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SUMMARY

In this dissertation, we have developed new estimators of the finite
population mean based on the information from two transformed auxiliary
variables by using a simple random sampling without replacement (SRSWOR)
method. We have derived the expressions for the mean square error as well as
the bias of the new estimators up to the first order of approximation. We have
obtained the conditions under which these estimators are more efficient than
the existing estimators. Empirical studies have also been conducted to show
the improvement in efficiency of the proposed estimators over the existing
estimators.

Introduction has been given in Chapter 1. A brief history of the use of
auxiliary information in the estimation of population mean has been discussed
in Chapter 2, whereas Chapter 3 presents some estimators already available in
the literature along with the expressions of their mean square errors.

The important part of this dissertation starts from Chapter 4 where we
have developed a new ratio-cum-ratio estimator and product-cum-product
estimator of the finite population mean by using information of two
transformed auxiliary variables. In Chapter 5, we have developed a generalized
ratio-cum-ratio estimator of the finite population mean. In Chapter 6, we have
proposed four new estimators of the finite population mean based on two
auxiliary variables.

In Chapter 7, empirical studies have been conducted for examining the

performance of proposed estimators with the available using the data of
several populations from different sources.
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CHAPTER 1

INTRODUCTION

1.1 SURVEY SAMPLING

Sample surveys are used to collect data on various matters like business,
income, education, health, employment etc. Sampling strategy may be divided
into two parts. First is the selection method, by which units are drawn from a
finite population. Secondly, the estimation procedure, by which inferences is
drawn regarding the population parameters. The Inferences may be divided
into enumerative and analytical inferences. Enumerative inference describes
finite population while analytical inference explains the population
characteristics of the underlying distribution. Enumerative inference concerns
by means of estimate of some population parameters like means, totals,
percentages and ratios. For example, we may be interested to regress
household earnings on variables like number of working middle-aged,
education level of family head etc. Regression imply explanatory model.
Certain model gives its own probability arrangement, which guided directions
in favor of more inferences used analytical and enumerative inferences. In
different areas of statistics similar method is used.

Earlier it was thought the best way of drawing a sample was a purposive
selection method which was based on the researcher’s knowledge of
population regarding the closely correlated characteristic. Neyman’s (1934)
paper was the beginning of a new era. Neyman (1934) found that the use of a
random selection procedure had its basis on a sound scientific theory, which
made the possibility to predict the validity of the estimates. The use of
optimum allocation in stratified sampling scheme was suggested by Neyman
(1934). Stephan (1948) says these words about sampling:

“Any scientific observation, whether statistical or not, is based on
sampling.”

1.2 AUXILIARY INFORMATION

In the survey sampling, the auxiliary information is very common for
estimation of population parameters like population mean, ratio, product, total
etc. In survey sampling the history of auxiliary information is as old as the
history of survey sampling. The population of England estimated by the first



statistical scientist Graunt (1662) based on classical ratio estimate with
auxiliary information.

“Auxiliary information is any information that is not directly
related to the target of estimation. Often direct information is not
available in sufficient quantity but auxiliary information is
available at a fraction of the cost of the direct information.
Sometimes no special effort is required because auxiliary data for
one quantity is the direct information for another”.[Kish (1965)]

The auxiliary information may in actual fact be available in numerous
types. Tripathi (1970) and Das (1988) recommended in the following four

ways:

i)

ii)

iii)

1v)

“The values of one or more auxiliary variables may be available
a priori only for some units of a finite population.

“Values of one or more parameters of auxiliary variables i.e.
population  mean(s), population proportion(s), variance,
coefficient(s) of variation, Coefficient of skewness may be known.
In other words one or more parameters are known.”

“The exact values of the parameters are not known but their
estimated values are known.”” And

“The values of one or more auxiliary variables may be known for
all units of a finite population.”

According to Tripathi (1970, 1973, and 1976), the auxiliary information
in survey sampling may perhaps utilized in the following four ways, i.e.

i)

ii)

iii)

1v)

“At the planning and designing stage of a survey, the auxiliary
information may be used, For example, in stratifying the
population, the strata can be made according to supplementary
information.”

“The supplementary information may be used for the purpose of
estimation i.e. ratio, regression, difference and product estimators
etc.”

“The auxiliary information may be used while selecting the
sample i.e. Probabilities proportional to size sampling.

“The auxiliary information may be used in mixed ways i.e.
combining at least two of the above.”



Laplace (1820) used the information on auxiliary variable with total no
of birth registered during previous year for the estimation of population of
France. For the estimation of the mean area of leaves on the plant, Watson
(1937) used regression of a leaf area on leaf weight.

1.3 EXPONENTIAL-TYPE ESTIMATORS

Many ratio and regression-type estimators are available in literature for
situations when there is a linear relationship between the auxiliary variable and
the variable under study. The exponential-type estimators are used in which
situation when there is a weak linear relationship between the auxiliary and
study variables. The exponential type estimators may be more useful as
compared to ratio and regression type estimators in case of weak linear
correlation. In the last two decades, many exponential-type estimators have
been developed by many researchers utilizing the auxiliary information for
single phase sampling as well as for two phase sampling scheme.

1.4 OBJECTIVE OF THE STUDY
The major objectives of the study are:

o To develop simple and generalized ratio-cum-ratio and product-
cum-product type estimators in the exponential form using two
auxiliary variables.

o To study the gain in the efficiency of the new estimators over
some available estimators both theoretically and empirically.

1.5 STATEMENT OF THE PROBLEM

Many statisticians are working for efficient estimation methods to
reduce the error in estimates. The development carries on in the form of simple
ratio estimators as well as exponential-type estimators. The available
exponential-type estimators are relatively simple and most of these are based
upon information of a single auxiliary variable. In the present study, our task is
to propose some new exponential estimators using information on two
auxiliary variables.

The efficiencies of the estimators have been increased by using auxiliary
variable in the literature. The estimators based on the auxiliary information are



used when the variable of interest and auxiliary variable have a linear or
exponential relationship. Practically, it is possible that one auxiliary variable
may be exponentially related and other auxiliary variable may be linearly
related with variable of interest. In this study, we have developed ratio-cum-
exponential type estimators for such situations.

1.6 NOTATIONS

1 1 N-n n
e:———: ’g:
n N Nnoo Nenoo (1.6.1)
_ y-Y _ z-Z _ x-X
e, =——=—,e,=——=—,e, =———,
R 4 Z X
E(e,)=0.E(e,)=0.E(e.)=0,
_ 1 1 Sf 2
E(ey): ;_ﬁ F—ch,
1 1)8? 5
E(e)=| ——— |=% =02,
(x) n N XZ X
_ 1 1)Ss? 5
E(e)=|——— |Z==0C2, > 1.6.2
( ) n N)Z? ( )
- — 1 1 Syx
Blee) =5, [y ~9PeC:Cr
1 1)\S
Elee )=| ——— |=2=0p..C.C.,
(x Z) n N )(Z pxz Xz
E(ee, )= - = =0p,.C,C.
C.
K.=p,—L, (1.6.3)
i i
C;
where i=x,y,z and j=x,y,z. Also, let
X =(1+g)X — g, (1.6.4)

and



z; =(1+g)Z - gz, (1.6.5)
where i =1, 2,...,N, then

(1+g) X —gx, (1.6.6)

x*
and
z =(1+g)Z-gz, (1.6.7)

are also unbiased estimators of X and Z respectively.



CHAPTER 2

LITERATURE REVIEW

The literature of survey sampling describes a great variety of techniques
for using auxiliary information in order to obtain improved estimators for
estimating some most common population parameters such as population total,
population mean, population proportion, population ratio etc. The work of
Neyman (1938) may be referred to as one of the pioneer works where auxiliary
information has been used.

The use of auxiliary information at the estimation stage started with the
efforts of Cochran (1940). He developed the ratio estimator to estimate the
population means or total of the study variate Y by using the available
supplementary information on an auxiliary variate X , positivity correlated
with Y.

If there is a negative correlation between the auxiliary variate X and the
study variable Y, then the product method of estimation is quite effective
which was studied by Robson (1957) and Murthy (1964).

Searls (1964) utilized the co-efficient of variation of the variable of
interest at the estimation stage. Motivated by Searls (1964) method, Sen
(1978), Sisodia and Dwivedi (1981) and Upadhyaya and Singh (1984) used
coefficient of variation of auxiliary variables in the estimation of finite
population mean. The co-efficient of kurtosis at the estimation stage was first
utilized by Singh et al. (1973) and later, it was used by Searls and Intarapanich
(1990), Upadhyaya and Singh (1999), Singh (2003) and Singh et al. (2004) for
estimating the finite population mean.

Mohanty (1967) found that the use of a second available auxiliary
source may increase the precision of the estimates of population mean. He
combined the regression and the ratio methods of estimation for the estimation
of the finite population mean with the help of two auxiliary sources.

Srivastava (1970) provided a new general family of the ratio estimators
for the estimation of the finite population mean of the study variable using a
single auxiliary variable. A general family of the chain-ratio estimators of
population mean was developed by Srivastava et al. (1990) using two auxiliary
variables.



Chand (1975) developed two chain ratio type estimators of finite
population mean using two auxiliary variables. A chain-ratio-to regression
type estimator was developed by Kiregyera (1980) using information on two
auxiliary variables. Kiregyera (1980) studied the relative performance of the
new estimator to the simple mean estimator, the ratio estimator and the chain-
ratio type estimator suggested by Chand (1975).

Srivenkaramana (1980) presented a dual-to-ratio estimator for the
population mean of the study variable. The dual estimator was developed by
using a transformed on the auxiliary variable. Srivenkaramana found that the
use of the transformed auxiliary variable may increase the efficiency of the
estimators.

Two new estimators of the population of the variable under study were
developed by Kiregyera (1984). Both estimators were constructed using two
auxiliary variables and their efficiency was studied under a super-population
model and empirically.

Following the technique of Kiregyera (1984), three new estimators were
developed by Mukerjee et al. (1987). These estimators were also extended to
the case when information on multi-auxiliary variables was available.

Using prior information on the co-efficient of correlation between the
auxiliary and the study variables, Singh (1987) developed a regression type
estimator for the population mean. The properties of the new estimator were
studied and it was found that the new estimator had improvement in efficiency
over the conventional regression estimator.

A general theory for the estimation of a general function of the
population parameters was provided by Tripathi et al. (1988) by utilizing a
general function of the supplementary parameter. They estimated the variance
of the study variable for a bivariate population by using the general results
obtained from the general function of the population parameters.

For a simple random sampling scheme, Tripathi and Khattree (1989)
analyzed the estimation of population mean using information on multi-

auxiliary variables. The results were extended to a two-occasion case by
Tripathi (1989).

Bahl and Tuteja (1991) were the first to suggest exponential type
estimators for the estimation of population mean of the variable under study
using auxiliary information.



Tripathi and Singh (1992) developed a generalized transformation for
dealing with the situations of both positive and negative correlations
simultaneously. They obtained a wide class of the unbiased product-type
estimators of population mean which also included the estimators suggested by
Rao (1983), Singh (1987) and Rao (1987) etc.

