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Dimension reduction
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Dimension reduction to A components
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Why component-based methods?

• Summarize and visualize complicated data
• Often relatively few underlying sources of variation
• Useful approximation of data
• Separation of signal/noise
• Outlier detection
• Confirm hypotheses
• Generate hypotheses

Næs, Varela, Castura, Bro & Tomic (2023). Why use component-based 
methods in sensory science? Food Quality and Preference, 112, 105028. 

https://doi.org/10.1016/j.foodqual.2023.105028

Data for
French Pinot Noir Wines
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Sensory Variables
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We want to predict the response y from 
multivariate X.

Response y is regressed on 
principal components of X.

Investigating data relationships
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𝐛 = 𝐗T𝐗
−1
𝐗T𝐲

𝐲 = 𝐗𝐛 + 𝐟
Multicollinearity?
More variables than objects?
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We want to predict the response y from the 
multivariate X.

Response y is regressed on 
principal components of X.

Supervised principal component regression (SPCR)
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Slope parameter: θ
Weight is 1 for X variables 
associated strongly enough with y
and 0 otherwise. 

Components parameter: A
Determines number of components.
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Many candidate values for parameters θ and A

How to choose?
Strategy: Choose model that gives the most 
accuracy predictions for data withheld from 

model training

Bair et al.: 2-fold cross-validation (2-fold cv)
Us: leave-one-out cross-validation (loocv)
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Usually, when interpret results, we draw 
conclusions about… 

relationships between variables,

relationships between objects, and

differences between objects.

Usually, when interpret results, we draw 
conclusions about… 

relationships between variables,

relationships between objects, and

differences between objects.
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Investigating paired comparisons after 
principal component analysis

Castura, J.C., Varela, P, & Næs, T. (2023). 
Investigating paired comparisons after principal component 

analysis. Food Quality and Preference, 106, 104814. 
https://doi.org/10.1016/j.foodqual.2023.104814

“Crossdiff-unfolding”

X X is a column-centered (J×M) matrix 

X⊖X X⊖X is a column-centered (J2×M) matrix 

Every row is subtracted from 
every row

Investigating paired comparisons after PCA

https://doi.org/10.1016/j.foodqual.2023.104814
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The covariance matrix of X and the 
covariance matrix of X⊖X are 
identical except for a multiplier.

Next, consider PCA of X and 
PCA of X⊖X.

X

X⊖X

“Crossdiff-unfolding”

Investigating paired comparisons after PCA

X

X⊖X
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=

PT

PCA of X PCA of X⊖X

Investigating paired comparisons after PCA
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Loading matrices obtained 
from these two PCA 
solutions are identical.

Investigating paired comparisons after PCA
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If we crossdiff-unfold scores 
from PCA of X, we get scores 
from PCA of X⊖X.

Investigating paired comparisons after PCA
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Paired comparisons

This demonstrates that objects and all their 
paired comparisons are optimally investigated 

in the same principal components.

Paired comparisons

Therefore, we can just do PCA of X
and know the PCA of X⊖X without 

actually doing this PCA.

This lays necessary theoretical groundwork to 
justify a strategy for doing paired comparisons 

after PCA. 
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We need to account for mutual dependencies in the 
data when investigating paired comparisons.

Evaluation of complementary numerical 
and visual approaches 

for investigating pairwise comparisons 
after principal component analysis

Castura, J.C., Varela, P, & Næs, T. (2023). 
Evaluation of complementary numerical and visual approaches for investigating 

pairwise comparisons after principal component analysis. Food Quality and 
Preference, 107, 104843. https://doi.org/10.1016/j.foodqual.2023.104843

https://doi.org/10.1016/j.foodqual.2023.104843
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In some studies, only a subset of 
paired comparisons is of primary 

interest…

Investigating only a subset of paired 
comparisons after principal 

component analysis

Castura, J.C., Varela, P., & Næs, T. (2023). 
Investigating only a subset of paired comparisons after principal 
component analysis. Food Quality and Preference, 110, 104941. 

https://doi.org/10.1016/j.foodqual.2023.104941

https://doi.org/10.1016/j.foodqual.2023.104941
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Example where only a subset of paired comparisons are of 
primary interest:

Many Test Products vs One Control

Focus on Test-Control pairs …not Test-Test pairs

Investigating a subset of paired comparisons after PCA

1 Control vs 9 Test Products

C

T1
T2

T3

T4

T5T6

T7

T8

T9

Test-Control PairsAll Pairs

45 paired comparisons
90 paired differences

C
T1

T2

T3

T4
T5

T6

T7

T8

T9

9 paired comparisons
18 paired differences

X⊖X Δ*

Castura, Cariou & Næs (2024)
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C
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All variability extracted is relevant
More relevant variability is extracted

