QUANTITATIVE COVERING AND EQUIDISTRIBUTION

NATALIA JURGA

ABSTRACT. Covering (density of orbits) and equidistribution are fundamental properties of
an ergodic dynamical system. In this expository note, we investigate the quantitative aspects
of these properties for a simple model. In particular we investigate how much of a single
orbit we must observe before we can expect it to reach a certain density in the state space
and for it to be almost equidistributed, in a certain sense. We explore more broadly how
these questions regarding the statistics of individual dynamical orbits are closely related to
the multifractal properties of the underlying ergodic measure.

1. STOPPING TIMES: LOCAL STATISTICAL PROPERTIES IN DYNAMICAL SYSTEMS

We begin this note by discussing an emerging research direction in the study of the stat-
istical properties of dynamical systems. We use the term dynamical systems in the broad
modern sense, to include maps of metric spaces, random walks, iterated function systems,
(semi-)group actions etc, all of which can be studied from a dynamical perspective.

The global statistical properties of dynamical systems is a well-established and thriving
topic of study across the field. This includes the study of mixing rates (how fast the system
forgets its initial state, on average) and statistical limit theorems (how time averages distribute
in the long run, across the entire system). The techniques involved in studying these kinds
of properties are usually purely analytical and probabilistic, and can often be reduced to
studying the spectral properties of an appropriate transition operator.

This note will be concerned with local statistical properties, that is, the statistical properties
of individual trajectories of the system. Such properties can be investigated from the point of
view of stopping times. A stopping time is a function (on the state space or space of possible
orbits) which records how long it takes for the corresponding orbit to meet a predetermined
condition. Examples of stopping times are:

e hitting times (the first time the dynamics accesses a certain region of the phase space),

e cover times (the first time the dynamics covers the phase space to some resolution),

e blanket times (the first time the empirical distribution along an orbit resembles the
underlying stationary or invariant measure in a particular sense) etc.

For systems with discrete state spaces e.g. random walks on graphs, finite state Markov chains

etc, stopping times have been thouroughly investigated in the literature, and often require

both analytical and combinatorial techniques. Unlike global statistical properties, stopping

times have been shown to be a lot more sensitive to geometry. For instance in the setting of

random walks on graphs, stopping times can vary wildly depending on the geometry of the

graph (such as bottlenecks, symmetries and poorly connected parts of the graph), whereas
1
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global statistics are more robust to phenomena such as rare long paths and capture a smoother
average behaviour.

Now let us consider the setting of dynamical systems where the orbits belong to a con-
tinuous state space. In this setting the hitting time has been intensely studied, largely due
to its connections with inducing/renormalisation techniques which were developed to study
parabolic/slowly-chaotic systems. However, more general stopping times had not received any
attention until [JM,BJKJT]. From our initial investigations it seems that in this setting stop-
ping times also exhibit more sensitivity to the geometry, in particular the geometric measure
theoretic properties of the system. However the continuity of the state space makes this sens-
itivity more complex and subtle to characterise than the discrete case. Therefore a key aim of
this program is to explore the interplay between the local statistical properties of dynamical
systems (such as stopping times) and the multifractal properties of the invariant/stationary
measure.

In this expository note we will estimate the cover and blanket times for a simple system
in which the arguments can be presented in a very streamlined way. This note contains an
estimate for the cover time for this example, which is a simplified version of the arguments in
[JM]. The second result is an estimate on the blanket time for this system. This is original,
but due to the simplicity of the system we will show that the result can be reduced clearly
and rather effortlessly to an analogous result for Markov chains. Although the very good
regularity of the measure in our system will mean that few ideas from multifractal analysis will
be required, our aim is to illuminate places where a future more general theory would benefit
from a more refined application of multifractal analysis. We will do this through discussion
and open questions. Our intended audience for this note is a fractal geometer, perhaps with
some expertise in multifractal analysis, who would like a straightforward entry to the basic
combinatorial and probablistic techniques which are involved in this line of research.

