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Abstract

This paper extends the framework of Depth-Bounded Boolean Logics to
first-order logic, developing an intuitive “informational” semantics for quan-
tifiers, a corresponding hierarchy of approximations, and a proof-theoretical
characterization via suitable natural deduction rules.

1 Introduction

Classical logic models logically omniscient agents, that is, agents—whether human,
artificial, or hybrid — who can recognize all valid consequences of their assumptions.
This normative ideal, however, clashes with the reality of reasoning under limited
cognitive and computational resources. As Gabbay and Woods observe:

A logic is an idealization of certain sorts of real-life phenomena. By their
very nature, idealizations misdescribe the behaviour of actual agents.
This is to be tolerated when two conditions are met. One is that the
actual behaviour of actual agents can defensibly be made out to approx-
imate to the behaviour of the ideal agents of the logician’s idealization.
The other is the idealization’s facilitation of the logician’s discovery and
demonstration of deep laws [7, p. 158].
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The approzimation problem is therefore to define, for a given logic L, a hierarchy
of systems that (i) converge to L, (ii) preserve rational standards at each stage, and
(iii) provide realistic models of the deductive capacities of resource-bounded agents.

The depth-bounded approach offers a systematic solution. Its central insight is
the distinction between two kinds of information:

e Actual information: information explicitly possessed by an agent or feasibly
accessible;

e Virtual information: information not actually possessed b% temporarily
assumed as if it were possessed, in order to advance inference. r{’a}ML A"‘/d\‘\’\ wp

The aim is to minimize recourse to virtual information, thereby controlling combi-
natorial explosion[']

This approach, which stems from [6], has been thoroughly investigated for classi-
cal propositional logic in a series of papers (e.g. [2, 5, [4]) and in a recent book by the
present authors with Dov Gabbay [§]. At depth 0, reasoning is restricted to propo-
sitional inferences that can be justified in terms of actual information alone. This
yields a tractable subsystem whose semantics can be captured in several equivalent
ways, including a non-deterministic three-valued matrix first noted (but never prop-
erly investigated) by Quine [9] to represent what he called “the primitive meaning
of the logical operators” (see [3]) and later rediscovered by Crawford and Ethering-
ton [I] in connection with unit resolution. The 0-depth logic validates exactly those
inferences that can be justified without recourse to virtual assumptions.

Higher layers of the hierarchy are generated by controlling the nested uses of vir-
tual information. Increasing the permitted depth of this-nesting nested applications
of this rule yields a sequence of sound and paracomplete systems of growing inferen-
tial power and computational complexity, which in the limit converge to full classical
logic [4]. The depth parameter thus measures the cognitive and computational effort
required to dig out implicit consequences from the premises.

From the semantic distinction between actual and virtual information, one ob-
tains a parallel proof-theoretical distinction, captured by intelim rules (introduc-
tion and elimination rules for Boolean operators) together with a single branching
rule (RB). This is a structural rule—essentially a restricted cut, related to the prin-
ciple of bivalence of classical logic—that governs the introduction of virtual informa-
tion. Depth-0 reasoning is captured by intelim sequences, while deeper approxima-
tions are represented by intelim trees. Each system satisfies a subformula property

Tn proof-theory the use of virtual information is apparent in the “discharge rules” of Gentzen-
style natural deduction. As argued in [8], these rules are not suited to provide an adequate measure
of depth for deductive reasoning


sanjay

sanjay

sanjay
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and supports analytic proof search, so that tractability arises as a consequence of
the informational perspective rather than from an ad hoc syntactic restriction.

Conceptually, the depth-bounded framework provides a fresh account of the in-
formational content of deduction. An inference is of depth 0 when possessing actual
information about its premises suffices, without supplementation, to possess actual
information about its conclusion. At higher depths, inference becomes conditional
on simulating virtual extensions of the actual information state. This perspective
dissolves the traditional “scandal of deduction” (see [6]), since it recognizes that
logical inference is rarely trivial even at the propositional level: it typically involves
a non-trivial deployment of virtual information, which incurs real cognitive and
computational costs.