Using known information on the co-efficient of variation of the variable
under study, Tracy and Singh (1997, 1998) suggested a new class of estimators
for the finite population mean. They found that the new estimator had
improvement in efficiency over the mean per unit estimator, the conventional
ratio estimator, the product estimator, the Srivastava’s (1970) estimator and the
estimator suggested by Sen (1978).

When the population mean of the first auxiliary variable is not known
and information is available on second auxiliary variable, a regression-type
estimator for the population mean of the study variable was constructed by
Roy (2003). This estimator was more efficient than the common two-phase
ratio type and regression type estimators with two auxiliary variables,
recommended by Mohanty (1967), Chand (1975), Kiregyera (1980, 84) and
Sahoo et al. (1993). Bajwa (2003) modified Mohanty (1967) estimator in
single phase and two phase sampling.

Singh and Vishwakarma (2007) suggested exponential ratio-type and
product type estimators for two-phase sampling based on a single auxiliary
variable.

In single and two- phase sampling, Haq (2008) proposed general family
of estimators by using two auxiliary attributes. Generalized ratio and
regression estimator have developed by Ahmed (2008) with multi auxiliary
variables for estimating the population mean.

An empirical study conducted, by Tahir (2008) for comparisons the
performance of Chand (1975), Singh and Espejo (2007). Swain (2012)
suggested generalized classes in the occurrence of two auxiliary variables with
SRSWOR for modified ratio-type and regression —cum-ratio type estimators
used for finite population mean of study variable.

Using available information on two auxiliary variables, Hanif et al.
(2009) developed a new estimator obtained by combining the regression type
estimator with the ratio and product type estimators. They obtained the
expression for the mean square error of their new suggested estimator to the
first order of approximation. They also made efficiency comparisons of their
new suggested estimator with the Samiuddin and Hanif (2006) estimator. It



was observed that the new estimator performed better than the available
estimators.

Sharma and Tailor (2010) proposedratio-cum-dual to ratio estimator for
finite population mean. In the class of estimators an asymptotic optimum
estimator is identified connected its mean squared error method. They
reviewed the properties of their proposed estimator over other estimators.

Using the weighting, transformation and the model-based approaches,
Nazuk et al. (2010) developed some new ratio estimators for the population
mean. It was found that these estimators were more efficient than the
Chakrabarty (1979) estimator, Singh and Singh (1997) estimator, the Singh
(2002) estimator and the Singh et al. (2006) estimator.

For situations when the study variable is of qualitative type, Singh et al.
(2010) proposed a new family of estimators and obtained their bias and mean
square error. In order to show the superiority of the new estimator over some
available estimators, they also conducted an empirical study.

Shukla et al. (2012) developed new families of estimators for the
population mean of the variable under study utilizing two auxiliary variables.
They constructed three different classes of estimators of the population mean
and obtained their optimum mean square errors and also conducted an
empirical study.

Noor-ul-Amin and Hanif (2012) proposed some exponential type
estimators for estimating the population mean in two-phase sampling using
information on two auxiliary variables.

For known population parameters of the auxiliary variable, Subramani
and Kumarapandiyan (2012) studied the problem of estimation of population
mean. They developed strategies for improving the performance of the
available ratio estimators and illustrated the results with the help of numerical
examples.

Onyeka et al. (2013) developed six new estimators for the ratio of a
finite population. These estimators were developed using transformation on
auxiliary variable in simple random sampling. They also studied the properties
of the new transformed estimators.

Jeelani et al. (2013) studied estimation of mean by utilizing the linear
combination of the population co-efficient of skewness and the quartile
deviation of the auxiliary variable. They found that their new modified ratio



estimators performed better than the available estimators. In order to support
the results, they carried out an empirical study.

For estimation of finite population mean of the study variable
Choudhury and Singh (2013) suggested a class of product-cum-dual to product
estimators. This asymptotical optimum estimator has also been identified along
with its approximate bias and mean square error.

Swain (2013) studied various modified ratio and product type estimators
and compared their mean square errors and biases. To compare the efficiencies
of the estimators, Swain (2013) also provided numerical illustrations using
some natural population.
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CHAPTER 3

SOME AVAILABLE ESTIMATORS
OF POPULATION MEAN

3.1 INTRODUCTION

In this Chapter, different estimators using single and two auxiliary
variables for estimating population mean in single-phase sampling have been
presented. These estimators have been discussed along with their mean square
error and biases.

Let =¥ (1+2,) e B % | be the total
et = +e, |Jexp| Oy ———— + —_— e the tota
¥ ) SXP FD1+1+EX1 FD1+1+EZ2

number of units in the population. A random sample of size £ [Eyz (Ezz -e, )]
=0,p,.C,C, —0p,,C,C. is selected by using a simple random sampling

without replacement method. The study variable and the two auxiliary

variables are denoted by C. = & t=Y (1 +e )exp oL % +B €, %,
T & 2+e, ' 2+e, +e,

a=2H,

and oMSE 2B
op 4
vy, x and z respectively.

(6,-6,)C 2 (8,-6,)H,.C 2 _ with their sample means

yz>z

3.2 SOME AVAILABLE ESTIMATORS
3.2.1 The Mean per Unit Estimator

The mean per unit estimator is given by

_ 1
y==X. (3.2.1)
n =1

The variance of y is given by

Var(y)=0Y7C;. (3.2.2)

11



3.2.2 The Classical Ratio Estimator

The classical ratio estimator for estimating the finite population mean,
suggested by Cochran (1940), is given as:

= y{q (3.2.3)

X

The mean square error of ¢ is given as:

MSE (1) ~¥°0| C+ C2(1-2K ) |. (3.2.4)

3.2.3 The Product Estimator

The product estimator of population mean, proposed by Robson (1957),
is given by

X

ty = y[f} . (3.2.5)
The mean square error equation of the estimator ¢, is:

MSE(1,)~776| C; +C2(1+2K,,.) | (3.2.6)

3.2.4 The Classical Regression Estimator

The classical regression estimator is given by
=y +b,(X-X). (3.2.7)
The mean square error of #; is given by

MSE(t;) ~ Yze[ci(l—pﬁy)] (3.2.8)

12



3.2.5 Mohanty’s (1967) Estimator

Mohanty (1967) proposed an estimator using two auxiliary variables:

=|

ty=| 7 +B . (X - )]% (3.2.9)

The mean square error of #, is
_ 2
MSE (t;) = eyz[cﬁ (1-p%, )+(C.=Cyp,. ) =Ch p3+2C, Cop,, pxy} .
(3.2.10)

5.2.6 Srivastava’s (1967) Estimator

Srivastava (1967) suggested a generalized form of the Classical ratio
estimator. The estimator is

1 :(zj : (3.2.11)

X

where o 1s a constant.

The mean square error of #;1s given by

MSE(t5)=07?| C; +a’C ~2aC,C,p,, | (3.2.12)

3.2.7 Rao’s (1968) Estimator
Rao (1968) proposed the following estimator is

te=y-W=(x-X), (3.2.13)

ol

where W is a suitable constant.

The mean square of the Rao’s (1968) estimator is

13



MSE(ts) =07 (C2+W°C} = 2Wp,,C,C, ). (3.2.14)

The estimator ¢4 is identical to the mean per unit estimator for W =0.

3.2.8 Walsh’s (1970) Estimator

Walsh (1970) suggested the following estimator

|

g:y{)_“b(f_)_()}, (3.2.15)

where b is a constant is to be determined.

The mean square error of 77 is given by

MSE(t;) = 9?2C§(1 - hW). (3.2.16)

3.2.9 Sahai’s (1979) Estimator

Sahai (1979) proposed the following estimator of population mean

o oX +(1-o)x
tg_){cxf+(l—oc))_(} (3.2.17)

where o is a constant.

The mean square error of the Sahai’s (1979) estimator is given as:

MSE(i5)=07?| C,2 +(1-2a) €7, +2(1-20)C,Cyp,, | (32.18)

X

3.2.10 Srivenkataramana’s (1980) Estimator

Srivenkataramana (1980) suggested a dual-to-classical ratio estimator
as:

14



j, (3.2.19)

where

X =(l+g)X-gx. (1.6.6)
The mean square error of ¢, is:

MSE(1,) Jze[ci +gC2(g- 2ny)] . (3.2.20)
The bias of ¢, 1s:

Bias(t9) z—?g@pynyCx. (3.2.21)

3.2.11 Bandyopadhyay’s (1980) Estimator

Bandyopadhyay (1980) suggested a dual-to-product estimator. This
estimator is given by

o=y [_éj (3.2.22)
z
where
z =(1+g)Z-g. (1.6.7)

The mean square error of ¢, 1s:
MSE(1,,) Jze[ci +gC2(g+ 2Kyz)]. (3.2.23)
The bias of ¢, is:

Bias(t,y)~Yg0p,.C,C.. (3.2.24)

15



3.2.12 Das and Tripathi (1980) Estimator

An estimator proposed by Das and Tripathi (1980) is given as:

yop(x-X) o

h1= [f—q()_c—)?)}a (3.2.25)
where p and ¢ are constants.
The mean square error of this estimator is given by

MSE(t,,) ~ e[Wcﬁ +B2X2C2 —ZB)_G_’Cnypxy]. (3.2.26)

3.2.13 Prasad’s (1989) Estimator

Prasad (1989) developed the following modification of ratio estimator
following the lines of Searls (1964):

where k 1is a suitable constant. The optimum value of % is given by

{1+e(c§ ~p,,C.C, )}

k=k, = ) (3.2.28)
v {1 +6(C2+3C2-4p,,C.C, )}
The minimum mean square error of #; 1s given by
) 2
f1+0(c2-p,C.C, )|
(3.2.29)

—vV2i1—
MSE i (112) =Y 7| 1 {1+9(C§+3C§—4pxycxcy)} |

16



3.2.14 Naik and Gupta (1991) Estimators

Naik and Gupta (1991) suggested a general class of estimators for
estimating the population mean. Their general estimator is given by

P )_(+a(f—)_()p 1230
137 X+b(x-X) |’ (3.2.30)

where

C
p(b—a)=k;,and k :C—ypxy.

X

The mean square error of this estimator is:

MSE(t3) ~0Y?| C} + K[ C? =2K,C,Cyp,, | (3.2.31)

3.2.15 Bahl and Tuteja (1991) Estimators

Bahl and Tuteja (1991) proposed an exponential ratio-type estimator as:

ta =yexp{))_§;;_j. (3.2.32)

The mean square error of exponential ratio-type estimator ¢, 1s:
o20| 2, Ca
MSE(t,,)=Y "6 C, +Tx_nyCny . (3.2.33)

The bias of ¢, is:

(3.2.34)

72
Bias(t,) = YGSCX [3 - 4ny] .

Bahl and Tuteja (1991) also proposed an exponential-product-type estimator

as:

17



s = fexp{%} . (3.2.35)

The mean square error of 75 is:

_ C?
MSE(t,5) zYze{cﬁ tr +Kyzc§}. (3.2.36)
The bias of ¢ is:
4 2
Bias(ty5) ~ 105 (4K, -1]. (3.2.37)

3.2.16 Singh et al. (2005) Estimator

Singh et al. (2005) proposed a dual-to-ratio cum product estimator as:

e = y(%}(?j (3.2.38)

The mean square error of 7, 1s:

MSE(1,6) = 70| C; +gC7 (g~ 2¢K., 2K, )+ gC2 (g +2K . ) |.
(3.2.39)

The bias of ¢ 1s:

Bias(t¢) ngO[sz (Kyz —ngz)—K Cz} (3.2.40)

X~ x

3.2.17 Samiuddin and Hanif (2006) Estimator

Samiuddin and Hanif (2006) suggested a new estimator with two
auxiliary variables as:

18



(3.2.41)

li7 :(%Xj(%Z]
X Z
The mean square error of ¢, 1s given as:
C,py —2C,Cop,. +2C,Cop,. |.
(3.2.42)

MSE (17)~0Y| C}+C7+C2-2C,

The generalized chain ratio estimator suggested by Samiuddin and Hanif

(2006) is given as:
tig = a(;‘z?j—k(l—a)[j/gj, (3.2.43)
X Z
where a is constant.
The optimum value of a is given by
CprZ + CjZ2
: (3.2.44)

pyz _Cx

. C,Cipyy —C,C.
w C2+C?>-2C.Cp,.