In §2| we introduce the system which we will restrict our attention to, introduce the cover
and blanket times formally in this context and state our main results. We also discuss
more general versions of these results in the literature and frame them from the multifractal
perspective. In §3|we introduce symbolic dynamics and appropriate ‘symbolic stopping times’
and demonstrate their relationship to the stopping times for our system. In §4] we use the
symbolic dynamics to model an approximation of our system at any scale by an appropriate
Markov chain, and connect its stopping times to the symbolic stopping times. and [0]
contain the proofs of our main results. Finally in §7 we discuss possible future directions of
study.

1.1. Notation. We write f(x) < g(z) if there exists a positive finite constant C' such that
C~lg(z) < f(x) < Cg(z) for all z in the domain, which will be clear from the context. We
use big O notation and write f(z) = O(g(x)) if if there exists a positive finite constant C
such that f(z) < Cg(z) for all = in the domain.

2. QUANTITATIVE COVERING AND EQUIDISTRIBUTION FOR THE CHAOS GAME

The study of stopping times is often grounded in a computational/algorithmic perspective:
“How many steps does my algorithm require to meet this condition?”. In fact this perspective
is inherent to the particular system we would like to study, since the ‘dynamics’ will arise via
an algorithm known as the Chaos Game.



QUANTITATIVE COVERING AND EQUIDISTRIBUTION 3

Let e; = (0,0),e2 = (1,0),e5 = (3, @) and consider the two-dimensional simplex
A ={aje; +ages +ages :a; > 0,00 + s+ a3 =1} C R2.
Consider the iterated function system (IFS) {f; : A — A}?_, where the f; are the similarity

mappings

fi(x)

9
fs(z) + (i’f) :

Note that e; is the unique fixed point of f;. By Hutchinson’s Theorem [H], the IF'S has a unique
attractor, i.e. there is a unique, non-empty compact set F' C A such that F = U?zl fi(F).
The attractor F' is the well-known Sierpinski triangle which is a classical example of a self-
similar set.

1
=z
2
1
fa(z) = PR
_ 1

In [Ba] Barnsley introduced the Chaos Game, which is an algorithm for constructing at-
tractors of iterated function systems. In the case of the Sierpinski triangle, this algorithm
takes a particularly neat form.

Fix any initial point g € F. Then pick some index i; € {1,2,3} uniformly at random.
Let x1 be the point which lies halfway between ¢ and e;,. Next, pick 72 € {1,2, 3} uniformly
at random, independently of the first choice. Let zs be the point which lies halfway between
x1 and e;,. We continue to generate a random sequence of points (z,)72; in this way. The
reader may check that this random sequence is contained in F' and that for any n € N,
Ty, = fin. i, (x0) == fi,, 0+ 0 fi,(x0). It will be notationally convenient to denote f;, = id.

Let B(y,r) denote an open ball in R?. Let s = dim F = iggg and H* denote s-dimensional

Hausdorff measure [F], restricted to F' and normalised so that H*(F) = 1. Barnsley showed
that almost surely:

(A) the random sequence (zp,)nen is dense in F ie. {zp}tpeny = F
(B) the random sequence (zy,)nen equidistributes to the normalised s-dimensional Haus-
dorff measure: for all y € F, r > 0,

<n< CTp ,
lim #{0<n<N:z, € B(y,r)}

Jim = — H(B(y. 1)) M

In this note, we will investigate quantitative versions of statements (A) and (B). To this
end we introduce two stopping times (non-negative integer valued random variables which
record the first time that a prescribed event occurs). The first of these stopping times records
at what time the sequence (z,)5, reaches a certain density in F'. We will say that a set E
is r-dense in F if for all « € F' there exists y € E such that |z —y| <.

Definition 2.1 (Cover time). Given xg € F and r € (0, 1) define the cover time at scale r to
be the random variable 7, given by

Too = i0f{n > 0: {zg,...,z,} is r-dense in F'}.
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(1) Random output of Chaos Game with (1) Random output of Chaos Game ad-

uniform weights. apted to non-uniform weights. Here the
probability to choose the map fi, f2, f3
was i, i, % respectively.