The aim of the present paper is to extend the depth-bounded approach, originally
developed for Boolean logic, to the domain of first-order reasoning. We discuss an
intuitive informal semantics for the quantifiers that mirrors the distinction between
actual and virtual information, and combine it with a depth-bounded proof theory
to obtain a hierarchy of approximations to classical first-order logic. This is an ex-
ploratory Festschrift piece, emphasizing ideas over formal details or technical results,
that continues Gabbay’s long-standing interest in resource-sensitive and controlled
derivation. Formal aspects and results will be investigated in a subsequent paper.

Section [2] reviews the propositional framework of depth-bounded Boolean logics
(DBBL). Section discusses the informational meaning of the quantifiers focusing on
the information we actually possess about objects, rather than propositions. The ex-
position is informal and technical details are omitted. Section [4] presents the intelim
rules and the RB rule for first-order inference and Section 5| integrates the Boolean
and quantificational components into a bivariate measure of depth, proposing a uni-
fied view of bounded reasoning. Section [6] concludes with remarks on conceptual
implications and directions for further research.

2 An overview of Depth-bounded Boolean Logics

In DBBL the underlying semantic notions are not classical truth and falsity, but
informational truth and falsity. A formula P is informationally true if we actually
possess the information that P is true, informationally false if we actually possess
the information that P is false, and informationally indeterminate otherwise. By
“actually possessing” a piece of information we mean that either we possess it explic-
itly as part of our data or it is feasibly accessible to us by a chain of simple inferences
each of which descends immediately from the informational meaning of the Boolean
operators—that is, that part of their meaning that can be specified solely in terms of
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informational truth and informational falsity (see [§, Chapters 1-2]). For conceptual
clarity we use signed formulas, i.e., expressions of the form T' P and F' P where the
former means that P is informationally true and the latter that P is informationally
false. Information states are typically partial and therefore it cannot be assumed
that for every information state and for every formula P either T'P or F P.
The intelim rules for DBBL express the most basic inferences that can be im-
mediately justified solely in terms of informational truth and falsity. While all the
rules that are sound for informational truth and falsity are also sound for their clas- ,P})\-J@L

sical “metaphysical” counterparts that obey the principle of bivalence, some of the ¢

rules that are sound for classical truth and falsity are obviously unsound for their '(dw[ '

informational counterparts. For example, under the informational reading &t the (\v"‘“}
(

signs T' and F', from T P V @ it does not follow that either T'P or T Q)¢ Indeed, S,.,I"L !
very often we are informed that a certain disjunction is true without holding any
specific information about either disjunct (“either the password or the username is Sy
incorrect”). Similarly, we may well be informed that a conjunction is false without f
holding any specific information about either conjunct; hence F' P A @) does not im- @ \"@
ply that either F' P or F' (). On the other hand, the intelim rules can be easily seen L N v"}‘,
as sound under the informational interpretation of the signs. { TW.,'& c-\
The intelim rules for the four standard Boolean operators are illustrated in Ta- W v Q\\j
ble[ll Their unsigned version in Table [2|is sufficient for all practical purposes, albeit W‘,\{\
semantically less transparent. (See [0] for a generalization to arbitrary Boolean ‘a”( A
operators.) d@’;f Q-
The intelim rules—or equivalently, the informational semantics mentioned in the
introduction and discussed in [8]—characterize the basic layer of O-depth inference. e
Inferences based only on the intelim rules can be arranged in sequences such that L%
each signed formula in the sequent is either a premise or follows from previous {
formulas by applying one of the rules. \,\:\\C‘A
To characterize classes of increasingly deeper inferences and, asymptotically, full 4 W
classical propositional logic we only need to add a single branching rule: w

PN PN *gi\‘rm“

TP Fp O p _p  for unsigned formulas. o

RB governs the use of virtual information, i.e., information that we do not actually %
possess, but must be simulated in order to reach deeper conclusions: in each branch !

