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Quantum low-density parity check (qLDPC) codes offer higher encoding rate than topological
codes, e.g. surface codes, making them favourable for practical, fault-tolerant quantum computing
with low overhead. These codes are particularly well-suited for fusion-based photonic implementa-
tions as this platform readily supports non-local connections. We propose a method to implement
any Calderbank–Shor–Steane (CSS) qLDPC code with fusions and photonic resource states, which
can be deterministically produced by quantum emitters. We use this framework to perform a case
study on small exemplary Bivariate Bicycle qLDPC codes. We analyse the performance of our
constructions under relevant physical noise mechanisms, including erasures due to fusion failure or
photon loss as well as Pauli errors. We obtain performances comparable with topological architec-
tures despite the significantly higher encoding rate.

I. INTRODUCTION

The development of reliable quantum computers criti-
cally depends on advancing fault-tolerant quantum com-
puting architectures that provides access to large num-
bers of error-corrected qubits with practical quantum
hardware. For the past decades, topological codes, such
as the surface code, have been studied extensively from
a theoretical perspective and have become the standard
platform for developing these architectures. This is due
to their local connections in a planar layout and their
high error-correction thresholds [1–3]. These codes have
also recently been experimentally demonstrated in fault-
tolerant regimes [4]. Despite this, they suffer from very
limited encoding rate, where each surface code patch is
only able to encode a single logical qubit and the associ-
ated overhead to access large numbers of error corrected
logical qubits pose a notable challenge for current and
near-term quantum hardware.

In recent years, general (non-topological) classes of
low-density parity check (qLDPC) codes with signifi-
cantly improved encoding rates and similar error cor-
rection performances have been developed [3, 5]. How-
ever, this improvement comes with the challenge that
very often long-distance connectivity is required when the
qubits are arranged on a planar two-dimensional geome-
try, posing difficulties for implementations in static solid-
state qubit platforms, such as superconducting qubits
and gate-defined quantum dots. Meanwhile, such long-
range interactions can be implemented with other plat-
forms. For example, photonic qubits can be transmitted
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over long distances using waveguides and optical fibres,
and atomic qubit arrays are reconfigurable to enable in-
teractions between distant sites [6, 7].
With such capabilities, these platforms can naturally

benefit from the more efficient encoding of qLDPC codes,
and architectures for atomic qubits have already been ex-
plored based on two-qubit gates between Rydberg atomic
states [8]. Photonic qubits, however, lack direct qubit-
qubit interactions and thus require significantly different
constructions based on native probabilistic two-qubit op-
erations, so-called fusions [9, 10].
Fusion-based quantum computing (FBQC) has re-

cently been developed as a method to build and anal-
yse fault-tolerant constructions based on these gates,
where operations are performed by consuming small en-
tangled photonic resource states through fusions [11]. In
this article we construct fusion-based logical memories
based on qLDPC codes that offer better encoding rates,
specifically Bivariate Bicycle codes [5], and analyse their
thresholds with phenomenological noise models as well
as photon loss. This approach generalises to any Calder-
bank–Shor–Steane (CSS) qLDPC code and implements
a logical memory solely through photonic fusions and re-
source states that can be deterministically generated via
quantum emitters [12, 13].

II. QLDPC CODES

Quantum low-density parity check codes are stabiliser
codes with low and constant qubit and check degrees. As
a result, these codes are described by sparse parity check
matrices [3]. Following standard notation, we present
codes in terms of their parameters [[n, k, d]], where n is
the number of physical qubits, k is the number of encoded
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FIG. 1. Outline of the architecture (a) Set up for the measurement of parity check ZjZm of two foliated data qubits j and
m at time intervals t and t+1 by coupling their t′D layer qubits to ancillary qubits (blue). In between the Z-parity checks, parity
check of the X-operators are performed with other data qubits. (b) Foliated cluster state lattice of the [[72, 12, 6]] Bivariate
Bicycle qLDPC code (partially shown in a Toric layout) from Ref. [5], where each layer constitutes only X or Z-checks upon
measuring the qubits. In addition to the four nearest neighbour links, each qubit also has two long-range connections, such as
the ones shown for a sub-set of nodes in the Tanner graph. In our fusion-based decomposition of the lattice, each data qubit to
ancilla qubit link is split and realised with an ⟨XY, Y X⟩ photonic fusion for which a setup is shown in dual-rail encoding. (c)
An illustration of how a data qubit completes its one error detecting round (layer) of checks in the lattice via fusions. (d) The
two types of resource states that make up the fusion lattice. (i) Data branched chains: Linear cluster states of length 2T with
ηQ/2 leaves per layer. (ii) Ancilla GHZ states: Shown as (ηA + 1)-star graph states for clarity. We note that all qubits which
are not explicitly drawn as fusion photons (yellow) are projected onto the measurement outcome X = +1. (e) Deterministic
generation protocols for the star and branched chain photonic graph states using quantum emitters as detailed in Refs. [13, 14].

logical qubits, and d is its distance, i.e. the smallest pos-
sible Hamming weight of a logical operator. We focus
on qLDPC codes that are CSS where checks are made
up of solely Pauli X- or Z-operators and therefore al-
low the two types of error to be detected and corrected
independently.

