get various RRT

ratio estimators and with g =-1, we get various RRT product estimators.

Remark 1:
Forg=1, Yg; can take the following form:

- v (@ X +b)
Toi =7 k(X _X)]{k(ai7+bi)+(1—x)(ai>? )|

(6.3.2)

By setting different values of unknown constants in Equation (6.3.2),
various RRT ratio estimators based on single auxiliary variable may be

obtained as a family of \?Gi . For example,

(i) Byputting k=0 and A=1, we have

s | (@X+b)
Yoy =1 { D) } (6.3.3)

(i) By putting k=1 and 2 =1, we have

(X +h) (6.3.4)
(X +b) | -

Yoo =[Z+(X - x)]{

(ili) By putting k=h,, (the slope term in regression Z on X) and A1=1, we
have

(6.3.5)

Y3 =[ 7+ (X —x)]{w}.

(X +by)

(iv) By putting k=0 and A =X (optimized value of A relative to the MSE
of the proposed estimator), we have

(aii+bi)
Kopt(aii+bi)+(1—kopt)(ai)?+bi) '
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(v) Byputting k=1and A =X, , we have

opt

= _ = (a,)z +bi)

Yor = X - : 6.3.
G [Z +H X)][kopt(ai7+bi)+(1—kopt)(ai)? +bi)] (6.3.7)

(vi) By putting k =bzx and A =2, we have

o _ = (a,)z +bi)

Yog = by (X — .(6.3.8
G6 |:Z + zx( X)][Xopt(aii"‘bi)"'(l_}hopt)(ai)z+bi):l ( )

Remark 2:
For g =—1, Yg; can take the following form:

. {x(ai7+bi)+(1—x)(ai)?+b,)}

Yoi =|Z+k(X -x)] GXb) (6.3.9)

By setting different values of unknown constants in Equation (6.3.9),
various RRT product estimators based on single auxiliary variable may be

obtained as a family of ?Gi . For example,

(i) By putting k=0and 2=1, we have

> | (@X+h)
Yoy =2 {—(aj +bi)}. (6.3.10)

(ii) By putting k=1 and A=1, we have

v iX + b

Vog =[Z+(X - x)]{%}. (6.3.11)
(iii) By putting k=Db,, and 4 =1, we have

> - 7 oy @X+h

Yoo =[Z +byy (X - x)]{ﬁ}. (6.3.12)
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(iv)

v)

(vi)

By putting k=0 and 2=A4,,, we have

opt 1

F Xopt (X +1y;) +(_1—k0pt)(ai)? +by) | 6313
(& X +by)

By putting k=1and 1= 4, we have

N N kopt(aii+bi)+(1—kopt)(ai)?+bi)

Yorr =|Z+(X =X = : ..
11 =] Z+( X)][ X Th) (6.3.14)

By putting k =b,, and 2=4,,, we have

N _ A (a-¥+b) +(1= Ao J(a X + Dy

6.3.1 The Bias and Mean Square Error of the Proposed Generalized RRT

or

or

Estimator
Using Equations (6.2.6) and (6.2.7) in Equation (6.3.1), we have
Ygi :[(Z_+Z_')+ k()? —()? + )?'))]

(X +b;) ’
k(ai()?+)?')+bi)+(1—k)(ai)?+bi)} ’

=[Z+Z' - kX'] (X +b) g
(X +b +2gX") |

- -9
Yoi =[Z+Z' —kX'] 1+_'—J .
I
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By using Taylor series expansion

n(n+1) W2 _

1+x) " =1-nx+
(1+x)

we get

(6.3.16)

In order to derive the expression of bias, using second order
approximation, we have

Ny

- _ 1|g(g+1)( 2azX' ¥ aaZZ'X'  akaZX'"
Ygi —Z = — -0-—= +0-——= :
2 (& X +0y) (& X +0y) (X +0y)

Taking expectation and using Equation (6.2.8), we get

9(9+1) 252(c2 2
R == ZA°R[Sy +
E(Vei—z_)zg 2 I( ” SV) :

+gAkR; (S>2< +5y ) — 9ARipzx Sz 5x

where R, S L
(g X

On simplification, we get

Bias* (Yg;) ~ %{Mm&si + gAKRS2 — gARpy S Sy }
+§{MMRESV2 + gkaisﬁ}, (6.3.17)
or R R R
Bias® (Yg;) = Bias(Yg;) + ME'(Yg;), (6.3.18)
where
Bias(Y;) ~ %{M#R%i + gAKR:S2 — gAR P,y S, Sy } (6.3.19)
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IS the bias of proposed estimator (?Gi ) without measurement error, and

ME' (Vo) ~ %{Mﬁﬁs& + g2KRS2 } (6.3.20)

Is the term expressing the contribution of measurement error.

In order to obtain the mean square error of the proposed estimator, up to
the first order approximation, we note that Equation (6.3.16) reduces to

2 2\ |5 aZX' -
Yoi —Z|=|Z'—gh—————kX"|.
(GI ) { ’ (& X +b) }

Squaring both sides and taking expectation, we have

E(? Z_)z E(Z'%) + g*A%R2E(X"?) + k?E(X %)
° 2gARE(ZX") - 2KE(ZX') + 2gAkR.E(X2) |

After simplification, the MSE of the proposed estimator is:

MSE* )~9[S§ + g*A2R2S2 +k?S2 — 2gARipy SZSX}
G/~

—2kp,y S; Sy +2gAkR.S2
+0| S7 + 97 R?S] + k7S] + 200KR;S] |

(6.3.21)
or
where
A SZ + g°A°R?*S% +k*SE —29ARipsy S5 S
MSE(Ys;) ~ 60| 2 9 i X X — £9ARPzx 9z 9% . (6.3.23)
—2kp,y S, Sy + 2gAkR:S%

is the MSE of the proposed estimator without measurement error, and

ME(Ye;) ~ 0] 87 + g°A°R?S] +k°S] +2g2kR;S] |, (6.3.24)
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IS the increase due to measurement error.

To find the optimal value of A, we differentiate the expression in
Equation (6.3.21) with respect to A, and then equate to zero, to get

S;Sx —k(Sk +S¢
5, = P2x°79x ' ( X Sv):kopt (6.3.25)
gRi(Sx +3Sv)

Substitution of (6.3.25) in (6.3.21) yields the minimum MSE of (?Gi) as:

2 o2c2
P7x Sz 5%

MSE iy (YAGi) ~6| S +57 - :
(5% +7)

(6.3.26)

The expression of minimized MSE of proposed estimator without
measurement error can be obtained by putting ST2:83 =0 in Equation
(6.3.26). It is given by,

MSE in (Vi) = 083 (1 p3x ) (6.3.27)

Note that this expression of MSEmin(\fGi) Is same as that of the
approximate variance of the usual linear regression estimator.

6.4 ADDITIONAL SPECIAL CASES OF THE GENERALIZED RRT
RATIO ESTIMATOR

Many additional estimators can be deduced from the generalized RRT

ratio estimator (?Gl) given in Equation (6.3.3). We denote the generalized
RRT ratio estimator by,

A a'>z+b-
YGJl:7|:—( J J)}’

(a;X +b;)

Various choices of a;, b; are given in the table below. The general
expressions for the mean square error and bias respectively with measurement
error for this generalized RRT ratio estimator YJ, are given by
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MSE* (Yd,) ze(sg +R?S% — 2R;pzx Sz Sx )+9(5T2 + RJ?SVZ),
. A . 0 0
VIR 202 202

ajz_
RJ -,
(@;X +b;)
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Table 6.1

Additional Special Cases of the Generalized RRT Ratio Estimator (\7(3]1)

Proposed Estimators a; b; Mean Square Errors & Biases Ratio’s
) % MSE" (Y81) = (52 + RIS} —2Rupzx Sz Sx )+ 0(SF + RYSY ) >
Yo, =7| — 1 R ==
1as (Yel)~z— 19X —MPzx 979X +Z— 1SV
. ()hch MSE" (V&) = 6(S2 + RES% — 2R, p7x Sz Sx )+ 60(SF + R3S} ) )
GlL ™~ zZ — 1 CX ~ 0 R _ Z
X +Cy Bias™ (Y4) ~ Z_(R S% ~RepzxSzSx )+ (RSS&) 27X +cC,
A < MSE* (Y3)) = e(sz +R2S% —2Rapyy S7 Sy )+0(st + Rgs\f) -
V3 7| 220 1| A R Z
X + 5 (X) o3y O s2 S s 2 X + 3, (X)
Bias™ (Yg1) ~7(R —Rgpzx Sz x) ( Sv)
) % ,(x)+C MSE" (Yg1) = (82 + R§S§ - 2R4pZXSZSx)+ (87 +Ris?) 7800
X (x) +Cy Bias*(Yé1)~f(R Sk R4pZXSZSX) (R S\?) X o (x)+Cx
* 5 2a2
.. TEXCX +ﬂ2(x)j . o MSE* (Y3)) = e(sz +R2S2 — 2Rs pyy S; Sy )+¢9(ST +R5SV) . 7,
GL= X 2 R Iy
XCX+ﬂ2(X) BIaS*(Yél)~§(R S _RSIOZX stx) (Rszsg) XCX +ﬂ2(X)
.. ()Z ¢ ] MSE* (V&) = e(sz +R2S% — 2Rs prx S7 Sy )+0(ST2 + R§s5) >
S 1 Pzx . R ==—"
X+ Pzx Bias* (Y5,) = X+ pzx

( —Repzx Sz Sx) (Rgs\?)

N|| S
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Proposed Estimators a; b; Mean Square Errors & Biases Ratio’s
e 2
A %C. + 0 MSE* (Ydy) = 9(s§ +R2S2 — 2R, pyy S, Sy )+.9(5T2 + R?S\,) 7,
57 _ | XKCx +pzx _
GlL=1%|Z J Cx Pzx N 77X
(XCXJFPZX BiaS*(Y<§1)~§(R Sk R7szSsz) (R 53) Cx+Pax
MSE" (YZ) = 0(S2 + RESK — 2Rz 578 ) +0(SF +RESY ) 7,
.k +
Xpzx +Cx Bias (Yé1)~f(R S% —Repzx stx) (R&S&) Pzx
e 2 | p2a2
. X B,(X) + p MSE (Y(§1)=9(Sz +R93>2<—2R9szszsx)+9(5T+R9Sv) R, Z B, (X)
9 _ | Xf 72X _
G]_:Z(_ ] ﬁZ(X) PzX P 0 X X) +
X B2 (X) + pzx Bias™ (V<) ~§(R928>2< —Ropyx stx) ( 5\%) Bo(X) + pzx
2 02
MSE* (Y& = 0(S3 +RipSY —2Ri0Pzx S25x )+ O(SF +RST | 7,
Xpzx + P (X) Bias® (Va ~f(Ron Ri0Pzx Sz 5x )+?(R1208§) Pzx + Po
* gl 2q2
%4 100 MSE" (Yé1) = 0(S2 + RESK —2Ru1pzx S28x ) +0(SF +RAST | ) >
V=1 (_—j 1 Ai(x) 0 0 Y
X+ /%) Bias™ (YGl ~f(R113x Ri102x stx)+f(R1213\§) A
. < MSE" (Y& (Sz +R5S% —2Rip07x 87 Sx )+9(5T2 + RIZZS\?) _ ZA(x)
Y_12 —7 ﬂl(X)-Fﬂz(X) ﬂ]_(x) ﬂ (X) 12 Xﬂl(x)+ﬁ (X)
GL=Z| = 2 - 0 0 (n2 o2 2
XU+ F2(X) Bias™ (Y2 f(RﬁSX Ri2p7x Sz Sx )+f(R123v)
2
A %40 MSE* (V¢ 1) =0(S2 +RESE —2Rispzx S25x ) +0(SF +RESY ) i 5
Véfﬁ[_ Zj 1 Q 0 BTX
X+Q Bias® (YGl ~ %(Rlssx Ri3pzx Sz Sx )+f(R1233\§) R
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Proposed Estimators a; b; Mean Square Errors & Biases Ratio’s
214 7[)?(;)( +Q2j c 0 MSE*(?&) = 9(55 +RES% —2Riap7x S7Sx )+‘9(ST2 + R124S\§) R = zZc,
- XCy+Q X 2 Bias® ( 61) =~ g(RMSX Riapzx Sz Sx )+%(R124S\§) XCx+Q
T D I B e iy
- XA+ Q, Bias® (YGl ~%(R55x Ris pzx Sz 5x )+%(R1255\§) XA+
s _ T(Xﬁz(X)+sz 500 | o MSE" (189) = 0(S7 +REESK ~2Rispox S S | + (ST + RESY o 2520
> XPr () +Q, ’ Bias® ( & ~§(R1268)2( —RiP2x S75x )+%(R1263\?) XPa () +Q,
e 5800 |y | o | "L s A [ g
> XA (x)+QD Bias” (YGl ~%(R 7% —Ri792x S7Sx )+§(R1273\§) XA +QD
. :f(x z(X)+QDJ oo | oo MSE" (Y4]) = 0( 5% + RES% —2Rigzx Sz5x )+ 0(SF +RAST | . 78,00
- Xf2(X)+QD 2 Bias® (YGl ~%(R x — Rigpzx SZSX)"'%(RIZSS\;) X /(3 +QD
G10 _f[i +TM j . iy MSE*(YLC:;‘L 9(32 +RigS% —2Rigp7x S7Sx )+9(5T2 + Rlzgs\?) S 7
ok Bias” (720) ~ 7 (R3S}, ~ R 2% )+ 2 (R XM
s (XC,+TM MSE" (V&) = 9(32 +RS% ~ 2R20szszsx)+9(ST2+RzzoS\§) ¢,
Yo =2 ( XC, +TM J o | ™ 0 27 XC +T™