FIGURE 1. Each of these diagrams shows a randomly-generated sequence
(zn)N_, starting at o = 0 and terminating when every point of the Sierp-
inski triangle has been approached to within distance r = 276,

Note that 7, can be understood as a function on the space of sequences
Y = {(iri2...) 1 i; € {1,2,3}} since

7o (1) = inf{n > 0 : {xo, fi,(x0), ..., fi,..i;(z0)} is r-dense in F'}.

o
This can be thought of as the first time the Chaos Game algorithm has obtained a represent-
ation of the attractor to a prescribed resolution.

The second stopping time records at what time the sequence (z,,)5°, is almost equidistrib-
uted, in a certain sense.

Definition 2.2 (Blanket time). Given z¢p € F and €,7 € (0,1) define the e-approximate

blanket time at scale r to be the random variable 7, given by

#{0<n<N:z, € B(y,r)}
N+1

> (1- e)%&(B(y,r»} |

x0

TT’Ezinf{N>0:Vy€F,

Note that 7 can be viewed as a function 745 : ¥ — N U {oo} given by

N
| 1 .
T;z)ﬁ(i) =inf (N >0:Vy € F, m Z 1B(y,r)(fikmi0($0)) > (1 - €>H (B(ya 7’))
k=0

The heuristic behind this stopping time is that we don’t only want the ‘resolution’ of the
output of the Chaos Game to be correct, but we also want the distribution to look ‘roughly
uniform’.
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The first basic and natural questions to ask about these stopping times are: what can be
said asymptotically about the almost sure or expected behaviour of 7 and Tz 7 In this note
we focus on the expectation.

2.1. Cover time estimates. We will prove the following estimate for the cover time:

Theorem 2.3. There exists C' < 0o such that for any xo € F and r > 0,

1 1 log 3 1 1 log 3 1
log 2 log 2
o (1) e (7) <m0 (1) e ().

2.1.1. Discussion. More generally, one could consider an IFS {S; : RY — RI}N . of strict
contractions and let 8 be an ergodic measure on the symbolic space {1,..., N }N . Let F be
the attractor of this IFS and, choosing an initial point x¢y € F', consider the random sequence
of points (z,)nen generated by choosing z,, = S;, i, (zo) with probability B([i1 ...i,]). We
call this the generalised Chaos Game. Analogous statements to (A) and (B) can be shown to
hold in this more general setting by letting H* be replaced by the measure p supported on F'
which is obtained by pushing forward the measure v([i;...4,)) := B([in...41]) to F. (Note
that § = v in the case that § is Bernoulli).

Quantitative versions of (A) were considered in [JM|,BJK]| when f is sufficiently mixing.
Analogues of Theorem were obtained where the expected cover time was shown to satisfy

log ]ET;O _4

lim
r—0 —logr

where d is the Minkowski dimension of the measure p (where it exists)

log min B(x,r
d = dlmM = lim g TESUPPH /~L( ( )) (2)
r—0 logr
The Minkowski dimension can be interpreted as the L™°° dimension of g, which may be
instructive to keep in mind since this provides a connection to the coarse multifractal spectrum
(which roughly speaking describes, for any a > 0 how many disjoint r-balls centred in supp u

there are with measure approximately ) via the Legendre transform.

In [JM], where the Chaos Game was studied for self-similar sets F' and 5 Bernoulli, the
precise asymptotic for E7; was determined exactly up to a uniform constant (i.e. the log-
arithmic factor was determined as in Theorem in some, but not all cases. For example,
when f is the unique Bernoulli measure § which pushes forward to the measure of maximal
dimension 1 supported on F', it was shown that E7; =< r~%log(1/7).

Comparing this with Theorem [2.3] provides the right lens to interpret the asymptotic in
Theorem [2.3} while the cover time is primarily determined by the time to hit the least access-
ible ball at a given scale, since H? is an extremely regular measure it follows that all balls have
roughly the same measure (thus are equally accessible) and indeed the Minkowski dimension
of H* coincides with all other notions of dimension of H* (as well as the dimension of F).

Question 2.4. Consider the generalised Chaos Game on a general self-similar set. Is it
possible to prove that

Erp, < r~4log N(r)
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where N(r) can be characterised in terms of the coarse multifractal spectrum? Heuristic-
ally one would expect N(r) to be the number of disjoint balls at scale r whose measure is
approzimately minimal for that scale.