Only a subset of variability 
extracted is relevant

+
Signal Noise+Signal

C
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Gain = 100(                 /                 − 1)%Signal Signal
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Paired 

Comparisons

All 
Paired
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Noise

Investigating only a subset of paired comparisons

Castura, J.C., Varela, P., & Næs, T. (2023). Investigating only 
a subset of paired comparisons after principal component 

analysis. Food Quality and Preference, 110, 104941.

“…the interrelationships between the variables might 
be different for the subset of paired comparisons than 
it is for all paired comparisons. So the covariance 
matrix for a matrix of all paired comparisons and the 
covariance matrix of selected paired comparisons will 
differ depending on the data. ”
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X⊖X Δ*= T⊖T

PT

= T*
(P*)T

Δ* contains a subset of 
the rows in X⊖X

Loading matrices differ

Investigating a subset of paired comparisons after PCA
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Another example where only a subset of paired 
comparisons are of primary interest:

Temporal sensory data 

Focus: 

Paired comparisons within timepoints, not across timepoints

Investigating a subset of paired comparisons after PCA

Within-timepoint Pairs

• 28 within-timepoint pairs
• 56 timepoints
• C = 28×56 = 1568

Δ* matrix has dimension
3136 × 10

All Pairs 

• 8 yogurts × 56 timepoints
• 448 combinations
• All pairs = 100,028

X⊖X has dimension
100028 × 10

Investigating a subset of paired comparisons after PCA



J.C. Castura, Compusense Inc.
All rights reserved
KoSFoST 2025, 2-4 July, Gwangju, Korea

Exploring the relationship between sensory and 
instrumental data with component-based methods (32)

C
as

tu
ra

, V
ar

el
a,

 &
 N

æ
s 

(2
02

3
) 

[e
C

o
m

p
o

n
e

n
t]

 
d

o
i:1

0.
10

16
/j

.f
o

o
d

q
u

al
.2

02
3.

10
49

41
 

Gain:

1 PC:
>3500%

2 PCs:
52%

3 PCs:
1%

Investigating a subset of paired comparisons after PCA

Investigating control-centred results 
after uncentred principal 

component analysis

Castura, J.C., Cariou, V., & Næs, T. (2025). Investigating control-centred results 
after uncentred principal component analysis. Zenodo. Preprint. 

[Manuscript under review. Preprint not peer reviewed. 
This preprint to be updated very soon!]. 

https://doi.org/10.5281/zenodo.15073361
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Δ*
PT (P*)T Xc

(Pc)T

X⊖X
C
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T5T6
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C
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T4
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≈ T⊖T

T*
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≈
≈

Δ* XcX⊖X

C
T1

T2

T3

T4
T5

T6

T7

T8

T9 Tc

…contains half these 
rows plus a rows of 

zeros!Gain = 100(                    - 1)%
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Δ*
PT (P*)T Xc

(Pc)T
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T4−C

C−T4

Centred PCA of Δ*

T4−C

Uncentred PCA of Xc

Data matrix contains only unique information

Xc contains only 
• test-control paired differences 

Data matrix contains redundant information

Δ* contains both
• test-control paired differences 
• control-test paired differences

Solutions 
are 

Equivalent
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u
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Uncentred PCA of Xc
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For investigating Test-Control paired comparisons…

Advantages of uncentred PCA of Xc

• “best” subspace for investigating the relevant test-control pairs
• components ordered by importance
• these particular uncentred PCA results have a conventional “variance 

interpretation”
• origin interpretation: “no difference from control”

C
as

tu
ra

, C
ar

io
u

&
 N

æ
s

(2
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Supervised principal component regression of selected 
paired comparisons

Castura, J.C., & Tomic, O. (2024). Supervised principal 
component regression of select paired comparisons. Zenodo. 

[Manuscript under review. Preprint not peer reviewed]. 
https://doi.org/10.5281/zenodo.11663995

This preprint to be updated very soon!
Castura, J.C., & Tomic, O. (2025). Supervised principal 
component regression of select paired comparisons. 
[To be uploaded soon to the Zenodo preprint server!]