Bias” (YGl ~

:(R2203>2< — Ro002x Sz Sx )+%<R2205\§)

N
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Proposed Estimators 4 b; Mean Square Errors & Biases Ratio’s
Y& - 7[ Xpzx +T™M ] . ™ MSE" (Y1) = 9(55 +R31SX —2Ro107% S7 S )+0(ST2 + Rzzls\f) . 7 by
Xpzx +TM Bias” ( = g(Rglsi —Ry1p7% Sz Sx )+%(R2218\§) X pzx +TM
V2 _()? + MR] . - MSE" (V&) = ‘9(85 +R%,5% — 2Ry 75 S7 Sy )+0(ST2 + Rzzzs\i) . 7
MR Bias™ (Yel ~ Zi(R 2S5 —Ro2 7% S7Sx )+%(R2223\?) Z X +MR
i 7[ XC, + MRJ c. " MSE" (V&) = 0(S3 +R335% — 2Ro3pzx S28x ) +0(SF +R%:S7 ) - 7.
XCy + MR Bias" (37) = 2 (RB:S% - Respoe S25x ) + 2 (R&sSF XCy + MR
co [ Rpp + MR MSE" (V&) = 0(S2 + RE,S% —2Roupzx Sz Sx ) +0(SF + RST ) 7
o [YPZX + 'V'R] P MR Bias™ (Y2) %(Rmsx RouPzx Sz Sx )+%(R2245\;) %" X py +MR
V25 :_[)? + HLj 1 L MSE" (Y} ‘9(8 +R35S% —2Rys07x S7 S )+‘9(ST2 + R2253\§) . 7
X+HAL Bias*(\f %(R 5S% — Rospzx Sz Sx )+%(R§55\§) P X HL
g2 z[)_zcx N HLJ c. " MSE* (Y2 )= 0(S3 +R3sS% —2Rapzx Sz Sx )+ O(SF +R%SY ) - %,
XC, + HL Bias* (V) ~ %( R2,52 — Ryg oo Sy Sx )+§(R§63V2) XC, + HL
?27 [ Xpzx +HL MSE*(?GZ 9(8 + R227S>2< —2Ry7 7% S7 Sx )+0(ST2 + R227S\§) - Z_pzx
Gl = (szx +HLJ Pzx HL Bias” (YGl ~%(RZ7SX R,7 7% S7Sx )+§(R2273\§) 27 = X oy + HL

Various terms used in Table 6.1 are described in the Appendix-A.

105




6.5 EFFICIENCY COMPARISON

To check the efficiency of the proposed generalized RRT ratio estimator
(VGjl) against ordinary RRT mean estimator (Z ), the mathematical conditions

have been derived by using the MSE expressions in Equations (6.4.1) and
(3.2.13). These conditions are given by:

MSE* (YJ,) < Var*(z)
2 22 2 22 2 2
0(SZ + RS} —2R;pzx S Sx ) +0(SF + RIS) ) < 0(SZ +57),

orif
R;S% + RSy < 2p,xS;Sx.

Ri(S% +5S7
> 1 =X TV 6.5.1
Pzx 2[ S, S, ( )

orif

When observations are recorded without measurement errors (ME),
Condition (6.5.1) reduces to

R.
Pox = - (6.5.2)
2 Z

wm

6.6 SIMULATION RESULTS

In this section, we conduct a simulation study with particular focus on
the following two issues:
a. How does the generalized RRT estimator (?Gi) and the

generalized RRT ratio estimator (@1) compare with the ordinary
RRT mean estimator (Z) in the presence and absence of
measurement errors?

b. How are the MSE, PRE and bias, influenced with the contribution
of measurement errors?

We consider two finite sub-populations of size 5000 each from bivariate
normal populations having different means and covariance matrices to represent
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the distribution of study variable (Y) and auxiliary variable (X). The scrambling
variable S is taken to be a normal variate with mean equal to zero and standard
deviation (o =0.01c,). The true response is given by Z=Y+S. Both

populations have theoretical mean p and covariance matrices Y as given below.

Population-1 Population-2
2 9 32 9 16 6.26
-7 == Py =05154 = | = =0,
" M * {3.2 4} Py " M - {6.26 5 } Py =0.7203

For both populations, the methodology used to get the observed values
of y, x and s is as follows:

y=Y +1, X=X +1, and s=S + t; where t;,1,,15

each having a normal distribution with zero mean and unit variance. The
observed response is given by z=y +s.

We consider sample sizes: n = 500, 1000. The following steps which
were coded in R-program, summarize the simulation procedures used to find
the empirical MSE’s of any specific estimator.

Step-1: Fifty thousand samples of size n were selected from both
populations, using simple random sampling without replacement.

Step-2: Using the data from Step-1, 50,000 estimates (\7*) are obtained
for each sample size.

Step-3: The empirical MSE of V™ is computed by

- 1S e o
(Y )—mé(\( -Y)",

where Y* is the estimator, deduced from Equation (6.3.1) and Y
is the population mean of the sensitive study variable. The percent
relative efficiency (PRE) of the estimators under study is
calculated by using following equation:

_VAR@)
MSE(Y *)

PRE 100,

The MSE’s, PRE’s and biases of the estimators for both populations on
different sampling fractions are presented in Tables (6.2-6.5).
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Table 6.2

Theoretical (boldface) and Empirical MSE’s, PRE’s (with/without ME) of
the RRT Estimators Relative to Ordinary RRT Mean Estimator in Simple
Random Sampling for Population-|

Mean Square Error

Percent Relative

Estimators| n - - - Efficiency -

Without | Change with Without With

ME due to ME ME ME ME
i 500 §§%§§ §§§§§ §§%§§ 100.0000 | 100.0000
1000 1 50076 | 0.0013 | 0.0089 | 100-0000 | 100.0000
. 500 §:§%§ §:§§§§ §:§%§Z 142.0048 | 124.2741
1000 | 0 ooe | dones | oo | 142.1627 | 1243370
" 500 §:§%§1 §§§§§ §§%§§ 138.3921 | 115.7383
1000 | o ooet | oones | ooohe | 130.0761 | 1162487
" 500 §:§§§ §:§§§% §:§i§§ 140.4218 | 124.2299
1000 | 0o | Joney | oo | 140.1069 | 124.3208
” 500 §§§E§ §§§§z §§%§Z 139.2437 | 116.8545
1000 | o ooes | oooas | ooore | 1407188 | 118.6686
" 500 §:§i§i §:§§§2 §:§i§§ 107.2310 | 105.7560
1000 | oo | Joots | Ooeoe | 114.4981 | 1112018
" 500 §§£§ §§§§z §§%§Z 139.2451 | 116.8564
1000 | 0o | Joner | ooone | 1407011 | 1186392
" 500 §§§‘£ §:§§§§ §§%§§ 141.9902 | 122.8023
1000 | 0 0oes | oooss | ooore | 142.0875 | 123.0898
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Mean Square Error

Percent Relative

Estimators| n - - - Efficiency-
Without | Change with Without With
ME |duetoME| ME ME ME
o 500 §§%§ §:§§§§ §§%§§ 141.9894 | 122.8085
1000 | 0 ooe | dones | ooons | 142.0093 | 123.0456
" 500 §:§£§ §:§§%§ §:§%§§ 135.2203 | 123.2262
1000 1 5 0056 | 0.0015 | 0.0072 | 1342646 | 123.0350
" 500 §:§%§§ §§§§2 §§(§Z 112.2735 | 109.5463
1000 | 0 oos | Coote | ooore | 122.6989 | 116.7322
s 500 §:§§E§ §:§§§§ §:§%§§ 139.8472 | 117.7014
1000 1 50053 | 0.0020 | 00073 | 141938 | 120.2357
” 500 §:§§i§ §:§§§§ §:§§% 137.7247 | 114.9102
1000 | 0o | Jones | ooone | 130.6170 | 116.9927
s 500 §:§%§§ §:§§%2 §:§%§§ 131.9672 | 121.6049
10001 50060 | 0.0014 | 00074 | 1204992 | 1184422
" 500 §§£2 §§§%§ §§%§i 133.8789 | 122.6941
1000 | oo | dooi | 000" | 133.7668 | 1227111
s 500 §§%§2 §§§%§ §§%§i 133.8561 | 122.6845
1000 | 00 | oote | ooan, | 133.9428 | 1227843
o 500 §§%§z §§§§§ §§%§§ 101.5081 | 101.2268
1000 | g oore | ooote | oooes | 1024879 | 1020297
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Mean Square Error

Percent Relative

Estimators| n - - - Efficiency-
Without | Change with Without With
ME |duetoME| ME ME ME
” 500 §§§§§ §§§§§ §§%§§ 103.6937 | 102.9845
1000 | 0 onor | ooty | oooes | 1082094 | 1065367
o 500 §:§%§§ §:§§§§ §:§%§§ 102.2784 | 101.8476
1000 1 50073 | 0.0013 | 0.008s | 1036844 | 1029912
” 500 §§%§§ §§§§z §§%§Z 105.4683 | 104.3859
1000 | 0o | ooms | ooees | 1116895 | 100.1587
s 500 §:§%§ §:§§%§ §:§%§2 133.9829 | 122.7373
1000 1 50057 | 0.0015 | 00072 | 1338510 | 1227462
o 500 §§%§ §§§%§ §§%§2 133.9602 | 122.7279
1000 | g ooee | ooors | 20078 | 1340263 | 122.8187
o 500 §:§%§§ §:§§§§ §:§%§§ 1253772 | 118.3023
1000} 40060 | 0.0014 | 0.0074 | 122908 | 118.3186
o 500 §§§§ §:§§%§ §§%§§ 136.4626 | 123.6480
1000 | o 00ce | ooote | ooors | 138.0793 | 1241324
o 500 §§£§ §:§§%§ §§%§§ 136.4434 | 123.6420
1000 | o ooee | ooote | ooory | 138.2026 | 124.1573
" 500 §§%§§ §§§§§ §§%§Z 128.5455 | 120.1027
1000 | J0oee | ooote | ooors | 130.9884 | 1214378
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M Percent Relative
- ean Square Error Efficiency
Estimators| N Ruihout | Change | with | Without | With
ME |duetoME| ME ME ME
0.0120 | 0.0040 | 0.0160
oo 500 | 00117 | 00036 | ooley | 1340181 | 1227518
61 0.0056 | 0.0018 | 0.0074
1000 | S0 | ooote | ooovs | 1338405 | 1227419
0.0120 | 0.0040 | 0.0160
e | > | 00117 | 00039 | 0.0157 | 133994 1227425
61 0.0056 | 0.0018 | 0.0074
1000 | 50056 | 0.0015 | 0.0072 | 1340159 | 1228145
0.0129 | 0.0038 | 0.0166
oo 500 | Coton | 000s8 | ooles | 1254190 | 1183270
61 0.0060 | 0.0017 | 0.0077
1000 | 0020 | ooote | ooove | 1252784 | 1183113
Table 6.3