The simplest unknown case is when the S; are similarities with contraction ratios r;, 3 is

a Bernoulli measure associated to the probability vector (p1,...,pn) and the mazximum in the
ratio maxi<i<y iggﬁj is attained at a unique value of i € {1,...,N}. While lower and upper

estimates were obtained for this case in [JM, Theorem 1.1], they differ by a logarithmic factor.

The Minkowski dimension was introduced by Falconer, Fraser and Kaenmaki in [FFK]. It
does not always exist (more generally one should take limsups and liminfs in to consider
upper /lower Minkowski dimensions dimy;y and dimy;u). The name derives from the fact
that the Minkowski (box-counting) dimension of F', whenever it exists, satisfies dimy; F' =
min{dimy;p} where the minimum is taken over fully supported finite Borel measures on F. It
is a global property of the measure rather than a local property, for example it was shown in
[BJK, Remark 5.2] that there exist self-affine measures on Bedford-McMullen carpets whose
Minkowski dimension is strictly bigger than the maximum of the local dimension spectrum

: log p(B(,r))
max limsup ————"2~.
TESUPPL 130 log r

We note that if the setup were to be relaxed even further to include IFS containing either
infinitely many maps or maps which were not strict contractions, then the Chaos Game
yields natural examples of measures p whose Minkowski dimension is infinite. In this case the
expected cover time at scale r satisfies a stretched exponential law in r rather than a power
law, as seen in [JT) Examples 7.3 and 7.4].

2.2. Blanket time estimates. We will prove the following result for the blanket time:

Theorem 2.5. There exists C' < oo such that for any r,e € (0,1), and any z¢ € F,

1 /1) 182 1 C 1\ 1

Tog 2 log 2
22 e (2) <Erme < S (2 0e ().
C <7”> o8 (7’> = =3 <T> o8 (7“6)

For a fixed €, this result can be interpreted as comparability of the cover and blanket times.
Namely, once the Chaos Game covers the fractal at a certain scale, one can expect to only
wait a constant times that amount of time longer (where the constant is independent of the
scale but depends on the notion of ‘approximate’) before the Chaos Game has approximately
equidistributed at that scale.

2.2.1. Discussion. The blanket time has previously not been studied and it would be inter-
esting to see to what extent a generalisation or refinement of Theorem [2.5 could be obtained.

The lower bound in Theorem follows trivially from the fact that the cover time is a
lower bound on the blanket time. Therefore a natural first question is:

Question 2.6. For the standard Chaos Game on the Sierpinski triangle, is it possible to obtain
a lower bound which also depends on €? Is it possible to determine the exact dependence on
€ i.e. find c(e) such that Etyy < c(e) - Er] 2



QUANTITATIVE COVERING AND EQUIDISTRIBUTION 7

We will see in Proposition that the regularity of the measure H® is key to a clean
translation of this problem into a symbolic setting. Even extending Theorem to the
Chaos Game on the Sierpinski triangle with non-uniform weights would require non-trivial
arguments to handle the ensuing loss of regularity of the measure p.

Question 2.7. Consider the generalised Chaos Game on a general self-similar set. Is it true
that

Er. < c(e) - Ery,

and how does c(€) depend on the regularity of the measure?

3. SYMBOLIC COVER AND BLANKET TIMES

In this section we recast the stopping times in the language of the symbolic space X, which
will eventually allow us to relate the cover and blanket times to the classical cover and blanket
times of certain Markov chains.

Given n € N, let ¥, = {1,2,3}". Given i € ¥,, we call
[i] ={j € ¥:j = ik for some k € X}

a cylinder set (of length n), where ik denotes the concatenated infinite word. Let IT: ¥ — F
be the coding map

W(iyip...) = lim fi,.i,(A)

where we write f;, ;. = fi, o---o f;, . The initial point ¢ € F will be considered as fixed
throughout this section. Fix ip € 3 such that II(ig) = xo, noting that this is not a unique
choice due to the overlap of the maps in the IFS. Let 8 denote the uniform Bernoulli measure
on ¥, noting that H* = Bo Il

It will be convenient to consider the following symbolic version of the cover time. Consider
the function 7] : ¥ — N U {oo} given by

(i) = inf{n > 0: {ig,41i0,...,0n ... 9110} Visits every cylinder of length m}.