The minimum mean square error of the estimator ¢, may be written as:

MSE(13)~ 07| (C; +C? ~2p,.C,C. |

2
- Cyczpyz o Cszpxz + sz)
. (3.2.45)

(Cxcypxy
CZ+C?-2C.Cp,.

3.2.18 Hanif et al. (2009) Estimator
Hanif et al. (2009) proposed a modification of the Singh and Espejo

(2003) estimator as:
(3.2.46)

to :{)7+k1()_(—7c)}{k2§+(1—k2)%},
19



where k; and k, are constants. The optimum values of k; and k&, are given by

b Sy(Pxy —PxzPyz)
1

= =Byy 7 (3.2.47)
2 .
SX(l—sz)
and
1 Z S - 1 7
k2:§ 1+?. Y(pYZ P)gYpXY) :5{14-?[3”')(}, (3.2.48)
SX(l—sz)

The mean square error of ¢4 1s given by

MSE(19) ~0Y°C; (1-p}, . ). (3.2.49)

3.2.19 Singh et al. (2009) Estimator

Singh et al. (2009) proposed an exponential-type estimator by following
Kadilar and Cingi (2006). The Singh et al. (2009) estimator is given as:

. (aX +b)—(ax +b)
by = yeXp{(a)_(+b) (@ +b)}’ (3.2.50)

where a and b are suitable constants.

The mean square error of ,, 1s
MSE(1,0) = 7°0| C7 + Cly(y - 2K, )| (3.2.51)

and the bias of 1, 1s

Bias(tzo) z?@Cﬁy[y + ny] , (3.2.52)
aX
where y=—————.
2(aX +b)
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3.2.20 Sharma and Tailor (2010) Estimator

Sharma and Tailor (2010) proposed a dual-to-ratio type exponential
estimator as:

b :fexp{ . ;} (3.2.53)

=

+

=

The mean square error of #,, is:

MSE(ty,) zfze{cﬁ +gC? (%—nyﬂ. (3.2.54)

The bias of ¢, is:

v 2
Bias(t,,) z_ﬂzcx[§+ ny] (3.2.55)

Sharma and Tailor (2010) also suggested the following dual-to-product
type exponential estimator

tyy zyexp{%i*}. (3.2.56)
Z+z

The mean square error of ¢, 1s:
MSE(t,,) Jze{cj +gC? (% + Kyzﬂ . (3.2.57)

The bias of ¢,, is:

YgoC?

Bias(ty, )~ [3g+4K,. |. (3.2.58)
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3.2.21 Upadhyaya et al. (2011) Estimators

Generalized exponential ratio-type estimator suggested by Upadhyaya et
al. (2011) is given as:

_ X-x
t23 :yexp{m}. (3259)

The mean square error of #,; is:

2
MSE (1) zYze{cﬁ - C—2(1 - 2any)} . (3.2.60)
a

The bias of ¢,5 is:

Bias(ty;) zyzecf 2a(1-K,,)-1]. (3.2.61)

Upadhyaya et al. (2011) also proposed a generalized exponential
product-type estimator as:

_ x-X

The mean square error of ¢, 1s:
c20| 2, Cs
MSE(t,,) =Y 70| C> +b—;(1+2b1<yx) . (3.2.63)

The bias of ¢,, is:

Y0C?

Bias(t24) ~ Y

[3-2b+2bK,, |. (3.2.64)
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3.2.22 Tailor et al. (2012) Estimator

Tailor et al. (2012) dual-to-ratio cum product estimator is given as:

b=y " "Pe Z*+pxz : (3.2.65)
X+pxz E +pxz

The mean square error of ¢, is:

MSE(t25) NYZG[CJZ} + gklcf (gkl - Zny)

+1,8C2 (hog + 2K, ~MgK ) |. (3.2.66)
The bias of #,5 is:
Bias (1y5) ~¥g0| gh,C2 (A + K, )~ MC2 (K o+ 10eK )|, (3267)

where

andkz—_Z

A= .
- X+pxz Z+p,,

3.2.23 Yadav (2012) Estimator

Yadav (2012) proposed a ratio-cum-dual to ratio estimator as:

t26=y{aexp(§;§j (1- a)exp{ j(:(ﬂ (3.2.68)

The mean square error of 7, 1s:

XX

2
MSE (tys) ~ 9Y{C2+a %mK cz} (3.2.69)

23



The bias of #,; 1s:

2
Bias(t,) z?@{a% + %nycﬁ} : (3.2.70)
where
2K+
a=—x'8
l+g
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CHAPTER 4

RATIO AND PRODUCT TYPE EXPONENTIAL
ESTIMATORS OF POPULATION MEAN

4.1 INTRODUCTION

In this chapter, dual to ratio-cum-ratio type and dual to product-cum-
product type estimators of population mean under simple random sampling
without replacement (SRSWOR). The proposed estimators are helpful to
estimate the finite population mean. Two auxiliary variables are used for the
development of dual to ratio-cum-ratio type estimators when correlation
between variable of interest (say ‘y’) and auxiliary variables (say ‘x’ and
‘z’) is positive. The dual to product-cum-product type estimator is applicable
when correlation between variable of interest (say © y ’) and auxiliary variables
(say ‘x’ and ‘z’) is negative. The mean square error equations of the proposed
estimators have been obtained along with their biases. The conditions under
which the proposed estimators perform better than the available estimators
have also been obtained.

Consider a finite population S of size N consisting of units
S15S5,...,Sy - The population mean of the study variable Y, is ¥ whereas X

and Z are the population means of auxiliary variables X and Z respectively.
The sample is drawn by the simple random sampling without replacement
(SRSWOR) of size n(n< N) from the population and we assume that x, y

and z are the sample means of the variables X , ¥ and Z respectively.

4.2 PROPOSED ESTIMATORS

We propose ratio-cum-ratio and product-cum-product estimators by
using above mentioned transformation on two auxiliary variables (x, z).

(i) Proposed Estimator-I

The proposed ratio-cum-ratio type estimator of population mean in the
exponential form is

25



Ll =?[%)6Xp{; ;g (4.2.1)

¥ =(l+g)X—gx, (1.6.6)

z :(1+g)Z—gE. (1.6.7)

(i) Proposed Estimator-11

The product -cum -product type estimator of the population mean in the
exponential form is

. y(éjexp{{ _Z*}. 422)
X Z+z

4.2.1 Bias of the Proposed Estimator-I

Using the notations (1.6.1), we may write the estimator (4.2.1) as:

) =17(1+é) (N-n)X(1+e,) exp (N-n)Z(1-ge,)/ (N-n)-Z
nl TN x (N-mZ(1-ge,)/(N-m)+Z |

or
= _ _ —Zgéz
tnl = Y(l + ey)(l — gex)eXp|:2Z_—Zg§Z:|,
or B )
_Zgéz

:)7(1+Ey)(1—géx)exp —— :
ZZ(I—gEZj
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After simplification, we get

-1
t, = 7(1+éy)(1—géx)exp[—%géz (1—%g€zj J,
or

(1 _ _ 1 _ 1 _
~ Y(l + ey)(l —gex)exp(—igez —dezj. (4.2.3)

Expanding the exponential function in (4.2.3) and ignoring the terms

with power three or greater as:

Y(1+e,)(1 géx)(l—%géz_2g2§3+lg2ezzj,

or
(1. = _ I 1 5.,
~Y(1+ey)(1—gex)(l—5gez —gg ezj. (4.2.4)

or

t, Y +Ye (1 ge, —lgé —1g262+1gee)

" Y 277 8 2
or

tn1z7(1+éy—ge ;gé—%g262+;gee gee—%géé),
or

= o _ _ 1 _ 1 1 __ 1 __
tnl—YzY(ey—gex 2ge —§g262+2gee geyex—gg yezj.

Taking expectation on both sides of (4.2.5) and using (1.6.2), we get

(1 55 1, 1 j
Eit,-Y)=Y|—g"C.+ c.C C¢,C C,C
( nl ) ( 8g z 2g Pxz "8 xpyx 2g zpyz
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After simplifications we get the bias of ¢, as:

Bias(tn ) ~

N [0Q

_ 1 7
Y(_chz +ngCszz _2Cxcypxy _Cyczpyzj' (426)

4.2.2 Mean Square Error of the Proposed Estimator-I

Squaring and taking expectation on both sides of (4.2.5), we have

E(tnl N 7)2 ~ YzE(éyz + gzé)c2 + igzéz2 o 2géyéx + gzéxéz B géyézj .
(4.2.7)
Using (1.6.2) in (4.2.7) and after simplification, we get
MSE(t,,)~ Yze[cﬁ +g°C2 + i g’C?
-2¢C,C,p,, +g°C,C.p,. —gC,C.p,. } (4.2.8)

4.2.3 Bias of the Proposed Estimator-II

Using (1.6.1) in (4.2.2), the proposed estimator t,, may be written as:

; =7(1+E ) (N-n)X x Z—(N-n)Z(1-ge,)/ (N —n)
n2 YI(N-mX(1+e,) (N-n)Z(-ge.)/(N-n)+Z |
(4.2.9)

Expanding the right hand side of (4.2.9) and neglecting the terms with
power two or greater, we get

th = ?(14‘5)})(14‘ géx)exp{ﬁ} ,

or

28



—, _ Zoe.
=Y(1+ey)(1+gex)exp — gelz :

After simplification, we get

i _ 1 (1 _ Y
tnz:Y(1+ey)(1+gex)exp(igeztl—ggezj ],
or
(1. 1 1 5 5
~Y(1+ey)(1+ge )exp(+2ge +4g e ] (4.2.10)

Expanding the series up to first order, re-writing (4.2.10) as:

_ 1
o~ Y(1+Ey)(l+g§x +g25 )exp(+;ge + 4gzezj. (4.2.11)

Expanding the exponential function in (4.2.11) and ignoring the terms
with power three or greater as:

ll

= _ 1 2 525, 1 5
Y(1+e )(1+gex)(1+§gez+§g2e22+_g2ezzj,

8
or
— _ 1 3 5.5 1 5 _
Y (l+e, ) 1+ge. +—ge, +—-g°e +—-gee. |,
( {: g8+ 8+ g xz)
or
~I71+e+e+le+3 e+1 ee+ee+1 e e.
ge, 2g 8g 28 ge,, 2gyz’
or

’“<I

= 1 3 1 |
n—Y =Y|e, +ge +2ge +8ge +2gee +gee. +-gee. |.