Recently, qLDPC code families with encoding rates
k/n greater than those of topological codes have been
studied [15, 16]. It has also been shown that there ex-
ist codes with asymptotically good parameters [17, 18],
i.e. codes for which the number of encoded qubits and
the distance both scale linearly with the number of phys-
ical qubits. Such codes offer a clear route to reducing
overhead in fault-tolerant schemes.

We consider the recently proposed Bivariate Bicycle
qLDPC code family [5]. These are the first known exam-
ples of codes that can compete with the surface code in
terms of logical error rate while offering a higher encod-
ing rate. The choice to focus on Bivariate Bicycle codes is
arbitrary, and serve solely as an example study. Our ap-
proach is applicable to any qLDPC CSS code and could
therefore also be applied to a larger class of codes with
proven asymptotically constant encoding rate [17, 18].
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III. CONSTRUCTION

Measurement-based quantum computing models tem-
porally evolve the encoded logical information by per-
forming single-qubit measurements on a large entangled
graph state. A graph state, |G⟩, is represented by an
undirected graph G = (V,E) where the vertices V are
qubits initialised in the state |+⟩ = 1√

2
(|0⟩ + |1⟩) and

edges E are controlled-phase operations Ua,b
c between the

vertices a, b that they connect:

|G⟩ =
∏

a,b∈E

Ua,b
c |+⟩⊗V

(1)

Graph states are +1 eigenstates of their stabiliser gener-
ators

Ki = Xi

∏
j∈Ni

Zj , (2)

where Ni is the neighbourhood of qubit i [19], and Xi

and Zj are Pauli operators.
Typically, fault-tolerant circuit-based implementations

of a CSS [20] code require d repetitions of its stabiliser
measurements. This temporal sequence of operations can
be replicated in a measurement-based sense by foliat-
ing the underlying base error-correcting code [21]. Fo-
liation transforms the code into a graph state with a
layered structure, replacing time with an extra spatial
dimension perpendicular to the layers. (We will also re-
fer to this graph state as a cluster state or lattice in
the following). Using the cluster state, one can perform
all repeated check measurements by measuring the state
layer by layer [22]. As illustrated in Fig. 1(a), this graph
state has alternating layers of bipartite graphs where data
qubits would be connected to ancilla qubits according to
the structure of the Tanner graph associated with the Z-
and X-type parity checks of the underlying CSS code.
The data qubits are connected between these layers [21].
This structure encodes data qubits of the base code in
a one-dimensional chain of length 2T qubits, where we
label the jth such data qubit as q(j) and T is the num-
ber of stabiliser measurement rounds of the logical mem-
ory. The logical information of the chain is locally ac-
cessible and can be propagated along the chain, analo-
gously to temporal evolution, by performing single-qubit
X-measurements on past qubits of the chain. Figure 1(a)
shows an example of the repeated measurement of a small
parity check between two foliated data qubits, j and m.
At each time-step layer, stabilisers are measured by mea-
suring their ancilla qubits in the X-basis. Due to the way
chain logical operators are accessed, the Z andX stabilis-
ers are measured sequentially, so two ”temporal” layers
t = {tD, tP } are required to complete one full measure-
ment round of the code. Throughout the rest of the pa-
per, we will refer to the layer in which only Z-stabilisers
are measured as the dual layer, tD, and the layer in which
X-stabilisers are measured as the primal layer, tP . The

physical qubits on the chain from the jth base data qubit
are labelled q(j, tD) and q(j, tP ).
The cluster state resulting from the procedure de-

scribed above possesses graph state stabilisers by defi-
nition. By multiplying graph state stabiliser generators,
one finds that there exists two sets of regularly structured
local detectors spanning three layers of the foliated lat-
tice [21]. These detectors form unit cells of two separate
lattices: X-type and Z-type (generalisations of primal
and dual lattices in topological code foliations).
The X-type detectors detect changes in parity of the

X-checks of the base error-correcting code labelled SX(i),
and thus errors which may contribute to a logical X error
in the foliated code. We denote Xi,t as the set of qubits on
which there is Pauli-X operator support for the detector
associated with the ithX-check at time interval t:

Xi,t := {sX(i, tP )}︸ ︷︷ ︸
1st layer

∪{q(j, (t+ 1)D) | j ∈ SX(i)}︸ ︷︷ ︸
2nd layer

∪ {sX(i, (t+ 1)P )}︸ ︷︷ ︸
3rd layer

. (3)

Here, we label sX(i, tP ) as the physical ancilla qubit asso-
ciated with the ithX-check SX(i) of the base code within
layer tP of the foliated lattice, and q(j, (t + 1)D) as the
physical data qubit in the dual layer at the time interval
t + 1 corresponding to the jth foliated chain. A logical
X operator of the cluster state, or correlation surface, is
effectively a surface that traverses the foliated length 2T
of the lattice. This surface has weight on chain qubits
associated with the corresponding, say kth, logical X op-
erator of the base code X̄base

k across all tD layers. In other
words, the kth logical X-operator X̄k for the lattice is