Proposition 3.1. For any m € N,

Proof. Fix 1 € ¥ and let n = 7{7(1). For the first inequality, notice that since projected
cylinders of length m have diameter %, {zo, fi,(x0),..., fi, i, (x0)} must necessarily be
2m#,l—dense in F.

1
om~+1 /.

For the second inequality, let n = 72" (i) and fix arbitrary j € {1,2,3}™. Since
{zo, fi,(x0), ..., fi, i, (x0)} is W%— dense, f;(F) \ {fj(e1), fj(e2), fj(e3)} must contain a
point from this sequence. Moreover, the first m digits of the coding of any point in f;(F) \
{fj(e1), fj(e2), f;(e3)} must necessarily be j. This implies {i¢,é110,...,%..-i1i0} N [J] #
0. O
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For convenience of notation let ¢ denote the empty word. We now define a symbolic version
of the blanket time: 7{"° : ¥ — N'U {co} given by

N
m,e ;- . . m 1 . o 1
Tio (1) = mf{N >0:Vje{l1,2,3} amz_:l[j](lk...lolo) > (1- 6)3m} )
Proposition 3.2. For all € € (0,1) there exists m. € N with me = O (1og (%)) such that for
all meN

1
7_27m7€ < T?n+m€,§

Zo — 'ip

Proof. Note that ‘H?® is Ahlfors regular, i.e. there exist 0 < a < b < oo such that for all y € F
and all » > 0,

ar® < H*(B(y,r)) < br®.

Let ¢ be a constant such that for all 0 < 6,7 < 1, the annulus B(0,7) \ B(0,7(1 — ¢)) can be

covered by § balls of radius rd. Let m. € N be sufficiently large that m, > ﬁ logs (%).

Let n = T:Z+m€’§ and fix y € F. Let C C X4, be the collection of j for which f;(F) C
B(y, gm)-
By definition of the symbolic blanket time we have
R 1 - L € :
e > 1pyr (fipio(®0)) = i DO 15k - doio) > (1 - 5) > B3
k=0 JEC k=0 jec

By definition of ¢, the annulus B(y,27™) \ B(y,27"(1 — 27™ "™¢)) can be covered by ¢2™<
balls of radius 27™~™<. However we are interested in covering the intersection of F with
the annulus (B(y,2™™) \ B(y,27"™(1 — 2™ ™¢))) N F by balls which are centred in F. By
replacing the balls appearing in the cover of the annulus with appropriate balls centred in F
it is not difficult to see that the intersection of the annulus with F' can be covered by 3¢2"*
balls (each of which is centred in F) of radius 2™ ™. Therefore

Zjec B([3]) _ H3(B(y,27™) \ B(y,27™(1 — 27™<))) 2me3pe(2-mme)s

>1

>1-

Ho(B(y,27™)) — H*(B(y,27™)) a(27m)*
11— Qmi’fl)a >1- 2.
Therefore
. > Lt Fuioleo) = (1= B 27™) > (1= (B0 27™)
which completes the proof. O

Alfhors regularity of H* was crucial to the last proposition. A highly fluctuating measure
may support too much measure near the boundary of a ball, which would prevent us from
discarding the annulus in the way we did without too much loss of measure. For a less regular
measure, this is a key part of the argument which would need to be refined using more subtle
multifractal analysis.
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4. MARKOV CHAINS THEORY

Given an irreducible Markov chain (X, ),en on a state space V' and stationary probability
m = (m(v))vev, the cover time |LP| of the Markov chain is defined as the random variable
Teov = inf{n >0:Vo € V,30 < k <ns.t. X =0}

and the e-approximate blanket time [WZ| of the Markov chain is defined as the random

variable
#{0<k<n:X,=v}

n—+1

Tﬁlzinf{nEO:VUEV, 2(1—6)71'(1))}.

(

For each m € N we now define an irreducible Markov chain (Xnm))neN whose cover and
blanket times will coincide with an appropriate symbolic cover and blanket time introduced
in the previous section.