Theoretical Biases (with/without ME) of the RRT Estimators
in Simple Random Sampling for Population-I|

Bias (Without ME) Bias (With ME)
Estimators f=n/N f=n/N
500/5000 1000/5000 500/5000 1000/5000

z 0.0000 0.0000 0.0000 0.0000
\?G, 0.0000 0.0000 0.0000 0.0000
\?Gll 0.0007 0.0003 0.0016 0.0007
?021 -0.0003 -0.0002 0.0001 0.0000
\?631 0.0006 0.0002 0.0015 0.0006
\%‘1 -0.0002 -0.0002 -0.0002 -0.0002
\?651 0.0006 0.0002 0.0015 0.0006
?Cfl 0.0000 0.0000 0.0005 0.0002
\?671 0.0000 0.0000 0.0005 0.0002
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Bias (Without ME)

Bias (With ME)

Estimators f=n/N f=n/N
500/5000 1000/5000 500/5000 1000/5000
A -0.0005 -0.0003 -0.0003 -0.0001
A -0.0004 -0.0003 -0.0004 -0.0002
Y& 0.0005 0.0001 0.0013 0.0005
v 0.0008 0.0003 0.0017 0.0007
Y& -0.0006 -0.0003 -0.0004 -0.0002
V& -0.0006 -0.0003 -0.0003 -0.0002
v -0.0006 -0.0003 -0.0003 -0.0002
v -0.0001 0.0000 -0.0001 0.0000
v -0.0001 -0.0001 -0.0001 -0.0001
v -0.0001 -0.0001 -0.0001 -0.0001
v 0.0002 -0.0002 0.0002 -0.0002
v -0.0006 -0.0003 -0.0003 -0.0002
Y2 -0.0006 -0.0003 -0.0003 -0.0002
v 2 -0.0006 -0.0003 -0.0005 -0.0002
Y2 -0.0005 -0.0002 -0.0002 -0.0001
V2 -0.0005 -0.0002 -0.0002 -0.0001
v -0.0006 -0.0003 -0.0004 -0.0002
v -0.0006 -0.0003 -0.0003 -0.0002
Y2 -0.0006 -0.0003 -0.0003 -0.0002
v -0.0006 -0.0003 -0.0005 -0.0002
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Table 6.4

Theoretical (boldface) and Empirical MSE’s, PRE’s (with/without ME)
of the RRT Estimators Relative to Ordinary RRT Mean Estimator
in Simple Random Sampling for Population-I1

Mean Square Error

Percent Relative

Estimat N Efficiency
ors Without Change With Without With
ME due to ME ME ME ME
0.0299 | 00037 | 0.0336
i 500 | Oooes | oonsy | oosso | 100.0000 | 100.0000
0.0126 | 0.0015 | 0.0142
1000 | g om0 | o001 | 0142 | 1000000 | 100.0000
0.0148 | 0.0062 | 0.0210
] 500 | o018 | 900ee | 00519 | 2015565 | 150.5839
Gi 0.0066 | 0.0025 | 0.0091
1000 | oooce | Oomee | oooes | 1914149 | 155.0619
0.0173 | 0.0097 | 0.0270
N 500 | gorne | ooool | 0007 | 1726218 | 124.2879
61 0.0079 | 00041 | 0.0121
1000 | 00070 | OO0t | 002 | 1501616 | 117.4852
0.0161 | 0.0087 | 0.0248 | 185.7514
42 %00 | 50160 | 00088 | 0.0248 135.2156
é1 0.0073 | 0.0037 | 0.0110 | 172.1465
10001 50073 | 0.0035 | 0.0109 128.1698
0.0170 | 0.0094 | 0.0264 | 176.2042
o %00 | 50160 | 00096 | 0.0265 127.1363
61 0.0078 | 0.0040 | 0.0118
1000 | 00078 | 20090 | 0010 | 1625111 | 1201433
0.0157 | 0.0055 | 0.0211
44 %00 | o155 | 00053 | 0.0208 | 1909059 | 1589821
61 0.0069 | 0.0023 | 0.0091
1000 | oo | Oooes | oooes | 183.6093 | 154.7679
0.0166 | 0.0092 | 0.0258
. 500 | 00100 | Oones | oooce | 180.1742 | 130.3047
61 0.0076 | 0.0039 | 0.0115
1000 | ooore | ooy | ooria | 1663740 | 123.2837
0.0156 | 0.0083 | 0.0239
" 500 | goioe | oooos | 99250 | 1011859 | 1403322
61 0.0071 | 0.0035 | 0.0106
1000 | 0007t | oooee | ooqas | 1776169 | 1331065
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Mean Square Error

Percent Relative

Estimat N - . - Efficiency .
ors Without Change With Without With
ME | dueto ME | ME ME ME
o 500 §:§%§§ §§§2§ §§§§ 200.5704 | 152.1840
1000 | oooee | ooss | o ooes | 1888642 | 1455022
" 500 §:§%§§ §:§§§§ §:§%§ 189.7873 | 138.9617
10001 50071 | 00034 | 00105 | 1766779 | 1322313
" 500 §§§§ §:§§§§ §§§z§ 1743095 | 152.9617
1000 | Joora | oooee | Oooes | 169.6508 | 149.8735
” 500 §§%§§ §:§§§§ §§%§§ 177.5881 | 128.2588
1000 1 50077 | 00038 | 00115 | 1039386 | 121.2936
” 500 §:§§§ §:§§§§ §:§%g 172.7435 | 124.3834
1000 | oot | Ooose | oorse | 1592410 | 1175476
s 500 §:§%§ §:§§§§ §:§§§ 121.8517 | 118.5114
1000 1 50100 | 00015 | 00125 | 11°3731 | 1132220
" 500 §§%§§ §§§§§ §§§é§ 185.2084 | 157.4071
1000 | 000l | onee | oooos | 1798491 | 153.8482
s 500 §:§%§§ g:gg%g §§§§ 152.8050 | 140.9036
1000 | Jooes | ooty | ooigs | 1503012 | 139.0507
o 500 §§§§§ §§§§§ §:§§§E 100.5047 | 100.4491
1000 | ooroe | oot | ootsl | 1003305 | 100.2042
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Mean Square Error

Percent Relative

Estimat N - . - Efficiency .
ors Without Change With Without With
ME | duetoME | ME ME ME
” 500 §§§§§ §§§§§ §§§§§ 114.8836 | 112.8245
1000 | 0ottt | ooote | Qoiae | 1138565 | 111.9617
o 500 §:§§§§ §:§§§§ §:§§§ 101.6381 | 101.4541
1000 | 50125 | 0.0015 | 0.0140 | 1011200 | 100.9953
” 500 §§§§Z §§§%§ §:§%‘Z 143.3757 | 134.6261
1000 | Jooss | ooty | ooige | 1416145 | 133.2657
” 500 §:§%§§ §:§§§§ §:§§§§ 185.1414 | 157.3848
1000 | ooors | ooees | oooes | 179.7828 | 153.8287
o 500 §:§§§§ §:§§%§ §§§§§ 152.7306 | 140.8562
1000 | Jooer | ooty | ooigs | 1502200 | 138.9989
o 500 §:§§£§ §:§§§§ §:§§zi 1715713 | 151.6349
10001 50075 | 0.0019 | 0.0094 | 1669542 | 148.5763
o 500 §§§§§ §§§§§ §§§§§ 186.0606 | 157.6842
1000 | doore | odoee | Oooes | 168.8147 | 149.4802
" 500 §§%§§ g:ggijg §§§§é 153.7663 | 141.5134
1000 | Jocer | ooots | ooigy | 1391048 | 1315073
" 500 §§%§ §:§§%§ §§% 172.6574 | 152.1697
1000 | oooee | oote | oooag | 1546636 | 1417636
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Mean Sauare Error Percent Relative
Estimat N d Efficiency
ors Without Change With Without With
ME due to ME ME ME ME
| oo | 00182 00052 00213 | ygr 514 | 157 3405
& | | |
0.0070 0.0022 0.0092
1000 0.0070 0.0021 0.0091 179.8893 | 153.8600
0.0196 0.0043 0.0239
G 500 | 00104 | 00040 | 00234 | 192972 | 140.7710
Gl 0.0084 0.0018 0.0102
1000 | goosa | 00017 | 0.0101 | 1903506 | 139.0822
0.0174 0.0047 0.0222
. 500 0.0172 0.0045 0.0217 171.4303 | 151.5646
Gl 0.0075 0.0020 0.0095
1000 0.0075 0.0019 0.0094 167.0878 | 148.6425
Table 6.5

Theoretical Biases (with/without ME) of the RRT Estimators
in Simple Random Sampling for Population-I1

bias (Without ME) bias (With ME)
Estimators f=n/N f=n/N
500/5000 1000/5000 500/5000 1000/5000
Z 0.0000 0.0000 0.0000 0.0000
\?Gi 0.0000 0.0000 0.0000 0.0000
?Gl 0.0010 0.0005 0.0016 0.0007
YAGZl 0.0006 0.0003 0.0012 0.0006
Yié’l 0.0009 0.0004 0.0015 0.0007
YAG41 -0.0003 -0.0001 -0.0001 0.0000
?G‘r’l 0.0008 0.0004 0.0014 0.0006
YLGSl 0.0005 0.0003 0.0010 0.0005
YLG71 0.0001 0.0001 0.0005 0.0003
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v 0.0005 0.0003 0.0010 0.0005
2 -0.0004 -0.0002 -0.0003 -0.0001
v 0.0008 0.0004 0.0015 0.0007
Y& 0.0010 0.0005 0.0016 0.0007
Y& -0.0003 -0.0001 -0.0003 -0.0001
V& -0.0003 -0.0001 -0.0002 -0.0001
v -0.0004 -0.0002 -0.0003 -0.0001
Y& 0.0000 0.0000 0.0000 0.0000
v -0.0002 -0.0001 -0.0002 -0.0001
v& 0.0000 0.0000 0.0000 0.0000
Ve -0.0004 -0.0002 -0.0003 -0.0001
ve -0.0003 -0.0001 -0.0002 -0.0001
Y& -0.0004 -0.0002 -0.0003 -0.0001
2 -0.0004 -0.0002 -0.0003 -0.0001
Y2 -0.0003 -0.0002 -0.0002 -0.0001
Y& -0.0004 -0.0002 -0.0003 -0.0001
v -0.0004 -0.0002 -0.0003 -0.0001
v -0.0003 -0.0001 -0.0002 -0.0001
2 -0.0004 -0.0002 -0.0003 -0.0001
Y& -0.0004 -0.0002 -0.0003 -0.0001

117



Results in Tables (6.2-6.5) show that our proposed generalized RRT

estimator (Yg;) and its special cases have zero or near zero bias and perform
well both in the presence and absence of measurement errors. The performance

of all the estimators in the proposed series of RRT ratio estimators (?Gjl)
shows that the efficiency of these estimators is negatively affected by
measurement errors. Because of measurement error, mean square error of these
RRT estimators increases and this causes a decline in percent relative
efficiency. It is clear from Tables 6.2 and 6.4 that the performance of the

proposed generalized RRT estimator (\?Gi) Is always better than that of the

ordinary RRT mean estimator (zZ) and RRT ratio estimators (\?Gjl) in the

presence of measurement errors. The same is true for almost all cases even
when measurement errors are not present.