X̄k =

T∏
tD=1

X̄base
k (tD). (4)

Analogously, a Z-type detector cell help detect phys-
ical errors which may contribute to logical Z errors
and has a comparable structure, spanning the layers
{tD, tP , (t+ 1)D}:

Zi,t := {sZ(i, tD)}︸ ︷︷ ︸
1st layer

∪{q(j, tP ) | j ∈ SZ(i)}︸ ︷︷ ︸
2nd layer

∪ {sZ(i, (t+ 1)D)}︸ ︷︷ ︸
3rd layer

. (5)

The kth logical Z-operator Z̄k is similarly defined

Z̄k =

T∏
tP=1

Z̄base
k (tP ). (6)

Using the method in Ref. [22], we may foliate any CSS
qLDPC code with parity check matrices HX and HZ .
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Here, we consider codes that, in addition, have constant
qubit-degree ηQ and constant check-degree ηA. This is
not required for our approach to apply but simplifies the
fusion-based construction [23]. The qubit-degree is the
number of checks each data qubit is connected to, and
check-degree is the number of data qubits involved in
each check. For Bivariate Bicycle codes, ηQ = ηA = 6
with every qubit being involved in three X and three
Z−type checks. In our analysis of the codes, we choose
the number of measurement rounds, T , to be the error
distance d of the underlying code.

To reduce the demands of producing the lattice as a
large entangled cluster state, we consider a fusion-based
approach where the foliated system is decomposed into
smaller resource states and type-II fusion operations [24]
between them (shown in Figure 1(b) for the [[72, 12, 6]]
Bivariate Bicycle qLDPC code). Fusions are probabilistic
Bell state measurements on two qubits A,B that measure
joint parities such as ⟨XAXB , ZAZB⟩ upon success [10,
25, 26] (other parities can be achieved via rotation with
single-qubit gates - see Supplementary Information V for
details). Naively, these operations succeed with a 50%
probability in photonics [9], however, this probability can
be boosted with the addition of ancillary photon pairs as
part of the fusion gate [27–29].

In the considered foliated structure, the data qubits are
connected between different layers, forming chain struc-
tures. Within every layer, the graph is bipartite as data
qubits are only connected to ancilla qubits (see Fig. 1(c)).
This structure gives rise to a very natural fusion-based
construction using branched chain graph states (cater-
pillar trees in graph theory [30]) which are linear cluster
states with additional leaf qubits connected to qubits of
the linear chain, and star-shaped graph states. The data
qubits form the central path of branched chains (gray in
Fig. 1(c,d)), and ancilla qubits form the central qubits
of star-shaped graph states (red, blue in Fig. 1(c,d))
where they are connected to the branched data qubit
chains by fusions (yellow in Fig. 1(c,d)). Importantly,
branched chains constitute exactly the class of states that
the scheme from Ref. [14] can generate using a single
quantum emitter [31]. This approach employs a sequence
of spin gates on a quantum emitter and optical excita-
tion which induces photon-emission from the emitter [32].
Figure 1(e) shows the quantum circuit that deterministi-
cally generates a branched chain and a star-shaped graph
state, which is a branched chain of length one and is lo-
cally equivalent to the GHZ. Below we give a more de-
tailed description of the involved resource states 1) data
branched chains, and 2) ancilla GHZ states.

Data branched chains are branched chains of length 2T
with ηQ/2 branches stemming from each physical qubit
of the chain. Being our equivalent of a foliated qubit, the
lattice contains one data branched chain per underlying
code qubit, hence we label these resource states R[q(j)]
where q(j) is the jth base code data qubit. The branched
qubits of R[q(j)] at layer tD(tP ) will go into fusions which
complete all the Z(X) code checks that the code data

qubit q(j) takes part in. All grey qubits in Fig. 1(d)(i)
are virtual qubits assumed to be measured in the X-basis
with the measurement outcome +1 as discussed below.
Ancilla GHZ states are visually represented, in Fig-

ure 1(d)(ii), as star graphs with ηA leaves with the central
qubit measured and projected into +1 in the X-basis. It
can be shown that the resulting state from this require-
ment is a GHZ state on ηA qubits. The lattice comprises
one ancilla-GHZ state per code check involved in each
layer which we label R[Sα(i), t], where Sα(i) denotes the
ith base code check of type α ∈ {X,Z} as above and t is
the time interval at which the check takes place. These
ancilla states fuse with the leaf qubits of the data re-
source states that are part of the check (Figure 1(c) - for
details of choice of fusion type see Supplementary Infor-
mation V).
Finally, note that the state after applying a Pauli mea-

surement on a branched chain is local Clifford equivalent
to another branched chain [33]. Using the scheme from
Ref. [14], one thus can directly generate the state result-
ing from measuring the central qubits of the branched
chain or (ηA + 1)-star graph in the X-basis. In other
words, these qubits do not need to be generated in the
first place and fusions are the only measurements that
need to be applied, giving rise to an entirely fusion-based
scheme. Since photons that are not generated cannot be
lost, this scheme will have a higher erasure threshold.
When quantum emitters are employed, it turns out

that the above fusion-based scheme does not represent
the optimum strategy to reduce the effect of photon loss.
More practical is likely to be a scheme where not all fu-
sion photons are generated at once but rather on demand
and fusions are repeated until success (see Supplementary
information IV).