Proposition 4.1. Let m € N. We may build an irreducible Markov chain (X,(lm))neN on the

state space Xy, as follows. Define a 3™ x 3™ square matriz Ap, = [a; )i jex,, by

S +if 3i such that [ii] C [j]
= 0 otherwise,

and define a vector m, € R3" by := 3% Then:

(a) Ap is a row stochastic matriz,
(b) T is a left stationary vector, i.e. Tpm Ay = Tm,
(c) Ay, is irreducible.

Finally, letting Tcoy,m and 7 ., denote its cover and blanket times, for ig € ¥, Ei Teov,m =

Er2 ™ and Eig Ty m = ETfo_m’e.

Proof. To see that A, is row stochastic, fix i = i1...4,,, € ¥,, and note that a; ; > 0 for
j=J1...Jmifand only if jijo ... jm = i1 ... 0pm—1 for some i € {1,2,3}. There will be exactly
three such words j given by 1iy ...4%,—1,241 ... %n—1,301...%m—1. Hence Zjezm a;; = 1.

Since #X,,, = 3™, m,, is clearly stochastic. To see that m, Ay, = T, ix j =J1.- . jm € X
and note that a; 5 > 0 for i = iy...4p, if and only if 4i1...4,-1 = j1...Jm for some i €
{1,2,3}. This will be the case for exactly three words i, given by ja...jm1,j2 ... Jm2, j2 ... jm3.
Therefore the dot product of 7, and the j column of A4,, is 3 - 3% : % = ?%m which confirms
stationarity.

To see that A, is irreducible, we will see that A3 = [af"

Indeed, af’; > 0 if and only if there exist k1,...,kmn € {1,2,3
which is clear by taking k1 = j1, ..., km = jm.

j]i,jegm is a positive matrix.
} such that [k ...kni] C [j],

The coincidence of the expected cover and blanket times is clear. ]

5. PROOF OF THEOREM [2.3]

For i € X,,, we define
73 = min{t > 0: Xt(m) =il
which we call the hitting time to the state i.
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The motivation behind relating the cover time of the Chaos Game to the cover time of a
Markov chain is that we can now appeal to the wealth of literature on the cover time of Markov
chains. To estimate the cover time we will use a classical bounds of Matthews’ (see [LP,
Theorem 11.2] based on |[M]). This result is proved using a ‘coupon-collector’ combinatorial
type of argument which is excellently presented in |LP, Theorem 11.2]. This result captures
the key heuristic upon which a possible affirmative answer to Question 2.4 might be built.

Proposition 5.1. For any m € N,
. 1 1 .
if]%lélm Ei’Tj <1 + 5 + -+ 3m) < lrélg}n IEiTcov,m
and
1 1
max EiTeovm < max Eiry | 1+ SR
We now introduce a few more pieces of notation which will be used in the proof of Theorem
We define
7 i=min{t > 1: Xt(m) =1i},
which we call the first return time to the state i. The famous Kac lemma establishes that
EiT;_ = 3m
Finally let w; denote the first time that i appears using all new bits, that is, with no
overlap with the initial state. This random variable is easier to study than the hitting time
73 since it does not depend on the initial state. There are two trivial observations which will
be useful: (i) wy > 7 for all i € ¥,,, and (ii) since w; does not depend on the initial state,

Ew; > EiTiJ'_ , where we have purposefully suppressed the dependence on the initial state in
E’U)i.

We are now ready to prove Theorem [2.3]

Proof of Theorem[2.3. 1t will be sufficient to prove the bounds along the sequence of scales
r = 2% We begin by proving the upper bound. By the lower bound in Proposition
Proposition the upper bound in Proposition and since 1+ é +-+ 3% = log(3™), it
remains to estimate max; jex,, Ei7; from above. Moreover since

max [E;7; < max Ewj

i,jE€Xm j€Sm
it is sufficient to prove maxjes,, Ew; = O(3™). Let j = j, ... j1. Now,
2