we suppose a jump to a hypothetical refinement of the current information state, in ¢
which we actually possess either the information that P is true or the information {,\ A s
that P is false.
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FA TA ToA FoA o
T—-A F-A ~° FA 7 TA -
FA
_ra ., _TB .., _FB L.,
TavB 1Vh TTave 'V TFave VY
TAV B TAV B
FA o FB . FAVB _ . FAVB _
TB VB TA vV B FA V£ FB VB
T A
_FA o, _FB_ L. _TB L.,
FArB N TFaa N2 o Tmaap PN
FAAB FAAB
TA B, . TAAB . TAAB _
FB A Fa FA A B2 TA A Ea TB A B2
T A
_FA L . _TB L. _FB o o
TASB 171 Tasp 178 Fasp '
TA— B TA— B
TA FB . FASB . FASB
T B - FA b2 TA - FB b2

Table 1: Intelim rules for the four standard Boolean operators.

Intelim rules can be combined with RB to yield intelim trees. These are down-
ward-growing trees in which each branch corresponds to a possible information state.
Branching occurs only through RB, which introduces the virtual assumptions T' P
and F' P on two sibling branches.

Intelim trees An intelim tree for a set X of signed formulae is a finite tree such
that each node is either: (i) an assumption from X, (ii) the conclusion of an ap-
plication of an intelim rule to earlier nodes on the same branch, or (iii) a virtual
assumption introduced by an application of RB. The depth of an intelim tree is the
maximum number of nested applications of RB.

A branch is closed if it contains both T' P and F' P for some formula A; otherwise
it is open. A signed formula sP (where s is either T' or F') is deducible at depth k
from a set X of signed formulas if there is an intelim tree of depth k whose open
branches all end with Y.
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A ——A
—a a7k
-A
avp 'h avp 'k —~avp Y
AV B AV B
A B, ~(AV B) L, _TAVB .
B /M A A Ve BV
A
-A -B B
—arp Mo =aas M A M
~(AAB) ~(AAB)
A 5 B b ANB ANB
A Y WA B\
A
-A . B : -B :
A-B N Asp " ~A=>B) 7
A— B A— B
A N E -B L E -(A — B) M E -(A — B) Y E
B ! -A 2 A 1 -B 2

Table 2: Intelim rules for the four standard Boolean operators (unsigned version).

Note that according to the above definition, if an intelim tree of depth k is closed
(i.e., every branch is closed), then any sP is deducible from the premises. Hence, k-
depth consequence is explosive. However, for each k there are classically inconsistent
sets of formulae that are not inconsistent at depth k.

Example: The classically inconsistent set

TpVqTpV—q,T-pVqT-pV-q

is consistent at depth 0.

Hence, depth-bounded consequence remains monotonic and reflexive but not com-
plete with respect to classical entailment.

Figure [T] shows three examples of intelim trees of depth 0, 1 and 2 respectively.
Formulas are labelled with the name of the rule from which they are obtained;
unlabelled formulas are premises or virtual information introduced via RB. Note
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that in the third tree the conclusion u follows from the premises because it occurs in
all open branches. Note also that intelim trees can also be used to prove tautologies
directly from no premise. An example of a derivation of the excluded middle law is
shown in Figure

T(pva) —-r Tpvy Tp—q
| | |
T‘p Tp—r F(=pnr)
| |
T(pA‘t)_)T Tq—r T(qVs)—(p—u)
TpVq TV T ‘
| Tp Fp T(rAs)— (v—u)
T T>E \ \ \
‘ Tr 1B Tq TVE T-r— (~v— (pVr))
Fr 1-I ‘ /\
‘ Tr T—EB Tp Fp
F(pAt) T—E: ‘ ‘
| :
FioPAB T‘q T— Ey T‘p -1
TqVs TV Fr FAE

Tp—u T—oE FrAs FalL

Tu 7B T=(rAs) T7-1

Tv—u T—E

T-v— (pVr) T—E

/\

Tov Fuo

Tu T—E; T-wv 1T-1

TpVr T—E

Tr TVE,

X

Figure 1: intelim trees of depth 0, 1 and 2 respectively.
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/\

Tp Fp

TpV-p Tvh T-p 1-I

TpV-p TV

Figure 2: A direct proof of the excluded middle law.