IV. THRESHOLD ANALYSIS

Using the method detailed above, we construct lat-
tices of varying sizes of Bivariate Bicycle qLDPC codes.
We test the lattices’ tolerance to both error and erasure
of fusion outcomes. An independent and identically dis-
tributed (i.i.d.) fusion noise model is used [11], where log-
ical error probabilities are determined based on a physi-
cal noise rate p occurring independently for each fusion
based on an error probability pe and an erasure proba-
bility pl. For decoding, we use a modified version of the
union-find decoder from Ref. [34] since it works for non-
topological qLDPC codes and can handle Pauli errors
and erasures simultaneously (see Supplementary Infor-
mation II for more details).
Topological qLDPC codes, like the surface code, have

a well-defined error threshold: for error rates below the
error threshold, an arbitrary low logical error rate can be
obtained by increasing the code size. For general qLDPC
codes, however, there is no systematic way of scaling the
size of the code. Therefore, we evaluate the fault-tolerant
performance of the qLDPC lattices with respect to their
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(c) (c) 
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(a) (c) 

FIG. 2. Logical error rates p̄ for lattices constructed from small examples of Bivariate Bicycle qLDPC codes given (a) fusion
error only and (b) fusion erasure only. The grey curves labelled k = 8 and k = 12 represent the probability of having at least

one error across the k physical qubits at a given physical noise rate, i.e., pphysk = 1− (1− p)k. The pseudo-threshold is defined

as the point where the logical error rate of the lattice intersects with its corresponding grey curve, a.k.a., p̄ = pphysk . (c) Logical
error rate as a function of fusion erasure pl and error pe rates for each lattice. The points on each colour plot correspond to the
said lattice’s pseudo-threshold surface, such that the area below the curve can be interpreted as a pseudo-correctable region.

so-called pseudo-thresholds. A pseudo-threshold repre-
sents the physical error rate at which the probability for
an error on one out of k logical qubits (the logical error

rate p̄) equals pphysk = 1 − (1 − p)k, the probability that
at least one out of k physical qubits has an error – this
we refer to as the break-even equation. Below the pseudo-
threshold the logical error is smaller than the physical,

pphysk > p̄, making it beneficial to use encoded rather
than physical qubits. In general, the noise is a combina-
tion of fusion error and erasure. We consider a break-even
equation where p = (1−pl)pe+pl/2 (See Supplementary
Information III for details). This represents the proba-
bility p of an error occurring, either without erasure or
due to an erasure, where erasures introduce errors with
a probability of 50% [35].

Pseudo-thresholds are found by performing Monte
Carlo simulations on 105 samples per estimate. We
present the logical error rates for Bivariate Bicycle code
lattices in Figure 2(a-b), under independent sweeps of
phenomenological fusion error and erasure probabilities,
and plot the break-even equations for different number
of encoded qubits k = 8, 12 as grey curves. The colour
plots in Figure 2(c) show logical error rates for each lat-
tice sweeping through error and erasure noise combina-
tions in the grid (while also including the additional data
from pseudo-threshold analysis below) where the points
mark a pseudo-threshold curve for the corresponding lat-
tice. In order to obtain these points, we introduce a pa-

rameter x that linearly parameterises a line at equally
distributed set of angles from the origin. At each angle,
we recover logical error rates and pseudo-thresholds by
sweeping over x and calculating the intersection with the
modified break-even equation discussed above. As ex-
pected, it can be seen from Figure 2(a-b) that as the code
size increases, the pseudo-thresholds for fusion error and
fusion erasure both increase, with the [[144, 12, 12]] code
having an error pseudo-threshold of 0.2% and an erasure
pseudo-threshold of 9%. We note that pseudo-thresholds
should not be taken as a definitive performance metric.
In particular, while the [[72, 12, 6]] qubit code has an un-
usually high comparative pseudo-threshold, its logical er-
ror suppression at low physical error rates is worse despite
this.

V. REPEAT UNTIL SUCCESS (RUS) FUSIONS

Above, we have used abstract erasure pl and error pe
rates, referring to the results of the fusions. A different
question is how these quantities relate to the underlying
physical parameters. To investigate this, we evaluate the
tolerance of these lattice constructions to photon loss,
as it is the dominant source of noise in photonic plat-
forms. The thresholds obtained above are below the fail-
ure probability of standard linear optics Bell-state mea-
surements which have an erasure probability of 50%. To
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overcome this, it thus necessary to boost the fusion prob-
ability. A particular technique to achieve this is to em-
ploy a repeat-until-success (RUS) scheme on the physical
fusions [36, 37]. At each layer, the quantum emitters stay
part of the resource states and emit photons that undergo
fusion measurements until the fusion is successful, lost,
or a maximum number of attempts N is reached and all
of the physical fusions have resulted in failure. We note
that fusions only occur within independent layers of the
foliated structure, which precisely allows us to employ
these repeat-until-success procedures with emitters with
the capability for synchronous scheduling. RUS fusion
outcomes can be sampled based on the standard analyti-
cal model described in Ref. [36] where all fusions within a
given layer are done in parallel, which we refer to as stan-
dard RUS. We consider a modification of standard RUS
such that the fusions are instead performed sequentially.

