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Executive Summary

This article synthesizes research from arXiv:hal-00337882 to examine how Brownian motion,
generalized gamma convolutions, and spectral operators with exponential potentials provide a

rigorous framework for modeling the distribution of Riemann zeta zeros.

I Introduction

The Riemann Hypothesis remains the most profound challenge in analytic number theory, asserting that the non-
trivial zeros of the Riemann zeta function, zeta(s), are located precisely on the critical line where the real part of s
is 1/2. While traditionally investigated through the lens of complex analysis, the work of Philippe Biane in
arXiv:hal-00337882 provides a transformative perspective by linking these zeros to the spectral properties of
stochastic processes and operators. This approach aligns with the Hilbert-Pdlya conjecture, which posits that the

imaginary parts of the zeros correspond to the eigenvalues of a self-adjoint operator.

Biane’s research focuses on the intersection of Brownian motion, diffusion on Lie groups, and the theory of
infinitely divisible distributions. By constructing specific random variables associated with Brownian hitting

times and maximums, the paper demonstrates that the completed zeta function, or xi(s), can be represented



through Laplace transforms of probabilistic functionals. This analysis suggests that the stability and positivity

inherent in stochastic subordinators may be the key to understanding the horizontal distribution of the zeta zeros.

This article provides a technical synthesis of these findings, exploring the spectral determinants of operators with
exponential potentials and the role of Generalized Gamma Convolutions (GGC). We examine how the diffusion
of eigenvalues in Weyl chambers mirrors the repulsion observed between zeta zeros and propose novel research

pathways that leverage non-commutative probability to address the critical line conjecture.

Mathematical Background

The technical foundation of the source paper rests on the characterization of two primary random variables: W_a
and T_x. These variables emerge from the study of Brownian motion and their distributions are shown to be

infinitely divisible, belonging to the class of Generalized Gamma Convolutions.

Subordinators and Lévy Exponents

A subordinator is a non-decreasing Lévy process, often used to model the passage of time in a stochastic system.
The variable T_x represents the hitting time of a Brownian motion with drift. Its log-Laplace transform is given

by the expression:
log E[exp(-lambda”*2 T_x / 2)] = -x sqrt(lambda’2 + a”2) + ax
This can be rewritten as an integral over the Lévy measure:

x integral from O to infinity of (exp(-lambda’2 t/2) - 1) * exp(-a*2 t/2) / sqrt(2 pi t*3) dt

Generalized Gamma Convolutions and Thorin Measures

The variable W_a is related to the maximum of a Brownian bridge. Biane demonstrates that its distribution is a
GGC, meaning its Lévy density is a mixture of exponentials. The associated Thorin measure is discrete and

involves the squares of integers:
nu(dc) = 2 sum from n=1 to infinity of delta_{n"2/a"2}(dc)

This measure is significant because it directly incorporates the sequence of integers that define the Dirichlet

series of the zeta function. The log-expectation is given by:
log E[exp(-lambda”*2 W_a/ 2)] = 2 log(lambda a / sinh(lambda a))

This structure reveals that the xi function is not merely an analytic object but a probabilistic generating function

whose zeros are constrained by the positivity of the underlying Thorin measure.



I Main Technical Analysis

Spectral Properties and Zero Distribution

A central finding in arXiv:hal-00337882 is the connection between the zeros of the zeta function and the
eigenvalues of a specific differential operator. Biane considers a system of coupled first-order equations, which

can be viewed as a 1D Dirac operator:

(d/dx + 1/2 + e"x) f = gamma g

(-d/dx + 1/2 + e”x) g = gamma f

The eigenvalues gamma of this system correspond to the zeros of a spectral determinant. For large x, the
exponential potential e*x dominates the system, mirroring the growth of prime numbers in the explicit formula.
The spectral density of this operator asymptotically matches the Riemann-von Mangoldt formula, which counts

the number of zeros with imaginary part in the interval [0, T].

The Exponential Potential and Macdonald Determinants

The paper identifies that the eigenfunctions of the operator H = d*2/dx”2 - e”(2x) are related to the Macdonald
functions (modified Bessel functions of the second kind), specifically K_{iy}(2a). The zeros of the function y ->
K_{iy}(2a) exhibit a distribution that is remarkably similar to the Riemann zeros. Specifically, the zero-counting

function N(T) for these Bessel zeros follows:
N(T) = (T/pi) log(T/a) - T/pi + O(1)

This suggests that the xi function can be modeled as a limit of these Macdonald-type determinants. The self-
adjointness of the underlying operator ensures that these eigenvalues are real, which, if extended to the zeta

function, would imply the truth of the Riemann Hypothesis.