3 The informational meaning of quantifiers

When the informational perspective is extended from propositional to quantified rea-
soning, the focus shifts from information about propositions to information about
objects. From this standpoint, the objects that are introduced by quantifier elimi-
nation are not metaphysical individuals but informational objects: bundles of prop-
erties providing a partial description of unknown objects in the domain. For ease of
exposition, we shall call them informons.

An informon carries information about how such unknown objects are partially
characterized within an information state, and thus represents the objectual dimen-
sion of information. Each informon represents an agent’s current information about
a certain object: the properties that are known to hold of it and those that re-
main undetermined. A property expressed by a signed formula in one free varial
T A(x) or F' A(x) holds of an informon ¢ if T' A(z), respectively F' A(x),
the bundle of properties associated to ¢. Informons then provide appr
to unknown objects that are typically refined as new information is geQuired either
from an external source or through (depth-bounded) inference.

false. This is the limit to which the approximations converge. A "real” informon,

on the other hand, is always an approximation of some ideal informon, consisting of
all its properties that can be determined in a given information state.

To emphasize the approximation process, we use the same fictitious name (a
parameter) for the successive approximations of the same ideal informon. IpaTaHS
“real” informon refines over time as new information is acquired. For cxample, if
we are informed that some creature has a heart, clNaylchoosclalpatacicilcHio
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Learning that all creatures with a heart have kidneys puts us in a v@ to
assent to HasKidneys(c); the bundle for ¢ therefore expands to the informen—+sCon-
taining both T'HasHeart(x) and T HasKidneys(x), which represent the best approxi-
mation to ¢ available in the current information state. HcHGeRvcIacHNalIdISPOSITION
to assent to HasKidneys(c).

To summarize: -1 )‘\YJ
\

. param(—:-t/ewéxtically denote largely unknown objects (ideal informons) that
live in“complete information states, purely ideal entities that are highly inac-
cessible;

« the information content actually carried by a parameter ¢ is dynamically deter-
mined by the current information state and consists of an informon ¢ associated
to ¢ that refines as our information grows?|

We say that T' Az (F A(x)) holds of an informon ¢ to mean that the property ex-
pressed by the signed formula in one free variable T'Az (F A(z)) belongs to the
bundle of properties that characterize t. We also write ¢t; C 1o to mean that ¢ is an
approzimation of 19, that is, 11 = 1o or is less defined than it H

In general, the following holds:

Informon inheritance property Given any pair of informons ¢ and o, and any
property expressed by the signed formula T' Az (F A(x)),

11 Cww = if T Ax (F Ax) holds of ¢;, then T' Az (F A(x)) holds of to.

A remarkable feature of depth-bounded reasoning is that an informon which is con-
sistent at a given depth, may turn out to be inconsistent at a greater depth, although
we shall not elaborate on this aspect in the context of this preliminary informal ex-
position. An example will suffice: if our information state is such that the following
set of signed formulas

{T'A(c) V B(c), T A(c) V =B(c), T =AV B(c), T —~AV -B(c)}

2This picture fits the classical monotonic view of object-level information. lGINOIEIIONOIONIC
view, informons can also shrink.

3There is a structural analogy with Scott domains [I0, [TT], where elements are partially defined
objects ordered by information content and L denotes the least defined element. Here, informons
form a partially ordered set under inclusion of properties. Distinct minimal informons carrying in-
dependent properties need not have a common refinement, although their intersection—and hence a
meet—is always defined. Informational reasoning thus unfolds along directed subsets whose suprema
correspond to limits of consistent information growth rather than to computational approximations.
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hold in it, the informon currently associated with c is always consistent if the allowed
propositional depth is 0, but becomes inconsistent at depth 1.