The two above strategies can be understood in the pic-
ture of cluster states and the erasure or failure of an RUS
fusion equates to a missing bond in the lattice. A missing
bond due to fusion erasure causes the two detector cells
(in both the X-type and Z-type syndrome lattices) that
share the bond to merge into a higher-weight supercell.
Failures are less detrimental, causing only a merge in one
of the two lattices depending on the chosen failure basis
for that bond. While standard RUS fixes the failure basis,
in the modified strategy we pick a random failure basis
per fusion to help balance such merges across both syn-
drome lattices [38]. In addition, by performing fusions
sequentially, the outcomes in real time inform the ne-
cessity of subsequent neighbouring fusions. Unnecessary
fusions are therefore omitted to increase loss tolerance.
We note that a more detailed explanation of both the
standard and modified variants of RUS can be found in
Supplementary Information IV.

FIG. 3. Photon loss pseudo-threshold as a function of the
maximum number N of repetitions in a RUS fusion, shown
for small Bivariate Bicycle qLDPC code lattices. The green
points show the photon loss threshold for the Toric code lat-
tice.

RUS strategy, we perform Monte Carlo simulations on

105 trials for fusion lattices built from various sizes of
Toric and Bivariate Bicycle qLDPC codes. We present
the photon loss pseudo-thresholds for Bivariate Bicycle
code lattices in Figure 3. Similar to the previous sec-
tion, we compute the pseudo-thresholds as the photon
loss probabilities, which incur errors of at least one of
the k logical qubits with the same probability as for the
physical qubits. For the [[144, 12, 12]] code lattice, the
pseudo-threshold saturates around 3% at N = 8. Such
photon loss values may be reached with future develop-
ments of photonic platforms [6]. In Figure 3 we compare
the results to the threshold for photon loss of the Toric
code. The photon loss threshold levels off to a maximum
at 3.4% for a N = 8. Due to our modified RUS proce-
dure this is higher than the RUS loss threshold quoted
in Ref. [36] for an equivalent implementation of the Toric
code. Although the threshold obtained for the Toric code
is higher than that of the qLDPC codes (with the excep-
tion of the [[72, 12, 6]] code), it is only marginally greater
than the obtained pseudo-threshold of the Bivariate Bi-
cycle codes. Considering that the latter allow for much
larger numbers of encoded qubits, this makes them highly
attractive provided that experiments can be advanced to
reach the thresholds.

VI. CONCLUSION

We have presented an explicit method to construct
cluster state lattices for fusion-based quantum comput-
ing (FBQC) with arbitrary CSS qLDPC codes. For
a given input error-correcting code, the resulting lat-
tice implements a logical memory by performing projec-
tive two-qubit fusion measurements between two distinct
types of resource states. Although FBQC schemes are
platform-agnostic [11], we focus on photonics where fu-
sion operations between qubits originating from differ-
ent parts of the lattice can easily be implemented by
routing photons to detectors through optical fibres. The
two families of photonic resource states required in this
particular decomposition are readily accessible as they
have been experimentally generated through determinis-
tic spin-optical excitation protocols [39–42]. In general,
qLDPC codes are highly attractive as they allow much
more efficient encoding of information with dramatically
reduced overhead in resources. The fact that this only
comes with a modest increase in (pseudo-)threshold com-
pared to the Toric code is a major asset of the considered
approach.
So far we have only considered a small subset of

qLDPC codes. In general, qLDPC codes are much less
studied than, e.g. topological codes. It is likely that one
can find codes that are more efficient than the ones con-
sidered here. It would be highly interesting to explore the
full space of other qLDPC codes which offer better en-
coding rates and distances. Potentially, this could bring
the threshold even closer to the Toric codes or allow a re-
duction in the resource overhead of the encoded qubits.
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Finally, with a particular physical platform in mind, in-
corporating more realistic noise models, e.g. spin errors,
into simulations such as those in Ref. [43] would provide
important guidelines for future hardware developments
towards the goal of realising fault-tolerant photonic quan-
tum computers.
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I. BIVARIATE BICYCLE QLDPC CODES

CSS codes are defined by binary matrices HX and HZ of size (n − k) × n, which specify complete sets of X-type
and Z-type stabiliser generators, respectively, with each row indicating the qubits on which a distinct stabiliser acts.
The two types of stabilisers must be mutually commuting, in other words, satisfy the orthogonality relation:

HXHT
Z = 0 (mod 2) (S1)

Bivariate Bicycle qLDPC codes [5] are defined via the following parity check matrices

HX = [A|B] and HZ = [BT |AT ], (S2)

where A and B are sums of matrices A =
∑3

i Ai and B =
∑3

i Bi, with Ai and Bi being powers of

x = Sl ⊗ Im and y = Il ⊗ Sm, (S3)

with Sl being the cyclic shift matrix of size l × l and Im being the m ×m identity matrix. A code defined as such
will have a degree-6 Tanner graph, in contrast to 4 for the surface code. We select a number of small Bivariate
Bicycle qLDPC code examples to construct and test our lattice constructions. These are shown in table S1. One can
prove, due to certain group properties, that these codes can be presented in a Toric layout, meaning all vertices of
the Tanner graph can be placed on a planar grid with periodic boundary conditions, like the Toric code [5]. In this
layout, each vertex has horizontal and vertical edges connecting to its nearest neighbour vertices, forming a subset
local embedding of the code, while the remaining two edges at each vertex correspond to non-local connections. A
section of the Tanner graph of the smallest considered code [[72, 12, 6]] is presented in its Toric layout in Figure 1(a)
of the main text.