6.7 NUMERICAL EXAMPLE

Data Statistics

Characteristics of the real data set used by Sousa et al. (2014) are
considered here for numerical illustration. In 2010, a survey was conducted on
Information and Communication Technologies (ICT) usage in enterprises with
seat in Portugal (Smilhily and Storm, 2010). The following notations are used
below:

Y = True Purchase orders, X = True Turnover of enterprises
y = Measured Purchase orders, X = Measured Turnover of enterprises

Let S be a scrambling random variable with distribution
S ~N(0,0.015y ), just as in Sousa et al. (2014). The scrambled response on

purchase orders Y is given by Z =Y +S. We consider sample sizes: n = 250,
500. The methodology used to get the observed values of z,x and S is same as
described in the simulation section above.
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Table 6.6
Summary Statistics for the Numerical Example

N| v X S¢ Sz Pyx Sz | s¢
1| 14.44 | 17.97 |501.31|640.59 0.9368 1.93| 0.99
Table 6.7

Theoretical MSE’s, PRE’s (with/without ME) of the RRT Estimators
Relative to Ordinary RRT Mean Estimator
in Simple Random Sampling for the Numerical Example

Mean Square Error Percent Relative

Estimators n Efficiency
Without | Change With | Without With
ME dueto ME | ME ME ME
7z 250 | 0.7157 0.0029 |0.7186 | 100.0000 | 100.0000
(Ordinary
RRT Estimator) | 500 | 1.7260 0.0066 |1.7326 | 100.0000 | 100.0000
\%1 250 | 0.0911 0.0038 |0.0949 | 785.6202 | 757.2181
(RRT Ratio
Estimator) 500 | 0.2120 0.0099 |0.2219 | 814.1509 | 780.8022
Yoi 250 | 0.0902 0.0023 | 0.0925 | 793.4589 | 776.8649
(Proposed

Generqlized 500 | 0.2118 | 0.0089 |0.2207 | 814.9197 | 785.0476
RRT Estimator)

When dealing with the real data, Table 6.7 shows that our proposed

estimator (?Gi) Is better than the commonly used estimators (z ) and (\7611)
both when measurement error is present and when it is absent. The
contribution of measurement error in generalized estimator is lower as
compared to RRT ratio estimator (YZ,). However it is not so as compared to

the mean per unit estimator for the smaller sample size. We believe the reason
for this is that the mean per unit estimator has only one source of measurement
errors (Y) but our proposed estimator has two (Y and X). This extra source of
measurement error is offset when the sample size is larger.

6.8 CONCLUSION
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In this chapter, we have proposed a RRT version of the generalized
mean estimator introduced in Chapter 4 to deal with sensitive study variables.
The proposed estimator leads to several new RRT estimators as special cases.

Particularly, the special cases (Yg;) utilize some conventional and non-

conventional measures with a non-sensitive auxiliary variable which is highly
correlated with sensitive study variable. Results in Tables (6.2-6.5) show the
effect of measurement error on the estimators of the proposed series using two
sampling fractions. As expected, the theoretical and empirical mean square
errors are in very good match. The amounts of biases are larger for small
sample size but become negligible as the size of the sample increases. The
efficiency of the estimators reduces if we take measurement errors into
account. It is concluded that the generalized randomized response estimator
performs better than the ordinary RRT mean estimator and RRT ratio
estimator, particularly if the correlation between the study and the auxiliary
variable is high. Numerical results in Table 6.7 corroborate our simulation
results.
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CHAPTER 7

MEAN ESTIMATION FOR A SENSITIVE STUDY
VARIABLE IN THE PRESENCE OF MEASUREMENT
ERRORS UNDER STRATIFIED RANDOM SAMPLING

7.1 INTRODUCTION

In this Chapter, we revisit the class of generalized mean estimators
introduced in Chapter 6 for sensitive study variable where measurement errors
can occur both in the study variable and the auxiliary variable. But unlike the
previous chapter, it is done here using a stratified random sampling design.
Once again, the focus is on studying the impact of measurement errors on
mean estimation. We have also provided a comparison of the proposed
estimator with some existing mean estimators.

7.2 SAMPLING PROCEDURE AND NOTATIONS

We follow the usual notation for stratified sampling and consider a finite
population M =(M,,M,,..M ) of size N divided in L homogenous strata

L
with N, units (h=1, 2,..., L) in the h™ stratum such that > N, =N and the
h=1

: : N - :
weight of the h™ stratum is W, :Wh' Let Y be the sensitive study variable

which is not directly observable. Let a non-sensitive auxiliary variable X be
available, which is strongly correlated with Y. Let S be a zero-mean scrambling
random variable with known distribution. The respondent is asked to report an
additively scrambled response for the study variable Y given by Z=Y + S and
Is also asked to provide a true response for the auxiliary variable X. A simple
random sample of size n, is drawn without replacement from the h™ stratum

L

such that ° n, =n. Let (yy;,%i,2,;) be the observed pair of values (factoring
h=1

in measurement errors) and (Yy;, Xpi,Zpi) be the true pair of values of the

study variable Y, the auxiliary variable X and the scrambled response variable
Z respectively, associated with the i ™ ( =12 Ni) ynit of the h™ stratum. Let

Voo = 2pWh Vi X =2 pWhX, and Zg =Y} W,Z, be the stratified
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-1 -1 -1

sample means where y,=-—>"yn, X =—>i" X and z,=—Y" 7,
n n n
h h h

are the stratum sample means and Y, =|\Iizi'\':hlyhi , Xp, :I\Iizi'\':hlxhi and
h h

Zy

1 : : .
N—Zi'\':hlzhi are the corresponding population stratum means. To estimate
h

Y =3 WY, itis assumed that X =3, W, X, is known. Note that Z =Y
Is the population mean for the scrambled variable Z since S has zero mean. The
measurement errors associated with the scrambled response variable Z and the
auxiliary variable X in the h™ stratum, as defined in Equations 1.5.5 and 1.5.6
Chapter 1 are given by:

Thi = Zni — Zyis
Vhi = X%pi — Xpis

The following notations will be needed in this chapter:

7y —Z Xy — X
Let el :Zﬁ? and e[ :XStT such that, E (e, )=E(e/y)=0, and
1 L W?,82 1 L W2y, 82
Ee!z = thhzvl’E 12:_ thh:V',
( ost) 2 hgl 0, 20 (elst) 2 hZ::l Oy 02
L
_ : 2 Y.
E (€5t elst):iglwhzthZXh =Vy1, where Sz, =Sy, + Sg, and
— \2 = \2 = \2
g2 _Nzh:(Yhi—Yh g2 _%(Shi_sh) g2 _%‘:(Xhi_xh)
h= 2 & - 9sh = 2 - OXh = 2 .
Y i=1 Nh -1 > i=1 Nh -1 X i=1 Nh -1
Szxh = PzxnSzhSxh
2 2
Pzxh = PV O:n :—SZh Xh = X Th :[1_ fh)
Yz 2 | q2 ' 2 a2y’
\/1+(S§h/33h) Sth +Szn (SVh + Sin) Ny
and f, =
Np
(7.2.1)
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7.3 PROPOSED GENERALIZED RRT ESTIMATOR IN THE
PRESENCE OF MEASUREMENT ERROR

In this section, we propose a generalized randomized response estimator
for population mean in the presence of measurement errors on both the
sensitive study variable (Y) and the non-sensitive auxiliary variable (X) in
stratified random sampling. As pointed out earlier, a scrambled version of Y is
observed in the form of Z=Y+S, where S is a zero-mean scrambling variable.

The proposed estimator is:

YAGi,st :[fst + k(>Z — X

Xst):| M(ay st+bst) |

ag X + by
(1-21)(ag X +by )
(7.3.1)

Here k and g are suitable constants, and A is assumed to be an

unknown constant whose value is to be determined from optimality
considerations. As usual, the constants a,(=0), and b, are either real

numbers or functions of the known parameters of the auxiliary variable X.
Many RRT mean estimators can be deduced from the proposed class of
estimators with specific choices of the constants. For example, g =1 gives us

various combined RRT ratio estimators and g =—1 gives us various combined
RRT product estimators.

Remark 1:
For g =1, Yg; 4 takes the following form:

s _ ay X + by
Yoi,st _[ZSt " k(X s ):| K(astxst Jrbst)Jr(]'_%‘)(aSQZ +b5t) |

(7.3.2)
By setting different values of the unknown constants in Equation (7.3.2),
various combined RRT ratio estimators based on the single auxiliary variable
may be obtained. For example,

(i) By putting k=0 and 42=1, we have

2~ _ X + by
Y15t = Zst [K—b) (7.3.3)
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(ii) By putting k=1 and A =1, we have
A _ a X +b
Y =(Z X =X stz st 7.34
G2,st ( st +( st))[a Xst +bstj ( )
(iii) By putting k=h,, (the slope term in regression Z on X) and 1=1, we
have
A _ a, X +b
Yes o =(Zg + by (X —X) )| =——2L |, 7.35
G3,st ( st ZX( st))[ Xst +bstj ( )
(iv) By putting k=0 and A =4, (optimized value of A relative to the
MSE of the proposed estimator), we have
A a, X +b
Yoa,st = Zst - o — . (7.3.6)
Aopt (ast Xg + by ) + (1_ Aopt )(astx + bst)
(v)  Byputting k=1and 4=A4,,, we have
A _ ag X + by
YGS,st :(zst +(X _Kst)) — :
kopt(ast st + D ) ( }“opt)(astx +bst)
(7.3.7)
(vi) By putting k=b,, and 4 =4, we have
~ = ay X + by
Yoe,st :(73t +byy (X - Yst)) — :
Xopt(ast st + 0y )+ ( Xopt)(astx +bst)
(7.3.8)
Remark 2:

For g =-1, ?Gi,st takes the following form:

YGI st_':_ k(X

124



By setting different values of the unknown constants in Equation (7.3.9),
various combined RRT product estimators based on single auxiliary variable
may be obtained. For example,

(i) By putting k=0 and 2=1, we have

A a«Xy +Db
Y, =7, | st st 7.3.10
G7,st St[astx +bst ( )

(i) By putting k=1 and 2=1, we have

2 o ag Xy +D0
Yes st =(Zst + (X —Xg) (Mj (7.3.11)
1= (B OCR0) X,

(iii) By putting k=b,, and A =1, we have

A _ A« Xy +D
Yoo st =(Zst +bzx (X —Xg) [Mj (7.3.12)
«= (% )| 2 X 1,

(iv) By putting k=0 and 4 =4,,, we have

V2 _ }‘opt (astist + bst ) + (1_ xopt )(ast X + bst )
YGlO,st =Ly . X +b -
st

(v) Byputting k=1and 2=4_,, we have

opt ?