At the propositional level, on the other hand, information is carried by discrete
information tokens (or, more briefly, veritons), which record the status of propo-
sitions (informationally true, informationally false, or indeterminate). Informons
and veritons therefore play similar roles in the informational hierarchy: the former
track how properties attach to (otherwise undetermined) partial descriptions of ideal
informons, while the latter track how informational truth and falsity attach to (oth-
erwise undetermined) propositions. Their interaction will underpin the extension of
depth-bounded reasoning to first order logic.

To summarize, informons are partial specifications of objects that approximate
their ideal complete descriptions. Two kinds of informons must be distinguished.

Arbitrary (least defined) informons. These correspond to the so-called arbi-
trary objects introduced by universal quantifiers and by the negation of existentials.
Each of them represents an object of which no information is available besides the
properties that are known to hold of all informons in the domain. We may denote
the arbitrary informon associated to a given information state by L(ﬂ In the limit,
i.e., in a complete information state, 1, is the intersection of all ideal informons
that live in its domain. This limit is itself approximated by “real” informons that
live in the domains of partial information states.

At each stage of the inferential process, an arbitrary informon can therefore
be identified with the bundle of properties representing the general information
Ao O W bjeCHMHGNIONIE . 1 1o cencral information

is available, the bundle of properties initially associated to 1, is empty, but may
expand at later stages. For example, if we are informed that the domain of discourse
consists only of (Euclidean) triangles, the property of being a triangle holds of L,
but the property of being a right triangle does not. Later, we may discover new
properties that hold of all informons in this domain. For example, that the sum
of the internal angles of any triangle equals 180°. Each such discovery enlarges the
bundle of properties belonging to 1. In this sense, learning and reasoning can refine
the information content carried by |, without altering its structural role as the least
defined element of the ordering. Note that by the informon inheritance principle,
whatever property holds of an informon, holds also of any refinement of it.
Reasoning with arbitrary informons therefore preserves maximal generality with
respect to the domain of discourse, while yielding no object-specific information.

4This usage parallels that adopted for the undefined truth value of a proposition in the infor-
mational semantics of DBBL (see [8]). In both cases, L marks the least informative element of the
corresponding domain—the starting point of informational growth.

10
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Specific informons. These are introduced by existential quantifiers and by the
negation of universals. A specific informon embodies the assumption that the prop-
erties that hold of it, hold of some unknown object (ideal informon), though most of
its properties are not yet determined. Through successive inferences the information
attached to it can be refined, producing progressively more defined informons. Such
refinement mirrors the way witnesses are used in classical proof theory, but here it
is viewed as a controlled expansion of the agent’s information state. For example,
in the domain of Euclidean triangles, the informon characterized by the property of
having two equal sides may later be refined by adding the property that two of its
angles are equal. Note that a specific informon is always a refinement of some arbi-
trary informon which is the bottom element of the information ordering. Hence, by
the informon inheritance principle, any property that holds of an arbitrary informon
holds also of any specific informon.

For future reference, the principal symbols employed in the informational seman-
tics are summarized in Table [3

Symbol Informal meaning

TA the information that the proposition A is true
FA the information that the proposition A is false

1 undefined truth value (no information about A)
L a generic informon (bundle of properties, object—level information)
1o arbitrary (least defined) informon

t1 £ 12 11 approximates to (is equal or less defined than ¢s)

Table 3: Basic symbols for informational semantics.

What do we mean when we say that we actually possess the information that a
sentence of the form Vz A or dx A is true, or that it is false?