[n, k, d] l,m A B Error pseudo-threshold (%) Erasure pseudo-threshold (%)

[[72, 12, 6]] 6, 6 x3 + y + y2 y3 + x+ x2 0.147 8.07

[[90, 8, 10]] 15, 3 x9 + y + y2 1 + x2 + x7 0.158 8.41

[[108, 8, 10]] 9, 6 x3 + y + y2 y3 + x+ x2 0.176 8.53

[[144, 12, 12]] 12, 6 x3 + y + y2 y3 + x+ x2 0.181 8.70

TABLE S1. Examples of small Bivariate Bicycle qLDPC codes from Ref. [5] with their defining parameters and pseudo-
thresholds of the corresponding fusion lattices.
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II. DECODER DETAILS

To determine threshold error and loss rates of our foilated qLDPC codes, we need a decoder that can handle
losses/erasures and also works for non-topological qLDPC codes. We chose a modified version of the union-find
decoder [35], which was presented in Ref. [34].

The original union-find decoder [35] works in two steps: first, it grows clusters on the Tanner graph starting from
erasures and non-zero syndromes until all clusters are valid, where valid means that a cluster is decodable by only
qubits within the cluster. For topological codes this so-called syndrome validation is easy as a cluster is valid/decodable
if and only if it has an even parity of non-zero syndromes [35]. Secondly, clusters are decoded, which for topological
codes, works with the peeling-forest decoder from Ref. [47].

The studied qLDPC codes [5] are non-topological and, therefore, neither syndrome validation by checking the cluster
parity nor the peeling forest decoder can be applied. For this reason, we employ a modified union-find decoder [34]
that performs syndrome validation and decoding by solving the equation σ = Hr · e via Gaussian elimination. Here
σ is an F2 vector of the cluster’s syndromes and e is an F2 vector with the cluster’s data qubits with Hr the parity
check matrix corresponding exclusively to this cluster. When a solution is found, it directly provides a decoding
for the cluster. If there is no solution, the cluster cannot be decoded and is grown further. The cluster growth
is performed node-by-node following breadth-first Tanner graph traversal, starting from erased qubits and non-zero
syndromes. Cluster growth starting from erased qubits is performed first. Afterwards, we sort the the nodes listed
for subsequent cluster growth such that those belonging to invalid clusters are listed first. This sorting is the only
difference to Algorithm 3 from Ref. [34] and improves the logical error rates in the regime of high erasure rates.
Finally, the subsequent cluster growth is performed in double steps on the Tanner graph such that cluster boundaries
are syndrome checks and not data qubits [34]. This makes sure that decoding a cluster does not flip syndromes that
are not part of it.

III. DETAILS OF NUMERICAL SIMULATIONS

The pseudo-threshold points were found by simulating fusion lattices of size T = d with periodic boundary conditions
under different noise settings. We consider only the X-type lattice in these simulations due to the Z-type being
equivalent (as the distance for X and Z errors is the same for all Bivariate Bicycle qLDPC codes [5]).

We analyse performances by varying the fusion error pe and erasure rates pl, which together define a two-dimensional
phase space. This combined noise space is bounded by pe ∈ {pmin

e , pmax
e } = {5 ·10−4, 3 ·10−3} and pl ∈ {pmin

l , pmax
l } =

{10−2, 10−1}, as used to produce Figures 2 and S1. We sweep across it along lines of constant angle θ where θ is
taken from a set of equally distributed angles from the origin of the phase space parameterised by polar coordinates.
Each sweep line is linearly parameterised by a variable x, such that the corresponding mapping between fusion noise
and x is given by

pe = (x(pmax
e − pmin

e ) + pmin
e ) cos θ,

pl = (x(pmax
l − pmin

l ) + pmin
l ) sin θ.

(S4)

Here θ = 0, π/2 are lines of error and erasure only. With an i.i.d. (independent and identically distributed) model
of both error and erasure of the fusions, we run 105 Monte Carlo simulations with the modified union-find decoder.
Data from the complete simulation result for all noise combination sweeps is shown in Figure S1.

Erasure occurs with probability pl and corresponds to a measurement with unknown outcome. Thus, we can assume
that the corresponding qubit has an error with probability 0.5. When there is no erasure (probability 1 − pl) and
error occurs with the Pauli error rate pe. The overall error rate is therefore:

p =
pl
2
+ (1− pl)pe. (S5)

We define the concept of a pseudo-threshold as the physical noise rate p when the probability that at least one
of the k logical qubits has an error p̄ is equal to the probability that one of the k physical qubits has an error

pphysk = 1 − (1 − p)k. We refer to this as the break-even equation and it is plotted as grey curves in Figure 2 and
Figure S1.