A _ Aot (85X
YGll,st :(zst +(X _xst))[ s

ay X + by
(7.3.14)
(vi) By putting k =b,, and 4 =4, we have
Y. — (7 + by (X — %) Mopt (35t Xst + bst)+(1—kopt)(ast>2 + by )
G12,st st ZX st ast )z n bst
(7.3.15)
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7.3.1 The Bias and Mean Square Error of the Proposed Generalized RRT
Estimator

Expressing Equation (7.3.1) in terms of e’s, we have

YAGi,st :(Z_(l+ec,)st)+ k(X N X(l—" ellst)))

_ 9
ag X + by
MagX (1+efy)+by )+ (1-2)(ag X +bg) )
or
~ a. X +b d
Yei o« =(Z +Ze' .. —kXe] _ st St ,
Gi,st ( ost elst)[astx +bst +7“astxeistj
or
~ _ - _ Lag Xe; 0
YGi,st :(Z + Zec')st - kxel,st)[l"'ﬁj )
or
Y_Gi,st = (Z_ + Zejg — kXejq )(1+ Aderg )_g ’
where ¢ = 3y X

(ag X +by;)
By using Taylor series expansion

n(n+1)

(1+x) " =1-nx+ X% — ...,

we get

va va 7 A! VN ’ 1 '
Yoi,st z(Z + Zeogt — kxelst)(l_ gAdeg + 9(92+ )(7‘¢elst )2)’

or

vl 7 A/ +1 7 A/ P
Z — ghoZerg + 9(92 )7¥2¢2zelszt + 28t

v 7! 4 +1 7 A '
YGi,st ~ _gkd)zeostelst + g(gz )sz)zzeostelszt (7-3-16)

VA VA +1 A/
—kXejs, +gApkXes — g(g2 )k2¢2kxelgt
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In order to derive the expression of bias, using error terms up to second
order from Equation (7.3.16), we have

(YLGi,st ~-Z)= (g(g; )K <|> Zelst groZegg ey + 97L¢kxelstj

Taking expectation and using Equation (7.2.1), we get

E(YLGi,st -Z)=~(g)rd)
i1 B _ 1 L W2 82 L
(55 o= |

Oxn X
or

Bias" (Vg; ) ~ (gkcl))((( ; jq;xzmxjvoz z‘vl'l}. (7.3.17)

The expression of bias for the proposed generalized RRT estimator
without measurement error may be obtained by putting S\fh =0 in Equation
(7.3.17).

In order to derive the expression of MSE of proposed estimator, using
error terms up to first order from Equation (7.3.16), we have

(Y_Gi,st - Z_) ~ (Z_eést - gxq)z—ellst - k)zel,st )

Squaring both sides and taking expectation, we have

52| 1 ZWhZYhSZh
Z%ha1 Oz
Voo~ Z a o v 1 L wW2ys
E(Vaist —2)° ~ +((g7»d))222+k2X2+zgk¢ka)>Z2hz hgh x|
=1 Xh
1
- (202477 +22KX ) - hzlwh YrSor
(7.3.18)
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After simplification of Equation (7.3.18), we get
MSE” (Ygi ) = Z Vs + ((gM))ZZ_ 2 KX + 202Xk VG,

~(2924Z7 + 2ZXk Vi, (7.3.19)

In order to obtain minimized I\/ISE*(?GN), we differentiate Equation
(7.3.19) with respect to (gAd), and equate the results to zero, i.e.

OMSE" (Yei,5) _
o(gre)

or

OMSE* (Vg 2 s —
o(grd)

On solving (7.3.20), the optimum value of (gA¢) is obtained as,

(920)opt = L\\;—i —%kj- (7.3.21)

It may be noted, as in Chapter 5, that optimization with respect to (gid)
is mentioned only because of notational convenience, the key parameter being

optimized is 4.

Substitution of (7.3.21) in (7.3.19) yields the minimized MSE*(\?Gi,St) as:
* va vV 2
MSErin (Voi,50) ~ Z Vg (1- P55 ). (7:322)

where pg =V1’1/(\/@\/@).

The expression of minimized MSE of the proposed generalized RRT
estimator without measurement error may be obtained by putting

SZ =S& =0 in Equation (7.3.22).
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7.4 ADDITIONAL SPECIAL CASES OF THE GENERALIZED RRT
RATIO ESTIMATOR

Many additional combined RRT ratio estimators can be deduced from
the generalized RRT ratio estimator (Y_Gl,st) given in Equation (7.3.3). We
denote the generalized RRT ratio estimator by,

A . J J
Gl,st — “st J bj
Agt Xt + Ogt

Various choices of a, bl are given in the table below. The general
expressions for the mean square error and bias respectively with measurement

error for this generalized RRT ratio estimator YAGjl,st are given by

S s2
MSE" (Ye ) = th Yh(eZh +RY Xh(RJ ZBZXheXh)]l
zh Xh

Bias™ (Vg ) = (d’?];lV\’rwg_ihsm(RJ ~BaxnBxn ). (7.4.1)

al X i_Z S
= ¢11BZXh_Z—Xh

%= .y R
(ast>< +bst) SXh
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Table 7.1

Additional Special Cases of the Generalized RRT Ratio Estimator (Y, ( oL ) )
Estimators ad bd Mean Square Errors & Biases Ratio’s
- * gl ST S%h 1 S>2<h 1 _
2 _ (X MSE” (Yo,st) = 22 Wh 7i 5 TR Q_(Rst —ZﬂZXhQXh) 1 Z
Yeist = Zst % 1 0 h=1 Zh Xh Rst = ?@
st
xS W, 4 s2 =1
Bias™ (Ygy.qt) = [gj )3 M( Rst — BzxnOxn ) %
X)ha  bxn
52 52 L2, [ Sk % v
Yaust MSE" (Yéist) = 3 Wi 7n | -2+ RG ( st —ZﬂZXhQXh) R2 — £_¢2
L h—1 Oz Oxn sty
(X+91J 1 Ql=thWhCXh LWy g2 <
= = R * 2 }/ = —
Xst + <Y Bias" (Ydyst) = 2 >, X (RS~ Brxnxn 7 %X +()
X )na  Oxn
A S L S S —
Yé’l,st L MSE (YGSl,st) = hZ:lwhzyh {QZh + RS 9Xh (R3 - 2ﬂZXhHXh )] RS3T. = E_%
= zh Xh
- [ X +Q, ) 1 Q, = thWhﬂZh(x) ) o2 - X
= Zt — = R Y W = V2
T R+ Bias™ (Yeyqt) = (%} )3 %( = Bzxnbxn ) %=X+ Q)
h=L  Oxn
>4 SZh 4 Skn (oa R4 :Z¢
Yost . . MSE" (Y, ) = thWh h g R Q_(Rst - 2ﬂZXh‘9Xh) st =5 %4
zh Xh _
( QX +0 )| 2= thWhﬂzh )| Q= thWthh L W2y g2 by = sz
= — = = C x D 4 Q
QX5+ Bias® (Yorst) = 2 > T IhIxh (Rd g g, QX +Cy
X)na  Oxn
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Estimators al bJ Mean Square Errors & Biases Ratio’s
- N L s2. s SZ 5 _Z
* g5 2 5 =_
YeLst . MSE" (Yepst) = thWh h {9 +RG t g ( st~ 2B2xnxn )] Re=x%
- 7h Xh
_ ( X +Q, J O = thWhCXh Q, = thWhﬂZh (X) W2 G2 b - Ql)y
BT = ok Y T /(X +0
O X +Q, Bias® (Yo s) = [%) hzl%( ﬁZXhQXh) (X +Qy)
-1 Oxi
~ S L S S —
A MSE” (Yor.st) = X Wi 7 | 2=+ Rg (R6 _ZﬂZXhHXh) R6 £
| L - 0 0 t =%
_ h=1 7h Xh s
- [ X +Qg J 1 Q3 = hzlthZXh 4\ L W2y S2 <
= — =. R % Eal 7/ — —
Xgt + Qg Bias (YG61,st) == 1> M( ﬂZXhHXh) s (X +Qg)
X )na  Oxn
> . L s2 S% 7 _Z
YaLs . . MSE" (Y1.¢t) = thWhZJ’h ( 92h +R§ QXh (R7 2 Bz3nOxn )] Rat =< o
_ = zh Xh _
. {le +Q j Q) = ththxh Qy = hzlwhpzm 5L Wy, 2 4 = 91V ~
=Llg| ————— = =. R }/ Q X Q
TlXg + Qg Bias™ (Va1 4) = | = | M( ﬁzxrﬂxr}) (X +Q3)
X )na  Oxn
. s s 8 _Z
Yo . MSE” (YGl st) = ZIWh ”h [ 92h +RS QXh (R8 2 By Oxn )] Ryt = X ¢
_ Zh Xh _
_ (Q3X +Q j Q3 = thWhPZXh O = hzlthXh e 4y = QSV ~
St 0w 20 = ko 7 B QX +Q
QaXst +LY Bias™ (Y&1.st) = % ZM(R :BZXhQXh) (s )
X )pa  Oxn
R s2, S2 0o _Z
YeLst . . MSE” (V&) = thWh h { 7 +Rg QXh (ngt = 2f7xnOxn )] Ra =g
_ 7h Xh
_ [QZX +Qy J Q, = hlehﬂzh(X) Q3 = hZIWhPZXh L W2y s? b = QZV
=7 t ——— = = - 7/ - Q )z +Q
Qo X5t +€Q3 Bias" (Yoyst) = [%)%%(Ri _ﬂZXhQXh) (2 3
21 Oxn
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Estimators al bJ Mean Square Errors & Biases Ratio’s
s2, 52 0_Z
& MSE" (Y&l ) = ZWh 7h [ P + Ryt QXh ( = 2B7xnOxn )] Rt = %o
_ 7h Xh _
(X +Q, )| 3= thpZXh Q, = ZWhﬂzh(X) QX
=gt o h=1 h=1 $o | £ Wi 7hS%n (10 %o = (X +Q,
QX + Q2 Bias™ (Y, Glst) e ZQ—(Rst _ﬂZXhHXh)
ha  Oxn
L vz [ Shh . o11 Skn (pu 7
Yc;l o MSE” (YGl st) = 2 Waoh | 27 + Ry (R - Z:BZXhHXh) R _ £
L h=1 HZh HXh st ¢.|.l
_ [ _+Q4) 1 Q4:thWhﬂ1h(X) W _
=7 t| — =! Y = /_
T Xy + Q4 Bias™ (YGl st (%{j > %(R ﬁZXhGXh) M (X +9y)
ha  Oxn
s . s L s S5 12 _Z
Gisi ~ ) ] MSE" (Y&t &) = thWhZVh ( 92h +Ry 9Xh (Rlz 2 B7xnOxn )] Rt =g e
= 7h Xh
=7, [Mj Qy = hZWhﬂlh (x) | Q= hZWhﬂzh () ) , 4, = %X
QX5 +Q =1 =1 A WK 7S%n (12 2= QX +Q
ATt T Bias" (Y&Z) = ( 2 j )3 H—X(Rst —ﬂz><h9><h) (2 7
ha  Oxn
SZh 13 Skn (pi3 7
Y<31 o MSE” (YGl st) = ZWh 7h + Ryt (R zﬂZXhQXh) RIB_Z
h=1 th Hxh St ¢l3
_ [ X +Qs ] 1 Q5 = hlethh () W2y s B
= — }/ — _
Xst + €25 Bias” (Yelst (@EJZ%(R ﬂZXhexh) s %X +Qg)
ha  Oxn
Soh o1 SXh 14 R4 =£¢1
ey . MSE" (Y1 1) = ZWh G Ry (R - ZﬁzxrﬂXh) st = A4
_ 7h Xh _
[ X +Qs O = ZWthh Qg = > WhQan (X) X
=1 - h=1 h=1 $a ) & W SSh (p1a ha = (X +Qx
O Xt + Q5 Bias® (YGl st) = X thg—(R ﬂZXhHXh)
Xh
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- i ' iases Ratio’s
Estimators ag by Mean Square Errors & Bia d
SZ S h R15 - =
v MSE" (V&5st) = ZWh ”h (6 +Ry X ( = 2B7xnxn )] st =5 9is
Gl st L W (X) 7h h Q4)z
_ [Q4)?+Q5j Q4=hz:lWhﬂ1h(X) 95—hzl hQzn hs iWh ?/hsxh(RlS_IB , ) hs = /524X+Qs
Q% + Qs Bias™ (Y& o) = X )& o, st~ BzxnOxn ]
Z
SZh 16 Skn (pi6 RS - £
Ve MSE” (YGlst) = th 7h| 2+ Ry QL(RS'[ —ZﬁZXh‘9Xh) st 7Y %16
GLst L L h=1 021 Xh 0. %
_ _ - X _Q _
o [ RX+05 Q, = hZzllwhﬂzh(X) Qs hgl hQzn (X) 5o ) L W2y S2 . , ) e = /QZX Lo
=7y Q)X + Q25 Bias” (Yelst [ X thl—QXh ( = Bzxnbxn ]
Z
- L S 17 Skn (o7 RY ==
YGl st ] MSE" (Y&1 &) = thVVhZVh [6;: + Rt N (R Z'BZXhQXh) =y
— L _ )z
_, [QM +Qq J 04 = XWhfin () | 0 = X WHQD, () WSt " _94%94)( ol
S - - - .
T Q% + Qg h=L Bias" (Y&l o) = ( 7)ZM(R§ —ﬁz><h‘9><h)
ha Oxn _
Z
Y ST . o18 Skh (18 R - =
Y(:BLJS_st ) MSE* (YGl )= ZWh 7h LH; + R§t Qxh (R Zﬁthexh) st =% hs
- 1 —
=7 (—QZXJFQG ] Qz—ZWhﬂzh(X) Q6:thWhQDh(X) 4 W2y 52 @8_92%}2)(“)6
=I5t | oo =
° QZXST_ +Q6 h=1 BIaS (YG].St ( —8 ] ZM( ﬂZXhHXh)
X Jha  Oxn
SZh . o1 SXh 19 7
vd L MSE” (YGlst) = ZWh 7h (9 + Ryt t g (R —ZﬁzxrﬂXh) RO =2 4,
Gl st Q, = Y W, TM, (X) Zh Xh X
X 1 h=1