(4.2.12)

N |

Taking expectation on both sides of (4.2.12) and using (1.6.2), we get
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_ 3 1 1
E(tnl _Y) zY(ggzczz +§g2CxCprZ +gCnypyx +5gCyCzpyz) .

After simplifications we get bias of ¢,, as:

=\ (3 1 1
E(tnl _Y) zY(§g2sz +Eg2Cszpr +gCnypyx +5gCyCzpyzj7
or

Bias(t,)~E¥[ 3 gC?+C.Cop. +2C.Cp.. |. (4.2.13)
n2 2 4 z x~zMxz X ypxy

4.2.4 Mean Square Error of Proposed Estimator-I11

Squaring and taking expectation on both sides of (4.2.12) and using
(1.6.2), we have

SV 1
E(ty=Y) ~V’E (Eyz +eUE g T 2808 T2 EE + géyéz) .

(4.2.14)
On simplification, we get

X z z

_ 1
MSE(tnz)zyze(cﬁ +g2C? + g°C2+2gC,Cp, +8°C,C.p,. +gC,C pyzj :

(4.2.15)

4.3 EFFICIENCY COMPARISON

In this section, the theoretical comparisons between some available
estimators of population mean and proposed estimators have been made with
respect to mean square error. The exponential ratio-cum-ratio estimator has
been compared with y, ¢, 4, #7 and ¢,;. The exponential product-cum-

product estimator has been compared withy, #,,, #5 and ¢,,.

The proposed estimator ¢,; is more efficient than the mean per unit
estimator if

MSE(t,,)<Var(y). (4.3.1)
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Using (4.2.8) and (3.2.1) in (4.3.1), we have

X z V4

o 2 22 1 20 2 =2 2
Y G(Cy+g C; +Zg C; -2¢C,Cp,,+g°C.Cop,, —gC,C pijSGY C,,

or

g 2 1 0
> c:+-C:+C.C -C.C . 432
pyx 2cny|: X 4 zZ X prZ y ZpyZ:| ( )

The proposed estimator ¢ is more efficient than the

nl
Srivenkataramana’s (1980) estimator ¢, if

MSE(t,)) < MSE(t,,). (4.3.3)

Using (4.2.8) and (3.2.23) in (4.3.3), we get

X z z

_ 1
Y26(C§ +g’Cr+ 2 g°C2-2gC,Cip,, +8°C,C.p,. —gC,C pyzj

<¥%0| €y +g°C2-2gC,Cp,, |,

or

X T ZIFXZ

2_ C,C
P> dg” 1 CZ+g? lCj+ccp _ ST (4.3.4)
Y 4 4 g
The proposed estimator ¢,; is more efficient than the Samiuddin and
Hanif (2006) estimator ¢, if
MSE(t,)) < MSE(t,4). (4.3.5)

Using (4.2.8) and (3.2.33) in (4.3.5), we get

X z z

_ 1
YZE)(C§ +g?Cr+ 2 g°C2-2g¢C,C,p,, +g°C,Cp,. —gC,C pyzj

< e?z[c§+c§+c§—2cxc Py —2C,Cop,. +2C,Cop,. |

y z z

or
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Cl(g*-1)+C2 ng —1)— C,Cp,.(2-2)+C.Cop. (27 -2)
2C,C,

Py 2

(4.3.6)

The proposed estimator ¢,; is more efficient than the Bahl and Tuteja
(1991) estimator ¢, if

MSE(t,)) < MSE (7). (4.3.7)

Using (4.2.8) and (3.2.42) in (4.3.7), we get
ol 2, 22,1 20 2
Y e(cy +g Cx +Zg Cz _zgcycxpyx +g Cxcszz _gCyCzpyzj

=2ql ~2 1 2
<Y O[Cy+ZCx—Cnypyx:|,
or

z X

2o 2 1 0 | )
c:+-C:+C.C -—C
g ( X 4 zZ X pxzj 4

Py 2 (4.3.8)

Cny(Zg —1)

The proposed estimator ¢,; is more efficient than the Sharma and Tailor
(2010) estimator ¢,; if

MSE(t,)) < MSE(t,,). (4.3.9)

Using (4.2.8) and (3.2.54) in (4.3.9), we get

X V4 z

2 2 2( 8
<Y G{Cy +ng (Z—nyj:|,

C g 3C, C
>—= — = +—=+—=1|. 4.3.10
pyx p |:pyZ C prZ 4CZ 4Cx ]} ( )

_ 1
Yze(cﬁ +g2Cr+ 2 g°C2-2gC,Cp,, +8°C,C.p,. —gC,C pyzj

or

»x y
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The proposed estimator ¢,, 1s more efficient than the mean per unit
estimator y if

MSE(t,,) < MSE(¥). (4.3.11)

Using (4.2.15) and (3.2.1) in (4.3.11), we have

X z z

(2 2.0 1 20 2 =2 2
Y G(Cy+g C; +Zg C; +2gC,Cip,, +&°C.Cop,, +gC,C pyZJSGY C,,

or
C.C
P22 {c§+1cf+cxcszz+ﬂ}. (4.3.12)
20,¢,| 4 g

The proposed estimator ¢,, 1s more efficient than the Bandyopadhyay’s
(1980) estimator ¢, if

MSE(t,,) < MSE(t,,). (4.3.13)

Using (4.2.15) and (3.2.26) in (4.3.13) we have,

_ 1
Y29(C§ +g2Cr+ 2 g°C2+2¢C,Cop,, +g°C.Cop,. +gC,C pyzj

X z V4

<Y €} +gCl(g+2K,,) |.

or

C C, 3 gC
pyxZ(g?pxz—C—pyZ—ggczz-FC—yj. (4314)

The proposed estimator ¢,, 1s more efficient than the Bahl and Tuteja
(1991) estimator ¢4 if

MSE(t,,) < MSE(1,g). (4.3.15)

Using (4.2.15) and (3.2.45) in (4.3.15) we have,
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Y 29(C§ +g°C? +ig2C§ +24C,C,p,, +2°C,C.p,. +¢C Czpyzj

ol o C?
<y e{cy e Czpyz:|,

or

P> [gzc,% +iC§(g2 ~1)+g°C.Cp,. +C,Cop,. (g 1)}-

(4.3.16)

2¢gC C

y—x

The proposed estimator ¢,, 1s more efficient than the Sharma and Tailor
(2010) estimator ¢, if

MSE (t,,) < MSE(ty,). (4.3.17)

Using (4.2.15) and (3.2.57) in (4.3.17), we get
729((35 +g2C? +i g°C? +2gC CiP s+ 8 g’C.C.p..+gC Czpyzj

SYze{C +gC2(4+K ﬂ

g(C.p +Cy)
2c,

or

P 2 (4.3.18)

When the condition (4.3.2), (4.3.4), (4.3.6), (4.3.8) and (4.3.10) is
satisfied, the proposed dual-to-ratio cum ratio type exponential estimator 7,

will be more efficient as compare toy, ¢, 44, ;7 and ¢,; respectively. When

the condition (4.3.12), (4.3.14), (4.3.16) and (4.3.18) is satisfied, the proposed
dual-to-product cum product type exponential estimator ¢, will be more

efficient as compare to ¥, #;,, fjg and #,, respectively.
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CHAPTER 5

GENERALIZED EXPONENTIAL TYPE
ESTIMATORS OF POPULATION MEAN

5.1 INTRODUCTION

In this chapter, generalized dual-to-exponential type estimator of
population mean for simple random sampling without replacement (SRSWOR)
has been developed. Two auxiliary variables are used for the development of
the generalized dual-to-exponential type estimator of population mean. The
mean square error equation of the proposed estimator has been obtained along
with bias. The conditions under which the proposed generalized estimator
perform better than the available estimators have also been obtained.

Consider a finite population S of size N consisting of units
S15Ss s ,Sy - The population mean of the study variable Y is ¥ whereas

X and Z are the population means of auxiliary variables X and Z
respectively. The sample is drawn by the simple random sampling without
replacement (SRSWOR) of size n(n < N) from the population and we assume

that X,y and z are the sample means of the variables X, Y and Z
respectively.

5.2 PROPOSED GENERALIZED ESTIMATOR
5.2.1 Proposed Estimator

We propose a generalized dual-to-exponential type estimator of
population mean of the study variable using information on the two auxiliary
variables (x,z).

*\ V1 ¥ =
x z -7
te =Y =1 €xXp|V,———= |, 5.2.1

where v, and v, are suitable constants and

X =(l+g)X—gx, (1.6.6)
and
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z =(1+g)Z-gz. (1.6.7)

5.2.2 Some Special Cases of the Proposed Estimator

When v, =v, =0, the proposed estimator 7,, reduces to the mean per

unit estimator y .

When v, =v, =1, the proposed estimator ¢,, reduces to the proposed

dual-to-ratio cum exponential type estimator

(% z -7
t :y[?jexp{f*jLZ}. 4.2.1)

When v, =v, =-1, the proposed estimator #,, reduces to the proposed

dual-to-product cum exponential type estimator

i :y(éjexp{%_i*}. 4.2.2)
X Z+z

When v, =1 and v, =0, the proposed estimator 7,, reduces to the

Srivenkataramana’s (1980) dual-to-ratio type estimator

o = y(’%} . (3.2.22)

When v, =-1 and v, =0, the proposed estimator #,, reduces to the

Bandyopadhyay’s (1980) dual-to-product type estimator

f = y(_zj (3.2.25)

X

When v; =0 and v, =1, the proposed estimator f,, reduces to the

Sharma and Tailor (2010) dual-to-ratio type exponential estimator

ty, —fexp{i*_%}. (3.2.53)
zZ +/
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When v; =0 and v, =-1, the proposed estimator ¢,, reduces to the

Sharma and Tailor (2010) dual-to-ratio type exponential estimator

tr) =fe><pE_Z*}- (3.2.56)

When v; =0 and v, =v,, the proposed estimator 7,, reduces to the

estimator

_ z -7
tng(l) = yexp{u2 — } (5.2.2)

5.2.3 Bias of the Proposed Estimator

Using (1.6.1), (1.6.6) and (1.6.7), we may write the estimator (5.2.1) as:

=1+ y){(zv n)X(1+e)}leXp{ (N-n)Z(1—-ge,)/(N—n)— Z}

"8 (N-n)X (N nZ(l-ge)/(N-n)+Z
(5.2.3)
On simplification, (5.2.3) may be written as:
_ —Zgé
:Yl 1—ge lexp| V) —22— )
(1, )1-g2)" p{ 222—Zg§j
or
=Y(1+e,)(1-ge,)" exp| v, —Zglez ,
22(1_7g€z)
2
or
1 1Y
:}7(1+ey)(1—géx) exp[—ige 02(1——gej ],
or
—( _ 1\ 1 _ 1 _
bng zY(1+ey)(1—gex) lexp(—aozgez —Zuzgezj. (5.2.4)
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Expanding the series up to first order, re-writing (5.2.4) as:

_ _ -1 1 1
tnng(1+ey)(1—Ulgex+¥ e zjexp(—auzge —Zuzg J,

or

— _ y(v=1) 5 I ., 1
byg & Y(1+ey)(l—ulgex +Mgzexzjexp(—5gzez2 —Zgzeg).