To produce Figure 2(c), we sweep an evenly distributed grid of points in the noise phase-space and similarly run
the decoder on 105 samples of each point. From this simulation, we construct a two-dimensional color plot showing
p̄ as a function of pe, pl where the Voronoi cell around every grid point is assigned its value of p̄.
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FIG. S1. Logical error rates p̄ against linearised noise parameter x for lattices constructed from small examples of Bivariate
Bicycle qLDPC codes. The grey curves are the break-even equations for k = 8, 12 where its intersection with the data is the
pseudo-threshold. The figure shows the series of noise combination sweeps of the error/erasure phase space given by angle θ,
where θ = 0 is the error-only case and θ = π/2 is the erasure-only case.

IV. DETAILS ON THE SPIN-BASED ARCHITECTURE WITH REPEAT-UNTIL-SUCCESS ENCODED
FUSIONS

In practice, we consider the foliated lattice to be built layer by layer. To establish connectivity within layers, we use
repeat-until-success (RUS) encoded fusions. RUS fusions are encoded versions of physical fusions, where a physical
fusion has the following success (s), failure (f) and erasure (l) probabilities:

Ps = Pf =
1

2
η2 and Pl = 1− η2, (S6)

Here 1−η is the photon loss probability given the total setup efficiency η. Due to the probabilistic nature of fusions,
RUS is used to increase the success probability of a bond being created by allowing for multiple attempts in the event
of physical failures.

We consider RUS fusions where a maximum of N repetitions can be performed. An RUS fusion has three different
outcomes: (1) RUS fusion success, in which case a bond is established between the two spins, (2) RUS fusion failure,
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in which case there is no bond between the spins, (3) RUS fusion loss, in which case both spins need to be measured
in the Z-basis, removing all their bonds. As a function of the photon loss probability the RUS fusion outcomes have
the following probabilities [36]:

• The probability of RUS success, i.e., obtaining both outcomes, which corresponds to events in which 0 ≤ i < N

fusion failures occur before a successful fusion is given by: P s̄
N = Ps

∑N−1
i=0 (Pf )

i. In this case a connection
between the two spins is established.

• The probability of RUS erasure, i.e., losing both outcomes, referring to events where the first i fusions failed

and the subsequent fusions have photon loss is: P l̄
N = Pl

∑N−1
i=0 (Pf )

i. Here both spins need to be measured in
the Z−basis.

• The probability of RUS failure, i.e., only obtaining one of the two outcomes, where all N repeats result in fusion

failures is: P f̄
N = (Pf )

N . In this case, the connection between the two spins is not established.

We consider two strategies for RUS sampling, both of which can be understood with an approach from Ref. [38]
to handle absent bonds in cluster state lattices by making the connection between missing lattice bonds and erased
qubits.

FIG. S2. Illustration of the missing bond strategy for topological cluster state lattices in Ref. [38] (a) Two neighbouring X-type
detector cells of X⊗6 on face qubits. If a bond is missing (marked in red), in this case we may choose to measure the (yellow)
X-ancilla qubit in the Z-basis. The effect on the X-type lattice (b) is a supercell formed by merging the two cells, while on
the Z-type lattice (c) is nothing and the cells stay intact.

Consider, for instance, the X-type lattice (the same reasoning applies to the Z-type lattice) - if a bond is missing,
the two detector cells dependent on that bond (in both of the lattices) could be multiplied together to form a higher-
weight supercell, thereby removing the cells’ dependencies on the missing bond. One may, however, measure the qubit
at either end of the missing bond in the Z-basis to prevent the merging of cells in one of the two lattices. We discard
the measurement outcome and therefore this effectively is the same action as erasing the said qubit [38]. Figure S2(a)
shows the presence of a missing bond (indicated in red) with respect to X-type detector cells, the choice to measure
the X-ancilla qubit (shown in yellow) merges the X-type cells as expected (Fig. S2(b)) while keeping the Z-type cells
un-merged or preserved (Fig. S2(c)). Conversely, measuring the data qubit on the other end of the bond preserves
the X-type cells and merges the Z-type cells.

We now consider two strategies to handle imperfect RUS fusion. The first one, we refer to as standard RUS (and
described in Ref [36]) and the second is the modified variant we devise and use in simulations.

1. All fusions within one layer are executed simultaneously. Upon fusion erasure, which dephases both spins
adjacent to the fusion photons, we measure both spins in the Z-basis, which effectively erases them. This
causes one merge in both the X and Z-type lattices. If we have a missing bond due to fusion failure, a Z-basis
measurement is exclusively performed on the ancilla qubit.
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2. All fusions are executed sequentially, where previous measurements inform subsequent fusions. A fusion may
be omitted if either of the spins involved has already been measured in the Z-basis as a previous missing bond
would have already resulted in a cell merge. As these fusions are unnecessary, this improves the loss tolerance.
Our treatment of fusion erasure is the same as above, however for RUS fusion failure, we instead randomly
choose the spin at either end of the missing bonds to be measured in Z.