(Rgtg —ﬂZXh9><h)

tho | & W27, S5h
X 2

Bias” (Y47 ) = [— ;
h=1 Xh
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i tio’s
imat al bJ Mean Square Errors & Biases Ra 1(;_
Estimators A : -
S 20 SXh Rst - T¢20
2 ~ 2By
L MSE” (YGl st) = ZWh 7h (QZh + Ry Oy ( PzxnOxn )J X
YGl st L Q, = > W, TM, (X) h=1 . af/
_ Q= > W, Cyp h=1 W 52 . 0%+,
-7 Q]_X + Q7 1 h=1 |3|a5 ( ) (¢2_0 ] z h 7h°Xh (RZO ﬂZXhQXh)
g+ st X & 6, i
2 21
Sth , g2t Sk (R21 55 4 RZ =< 4,
L MSE" (V&) = Z\Nh 7h {HZh Rt O (Rst Pzxn Xh) X
¢ a " 3 7
_7 Q3 X + Q5 3 hz=1 hPzxh Binc’ (YGl t (¢51j th ?/hSXh (R ﬂZXhQXh)
- QSYst +Q? S X = 9Xh
522 L vz [ S n22 Sk RZ _28 0 ) » Z
MSE”" (Yéfs) = thWh 7h o + Ry Oy ( st 7xh Oxh R2 _T¢22
V& . .
= Qg = > W, MR, (X) ) V—
7| : 8 El h ¢22 L Wi 7S R _p,. 0 b = (X +Q)
= Bias™ (Y, Glst) > ZXhOxh
S ha Oxn _
st 8 : — i ¢2
SZh 23 S¥h (23 YN RS = £
MSE" (V&) = ZlWh ”h [ o + Ryt O (Rst Bzxn Xh) X
YGl st L
va = WC Q :ZWhMRh(X) X+QS
[ Sy X +Qg Q) = Z hCxh 8= 2 (4 W2y s, ——
- "~ Bias® (YGl st S Zxh
e+ X )pa Oxn ;
4
L S2 Sh (024 R2 =T¢24
2 Zh 24 2Xh -2 2] st
MSE” (YGl st) = thWh 7h { o +Rgt O (Rst Bzxnbxn )J
G . . :
N = W Q ZZWhMRh(X) Q X+QB
o[ Q3X + Qg Q, hZ:l hPzxh 8= & _ ( . (%4 j L W2, S2 <R24 'BZXhHXh) 3
~ QX+ Grst X )& 6,
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Estimators al bJ Mean Square Errors & Biases Ratio’s
2. [S3h . nos Sk 7
YGl st . MSE’ (YGl st) = leh g + Ryt 2 ( ZﬁzxrﬂXh) R® =< 4
h h
i [‘+ng 1 Qg = 2. Wy HL () o X
=Zy| = -1 Wi274,S = / .
T X + Qg Bias" (V&) = (%SJZ%(R?—,BZXWW) 725 = /(X + )
ha  Oxn
L S2 s% 26 _Z
V& . . MSE" (V&) = hZWhZVh { QZh +RY QXh (R32t6 = 23750 Oxn )J Rt =<7 %26
QX +Q Q) = 2 WhCxpn | Q9 = 2 Wy HLy (%) B 2 " X
=Z [ - e j h=1 h=1 _( %6 L Wi Sih 2 (X +Q
O Xt + g Bias™ (YGl st X 2 9—( = PzxnOxn ) ! ’
1 Oxn
.l L s2 % 7 _ <L
YGl * L L MSE (Y6217,st) - hleh27’h [ 92h + R§t7 QXh (Rszt7 = 2B7xnOxn )} R = ?‘ﬁz?
= 7h Xh _
QX +0 Q3 = 2 Whpozxn | Qo = 2 Wy HL, (X) _ X
=Ty | —— h=1 h=1 P | < Wi 74 S%n (027 b1 = (X +Q
Q3% +€ Bias® (V&) = thg—(Rst —ﬁZXhQXh) 3 \
1 O

Various auxiliary variable attributes used in Table 7.1 are described in the Appendix-B.
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7.5 EFFICIENCY COMPARISON

To check the efficiency of the proposed generalized RRT ratio estimator
( lst) against combined RRT mean estimator (z,), the mathematical

conditions have been derived by using the MSE expressions in Equations
(7.4.1) and (3.3.10). These conditions are given by:

MSE* (Y_Gjl,st) < Var* (zst)

if
L L W
ZWhZYh SZh + stt SXh (RJ ZBZXheXh) D —hth=zh YhSZh
h=1 ezh eXh h=1 eZh
orif
L
> Wy, | RJ SX“ RS — 2822><h Oy || < O
orif
RI <25 Z Vll
orif
RS < 2 A (7.5.1)
A

S2
where A = ZWh YnSzxn and A, = th Yo
h-1 Oxn

The generalized combined RRT ratio estimator \?Gjl,st will be more

efficient than the combined RRT mean estimator z; under the condition
(7.5.1). When the data are recorded without measurement error, the

corresponding condition may be obtained by setting S&h =0

7.6  SIMULATION RESULTS

In this section, we conduct a simulation study with particular focus on
the following two issues:

a. How does the generalized RRT estimator (\?Gi,st) and the

generalized RRT ratio estimator (YAGjl,st) compare with the
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combined RRT mean estimator (z, ) in the presence and absence
of measurement errors?

b. How are the MSE, PRE and bias, influenced with the contribution
of measurement errors?

We consider two finite sub-populations of size 1000 each from bivariate
normal populations having different means and covariance matrices to
represent the distribution of sensitive study variable (Y) and auxiliary variable
(X). The scrambling variable S is taken to be a normal variate with mean equal
to zero and standard deviation (o, =0.1c,). The true response is given by

Z=Y+S. Both populations have theoretical mean u and covariance matrices
as given below.”

Population-1 Population-I1

5 9 32 9 16 6.26
= , = , = 05139 = y = y == 07203
H M 2 {3.2 4} Py H M 2 [6.26 5 } Pyx

For both populations, the methodology used to get the observed values of y, x
and s in h" stratum is y,; =Y, +Q; , Xy =Xy +Qy and s, =Sy + Qs
where Q,;,Q,;,Q; are independent N(0,1) random variables . The observed
response is given by z,; =y, + Sy -

Each population is divided in two strata of equal sizes using ordered
values of the auxiliary variable. We have considered two choices for sample
size, namely n= 150, and 300. The following steps were used in a R-program:

Step 1: Twenty thousand samples of size n were selected from both
populations, using (simple random sampling without replacement)
In each stratum.

Step 2: Using the data from Step 1, twenty thousand values of an
estimator (sayYy, ) are obtained for each sample size.

Step 3: The empirical MSE of the estimators is computed by

N 1 20000, . |2
EMSE(Y.) = (Y*—Y) ,
(Yst) 20,000 LZ::1 o
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where \7; represents an estimator deduced from (7.3.1) and Y is

the population mean of the sensitive study variable. The following
expression is used to calculate the percent relative efficiency
(PRE) of proposed RRT mean estimators as compared to the
combined RRT mean estimator (z;).

PRE =

VAR* (jst ) *100

MSE" (Ys)

The MSE’s, PRE’s and biases of the estimators for both populations
based on different sample sizes are presented in Tables (7.2-7.5).

Table 7.2

Theoretical (boldface) and Empirical MSE’s, PRE’s (with/without ME)
of the RRT Estimators Relative to Combined RRT Mean Estimator
in Stratified Random Sampling for Population-I

(Py1 =0.5201 p,,, =0.4930)

Percent Relative
_ Mean Square Error Efficiency
Estimators | N inout [ Change | With | Without | With
ME | duetoME | ME ME ME
0.0408 | 00111 | 0.0519
] 150 | dome | ooiss | Gocs | 1000000 | 1000000
st
0.0168 | 0.0043 | 0.0211
300 | 00ies | dooae | ooare | 100.0000 | 1000000
0.0364 | 00100 | 0.0464
¢ 150 1 50364 | 00119 | 00483 | 112:0900 | 111.8500
Gi,st 0.0149 | 0.0040 | 0.0189
300 | o156 | 00045 | 00201 | 1127900 | 111.6400
0.0369 | 0.0168 | 0.0537
/1 150 1 50367 | 00204 | 00571 | 110-5700 | 96.6500
GLst 0.0151 | 0.0070 | 0.0221
300 | dotes | oooes | Gooog | 1112600 | 95.4800
0.0367 | 00159 | 0.0526
. 150 | ooy | ooier | oonay | 1109747 | 97.9672
GLst 0.0151 | 00071 | 0.0223
300 | 50150 | 00064 | 00214 | 1109757 | 97.1211
0.0365 | 0.0137 | 0.0502
N 150 | dooes | ootey | ooseg | 1117645 | 1027292
GLst 0.0150 | 0.0062 | 0.0212
300 | dores | oo | dooos | 1117655 | 1021215
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Mean Square Error

Percent Relative

Estimators | n - - .Efficiency.
Without Change With Without With

ME | dueto ME | ME ME ME

" 150 §:§§§§ §:§§§§ §:§§§z 110.7573 | 97.3544
300 1 00151 | 0.0064 | 0.0215 | 1107583 | 96.4859