(5.2.5)

Expanding the exponential function in (5.2.5) and ignoring the terms
with power three or greater as:

tnng(l+éy)[l—olgéx+ j
(l—lozg@— v,g%e + Uﬁgzezj
2 8 8
or
_ ~Dg* 1
zY(1+Ey){1—olgEx+Mé§—Euzgéz
L)2(02_1)g 1
e +—-yvv,g7e.e,
3 51 28
or
| 1 vylyvy-1) 55 VYL, —2) 5
tngzY{1+ey—olgex—Euzgeﬁ%g%xzju%gzezz
1 27— __ 1
+50102g exe; —vge.e, _Eolgeyez >
or
R 1 ou(y =) 5 vy(vy,—=2) 5
(zng — Y) ~ Y{ey — v, ge, —Eozgez + %gzex2 +¥gzez2

+%Ulozg2§xéz -V, ge, e, —%olgeyez}. (5.2.6)
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Taking expectation on both sides of (5.2.6) and using (1.6.2), we get

: 5 vi(v 1) 5 5 v (v-2) 5,
Blas(tng)~Y9{Tg C; +Tg C;

1 , 1
+EUIU2g Cszpxz _UlngCszz _502gcyczpyz .

After simplification, we get the bias of 7,, as:

_ ~
Bias(tn )z Y92g |:Ul (v, = 1)C; +MGZ2

CZ
+UIUZCxC2pr - ?(Ulcxpxz o UZCypyz ):| . (527)

5.2.4 Mean Square Error of the Proposed Estimator

Squaring and taking expectation on both sides of (5.2.6), we have

E(t

2 o2 2920 1 29229
ng—Y) 4 E[ey+olg e, +Zozg e,

—20,82,2, + V|V, 2,8, —V,8¢,2. } (5.2.8)
Using (1.6.2) in (5.2.8) and simplifying, we get
MSE(t,,¢ ) Yze[cﬁ +ur g Ch + io%ngf ~20,8C,C,p,,
+00,8°C,C.p,. —0,8C,Cp,. } (5.2.9)
Differentiating (5.2.9) with respect to v, and equating to zero, we get

OMSE (1, )

~ V2 2,2 2 =
801 ~Y 9(2Ulg Cx 2gCyC pyx TV 8 CxC pxz)_o‘

X y4
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After simplification, we have

201g2C§ _2gC Cxpyx +0,8 C Cszz =0,

or

1
v ==K, —2K,. (5.2.10)

g 2
Differentiating (5.2.9) with respect to v, and equating to zero, we get

OMSE(1,,,)

~ ?29(102g2CZZ gC Czpyz L g C Cszzj 09
ov, 2

or

02:§Ky2_201KXZ' (52.11)

Solving (5.2.10) and (5.2.11), we get the optimum value of v, and v, as:

K, -K,K A

Vy(opr) = g(l_;x )yz = (5.2.12)
Xz
and
2(K,, ~K.K,,
V) (opr) = (g(l—p )y)_g, (5.2.13)
where

K szKyz andB _ 2(K szny)

(l—pﬁz) (1-p2)

Using (5.2.12) and (5.2.13) in (5.2.9), the minimum mean square error
is given by

. - 1
min MSE(t,,, ) ~ Yze{cﬁ + A2C? + ZBzc2 24C,C,p,,

+ ABC,C.p,, — chczpyz}. (5.2.14)
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5.3 EFFICIENCY COMPARISON

In this section, the theoretical comparisons between some available
estimators of population mean and the proposed estimator have been made
with respect to the mean square error. The proposed generalized dual-to-ratio
type exponential estimator has been compared with ¥, ¢, ¢, #,4, 4,7, t,; and

t25 .

The proposed estimator #,, is more efficient than the mean per unit

estimator y if
MSE(t,,, ) <Var(¥). (5.3.1)

Using (5.2.14) and (3.2.1) in (5.3.1), we have

X z

o ~2 . 2,2 100 =20 2
Y e(cy + AL+ B'C2=24C,Cpy, + ABC.Cop —BCyCZpijSY 0C?,

or

pyx

z z

1
>~ | 42C?+-B’C*+ABC.C.p..—BC.C . (532
2ACny( BTG CoPre ,C.Py (5.3.2)

The proposed estimator ¢, is more efficient than the

Srivenkataramana’s (1980) estimator ¢, if
MSE (t, ) < MSE(ty ). (5.3.3)

Using (5.2.14) and (3.2.20) in (5.3.3), we get

X z z

_ 1
Yze(cj + APCH + ZBZCZZ —24C,C,p,, +ABC.C.p,. - BC,C pyzj

<Y’ €7 +g°CI -22C,Cop,,, |,
or
1

Py = 5
(A_g)Cny

(Cf +%Bzc§ +ABC,C.p,. - BgC,C pyzj. (5.3.4)

z z
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The proposed estimator 7,, is more efficient than the Samiuddin and
Hanif (2006) estimator #,, if

MSE(t,,¢ ) < MSE (4,7) (5.3.5)

Using (5.2.14) and (3.2.42) in (5.3.5), we get

. 1
Yze(cj + APCH + ZBZCZ2 —24C,C,p, +ABC.C.p,. - chczpyzj

y z z

<O7?| C)+CI+C2-2C,C,p,, —2C,Cop,. +2C.Cp,. |

or

1 2 2 21 2
> Ci\A-1|+C2| =B -1 |+CC AB-2) |.
Py 2Cny(A—1)[ ) 2(4 }L G )j

(5.3.6)

The proposed estimator #,, is more efficient than the Bahl and Tuteja
(1991) estimator ¢, 5 if

MSE (t, ) < MSE(t;5). (5.3.7)

Using (5.2.14) and (3.2.36) in (5.3.7), we get

X z z

o2 22 1 20
¥ e(cy +A°CL 4 BC2=24C,Cp + ABC,C.p,. ~ BC,C pyzj

X

ol 2 1 0
<Y e{cyicx —C,C pyx},

or
BC,C.p,.—C: (Az —1j+132c§
> 4) 4 (5.3.8)
Y C,C.(1-24)

The proposed estimator ¢,, is more efficient than the Sharma and Tailor
(2010) estimator ¢, if

MSE (t, ) < MSE(ty,). (5.3.9)
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Using (5.2.14) and (3.2.54) in (5.3.9), we get

X z z

T2 2 2( &
S Y 9|:Cy +ng (Z—nyj:|,

o2 22 120
¥ e(cy +A°CL 4+ BC2=24C,C,p,, + ABC,C.p,. ~BC,Cup,.

or

z z

Cny (2A — g)

ABC.Cp,. —BC,C.p,, +(4° —4¢%)C? +ic§
(5.3.10)

pyxZ

The proposed estimator ¢,, is more efficient than the Tailor et al. (2012)

estimator 7, if
MSE (t, ) < MSE (ty5). (5.3.11)

Using (5.2.14) and (3.2.66) in (5.3.11), we get

_ 1

Yze(cﬁ + A°C? + ZBZCZ2 —24C,C,p,, +ABC,C.p,. — BCyCZpij
v 2 2 2 2

<Y O[Cy + gk C; (gkl - 2ny)+ ArgC? (kzg +2(K,, —MgK,, )]

or,

2 2( 2 242
> Cp,.| BC,—— |-C;|4"—g A
2Cny(A—gk1){ y y[ czj ( y

—c? GB — g2 j—CXpXZ (ABCZ =y Cij} . (5.3.12)

pyx

z

When the condition (5.3.2), (5.3.4), (5.3.6), (5.3.8) , (5.3.10) and
(5.3.12) is satisfied, the proposed generalized dual-to-exponential type
estimator will be more efficient as compared to y, #,, 4, 47, t,; and t,s

respectively.
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CHAPTER 6

ESTIMATORS OF POPULATION MEAN
USING TWO AUXILIARY VARIABLES

6.1 INTRODUCTION

In this Chapter, we have developed four new estimators of finite
population mean using information on two auxiliary variables for simple
random sampling without replacement (SRSWOR). The mean square error
equations of the proposed estimators have been obtained along with their
biases. The conditions under which the proposed estimators perform better
than the available estimators have also been obtained.

6.2 PROPOSED ESTIMATORS

Using information on two auxiliary variables (x, z), we propose the
following estimators of finite population mean.

. X z -7
1) tn=0y+(1-0)y| = exp| ——= |, (6.2.1)
o si1-aps| G Jow 572
) _ (X Z-7z
1) tnlzzuy+(1—u)y(jjexp{_ _*}, (6.2.2)
X Z+z

(X 7-z (x z -7
iii) tnB:Sy(gjexp[f+;}—(1—8)y(§]exp{;+Z}, (6.2.3)

and

where ®, u, 6 and € are suitable constants.

44



6.2.1 Biases of the Proposed Estimators

Using the notations (1.1.6), we may write the estimator (6.2.1) as:

B NZ—nE_Z
i =0T (142, )+ (1=0) T (142, )|~ |oxp| N =1
nll y y (N_n)y p NZ—I’ZE+Z s
N—n
or
_ _ N\ (N-mX(1+e,
tnll=03Y(1+ey)+(1—m)Y(1+ey){ (N—n())_( )}
ox (N-n)Z(l-ge))/(N-n)-Z
Plv—mzZ(-ge)/ (N-m+Z |
or
_ e _ ~Zge
tnll:0)Y(1+Ey)+(1—03)Y(1+ey)(1—gex)exp{22_—gzegéz},
or ~ ~
Ly =oY (142, )+(1-0) Y(+e,)(1- g¢, )exp ~Zge; (6.2.5)

_ 1 )
27| 1——ge.
( 2ng

After simplification, we get

1
tn”=oo)7(1+Ey)+(1—03)27(1+Ey)(1—géx)exp£—%géz[l—%g@) ]

or
=Y (142, )+ (1-0)¥ (1+Ey)(1—géx)exp(_ . —igzéf)
(6.2.6)

Expanding the exponential function in (6.2.6) and ignoring the terms
with power greater than two, we have

tn”z0)7+0)175y+(1—03)}7(1+Ey)(1—géx)(1—% EZ—%gzéjj,

or
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1
! e, 1 g’el —ge + > gzézéx),

Ly =0Y +ole, +(1—oa))7(1+éy)(1—2

or
i =0T +o¥e, +(1-0)(T+ 7, ) 1- g2 -+ g%8* — g, ++ g’¢.e
n) ®OLTO0re, ® €y 2gez 88 €, — &6 28 €6y |5
or
= = = 1
tayn = @Y +ole, +(1—60)Y[1—5géz —§g2522 - ge,
I oo _ 1 __ _
+—-g ezex+ey—5geyez—geyex . (6.2.7)
After simplification, we get
e N T T S B _
tnll—YzY{—EgeZ—gg e; —gex+5g ezex+ey—§geyez—geyex

| 1 5 5 _ 1 - 1 __ _
+—mge, + o—g“e; + wge, —Eoog e.e, +E(ogeyez +ogee, .
(6.2.8)
Taking expectation on both sides of (6.2.8) and using (1.1.6), we get
AN _va) L 22 1 2 1
E(tnll _Y)zYG _gg Cz +Eg Cszpxz _Egcyczpyz _gCnypyx
© 202 _Loerc e LogC.C c.C
+§g z _Ewg zCxPx +5®g y Zpyz + g y xpyx .
(6.2.9)