Let us start with the notion of actually possessing the information that Vx A is
true. The answer cannot be that we literally possess the information that A[z/a] is
true for all the unknown objects of the domain. A more feasible and information-
driven answer is the following: we are in the disposition to assent to any sentence
of the form A[z/a] where a stands for any ideal informon that is approximated
by the real one currently associated to 1,. Since any informon is a refinement of
the arbitrary informon L, being in a disposition to assent to A(c) for any ideal
informon ¢ is tantamount to saying that 7" A[x/a] holds for the arbigedry (least
defined) informon L. Y/

11


sanjay


[

D’AGOSTINO, LARESE, MODGIL Vg

Let us now turn to the notion of actually possessing tWe information that Jdz Ax
is true. This means that there is a specific ideal informodf that satisfies T' A(x) . We
may not yet know which further properties distinguish b from other, compatible ideal
informons: the commitment is only that some (as yet largely undetermined) ideal
informon satisfies T A(z) as well as all the properties that hold of L,. Accordingly,
we are in the disposition to assent to A[x/b], where b stands for some ideal informon
currently approximated by a real informon ¢ that represents the approximation of
b in the current information state; subsequent inference may refine the informon
associated to b by adding further properties.

A similar account applies to falsity. To actually possess the information that
Vx Az is false is to hold that there is a specific ideal informon that satisfies F' A(z).
We are therefore in the disposition to dissent from A[z/b], where b stands for some
ideal informon currently approximated by the minimal informon ¢ such that F A(z)
holds of +; as new information is acquired, the informon associated to b may be refined
by adding properties that provide a better approximation. On the other hand, to
actually possess the information that JzA(x) is false means to be in a disposition
to dissent from Alz/a] where a names the arbitrary, least defined, informon and,
therefore, from A[z/b] for any specific ideal informon b.

A simple example will help clarify. Suppose we are informed that

Something is either a blick or a gleem. (1)

At this stage, we are in a disposition to assent to “b is a blick or a gleem” for some
unkown object b about which this is the only information we possess. So the infor-
mon associated to b at this stage is just the minimal one whose only characterizing
property is T blick(z) V gleem(x). Next, we learn that

All blicks are plocks. (2)

Now, the property T blick(x) — plock(z) holds of L, and hence also of the informon
associated to b. Finally we learn that

All gleems are plocks. (3)

The current approximation of 1, thus has both implications in its bundle, and the
informon associated with b is updated accordingly.
If no virtual information is allowed, the informon associated to b at depth 0

is stable. At depth 1, on the other hand, we can distinguish the cases T blick(b)
and T gleem(b), each of which corresponds to a better approximation to the ideal

RGEMGHENG] Since in either case we infer plock(b), the informon associated to b now
supports also T plock(zx).

12
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This example shows how the semantics of informational objects mirrors the
growth of information brought about by additional premises and by logical infer-
ence. Moreover, it shows how the best approximations of the unknown objects in
the domain that is available at depth & > j can be more accurate than the best
available at depth j.

4 Intelim and structural rules for FOL

In this section we propose intelim rules for quantifiers. These rules are formulated
in accordance with their informational meaning explained in the previous section.
We also introduce a version of RB that is adequate for quantificational reasoning.

Recall that in our framework a parameter is a syntactic symbol that identifies an
ideal informon introduced in the course of inference. Parameters serve as persistent
names for these ideal informons and may take the form of a functional term to track
dependencies among them.

We use three sorts of parameters:

» 7y-parameters (arbitrary). Stand for the same arbitrary (least defined)
informon 1,. They behave like free variables and carry no dependency ar-
guments. Note that y-parameters cannot occur in the formula to which the
branching rule RB is applied, since branching would contradict their role as

names of the arbitrary informon L, [ SHNONNCHENSS
informative and cannot split into alternative informational developments.

o J-parameters (specific). Stand for specific ideal informons introduced by
T3 or F'V elimination. They may carry a dependency vector of currently
active v’s, written d(¥) (pure bookkeeping).

o c-parameters (neutral). Introduced only by the branching rule RB. They
may later be declared arbitrary-for-T A (or arbitrary-for-F' A) in exactly one
of the sibling subtrees generated by the branching; thereafter they behave as
~’s in that subtree and as §’s in the sibling subtree.