[Manuscript under review. Preprint not peer reviewed].

https://doi.org/10.5281/zenodo.11663995
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Investigating data relationships
with supervised principal component regression (SPCR)

X +by = f

X⊖X
y
⊖

y

+b f
⊖

f

regression 
coefficients 
are the 
same

C
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ra

 &
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o
m
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 (

2
0

2
4

)

If parameters θ and A
are the same, then…

Investigating data relationships
with supervised principal component regression (SPCR)
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2
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)

T PT

A
A

Approximated 
by

Predicts
y

SPCR of X and y is equivalent to SPCR of X⊖X and y⊖y because regression 
coefficients are the same, which occurs the following are the same:

• X weights 
• X loadings
• Y loadings

1

2

3

1 2 3
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Investigating data relationships
with supervised principal component regression (SPCR)
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)

T PT

A
A

Approximated 
by

Predicts
y

SPCR of X and y is equivalent to SPCR of X⊖X and y⊖y because regression 
coefficients are the same, which occurs the following are the same:

• X weights 
• X loadings
• Y loadings

1

2

3

1 2 3

Investigating data relationships
with supervised principal component regression (SPCR)
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)

…however, using Δ* introduces a subtle problem…

Δ*
(P*)T

C

T1
T2

T3

T4

T5T6

T7

T8

T9

Δ*

T*≈

Centred PCA of

Xc
(Pc)T

C

T1
T2

T3

T4

T5T6

T7

T8

T9

Xc

Tc≈

Uncentred PCA of

…is equivalent to…

We know we can focus on paired comparisons or paired differences since…
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Investigating data relationships
with supervised principal component regression (SPCR)

Approximated by Predicts

Approximated by PredictsTc
A

A yc

-Tc
A

A -yc

T* P*T
A

A y*

PcT
…is equivalent to…

A

Castura & Tomic (2025)

Investigating data relationships
with supervised principal component regression (SPCR)

Approximated 
by

Predicts

Approximated 
by

Predicts

Tc
A

A yc

-Tc
A

-yc

T* P*T
A

A y*

PcT

…is equivalent to…
same same

A

Castura & Tomic (2025)
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Investigating data relationships
with supervised principal component regression (SPCR)

Approximated by Predicts

Approximated by PredictsTc
A

A yc

-Tc
A

A -yc

T* P*T
A

A y*

PcT
…is equivalent to…

A

Castura & Tomic (2025)

…however, using Δ* introduces a subtle problem…
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Tc, yc

-Tc, -yc
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Test-Control Pairs

Test-Control Pairs

Tc, ycRegressing yc on the scores from the 
uncentred PCA of Xc yields the correct 
regression coefficients
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Test-Control Pairs
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-Tc, -yc Regressing -yc on the scores from the 
uncentred PCA of -Xc also yields the correct 
regression coefficients

C
as

tu
ra

 &
 T

o
m

ic
 (

2
0

2
5

)Test-Control Pairs

Tc, ycRegressing yc on the scores from the 
uncentred PCA of Xc yields the correct 
regression coefficients

Test-Control Pairs

-Tc, -yc Regressing -yc on the scores from the 
uncentred PCA of -Xc also yields the correct 
regression coefficients

Regressing y*=(yc, -yc) on the scores from the uncentred PCA of Δ*=(Xc, -Xc)
forces the regression through the origin, leading to bad predictions! C

as
tu

ra
 &

 T
o

m
ic

 (
2

0
2

5
)

Tc, ycRegressing yc on the scores from the 
uncentred PCA of Xc yields the correct 
regression coefficients

Test-Control Pairs

Both Test-Control Pairs & Control-Test Pairs

Test-Control Pairs
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Many candidate values for 
parameters θ and A

Since we are focused on paired comparisons, 
we adapted leave-one-out cross-validation 

to handle dependent data.
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Conventional loocv

One row left out per fold.

Each row is an object.

No information from the 
left-out object leaks into 
the model during training.

Software for conventional 
loocv widely available.

Adapted loocv

One object left out per fold.

Multiple rows are left out.

No information from the 
left-out object can leak into 
the model during training.