After simplifications we get bias of ¢, as:

— - Czcxpxz +
4 g g

_ — 2 C,C 2C.C
Bias(tnll)zYngw{c St Wit xpyx}. (6.2.10)

Using the notations (1.1.6), we may write the estimator (6.2.2) as:

B 7 NZ —nz
i (1as S\ (V=—mX _ N-
tnlz—MY(I+€y)+(1—M)Y(1+€y)|:m:|€Xp NZ—anZ )
N—-n
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or

to :{p?(l+Ey)+(1—M)Y(l‘l‘éy){(]\]g\j)}(n()f-éx)}

ox Z—-(N-n)Z(1-ge,)/(N—n)
Plvemzi-ge)/(N-m+Z ||’

27 —Zge.

z

() :“?(14‘5),)+(1—M)7(1+§y)(l+géx)exp|:__&:|,

or

=p¥(1+e,)+(1-p)¥(1+e,)(1+ ge, )exp [def j.(6.2.11)

2Z

1-—ge
28

z

After simplification, we get

i i _ 1 (1 _Y!
tnlz:MY(l+ey)+(l—u)Y(1+ey)(1+gex)exp[ggez(l—ggezJ ),
or
= _ = _ _ I _ 1 ,_
Lo z;.J,Y(l+ey)+(1—},L)Y(l+ey)(1+gex)exp(5gez +Zg2ez2j.
or

_ _ 1 1,
tuy 1Y +p¥e, +(1—M)Y(1+Ey)(1+géx)exp(§gez +Zg2622j. (6.2.12)

Expanding the exponential function in (6.2.14) and ignoring the terms
with power greater than two, we have

Y + uYe % — _ I _ 3 ,_
o, (1716 )1+, )1+ L, 3 ).
or
t ., ~uY +pYe +(1—M)7(1+5) 1+lgé +3g2§2+g§ +lgzéé
nl2 y y 2 y4 8 z X 2 €5 |>

or
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- = = 1 = 3 -2 _ 1 o _

~MY+MYEy+(1—u)(Y+YZy)(1+EgeZ+§g o tget gee, |,
or

~uY +uYe 1+ ge+ ge + ge,

__
g'ee +e e, Egeyez + geyex] (6.2.13)

A
2
After simplification, we get

—I7~Y{1 e+3 e + e+1 e.e, +e +1 e.e, +gee.
2g 88 ge, 2g 28 ge,

—l 3 262— e—l e.e, ! e e — Eé}
2Hg z MSg uge, 2“8 2“8 e, —pge e .
(6.2.14)

Taking expectation on both sides of (6.2.9), using the notations (1.1.6), we get
E(ty,-Y)~Y0 §g262+1gZCCp +1gCCp +gC,Cp
nl2 ] z 7 xFxz 7 zMyz xFyx

3 1
—;“ngf— 7 g°C.Cop..——1gC,C.p,. —ugC Cxpyx}.(6.2.15)

After simplifications we get bias of ¢, as:

2
Bias(t,, )~ Y6g? (1_2){35 +C.C.p,. + ;(C C.p,, +2C Cxpyx)}
(6.2.16)

Using the notations (1.1.6), we may write the estimator (6.2.3) as:

o Z-z|(X
ts :6Y(1+ey)exp{z+z}(¥J

NZ-nz =
(1. || NX —nx N—n
+(1 8)Y(1+ey){(N_n)X} N7 |
N-—n
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or

_Z(1+e)] X
+Z(1+e;) |X(1+e,)
+(1-8)Y (1+e ){(N_")X(lféx) exp|:(N_n)Z(l_gEz)/(N_”)_Z:|,

y (N-n)X (N-n)Z(1-ge.)/(N-n)+Z
or _ _
=87 (1+, Jexp| — =< [(1-2,)
22(14_82)
! 2))
Y = —ZgE
+(1—6)Y(1+€y)(1—gex)exp z ’
1 _
22(1—%]
L 2 |
or
estissjon] 315 fo-e)
_ B . .
+(1—5)Y(1+ey)(l—gex)exp(—_gez _Zgzezzj’
or
S 2
R e (B

or
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S
2
2 1
e +. (6.2.18)

Taking expectation on both sides of (6.2.19), using the notations (1.1.6),

we get

C.p,.(8g-8-g)

z

. = 1
E(z‘nl3 —Y)zYO{Cny Pyx (8g—8—g)+5Cy

Le2 (7 -2’5+38)+ %CZCpoX (5+¢° -8 )} . (6.2.20)

After simplifications we get bias of ¢, as:

: = 1
Bias(t,3)= YG{(Sg 8- g)(Cnypyx + ECyCZpyzj

—%CZZ (87 -g%5+3) +%C2Cxpzx (5+¢° —ng)}. (6.2.21)

Using the notations (1.1.6), we may write the estimator (6.2.4) as:

tl4=67(1+é )exp ? Te
" 4 Z+Z(l+e,)

or



e (14, Jexp| —— |(1+2,)
1 p ( 22) 1

Zge,

4

_ 1 )
27| 1——oe
( 2ng

+(1-e)Y(1+e,)(1+ gax)expe ge, + i g2aj). (6.2.22)

Expanding the exponential function up to the first order, re-writing
(6.2.22) as:

or
= 32
e, e _
tnl4~8Y(1+ey)|:1+5—§:|(1+ex)
+(1—8)7(1+ey (1+gex)(l+—gez+—gzezzj,
or
— e_ 1 _», e__ __  &__ g_
ta ~Y{Sex +Eez —gaez +§exez +eee, +Eezey +1+Eez

+25 22 4 ge, + %ézéx te, + % ge,e, + ge.e, - % ge.
38 ,, g __ 1 __  __
—ggzez2 —gge, — g?eezex — Eageyez — &g yex}. (6.2.23)
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After simplification, we have

+%E§ (z~:+g2 —ggz) e, +%Z(8+g—g8)+§ (e+g-— gs)}
(6.2.24)
Taking expectation on both sides of (6.2.9), using the notations (1.1.6), we get
= 1
E(tys—Y)= Y{C Cp,,(+e+g—8g)+ 2C C.p,.(e+g—eg)

—ész(s—3g2 ~3g%)+ ;c Cop.(e+g’ —sgz)}. (6.2.25)

After simplifications we get the bias of ¢,,, as:

_écg (-3¢ —3g25) + ;c Copo(e+g” —eg” )} (6.2.26)

6.2.2 Mean Square Errors of the Proposed Estimators
Squaring and taking expectation on both sides of (6.2.8), we have

E(ty ~7) =Y E{e + igzezz(l— o) +(1-0) g%’
~(1-0)ge,e. +(1-0) g%ge —2(1- o) géyéx} . (6.2.27)

Using (1.1.6) in (6.2.29) and after simplification, we get
MSE (t,) = 29{6’2 + ingz(l 0) +(1-0)" g’C; ~(1-0)gC,Cp,.

+(1-0) ¢’C,Cp,. ~2(1-0)2C,Cp,. ) (6.2.28)
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Differentiating (6.2.28) with respect to ® and equating to zero, we get

OMSE(t,n) [ 1 5.2 202
le{‘zg C:(1-0)-2(1-0)g"C; +£C,Cop,.

2(1-0)g*C,C.p,. +28C,C,p | =0,

z X

or
(- 1)6552(75 +2g°Cr+ 2g2CxCprzj =—(28C,Cop, +8C,C.p,. ).
or
. (28C,Cpp+8C,Copyc) |
2(ig2Cf +g°Ci + ngxCprzJ
or
@y =1— (chc"p m+GCP yz) =w,. (6.2.29)

2 2 rCieCCp. |
Using (6.2.29) 1n (6.2.28), the minimum mean square error of 7, 1s:

MSE (t,,) ~ Yze{cﬁ + % g2 (1-w,) +(1-0,)’ g*C?

(1-®,)2C,C.p,. +(1-®, ) £C.Cop,. —2(1- 0, gCnypyx} .

(6.2.30)
Squaring and taking expectation on both sides of (6.2.16), we have
E(ty - T) = YzE{EyZ (N RN P
+(1 — p)géyéz + (1 — “)2 gzéxéz + 2(1 — u)géyéx} : (6.2.31)

Using (1.1.6) in (6.2.31) and after simplification, we get

2

. I
MSE (t,,) =¥ 29{C§ + g CH(1-n) +(1-p) &°Cl+ (1-p)gC,Cop,

+(1-p) g2C.Cp. +2(1-p) gCnypyx} . (6.2.32)
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Differentiating (6.2.32) with respect to 1, we get

1
_Egzczz (1—“)—2(1— u)gzc)% _gCyCzpyz

2(1-1)g°C,C.p,. —28C,Cop, | =0,

OMSE (t,,) _{
Oou -

or
2 1 2 _

—(1-p)g (5 C; +2C; + 2Cszpx2j =2gC,Cp,, +8C,C.p,,,
or

is (2¢,Cp, +C,Cop,.)

g@ CZ+2C + 2CxCprz)
or
2C,Cp,. +C,C.p..
Mopr =1+ ( Py Ty py) (6.2.33)

z

1 ~Ho-
2g(4c§ +Cr+C,C pxzj
Using (6.2.33) in (6.2.32) and after simplification, we get
: son) 2 1 20 2 2 2.2
min MSE(1,5,) ~ 7 e{cy I URT (R e

+(1-1,)eC,Cp,. +(1-1,)’ £2C.Cop,. +2(1- 1, )gCnypyx} :
or
min MSE (£,,,) ~ Yze{cﬁ rg(1-n, ) (C+C2eCCp,)

z

+(1-1,)(C,Cop,. +22C,Cop . )} (6.2.34)

Squaring and taking expectation on both sides of (6.2.18), we have

2
E(tnl3 —7)2 z72E[Ey+Ex(8g—8—g)+%éz(8g—8—g)} )

or
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1_
1622(58—5—@2

12,2, (8g—5-g) +¢,2, (5g—5-g)+e.e, (6g—8—g)2} ,(6.2.35)

E(tnn —Y)zzfz{éyz +Exz(8+g—8g)2+

or
MSE ()= V2 {C} + C (3 - 8- g)°
1
+ZC22 (3g-8-g)" +2C,Cp,. (52— 8- )

2
+CyCzpyz (6g _S_g)_'_ Czcxpzx (6g —0— g) }
After simplification, we get the mean square error of z,,; as:

MSE (¢

n

)= 726{Cl+Cl(5g -5 g)
1 2
+,C2(8g=8-2) +2C,Cp,, (8~ -g)

+C,C.p,. (82 —5—g)+C.Cop.. (g —5- g)z} , (6.2.36)
or

MSE(t,;5) zfze{cﬁ +«.—2{c§ +ic§ +C,C pzx}+r(2CyC P +C,Cop, )}

X X z

(6.2.37)
where t=0g-0—g.

Differentiating (6.2.37) with respect to T and equating to zero, we have

X

1
2T{C§ +ZC22 +C.C pzx}-l-(ZCnypyx +C,C.p,. )=0.