Typographic convention. We distinguish parameter sorts by their initial letter
(indices are used only when needed):

9,915,492, - - - d,dy,da, ... €,€e1,€2,...

~ (arbitrary) & (specific) ¢ (neutral)

A §-parameter may carry a dependency vector of the currently active +’s, written
d(g1,--.,9k), as a bookkeeping device.

13
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Global discipline. (i) No parameter occurs in the premises.  (ii) Declarations
for ¢’s are subtree-local.

We use AY to denote the result of substituting all occurrences of z in A with the pa-
rameter t. Conversely, we use A%, to denote the result of substituting all occurrences
of t in A with the variable x.

TV and F' 3 elimination.

TVx A Faz A
TVE —_—
T Az (TVE,) F Az

(F3E,)

Side condition: ¢ is a y-parameter that does not occur in A(z). It need not be
globally fresh; the same g may be reused in other applications of (VE.,) provided it
satisfies this local condition.

Although all ~-parameters represent the same arbitrary informon 1., they are
treated syntactically as distinct placeholders. This allows simultaneous reasoning
about several occurrences of an arbitrary object—for instance in R(g, g2)—without
attributing informational differences to the objects themselves. The differentiation
among v’s is purely syntactic, reflecting distinct uses of the same informational
constant rather than distinct entities. In this respect, y-parameters play the role
of eigenvariables: temporary names for an arbitrary ideal informon, semantically
identical to all others but locally distinguished so that reasoning steps remain inde-
pendent. The need for several y-parameters becomes apparent when the rules that
introduce them are applied in connection with the following substitution rule.

v-Substitution.

T A(g)
T A

(y-Subst) if g is a v and ¢ is any term free for g in A.

Reading: ~’s behave like free variables; once T' A(g) is obtained, g may be instan-
tiated by any term t. Therefore, in R(g1, g2) the two arbitrary parameters can be
instantiated by (possibly) distinct terms.

TV and F 3 introduction.

T A(g)
TVz qu”

I A(g)

(TVIL) F 3z AY

(FL,)
Side condition: g is a vy-parameter.

14
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When the truth of an existential or the falsity of a universal enters our information
state, reasoning creates a new specific informon representing the (unknown) object
whose existence is informationally asserted. In the syntax, this object is repre-
sented by a new parameter. Parameters are persistent identifiers of ideal informons:
each parameter continues to denote the same ideal informon while its associated real
informon—the current approximation available in the information state—is progres-
sively refined through inference. When the ideal informon introduced by T'dA or
FYA depends on previously introduced arbitrary informons, its parameter takes
the functional form d(¥), where the elements of 4 are the v-parameters occurring
in A. The functional notation merely records informational dependencies; it has no
semantic import. Introducing a term such as d(¥) to replace T'3A or F'VA should
therefore not be read as postulating a function of 4/, but as introducing a new specific
informon that depends on the terms that replace the +’s when the ~-substitution
rule is applied.

T3 and F'V elimination.

T3z A Fvz A

KLU AEToN !
T Ags) F A

Side condition: d(¥) is a fresh §-parameter whose argument list consists exactly of
the v’s active at the introduction site.

(F'VE;s)

T 3 and F'V introduction.

T A(t)
T 3z AL

FA(t)

(T'315) FVax AL

(FVI;)

Micro-example From T'Vz (A(z) — B(x)) and T 3z A(x), infer T 3z B(z):

TVx (A(x) — B(z)) premise
T3z A(x) premise
T A(d) T 3E;
T(A(g) > B(g)  TVE,
T (A(d) — B(d)) ~-Subst
T B(d) T > E
T 3z B(x) T 315

We call a Q-formula any formula whose main logical operator is a quantifier. We
say that a Q-formula is fully instantiated in a branch r of an intelim tree when all
its initial quantifiers have been eliminated (replaced by 7’s and d’s) in r.
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For example: the formula Vz3y R(z,y) is fully instantiated in r if r contains
R(g,d) for some ~-parameter g and some d-parameter d.