- 150 §:§§£§ §:§z§ §:§§§§ 108.4103 | 104.8733
300 1 90153 | 00051 | 0.0204 | 1084110 | 1046275

o 150 §§§§£ §§%§§ §:§§§‘£ 111.0903 | 98.3159
300 | dotee | oooer | 005a% | 1110013 | 97.4833

i 150 §:§§§§ §:§%§§ §:§§C§ 111.7976 | 101.8332
3001 00151 | 00061 | 0.0212 | 1117986 | 1011680

o 150 §§§§§ §§§§g §:§§§ 111.5688 | 100.0869
300 1 90150 | 0.0062 | 0.0211 | 1115698 | 99.3297

io 150 §:§§§§ §:§%§% §:§§§§ 110.8262 | 97.5433
3001 00151 | 00064 | 0.0214 | 110-8272 | 96.6816

o 150 §§§£§ §§§%§ §:§§§% 109.6253 | 104.9801
300 | ootes | ooos | o0oor | 1006263 | 104.6588

- 150 §§§§§ §:§%§§ §:§§§§ 110.5076 | 96.7028
300 | dotee | oooes | oooae | 1105085 | 958117

- 150 §§§£é §§§§ §:§§§% 109.9433 | 104.6737
300 | oores | otoea | ooaar | 109.9432 | 1045977

Via | 150 | goald | o | 90708 | 1102625 | 104.8649
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_ Mean Square Error Peréigziiﬁgive
Esimators | N M\yithout | Change | With | Without | With
ME | dueto ME | ME ME ME
300 | dotne | oo | ooooy | 110.2634 | 104.4931
- 150 §:§§§§ §:§§§ §:§§§§ 104.7124 | 103.2915
300 1 90158 | 00049 | 0.0207 | 1047128 | 103.1925
- 150 §:§§§z §:§%§§ §:§§§§ 106.3131 | 104.0079
300 | goiss | 000 | 2057 | 1063130 | 103.9830
- 150 §:§§§§ §:§%§§ §:§§§§ 111.6104 | 103.4523
300 1 90150 | 0.0055 | 0.0204 | 1116114 | 102.9000
- 150 §:§§§§ §:§%§§ §:§§§% 111.7136 | 102.6275
300 | Joros | ooees | ooeys | 1117134 | 102.4751
" 150 §:§§§§ §:§%§§ §:§§§% 111.1444 | 98.4861
300 1 90150 | o0.0062 | 0.0212 | 1111454 | 97.6601
2 150 §:§§§§ §:§i§§ §:§§§§ 110.2685 | 104.8630
300 | doiee | oo | odooy | 1102604 | 104.4906
- 150 §:§§§§ §:§§§ §:§§§§ 104.7196 | 103.2957
300 | doies | oot | doooy | 1047200 | 103.1965
- 150 §§§§§ §§§§ §:§§§§ 105.9405 | 103.9561
300 | oorce | oones | ooaas | 1059412 | 1038178
- 150 §:§§§§ §:§§§§ §:§§§§ 110.0091 | 104.9302
300 | ooree | oot | o oeay | 110.0100 | 1045797

140



Percent Relative
- Mean Square Error Efficiency
Estimators | N ihout [ Change | With | Without | With
ME | dueto ME | ME ME ME
0.0390 | 00110 | 0.0500
oo 150 | oo | D9e | 90500 | 1044250 | 103.1220
Gt 0.0161 | 0.0049 | 0.0210
300 | ooret | ooeas | o oetd | 104.4262 | 103.0311
0.0386 | 00111 | 0.0497
G 150 1 50385 | 00119 | 0.0504 | 10:6088 | 103.7873
Gt 0.0159 | 0.0050 | 0.0209
300 | 00157 | 00049 | 0.0206 | 10°-6094 | 103.6604
0.0370 | 00122 | 0.0492
” 150 | o ool | D0 | 90002 | 1102683 | 104.8631
GLst 0.0152 | 0.0055 | 0.0207
300 | ooree | ooy | ooodl | 110.2602 | 104.4907
0.0389 | 00110 | 0.0499
G2 150 1 50388 | 00118 | 0.0506 | 104-7194 | 103.2956
GLst 0.0160 | 0.0049 | 0.0210
300 | yo158 | 00049 | 00207 | 104.7198 | 103.1964
0.0385 | 00111 | 0.0496
oo 150 | oos0> | DL | 90808 | 105.9403 | 103.9560
Gl st 0.0158 | 0.0050 | 0.0208
300 | oo | 0o | 00298 | 1059400 | 1038177
Table 7.3

Theoretical Biases (with/without ME) of the RRT Estimators in Stratified
Random Sampling for Population-1 (p,,, =0.5201,p,,, =0.4930)

bias (without ME) bias (with ME)
Estimators n n

150 300 150 300
7 0.0000 0.0000 0.0000 0.0000
Yai s 0.0000 | 0.0000 | 0.0000 | 0.0000
\?611, o 0.0004 0.0001 0.0015 0.0006
Y& o 0.0003 | 0.0001 | 0.0013 | 0.0006
YA 0.0000 | 0.0000 | 0.0005 | 0.0002
\?G“L o 0.0003 0.0001 0.0014 0.0006
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bias (without ME)

bias (with ME)

Estimators n n
150 300 150 300
Yo« -0.0002 | -0.0001 | -0.0001 | 0.0000
e« 0.0002 | 0.0001 | 0.0012 | 0.0005
Y o 0.0000 | 0.0000 | 0.0007 | 0.0003
e« 0.0001 | 0.0001 | 0.0010 | 0.0004
YA 0.0003 | 0.0001 | 0.0013 | 0.0006
= -0.0002 | -0.0001 | 0.0000 | 0.0000
Y& 0.0004 | 0.0001 | 0.0015 | 0.0006
Y2, -0.0002 | -0.0001 | 0.0000 | 0.0000
Y -0.0002 | -0.0001 | 0.0001 | 0.0000
Y& -0.0002 | -0.0001 | -0.0001 | 0.0000
= -0.0002 | -0.0001 | -0.0001 | 0.0000
= -0.0001 | 0.0000 | 0.0004 | 0.0002
Y& -0.0001 | 0.0000 | 0.0005 | 0.0002
Yas 0.0002 | 0.0001 | 0.0012 | 0.0005
Y&, -0.0002 | -0.0001 | 0.0001 | 0.0000
Y2, -0.0002 | -0.0001 | -0.0001 | 0.0000
Y& -0.0002 | -0.0001 | -0.0001 | 0.0000
Y2, -0.0002 | -0.0001 | 0.0001 | 0.0000
Y2, -0.0001 | -0.0001 | -0.0001 | 0.0000
Y& -0.0002 | -0.0001 | -0.0001 | 0.0000
Y2, -0.0002 | -0.0001 | 0.0001 | 0.0000
Y&, -0.0002 | -0.0001 | -0.0001 | 0.0000
Y& -0.0002 | -0.0001 | -0.0001 | 0.0000

Table 7.4
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Theoretical (boldface) and Empirical MSE’s, PRE’s (with/without ME)
of the RRT Estimators Relative to Combined RRT Mean Estimator
in Stratified Random Sampling for Population-I1

(Py1 =0.632Lp,, =0.7023)

Mean Square Error

Percent Relative

Estimators| n . . _Efficiency_
Without Change With Without With

ME | duetoME | ME ME ME

. 150 §§§§ §§z§§ §:§2§§ 100.0000 | 100.0000
3001 90260 | 00039 | 0.0209 | 1000000 }100.0000

- 150 §:§%§§ §:§§§i §:§§§§ 140.6670 | 139.7360
300 | oo | ohe | oaeay | 1508700 | 147.3700

- 150 §:§%2§ §§§§z §:§£§§ 132.9830 | 95.1280
3001 90204 | 00118 | 00322 | 1331600 | 95.0600

" 150 §:§%§§ §:§§§§ §:§2§2 135.9429 | 99.2014
300 | ootee | Ootas | ooe | 1359383 | 1003743

0 150 §:§%§§ §§§§§ §:§£2§ 137.5703 | 102.2555
300 1 90188 | 00116 | 00304 | 1379654 | 103.2599

" 150 §:§‘£Z §:§%§§ §:§§§ 138.0417 | 103.2390
3001 90235 | 00158 | 003903 | 1380367 | 104.2147

- 150 §:§%§§ §:§§2§ §:§Z§Z 140.0442 | 113.0388
300 | ool | osd | 2022 | 140.0389 | 113.6290

- 150 §:§%§% §§§§ §:§£2§ 137.3633 | 101.8456
300 | Ootes | ooi1r | ooane | 137.3583 | 1028612

Ve 150 | Jome | ooore | oooes | 1401306 | 112.4111
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Mean Square Error

Percent Relative

Estimators| n . . . Efficiency_
Without Change With Without With

ME | duetoME | ME ME ME
300 | oores | ooner | ooets | 140.1254 | 113.0332
o 150 §:§%§§ §:§§§§ §:§£z§ 137.6089 | 102.3334
3001 90188 | 00115 | 00302 | 137:0041 | 1033357
- 150 §:§§§% §§§§é §:§§§é 139.5935 | 107.4167
300 | ool | 20D | 00 | 1395882 | 108.2531
" 150 §:§%§§ §:§§§§ §:§§§§ 139.4141 | 106.7945
3001 90186 | 00105 | 00291 | 1394090 | 107.6542

- 150 §:§%2§ §§§§Z §:§§§§ 133.0400 | 94.9195
3001 90194 | 00132 | 00326 | 1330398 | 96.0988
- 150 §:§%§§ g:ggég §:§§§§ 140.1807 | 111.3412
300 1 90183 | 00106 | 00289 | 401754 | 1120155
- 150 §:§%2§ §:§%§Z §:§§§? 134.8189 | 118.1418
300 | ootes | ooose | ooet | 1348145 | 1183206
- 150 §:§§‘£ g:g%gg §:§§2§ 116.9124 | 112.4851
300 | ooees | oloee | ooale | 1169105 | 1123920
- 150 §:§§§ §:§z§§ §:§§% 119.3491 | 113.8750
300 | gooid | D0 | 00T | 1193469 | 113.7873
. 150 §§§§§ §§%§§ §:§§§§ 124.4780 | 116.3241
300 | gootd | D9 | 00200 | 1204751 | 116.2718
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Mean Square Error

Percent Relative

Estimators| n . . . Efficiency_
Without Change With Without With

ME | duetoME | ME ME ME
- 150 §:§%§§ §:§z§§ §:§§§§ 139.1269 | 115.4825
300 1 90179 | 00086 | 00265 | 1391218 | 1159270
e 150 §:§§zz §:§§§§ §:§§§2 140.1271 | 112.4455
300 | oozod | odier | ooels | 1401218 | 113.0663
- 150 §:§%2§ §:§%§Z §:§§§ 134.7232 | 118.1581
3001 90193 | 00073 | 00266 | 1347188 | 1183331
" 150 §:§§§§ §:§%§§ §:§§§§ 116.8034 | 112.4199
300 | ooees | od0ee | ooole | 1168016 | 1123268
. 150 §:§§§% §:§%§§ §:§§§§ 126.4298 | 117.0517
300 | oo | DS | D20 | 1264262 | 117.0231
. 150 §:§%§§ §:§i§§ §:§§§§ 135.1582 | 118.0754
3001 90192 | 00074 | 00266 | L3>1937 | 118.2682
. 150 §:§§§g §:§§§ §:§§2§ 117.3095 | 112.7203
300 | ooeet | ode | ooele | 1173076 | 1126277
- 150 §:§§§§ §:§%§§ §:§§§§ 127.0124 | 117.2429
300 | dosse | ohoee | ooeos | 127.0087 | 117.2228
. 150 §:§%2§ §:§2§Z §:§§§? 134.7020 | 118.1616
300 | oores | ooces | oo | 1346976 | 118.3358
Y&, 150 8:82;‘3 8:81%8 8:82% 116.7794 | 112.4055

145




Percent Relative
Mean Square Error .
Estimators| n Efficiency
Without Change With Without With
ME due to ME ME ME ME
0.0223 0.0052 0.0275
300 00221 0.0058 0.0279 116.7776 | 112.3124
0.0501 0.0133 0.0634
Gor 1501 00502 | 00156 | 00658 | 12064018 | 117.0422
Glst 0.0206 0.0058 0.0264
300 | 00207 | 00063 | 00270 | 126:9983 | 117.0132
Table 7.5