On simplification, we get the minimum value of T as:

—2C.Cp,.—C,C
oo Tyl (6.2.38)

opt ) 1 ) 0
Z(Cx +ZCZ +C.C pzxj

X

Using (6.2.38) in (6.2.37), the minimum mean square error of the
estimator ¢,,,1s given by
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X

MSE_.. (r,,B)z?ze{cﬁ +15 {cﬁ +ic§ +C.C pzx}

X z

+79(2C,Cop +C,Cup,. )} (6.2.39)
Squaring and taking expectation on the both sides of (6.2.24), we get

E(tn,4 —7)2 z?zE{éyz +Exz(8—8g+g)2 +%Ej(8—8g+g)2
+2e e, (e—eg+g)+ ee, (e—eg+g)+2ee (e—eg+ g)z} .
(6.2.40)

Using (1.6.6) in (6.2.40), we have
MSE (t,4) = 17%){(?5 +C2(e-eg+g)

+%sz (e—eg+ g)2 +2C,C.p,, (e —eg+g)

+CyCzpyz (8_8g+g)+czcxpzx (8_8g+g)2}9

or
_ 1
MSE(t,4) = Yze[cﬁ +22 {cf + ZCZ2 + CZCXpZX} +2(2C,Cp,, +C,Cop,. )} ,

(6.2.41)
where A=e—eg+g.

Differentiating (6.2.41) with respect to A and equating to zero, we have

OMSE (1, 2, 1 0
— =2\| C +ZCZ +C,Cp,, +(2Cnypyx + CyCzPyz) =0,
or
—2C,Cp,.—C,C.p,.
opt = y ) Y ). (6.2.42)

X

2((?;3 +icj +C.C pzxj
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Using (6.2.42) in (6.2.41), the minimum mean square error of the
estimator ¢,,, is given by

X

min MSE (1,4 ) = Yze[cf +A2 {Cf + icf +C.C pzx}

+2,(2C,Cp,, +C,Cop,. )} (6.2.43)

6.3 COMPARISON OF THE PROPOSED ESTIMATORS
WITH SOME AVAILABLE ESTIMATORS

In this section, the theoretical comparisons between some available
estimators of population mean and proposed estimators have been made with
respect to mean square error. The proposed estimators ¢,,, and z,,; have been

compared with y, ¢, #,, 44, t;;, t,; and ¢,,. The proposed estimators ¢,
and ¢,,, have been compared with y, ¢, t;5 and 7,,.

The proposed estimator z,,, i1s more efficient than the mean per unit
estimator if

min MSE (¢, ) <Var (7). (6.3.1)

Using (6.2.30) and (3.2.1) in (6.3.1), we have

z

_ 1
Y%){Cﬁ ey g2 C2(1-wy ) +(1-w, )’ £°C2 ~(1-w,) £C,C.p,.

z X

(1) g°C,C.p,. ~2(1-)gC,Cop,, | <OV CY,

or
1
Cyczpyz + ((‘00 - l)g£C)§ + 4C3 + Cszpzxj
2C,C,

Py < (6.3.2)

The proposed estimator ¢,,, is more efficient than the classical ratio
estimator ¢, if

min MSE (t,;,) < MSE(1,). (6.3.3)
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Using (6.2.30) and (3.2.4) in (6.3.3), we have

_ |
Yze{cﬁ +y g2C2(1- oy )’ +(1- )’ g2C2 —(1-,)2C,C.p,,

+(1 — W )2 gzcxcszz - 2(1 B (DO)gCnypyx}
<¥?0|C) +CI=2C,Cop, |,

or
(l_wo)cyc pyZ _(1_(’00)2g2 (C)% +41|-C22 +C2C pzxj_i_cyg

C,C, (g —g+2)

pyx S
(6.3.4)

The proposed estimator ¢, is more efficient than the
Srivenkataramana’s (1980) estimator ¢, if

min MSE (t,;,) < MSE (1) . (6.3.5)

Using (6.2.30) and (3.2.20) in (6.3.5), we get

z

_ 1
Yze{ci e g2 C2(1-wy ) +(1-w, )’ °C2 —(1-w, ) £C,C.p,.
+(1 — W )2 gzcxcszz - 2(1 - (DO)gCnypyx}
< Yze[ci +g°C? —ZgCnypyx],

or
(I_O)O)Cyczpyz _g(l_(DO )2 (Cf +3|_C22 +C2Cxpzx]+gci

(o + l)Cny

Py < . (6.3.6)

The proposed estimator ¢,,, i1s more efficient than the Bahl and Tuteja
(1991) estimator ¢, if

min MSE (t,;,) < MSE (1,). (6.3.7)
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Using (6.2.30) and (3.2.33) in (6.3.7), we get

2

— 1 2
YZO{C§+Zg2CZZ(1—c0) +(1-o) gzci—(l—m)gcyczpyz

+(1-0) g*C,Cp,. —2(1- w)gCnypyx}
2.l 2 1 0
<y e{cy +C=C,Cpe |,
or

(1-0)gC,C.p,. —(0-1)" g2 (cﬁ + icj + CZCxpzxj
. (6.3.8)

Pyx S
1
2C,C, (cog —g+ 2)

The proposed estimator ¢,,, is more efficient than the Samiuddin and
Hanif (2006) estimator ¢, if

min MSE (t,;,) < MSE(1,7). (6.3.9)

Using (6.2.30) and (3.2.42) in (6.3.9), we get
=2 I P 2 2
Y e{cy +,8 CZ(1-wy) +(1-wy) g°Cz —(1-wy)gC,C.p,.

+ (1 — @ )2 gzcxcszz o 2(1 —® )gCnypyx}

<O7?| C1+Cl+C2=2C,C,p,, —2C,Cop,. +2C.Cop,. |,

or
Cxczpzx(gz(l—mo)z—2)—(g2(1—oa0)2—1)uc§+c§j ;
+—2=.

2(1+c00g—g)CyCZ 2
(6.3.10)

Pox <

The proposed estimator ¢,;, is more efficient than the Sharma and Tailor
(2010) estimator ¢,, if

min MSE (t,;,) < MSE(t,;). (6.3.11)
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Using (6.2.30) and (3.2.54) in (6.3.11), we get
) I P 2 2
Y e{cy +28 C2(1-y) +(1-w) g°Cs —(1-y)gC,C.p,.

+ (1— 0)0)2 gZCszpxz _2(1 _O)O)gc Cxpyx}

vt sci(5-1, )|

or
I
(@O—l)g(C2+4C2+C Cxpzx) C,C.p,. c
P < . (63.12)
C,C, 4C, (wy-1)

The proposed estimator ¢, is more efficient than the Yadav (2012)
estimator ¢, if

min MSE (t,,;, ) < MSE (2,4 (6.3.13)

Using (6.2.31) and (3.2.54) in (4.3.9), we get
= 1 2 2
Yze{cﬁ +Zg2C22 (1-p)” +(1-0,) g°Cs —(1-,)gC,C.p,.

+ (1— 0)0)2 gZCszpxz _2(1 _O)O)gc Cxpyx}

2

= » C;
20| 2
<Y G{Cy +a : —+aC Cxpyx},

or
2 2
<(1—c00)gC .Cop,.—8 2(1-wp) (C +4C +C Cxpzijrasz
Py = C,C(a—2g+ng) 4
(6.3.14)

The proposed estimator z,,, is more efficient than the mean per unit
estimator if

min MSE(t,,,) < MSE(¥). (6.3.15)
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Using (6.2.34) and (3.2.1) in (4.3.15), we have

z

+(1-1,)(8C,Cop,. +28C,Cop,, ) <OYC;

Yze{cﬁ rg?(1-p, )’ (C2+C+CCp,.)

or
g(MO - 1)(C§ + sz + Cszpxz ) - CyCzpyz
2C.C, '

Py < (6.3.16)

The proposed estimator ¢,,, is more efficient than the Bandyopadhyay’s
(1980) estimator ¢, if

min MSE (t,;,) < MSE(t,,) - (6.3.17)
Using (6.2.34) and (3.2.23) in (6.3.17) we have,

Y2e{c§ rg?(1-p, )’ (C2+C+CCp,.)

z

+(1-1,)(8C,Cop,. +28C,Cop .. )} < T70| C) +gC2(g+2K,) |.
or
gC22 _g(l - MO)2 (C)% + sz + Cxcszz)
2C,C, (1-p)

Pyx S (6.3.18)

The proposed estimator ¢,,, is more efficient than the Bahl and Tuteja
(1991) estimator ¢, 5 if

min MSE (t,,,) < MSE(,5) - (6.3.19)
Using (6.2.34) and (3.2.36) in (6.3.19) we have,

= 2

Yze{c§ +g(1-p, P (C2+C2+CCp,.)

z

_ C?
+(1-1,)(8C,Cop,. +28C,Cop, )} < Yze{cﬁ t CyCZpyZ} ,

or
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CZ
i_g(l_MO)z(C)% _'_(jz2 +Cxcszz)+(g_guo _1)Cyczpyz

4
2Cny(1 —H)

p‘yxS

(6.3.20)

The proposed estimator ¢,,, is more efficient than the Sharma and Tailor
(2010) estimator ¢,, if

min MSE (t,;, ) < MSE(t,, ). (6.3.21)
Using (6.2.34) and (3.2.57) in (6.3.21), we get

Yze{cf rg?(1-p, P (C2+C2+CCp,.)

z

+(1-1,)(2C,Cop,. +22C,Cop. )| < Yze{cﬁ +gC? (% + Kyzﬂ

or
2

C
8z g(l —Ho )2 (C)% + sz + Cxcszz ) - gMOCyCzpyz

4
(6.3.22)

pyx S
The proposed estimator z,,; is more efficient than the mean per unit
estimator if

minMSE(tnB)S Var(?). (6.3.23)

Using (6.2.39) and (3.2.1) in (6.3.23), we have

X X z

_ 1 _
Yze[cﬁ +12 {c§ + Zcf +C,C pzx} +19(2C,Cp, +C,Cop,. )} <0Y’C3,
or
2, 1 2
{Cyczpyz +1, (Cx + ZCZ + Cszszﬂ

2C,C,

Py < (6.3.24)
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The proposed estimator ¢,,; is more efficient than the classical ratio
estimator ¢ if

min MSE (t,;,3) < MSE(t,) - (6.3.25)

Using (6.2.39) and (3.2.4) in (6.3.25), we have

X X z

. 1
Yze{ci +13{C§ + G2 +CC pzx}+‘co(2CyC P +C,C pyz)}

<¥20[ ¢ +CI-2C,Cp,. |,

X

or
2 2of 2, 1 0
|:Cx _TOCyCzpyz —To (Cx +ZCZ + Czcxpzx)}

2(1y+1)C,C,

Py < (6.3.26)

The proposed estimator ¢,; 1s more efficient than the
Srivenkataramana’s (1980) estimator ¢, if

min MSE (2,3 ) < MSE (t,). (6.3.27)

Using (6.2.39) and (3.2.20) in (6.3.27), we get

_ 1
Y2e[ci +12 {Cf + ZCZ2 + CZCxpzx} +19(2C,Cp, +C,Cop,. )}

< Y%)[Cﬁ +9°C2-24C,C pyx],

X

or
|:g2C)% - TOCyCzpyz - T(z) (C)% + ‘ll. C'22 + Cszpzxj:|

2(10 +g)Cny

Py < (6.3.28)