Remark 4.1. If a Q-formula of the form Qix1--- Qunxyn A(x1,...,2,) is fully in-
stantiated in a branch while the main operator of A is Boolean and some subformula
of A is itself a Q-formula, that inner Q-formula may not be fully instantiated in that
branch, depending on the upper bound on the propositional depth of the intelim tree.
In the micro-example above, all Q-formulas are fully instantiated at depth 0. If we
add the premise

TVaVy (3z (R(z,y) A R(y, 2)) V 3z (S(x,y) A S(y,2))),
it becomes fully instantiated (without branching) as

T 3z (R(g1,92) A R(g2,2)) V 32 (S(91,92) A S(g2, 2)),

but the existential subformulas inside the disjunction cannot be fully instantiated at
depth 0, because the disjunction may not be unpacked unless we are informed of the
falsity of one disjunct. At depth 1, via RB, both existentials are fully instantiated
in at least one branch. In general, there is always a propositional depth at which all
the Q-formulas occurring in the premises become fully instantiated. /

RB and neutral parameters The RB rule takes the same branching form as in
the propositional case:

N

TA FA

with the following provisos: (i) the formula A contains no ~y-parameter; and (ii) at
the split one may optionally introduce fresh e-parameters as neutral names on the
child branches; €’s have no arguments.

Applications of RB may introduce fresh neutral e-parameters. As long as it stays
neutral, an e-parameter e represents the minimal virtual informon for which A(z)
is decided: along each child subtree, the current virtual information state contains
either 7" A(e) or F' A(e). No special informational role is fixed yet. Such a neutral e
may later be declared (as needed) to play the role of a y-parameter on exactly one
of the sibling subtrees generated by the branching; it then behaves like a ¢ on the
other:

/\ /\
T Ale) F Afe) T A(e) F A(e)
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In the first case we say that e has been declared arbitrary-for-T' A, and this licenses
an application of T V-introduction. In the second, e has been declared arbitrary-for-
F' A, which licenses an application of F' F-introduction. For example:

/\
T Afc) FA(e)
| |
TVxA(x) FVzA(x)
| |

TVxA(z) V-V A(x) T -VzA(x)

TVrA(z) vV -VzA(x)

T Ale) FA@e) €
| |
T3z A(x) F3xA(x)
| |

T3xA(z) v -z A(x) T -3z A(x)

T3xA(z) v Iz A(x)

Declaration discipline

e Declarations are subtree-local and cannot be made with contradictory polari-
ties on sibling subtrees (the same e cannot be simultaneously arbitrary-for-7" A
and arbitrary-for-F' A in sibling subtrees).

o Just as y-parameters cannot occur in the formula to which RB is applied, an ¢
declared to be a  in a subtree cannot occur in any application of RB below the
node containing the declaration. Equivalently, RB can be applied to formulas
containing only d’s or neutral €’s.

Quantifier introduction via neutral e-parameters.

T B(e)

TV BS (TVE)
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Side condition: T B(e) occurs on every open branch that contains e. For example:

T A(e) F A(e)
| |
T3z A(x) F3zxA(x)
| |
T 3xA(z) v Iz A(x) T -3z A(x)

T3z A(x) V ~IzA(x)

Remark 4.2 (Relation to Hilbert’s ). e-parameters are reminiscent of Hilbert’s e-
terms in postponing existential commitment via symbolic placeholders. In our signed
setting, however, €’s are not term-forming operators: they are informational names
introduced by RB that may remain neutral (minimal informons with either T A(e)
or F A(e) per branch) or be declared arbitrary-for-T' A / arbitrary-for-F A subtree-
locally, thereby adopting v-like / §-like behaviour under the corresponding polarity.

5 A bivariate measure of depth
6 Conclusions and future work
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