Functions for adapted loocv
must be coded.
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Predicted error sum of squares (PRESS)

Models evaluated by calculating PRESS statistic calculated for 
left-out test-control paired differences.
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)෍ 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 − 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 2

X +by = f

X⊖X
y
⊖

y

+b f
⊖

f

…SPCR of all 
objects has 
the same 
regression 
coefficients 
as SPCR of 
all paired 
differences

If using 
loocv…

Investigating data relationships
with supervised principal component regression (SPCR)

Xc
+=yc

bc fc

…SPCR of test-control paired 
differences has different 
regression coefficients
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SPCR of X⊖X and y⊖y SPCR of Xc and yc

Cooked 
cherry 
aroma

6 Predictors 13 Predictors
2 PCs 2 PCs
PRESS 1.75 PRESS 1.48
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Regression coefficients

Fresh 
cherry 
aroma

SPCR of X⊖X and y⊖y SPCR of Xc and yc

11 Predictors 22 Predictors
1 PCs 3 PCs
PRESS 1.67 PRESS 0.89
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Regression coefficients
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Cut 
grass 
aroma

SPCR of X⊖X and y⊖y SPCR of Xc and yc

3 Predictors 23 Predictors
1 PCs 4 PCs
PRESS 2.34 PRESS 2.88
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2
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2
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Regression coefficients

Fresh 
strawberry 
aroma

SPCR of X⊖X and y⊖y SPCR of Xc and yc

3 Predictors 17 Predictors
1 PCs 2 PCs
PRESS 2.42 PRESS 0.96
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Regression coefficients
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Vanilla 
aroma

SPCR of X⊖X and y⊖y SPCR of Xc and yc

44 Predictors 3 Predictors
1 PCs 1 PCs
PRESS 6.63 PRESS 6.25
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Regression coefficients

Woody 
aroma

SPCR of X⊖X and y⊖y SPCR of Xc and yc

14 Predictors 2 Predictors
5 PCs 2 PCs
PRESS 0.35 PRESS 2.12
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Regression coefficients
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Simulation study

3 latent 
variables

noise

Number of “signal variables”: 5, 15, 30, 45.
Std dev of random added noise: 0, ¼, ½, ¾, 1.

Each condition was a combination of…

simulate

project

pure signal 
variables

simulate

add noise add noise

signal

Training data set

noise

simulate

signal

Test data set
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Simulation study

Results 
based 
on 
loocv Simulated 

independent 
test set
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Simulation study

Results 
based 
on 
loocv Simulated 

independent 
test set

SPCR of Xc and yc

unsurpassed in 
approximation of Xc

SPCR of Xc and yc

unsurpassed in 
approximation of Xc

Similar

SPCR of Xc and yc

unsurpassed 
prediction accuracy 

of yc

SPCR of X⊖Xand 
y⊖y unsurpassed 

prediction accuracy 
of yc

Different

C
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o
m
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 (

2
0

2
5

)

The simulation study shows the superiority of the SPCR of test-
control paired differences model for the training set does not 
generalize to test sets simulated from the same data generating 
process. 
We are only interested in the test-control paired differences, 
not the test-test paired differences, but since both types of 
pairs carry information about the association between 
variables, the relationship between predictor and response 
variables is modelled better by the SPCR of all objects model 
than by the SPCR of test-control paired differences model. 

This finding shows overfitting appears in many guises. 

For this reason, the SPCR of all objects model is recommended 
for most routine analyses.
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Partial least squares regression 
(PLSR)

X
Explanatory Variables

P
ro

d
u

ct
s

SensoryChemistry

Y
Responses

P
ro

d
u

ct
s

Predicts

We want to predict multivariate Y from the 
multivariate X.

Successive PLS components extract covariation
between X and Y maximally.

Partial least squares regression (PLSR)
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We want to predict multivariate Y from the 
multivariate X.

Successive PLS components extract covariation
between X and Y maximally.

Partial least squares regression (PLSR)

Partial 
least 
squares
regression

Covariance
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Explanatory Variables

T PT
X

Explanatory Variables

P
ro

d
u

ct
s

A

A≈

“Signal”

Explaining and predicting data relationships

Wold, H. (1966). Estimation of principal 
components and related models by iterative 
least squares. In Krishnaiaah, P.R. (ed.). 
Multivariate Analysis.

F

“Noise”

+

T QT

A

A

“Signal”

Variab
les

(sensory 
Variables

)

Y
Responses

P
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d
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s

≈

Explaining and predicting data relationships

W
o

ld
 (

1
9

6
6

)

F+

“Noise”
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T PT

A

A QT
AT

APredicts

W
o

ld
 (

1
9

6
6

)

Partial least squares regression (PLSR)

“Signal” in X “Signal” in Y

PLS components

X

Y
&

Linear 
combination 
of variables in

Linear 
combination 
of variables in
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X
Variabl

es
(sensory 

Variables)

Y

Investigating data relationships

W
o
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 (

1
9

6
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)

= B

PLS regression coefficients

F+

Paired comparisons after PLSR
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