The proposed estimator ¢,,, is more efficient than the Bahl and Tuteja
(1991) estimator ¢, if

min MSE (1,43 ) < MSE (1,,,). (6.3.29)
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Using (6.2.39) and (3.2.33) in (6.3.29), we get

20| 2 1
Y e[cy +r§{c§ +ZCZZ +CZCxpzx}+ro(2Cnypyx +CyCZpyZ)}

=2ql ~2 1 2
<Y e[cy G —Cnypyx},
or
2

Cx 2 2 1 2
7 - TOCyCzpyz —To (Cx + ZCZ + Czcxpzxj

Py < (6.3.30)

(2%, +1)C,C,

The proposed estimator ¢,,; is more efficient than the Samiuddin and
Hanif (2006) estimator ¢, if

min MSE (t,,3) < MSE(t,;) . (6.3.31)

Using (6.2.39) and (3.2.42) in (6.3.31), we get

_ 1
Yze{C; n 1(2) {C)% + Zsz + CZCxpzx} +1, (ZCnypyx +C,Cp,, )}

<O7?| C)+CI+C2-2C,C,p,, —2C,Cop,. +2C.Cop,. |,

y z z

or
1
(o-1)C. (1 —41-3)@2 (% -2)C.Cp~(+2)C,Cop,.
2C, 2(ty+1)C,C, '

Pyx S

(6.3.32)

The proposed estimator ¢,,; 1s more efficient than the Sharma and Tailor
(2010) estimator ¢, if

min MSE (£, ) < MSE (t,) (6.3.33)

Using (6.2.39) and (3.2.54) in (6.3.33), we get
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_ 1
Y2e[ci +12 {Cf + ZCZ2 + CZCxpzx} +19(2C,Cp, +C,Cop,. )}

2 2 2( &
<Y 9|:Cy +ng (Z—nyj:|,
or
g°C;
4

X z

—rg(cﬁ +ic§ +C.C pzxj—rocyc P

Py < (6.3.34)

(210 + g)Cny

The proposed estimator ¢, 1s more efficient than the Yadav (2012)
estimator ¢, if

min MSE (t,,3) < MSE (t5). (6.3.35)

Using (6.2.39) and (3.2.54) in (6.3.35), we get
o0l ~2 2] 2 1 0
Y e{cy +12 {cx + G2t CZCszx} +10(2C,Cop . + C,Cop,. )}

X

_ C?
< Yze{cﬁ +0c27x+ocCyC pyx},

or
2,2
o C;

1
- Tg (Cf + Z sz + Czcxpzxj - TOCyCzpyz
(219 —a)C,C,

Py < (6.3.36)

The proposed estimator ¢,,, 1s more efficient than the mean per unit
estimator if

min MSE (t,,4) < MSE(¥ ). (6.3.37)

Using (6.2.43) and (3.2.1) in (6.3.37), we have

X X z

20| 2 a2 2 1 0 52 2
Y e[cy +22 {cx + G H+CC pzx}mo(zcyc P +C,C pyz)}SGY C;

or
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2
_M[cﬁ +iz+ CxCprZ}—CyCzpyZ

2C,C,

Py < (6.3.38)

The proposed estimator ¢,,, is more efficient than the Bandyopadhyay’s
(1980) estimator ¢, if

min MSE (t,,4) < MSE(t,,) - (6.3.39)

Using (6.2.43) and (3.2.23) in (6.3.39) we have,

X X z

_ 1
Yze[c; +22 {Cf +ZCZZ +C.C pzx}mo (2¢,Cop, +C,C pyz)}

<¥%0| €7 +2C2(e+2K ) |.
or

2
gzcz2 B }\‘g [Cyg + (;z + Cxcszzj_ CyCzpyz (}\‘O + zg)

(6.3.40)
21,C,C,

‘))/)CS

The proposed estimator ¢,,, is more efficient than the Bahl and Tuteja
(1991) estimator ¢#,51f

min MSE (t,,4) < MSE(t,5) - (6.3.41)

Using (6.2.43) and (3.2.36) in (6.3.41) we have,

X X z

_ 1
Yze[c; +22 {Cf +ZCZZ +C.C pzx}mo (2¢,Cop, +C,C pyz)}

z

ol o C?
<Y“0O Cy+TZ+CpryZ ,
or

z

CZ 5 5 CZ
72—7\,0 Cx +TZ+CXCprz —CyC pyz (}\,0 —1)
(6.3.42)

Py = 20,C,C,
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The proposed estimator ¢,,, is more efficient than the Sharma and Tailor
(2010) estimator ¢,, if

min MSE (t,,4) < MSE(t,, ). (6.3.43)

Using (6.2.43) and (3.2.57) in (6.3.43), we get

X X z

72 2 2| &
<Y O[Cy +gC;, (ZJFKW)}

_ 1
Yze[ci +22 {Cf +ZC22 +C.C pzx}+K0(2CyC Py +C,C pyz)}

or
2

2.2
g C; C
4 _7\‘3£C)%+4+Cszpr}_CyCzpyz (}\‘O_g)

21,C,C,

P < (6.3.44)

When the condition (6.3.2), (6.3.4), (6.3.6), (6.3.8), (6.3.10), (6.3.12)
and (4.3.14) is satisfied, the proposed linear ratio type exponential estimator
t,, Will be more efficient as compare to y, t,, ty, tj4, 47, 1y and t,4

respectively. When the condition (6.3.16), (6.3.18), (6.3.20) and (6.3.22) is
satisfied, the proposed linear product type exponential estimator ¢,;,, will be

more efficient as compare toy, ¢,,,%5 and 7,, respectively.

When the condition (6.3.24), (6.3.26), (6.3.28), (6.3.30), (6.3.32),
(6.3.34) and (4.3.36) is satisfied, the proposed linear ratio type exponential
estimator ¢,,; will be more efficient as compare to y, ¢, ty, t4, t,7, t,; and

t,¢ Tespectively. When the condition (6.3.38), (6.3.40), (6.3.42) and (6.3.44) 1s
satisfied, the proposed linear product type exponential estimator ¢,,, will be
more efficient as compare toy, ¢, #;5 and z,, respectively.
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CHAPTER 7

EMPIRICAL COMPARISON OF THE PROPOSED
ESTIMATORS WITH SOME AVAILABLE ESTIMATORS

7.1 INTRODUCTION

In this Chapter, empirical study has been conducted for the efficiency
comparison of the proposed estimators with some available estimators using
some real populations (given in Appendix). The percentage relative
efficiencies have been computed and presented in table 7.1 and table 7.2. We
have compared our proposed estimators with the classical ratio and product
estimators, dual-to-ratio estimator proposed by Srivenkataramana (1980), dual-
to-product estimator suggested by Bandyopadhyay’s (1980), the exponential
ratio-type and product-type estimators proposed by Bahl and Tuteja (1991),the
Samiuddin and Hanif (2006) estimator, the estimator dual-to-ratio type
exponential estimator and dual-to-product type exponential estimator
suggested by Sharma and Tailor (2010) and the ratio-cum-dual to ratio type
estimator proposed by Yadav (2012)have been considered.

The percentage relative efficiencies (PRE) have been computed using
the following formula:

RE =220 100 (7.1.1)
MSE(t,)

7.2 EMPIRICAL RESULTS

The percentage relative efficiencies of ratio type estimators have been
computed in Table 7.1. The percentage relative efficiencies of product type
estimators have been computed in Table 7.2.
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Table 7.1
Percent Relative Efficiency of the Estimators

Population
Estimators ’ 5 3

y 100 100 100

4 100.0081 121.48 100.0008

ty 135.1086 194.4862 102.70

ha 172.37 208 155.35

7 72.29149 45.054 107.086

o 116.60 144.3385 101.344

b 43.33 39.92 46.42691

b 160 231 104.74

nrg 231 235 563.97

L 225.37 234.96 24943

a3 195.20 212 216.97

Table 7.2
Percentage Relative Efficiencies for the Product Estimators
Population
Estimators
4 5 6 7
y 100 100 100 100
t 98.27 113.12 79.60 53.33
ho 120 68.74 46 82.2523
hs 107.30 81.42 76.40 59.025
5% 108.71 88.75 72.82 75.32
Lo 127 * * *
Lz =lnia 142.45 113.46 244.236 124.608




Percentage relative efficiencies of proposed estimators in comparison
with Classical ratio estimator, the dual-to- ratio estimator proposed by
Srivenkataramana (1980), exponential ratio-type estimator suggested by Bahl
and Tuteja (1991) using two auxiliary variables , Samiuddin and Hanif (2006)
and ratio-cum-dual to ratio type estimator proposed by Yadav(2012) have been
computed using the formula (7.1.1). From Table 7.1, we can see that the
proposed estimators are more efficient than all other estimators.

From Table 7.2, we can see that the proposed product type estimators
t.o-t,ys are more efficient than classical product estimator ¢,, the dual to

product-type estimator ¢, proposed by Bandyopadhyay’s (1980), the

exponential product-type estimator by Bahl and Tuteja (1991) and the dual-to
product type estimator suggested by Sharma and Tailor(2010).
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APPENDIX

Table Al:
Source of Population
S# | Source of Population
1 | Anderson (1958)
2 | Cochran (1977)
3 | Population Census Report of Multan district (1998), Pakistan
4 | Gujarati (2004)
5 | Gujrati (237)
6 | Srivastava et al.(1989, page 3922)
7 | Steel and Torrie (1960)
Table A2:
Description of variables for Population 1-4
Population Y X VA
1 Head length of second Head length of first son Head breadth of first
son son
Number of “placebo” Nurpber of paraly‘gc Number of paralytlc
2 . polio cases in the “not  |polio cases in the
children . s
inoculated” group. placebo group.
3 Population matric and |Primary but below Population of both
above matric sexes
4 Average miles per Top speed, miles per Cubic feet of cab
gallon space
5
6 The measurement of |Mid arm circumferences [Skull circumference
weight of children of children of children
7 Log of leaf burn in sec. |Potassium percentage  |Chlorine percentage
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Table A3:
Parameters of Populations

Population
Parameter

1 2 3 4 5 6 7
N 25 34 424 81 30 82 30
n 5 5 10 20 12 25 8
Y 183.84 4.92 |646.215 | 33.8345 | 10.637 5.60 0.6860
X 185.72 2.59 |4533.981|112.4568| 4.4497 | 11.90 | 4.6537
7 151.122 | 291 |325.0325] 98.7654 | 7.5248 | 39.80 | 0.8077
Cy 0.0546 | 1.0123 | 1.509 | 0.2972 | 0.2178 | 1.509 | 0.4803
C, 0.0526 | 1.0720 | 1.342 | 0.1256 | 0.1473 1.342 | 0.2295
C, 0.0488 | 1.2319 | 1.335 | 0.2258 | 0.1799 | 1.335 | 0.7493
Pyx 0.7108 | 0.6430 | 0.623 |-0.69079| -0.4285 | 0.623 | 0.1794
Py 0.6932 | 0.7326 | 0.907 |-0.36831|0.13778 | 0.907 | -0.4996
Pz 0.7346 | 0.6837 | 0.682 |-0.04265| -0.3054 | 0.682 | 0.4074
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