Theoretical Biases (with/without ME) of the RRT Estimators
in Stratified Random Sampling for Population-11
(Pyy1 =0.6321,p,,, =0.7023)

bias (without ME) bias (with ME)
Estimators n n

150 300 150 300
Zy 0.0000 | 0.0000 | 0.0000 | 0.0000
Yoi o 0.0000 | 0.0000 | 0.0000 | 0.0000
Y a 0.0010 | 0.0004 | 0.0032 | 0.0013
Y& o 0.0007 | 0.0003 | 0.0027 | 0.0011
. 0.0005 | 0.0002 | 0.0023 | 0.0009
e« 0.0005 | 0.0002 | 0.0022 | 0.0009
Yo o -0.0001 | 0.0000 | 0.0010 | 0.0004
e o 0.0006 | 0.0002 | 0.0024 | 0.0009
Y o -0.0001 | 0.0000 | 0.0011 | 0.0004
e o 0.0005 | 0.0002 | 0.0023 | 0.0009
YA 0.0002 | 0.0001 | 0.0017 | 0.0007
. 0.0003 | 0.0001 | 0.0018 | 0.0007
Y& 0.0010 | 0.0004 | 0.0032 | 0.0013
Y2, 0.0000 | 0.0000 | 0.0012 | 0.0005
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bias (without ME) bias (with ME)
Estimators n n

150 300 150 300
= -0.0004 | -0.0002 | 0.0001 | 0.0000
Y& -0.0004 | -0.0002 | -0.0003 | -0.0001
= -0.0005 | -0.0002 | -0.0003 | -0.0001
= -0.0005 | -0.0002 | -0.0003 | -0.0001
Y& . -0.0002 | -0.0001 | 0.0006 | 0.0002
= -0.0001 | 0.0000 | 0.0011 | 0.0004
= -0.0004 | -0.0002 | 0.0001 | 0.0000
Y2, -0.0004 | -0.0002 | -0.0003 | -0.0001
Y& -0.0005 | -0.0002 | -0.0002 | -0.0001
Y2, -0.0004 | -0.0002 | 0.0001 | 0.0000
Y&, -0.0004 | -0.0002 | -0.0003 | -0.0001
Y2, -0.0005 | -0.0002 | -0.0002 | -0.0001
Y2, -0.0004 | -0.0002 | 0.0001 | 0.0000
Y&, -0.0004 | -0.0002 | -0.0003 | -0.0001
Y& -0.0005 | -0.0002 | -0.0002 | -0.0001

Tables 7.2-7.5 give the contribution of measurement error, the amount
of MSE’s, PRE’s and biases for the RRT estimators (Z ), (Yg; &) and (Y_Gjl,st)

based on different sample sizes. It is clear from the simulation results that
measurement errors play a significant role in increasing the MSE of an
estimator. An important observation is that the ratio estimator is impacted a lot
more because of the measurement error in the auxiliary variable but the
proposed estimator is not, even though the auxiliary variable is used here as
well. Also note that in general the ratio estimator performs better than the
ordinary mean estimator when there are no measurement errors and there is
high correlation between the study variable and the auxiliary variable, but this
IS not so when we factor in measurement errors. The reduction in PRE for the

series of RRT ratio estimators (Y, ), when measurement errors occur, is

much higher as compared to proposed generalized RRT estimator(\?Gi,ﬁ). The
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performance of the proposed generalized RRT estimator is better than the
existing RRT estimators both in the presence and absence of measurement
errors, more so in the high correlation case as compared to the low correlation
case.

7.7 NUMERICAL EXAMPLE

Data Statistics

For the numerical example, we generate a data set which has the same
characteristics of the real data set used by Sousa et al. (2014) which was based
on 2010 survey of Information and Communication Technologies (ICT) usage
In enterprises with seat in Portugal (Smilhily and Storm, 2010). The following
notations are used below:

Y = True Purchase orders, X = True Turnover of enterprises
y = Measured Purchase orders, X = Measured Turnover of enterprises

Let S be a scrambling random variable with distribution
S ~N(0,0.1c4 ), just as in Sousa et al. (2014). The scrambled response on
purchase orders Y is given by Z =Y +S. We consider sample sizes: n = 250,
500. The methodology used to get the observed values of z,x and s in h"
stratum is same as described in the in the simulation section above. We
generated a bivariate normal population of size 1698 with these parameters.

Table 7.6
Summary Statistics for the Numerical Example
Str(a;]t)um Np Py \A Sv X, Sxn Population

1 979 0.7802 2.15 246 3.12 268 N=1698, p, =0.9368
2 362 0.7952 16.67 6.86 2031 6.02 Y =14.44 X =17.97
3 357 0.8408 45.88 30.21 56.33 30.18 S, =22.39, S, =2531
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Theoretical MSE’s, PRE’s (with/without ME) of the

Table 7.7

RRT Estimators Relative to Combined RRT Mean Estimator
in Stratified Random Sampling for the Numerical Example

Mean Sauare Error Percent Relative
Estimators N i Efficiency
Without| Change | With | Without | With
ME |dueto ME| ME ME ME
Zy 250 | 0.6938 | 0.0068 |0.7006 | 100.0000 | 100.0000
(Combined RRT
Mean Estimator) | 500 | 0.3001 | 0.0027 |0.3028 | 100.0000 | 100.0000
Yoist 250 | 0.2119 | 0.0025 |0.2144|327.4200 | 326.7700
(Proposed
Generqllzed 500 | 0.0916 | 0.0010 |0.0926 | 327.6200 | 327.0000
RRT Estimator)
You st 250 | 0.2155 | 0.0090 |0.2245|321.9500 | 312.0700
(Combined RRT
ratio Estimator) 500 | 0.0920 | 0.0037 |0.0957 | 326.2000 | 316.4100

Table 7.7 shows that our proposed generalized RRT estimator (?Gi,st)

performs better than existing RRT estimators both in the presence and absence
of measurement errors. We saw the same pattern in Tables (7.2-7.5). Also
presence of measurement errors impacts the proposed generallzed RRT

estimator (YGI st ) less than the combined RRT ratio estlmator(YGl st) -

7.8 CONCLUSION

The main contribution of this chapter is the introduction of a generalized
RRT mean estimator in the presence of measurement errors in stratified
random sampling. The generalized RRT estimator leads to several combined
RRT ratio and combined RRT product estimators as special cases. The usual

transformed RRT ratio estimator ?Gl’st has been studied by using various

transformations of the parameters of the auxiliary variable. The asymptotic
bias and MSE formulae have been derived. The results are validated through a
simulation and numerical study. Tables (7.2-7.5) show the effect of
measurement errors on the proposed RRT estimators using different sampling
fractions. As expected, the theoretical and empirical mean square errors are
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quite close. Simulation results show that all of the estimators are more efficient
as compared to the usual combined RRT mean estimator. Improvement in
efficiency is more significant in the high correlation case as compared to the
low correlation case. Unlike the combined ratio estimator, the proposed
estimator is not adversely affected by the extra source of measurement errors
through the auxiliary variable. It may also be observed that the optimal MSE
of the proposed generalized RRT estimator matches the MSE of the combined
RRT regression estimator but it has the added attraction of being able to
produce many existing RRT estimators depending on how the auxiliary
information is exploited. Also it is obvious from the simulation and numerical
results that measurement errors hurt the efficiency of all estimators Thus there
Is a need to make a considerable effort to eliminate measurement errors in the
survey.
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CHAPTER 8

CONCLUDING REMARKS AND FUTURE DIRECTIONS

8.1 CONCLUDING REMARKS

It is obvious from this study that the MSE of mean estimators increases
when measurement errors are present as compared to when there are no
measurement errors. Also the impact of measurement errors is more when
study variable is sensitive as compared to when it is not, largely because there
Is an extra source of measurement error when dealing with sensitive variables.
A very significant observation is that ratio estimators which do better than
ordinary mean estimator in the absence of measurement errors, perform less
efficiently when measurement errors are factored in.

The most critical finding of this thesis is that both in Simple Random
Sampling and Stratified Random Sampling, our proposed generalized
estimator performs better than both the simple mean estimator and the ratio
estimator.

Another crucial point is that the proposed generalized estimator
encompasses a wide variety of existing ratio and product, mean estimators
depending on how the auxiliary information is exploited.

Yet another important observation is that superiority of our proposed
generalized estimator is not conditional; instead it is always superior to the
simple mean estimator and the ratio estimator. Finally we may point out that
the simulation and numerical results clearly validate the theoretical findings.

8.2 FUTURE DIRECTIONS

Although research is a lifelong pursuit, two problems that come to mind
for near term effort are:

(i)  Examining the impact of measurement errors in the context of
Optional RRT Models. In particular, we will examine if
optionality reduces the impact of measurement errors.

(i) Examining the impact of measurement errors on variance
estimation.
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APPENDIX-A

VARIOUS NOTATIONS USED IN GENERALIZED RATIO
ESTIMATORS IN SIMPLE RANDOM SAMPLING

Co _ Sy Coefficient of variation of auxiliary
X7 variable
N
Z( ) Coefficient of skewness of
By(x) = —=1 auxiliary variable
(N-1)(N-2)s;
N 3
(N+1)3 (% - X)
— i=1
P2(x) (N -1)(N -2)(N -3)S; Coefficient of kurtosis of auxiliary
variable
3(N-1)
(N-2)(N-3)
Doy = Sxy Population Correlation Coefficient
XY Sy Sy between Y and X
__ Pxy
Pzx ¥ Population Correlation Coefficient
1+ SSZ between Z and X
Y
Q, = (n ;1) "value Median of auxiliary variable
QD (Q—Q) Quartile Deviation of auxiliary
2 variable
™ = (Q+ 2Q2 Q) Tri-mean of auxiliary variable

(X + X(N))

MR = 5 Mid-range of auxiliary variable
1<j<k<N :
X, o+ X Hodges-Lehmann estimator of
(X + X)) - :
HL = median auxiliary variable
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APPENDIX-B

VARIOUS NOTATIONS USED IN GENERALIZED COMBINED
RATIO ESTIMATOR IN STRATIFIED RANDOM SAMPLING

Co-efficient of variation of auxiliary

Cxn =Sxn / X variable in h™ stratum
N, 3
Np Z ( Xih = Xp ) Coefficient of skewness of auxiliary
B(Xp)= =1 . variable in h'" stratum
(N, —1)(Np, —2)S;,
N, 3
Ni (Np +1) 3 (Xi = Xp)
BZ (Xh ) = = 4 - . ‘-
(Nh _1)( Ny, — 2)( Ny, — 3)th Co-efficient ohf kurtosis of auxiliary
) variable in h" stratum
3( N, — 1)
(Nh —2)(Ny, -3)
Psyh = Sxvh Population Correlation Coefficient
Xvh SyhSvh between Y and X in h™ stratum
__ Pxvn
Pzxn S2 Population Correlation Coefficient
1+ %h between Z and X in h™ stratum
Svh
Q. = (N+D value Median of auxiliary variable in h"
2 stratum
QD = (Qs(X}) — Q4 (Xy)) Quartile Deviation of auxiliary
h = 2 variable in h™ stratum
™. = @QuXn) +2Q;(Xn) +Q3(Xp)) | Tri-mean of auxiliary variable in ht"
h— 4 stratum
MR, — (Xh(l) + Xh(Nh)) Mid-range of auxiliary variable in h"
h = stratum
Xieiy + X
HL,;, = median Knp + Xngeo) Hodges-Lehmann estimator of
2 1< j<k<N auxiliary Variable in h™ stratum
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