Diffusion on SL_n(C) and Weyl Chambers

Beyond one-dimensional operators, Biane explores the diffusion process on the group SL_n(C). The eigenvalues
of the radial part of this Brownian motion perform a diffusion in the Weyl chamber, a cone defined by the

ordering of coordinates:
C={(x_I,..,xn)inR™M|x_1>x2>=..>=x_n}andsumx_i=0

The interaction between these diffusing eigenvalues involves a repulsion mechanism. In the limit as n approaches
infinity, the local statistics of these eigenvalues converge to the Gaussian Unitary Ensemble (GUE) statistics,
which are the same statistics conjectured to describe the local spacing of the Riemann zeros. This provides a

geometric and dynamical explanation for the "repulsion" observed between consecutive zeros on the critical line.



I Novel Research Pathways

Pathway 1: De Branges Spaces and Hermite-Biehler Functions

One concrete pathway involves constructing de Branges spaces from the Macdonald functions identified by
Biane. By defining a function E_a(z) that satisfies the Hermite-Biehler property (having no zeros in the upper
half-plane), one can use the theory of Hilbert spaces of entire functions to prove that all zeros must lie on the real

axis.

Formulation: Relate the phase function of the Macdonald determinant to the Riemann-Siegel theta

function.
Investigation: Study the perturbation of the boundary parameter a and its effect on the zero locations.

Outcome: Establishing a rigorous proof that the Macdonald zeros remain real under deformation

toward the xi function.

Pathway 2: Thorin Measures and Prime Distribution

The discovery that the xi function is related to Generalized Gamma Convolutions suggests a probabilistic
approach to the Euler product. If the Thorin measure can be extended to include weights based on the Mangoldt

function, we could represent the log-zeta function as a sum of independent gamma-like variables.

Formulation: Construct a Thorin measure nu that is supported on the logarithms of prime powers.
Investigation: Analyze the stability of the resulting infinitely divisible distribution.

Outcome: A proof that the non-negativity of the Thorin measure necessitates that the zeros of the

Laplace transform (the zeta function) lie on a single vertical line.

Pathway 3: Stochastic Quantization of the Critical Line

Using the Dirac-like system from arXiv:hal-00337882, one could apply the methods of stochastic quantization.
By treating the imaginary parts of the zeros as the equilibrium state of a Langevin equation driven by arithmetic

noise, we can study the dynamical stability of the critical line.

Formulation: Define a Hamiltonian system where the potential is the log-abs-zeta function.

Investigation: Use the Fokker-Planck equation to find the steady-state distribution of the zero

positions.

Outcome: Demonstrating that the "pressure” of the prime numbers forces the zeros to align on Re(s) =



1/2 to minimize the energy of the system.

I Computational Implementation

(* Section: Macdonald Zeros vs. Riemann Zeros ¥*)

(* Purpose: Numerically compare the zeros of K_{it} (2a) with Zeta zeros *)
Module[{a = 0.5, nMax = 15, macZeros, zetaZeros, t, root},

(* Define the Macdonald function with imaginary order *)
f[t_?NumericQ] := Re[BesselK[I t, 2 all;

(* Find the first nMax zeros of the Macdonald function *)
maczeros = Table][
Quiet[t /. FindRoot[f[t] == 0, {t, 14 + (i - 1) * 3}11,
{i, 1, nMax}
17

(* Retrieve the first nMax Riemann Zeta zeros *)

zetaZeros = Table[Im[ZetaZero[i]], {i, 1, nMax}];

(* Output a comparison table *)

Print [TableForm|[
Table[{i, zetaZeros[[i]], macZeros[[i]], zetaZeros[[i]] - macZeros[[i]]},
{i, 1, nMax}],
TableHeadings —-> {None, {"n", "Zeta Zero", "Macdonald Zero", "Diff"}}

117

(* Visualize the counting functions ¥*)

Plot [{
Count [zetaZeros, z_ /; z {Thick, Dashed},
PlotLegends —-> {"Zeta Zeros", "Biane Model (Macdonald)"},
AxesLabel -> {"T", "N(T)"},

PlotLabel -> "Comparison of Zero Counting Functions"

—

I Conclusions

The analysis of arXiv:hal-00337882 reveals that the Riemann zeta function is deeply embedded in the logic of
stochastic processes. By shifting the focus from static analytic properties to the dynamic evolution of eigenvalues
and the positivity of Thorin measures, Biane has provided a new set of tools for tackling the Riemann
Hypothesis. The most promising direction involves the study of Generalized Gamma Convolutions, as they

provide a rigorous link between the multiplicative structure of the primes and the spectral stability of the critical



line. Future research should focus on the limit of diffusions on higher-rank Lie groups, where the geometric

constraints of the Weyl chamber may finally explain the rigid alignment of the zeta zeros.
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