FIG. S3. Equivalent circuits to move spins (blue) from one layer of the lattice to the next. While ordinarily (i) a photon would
be emitted and measured in X in the foliation picture, this is equivalent to (ii) a graph state with a dangling bond being
measured in Z which is the same as (iii) omitting its generation.

We note that after all bonds in a given layer have been attempted by RUS fusions, H gates are applied to the spins
to progress to the next layer. This can be understood by simultaneously executing the lattice construction and the
teleportation of quantum information to the next layer by X-measurements. In Figure 1, a photon is first generated
in place of the spin as a chain node. To teleport the encoded state forward in the lattice, this photon will subsequently
be measured in the X-basis [48]. However, this circuit is equivalent to a circuit in which the photon is never generated
(Fig. S3). This equivalence is important, as we therefore can omit the photon generation. A lattice of photonic qubits
is thus never generated and so the only photons that can suffer loss are those involved in fusions.

The modified RUS strategy is used to resolve the pseudo-thresholds and thresholds shown in Figure 3. From the
knowledge of which encoded fusion outcomes are lost, we perform erasure decoding with 105 Monte Carlo samples on
the X-type lattice. Gaussian elimination is used to identify whether any of the k logical qubits are lost by checking
if they have support on any of the missing fusion outcomes. We show the full data (N = 3 to 10) obtained for Toric
code and Bivariate Bicycle code lattices in Figures S4 and S5, respectively. Figure S4 also presents a comparison
between the standard method and our modified strategy, highlighting the visible improvement from the latter.

V. MODIFIED FUSIONS IN REALISTIC SPIN-BASED ARCHITECTURES

In our architecture, we consider the situation that the fusion photons are two dangling bonds (leave nodes) attached
to two spins. For the fusion-based construction of the foliated lattice shown in Fig. 1 we need a type of fusion that,
up to local gates does the following: it makes (1) a CZ gate between the two spins upon success (add a graph bond),
and (2) does two Z-basis measurements on the fusion photons upon failure (i.e. removes the nodes corresponding to
the fusion photons). The first condition needs to be fulfilled to obtain the desired connectivity, and the second one
ensures that the fusion can be repeated without any undesired effect on the graph state.

Labelling the two fusion photons as A,B, the standard fusion measures the parities XAXB , ZAZB upon success and
does the single-qubit measurements ZA, ZB upon failure [11]. In this case, fusion failure corresponds to removing the
fusion qubits as desired, but the fusion success case does not result in the desired spin-spin connectivity. This issue is
illustrated in Fig. A5(b) in Ref. [49]. In Fig. S6(a,b) we give two exemplary setups for dual-rail-encoded fusion qubits
that work for our purposes. The first one in Fig. S6(a) is the standard fusion setup with an additional phase-shifter
implementing an S-gate (S = |0⟩ ⟨0| + i |1⟩ ⟨1|) on the first qubit. Upon success, this setup measures the parities
XAYB , YAXB . It can easily be seen that this measurement has the desired effect up to measurement-dependent Pauli
gates (not mentioned in the following) and two S-gates on both spins (see section D.1 in Ref. [49]). Upon fusion
failure, the fusion measures ZB , ZB like the standard fusion and thus has the desired effect.
The second fusion setup is the standard fusion with an additional beam splitter and a phase-shifter implementing

a Hadamard and an S-gate on the first qubit. This fusion measures the parities XAYB , YAZB upon success. Up to an
S-gate on the spin connected to qubit B, this gives the desired CZ-gate between the spins (see Fig. A5(d) in Ref. [49]
or Appendix D.2 in Ref. [26]). Upon fusion failure, YA, ZB is measured which corresponds to removing the nodes
A,B and applying an S-gate to the spin connected to qubit A (see e.g. Ref. [50]).

We finally remark that the additional S-gates commute with the gates applied to the spin as long as one only
generates new photons entangled with the spin as dangling bonds (leaf nodes). This can be seen by considering the
corresponding circuit from Fig. 1(e). This result is important from a practical point of view as it implies that the
S-gates do not have to be actively removed between repeated fusions and not before an entire layer is finished.
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FIG. S4. Logical error rates p̄ against photon loss probability 1 − η for fusion lattices constructed from Toric codes of sizes
{3, 5, 8} under repeat-until-success withN , the number of maximum repeats, increasing from 3 to 10. In particular, a comparison
is drawn between the standard strategy described in Ref. [36] and our updated modified strategy inspired by Ref. [38].
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FIG. S5. Logical error rates p̄ against photon loss probability 1 − η for fusion lattices constructed from small examples of
Bivariate Bicycle qLDPC codes under repeat-until-success with N , the number of maximum repeats, increasing from 3 to 10.
As previously, the grey curves are the break-even equations for k = 8, 12.
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FIG. S6. Two fusion setups for dual-rail encoded fusions. Up to local S-gates, both fusions have the desirable property to
realize a connection between the two spins upon fusions success, while only removing the fusion photons upon fusion failure.
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