1

3 (Ewj,, 4.5 +1+Ewj, j)
hence

1
3EWjn gy < By + 1

Proceeding inductively we obtain
1 3
3 Ewim g S B0+ 5
In particular
ijmmjl S CBm

where C' = % +Ew;, = % + % Ezozo(%)”(n +1). This completes the proof of the upper bound.
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By the upper bound in Proposition 3.1 Proposition [£.I] and the lower bound in Proposition
it remains to estimate min; jex,, Ei75 from below. Let 0; 5 = P; (75 < m). Then

wj < Tj + 1{Tj<m}(m + wj]k)

where wj is the amount of time required to build j from new bits after the mth bit has been

added. Since wj is independent of the event {73 < m} and wj has the same distribution as

wy, taking expectations we get
ij S EiTj + (917‘]' (m + EU}J)
which we rearrange to obtain

EiTj 2 EU)J(]_ - 0173') - Hijjm. (3)

Now,

Gi,j :]P)i(’rj < m) :Pi(’fj = 1) +—|—]P)1(7'J =m — 1)
SR N
-3 gm=1 = 2
where the second line follows by considering the number of correct digits that need to be
appended for the event {r; = k} to occur.

Combining with gives

1 m _ 1 m_ 3" m
+
R e ]
where we have used Kac lemma in the final inequality. The lower bound follows since % —5

3m. g

6. PROOF OF THEOREM

We will require the following result of Winkler and Zuckerman |[WZ| about the blanket
time of Markov chains. A key tool in the proof of this result is in proving estimates on sets
of large deviations for multiple return times to a given region of the phase space.

Theorem 6.1. Consider a collection X of Markov chains, each of which satisfies max,cy EyTeov =
O(maxy o Ey7y log #V') (where the implied constants are uniform over X ). Then for each
Markov chain in X,

maxEyr, = O (maxv,w E, 7w log #V> ’
veV

€2
where again implied constants are uniform over X.

Proof of Theorem [2.5. We will prove the result along the sequence of scales r = 2%, the proof

for intermediate scales is similar.
log3
For the lower bound note that Eryy > E7. > Lries2 log(1) by Theorem

For the upper bound, notice that by Theorem (or indeed its proof), the hypothesis of
Theorem holds for the collection of Markov chains defined in Proposition Therefore
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by Propositions and Theorem
3mme log(3m <) 3" log(°F)
— EiOTbl,m-}—me — O ( 62 = O 63

where the final equality is because m. = O(log(2)). O

1
5m1 s €
Erz"" <Er

ig

m-+me ,%

[SIh)

6.1. Conclusion. We have shown that for the (uniform weights) Chaos Game on the Si-
erpinski triangle, the question of quantitative covering and equidistribution can be cleanly
translated into the classical problems of cover and blanket times for Markov chains. This was
due to the simplicity of the model we considered: the Sierpinski triangle is a homogeneous
self-similar set and therefore r- neighbourhoods admit a straightforward symbolic coding, H?*
can be obtained as the pushforward of a Bernoulli measure and therefore the Chaos Game
can be modelled by a Markov chain, and since H® is a very regular measure, “closeness to
stationarity” for the Markov chains can be closely related to approximate equidistribution for
the Chaos Game.

7. FURTHER DIRECTIONS

We end with a couple of more speculative questions of broader scope.

Ding, Lee and Peres |[DLP| proved that for random walks on undirected graphs, cover times
and blanket times are uniformly comparable (i.e. for any ¢ > 0 there exists a constant C.
such that for any graph, its e-approximate blanket time B€ and its cover time C satisfy the
estimate C < B¢ < C.C. This suggests the following question:

Question 7.1. Can a uniform comparability result be established for the cover and blanket
times within a natural class of dynamical systems?

To be more precise, let us fix € > 0 and consider a dynamical system X = (X,T,u)
(where T : X — X is a map of a metric space and u is ergodic). We can naturally extend
the definitions of cover and blanket times to this setting; let BT denote its expected cover
time and ETlie denote its expected e-approximate blanket time. Given a family of dynamical

systems D we say that the blanket times and cover times are uniformly comparable within D
if there exists a constant C = C(D,€) such that ETg‘fe < C-Erg, forall X € D.

cov

What are the natural classes of dynamical systems on which the cover and blanket times
are uniformly comparable?

Due to the duality between random walks on undirected graphs and electrical networks
[DS], tools from electrical network theory have been successfully leveraged to solve various
problems for random walks on graphs e.g. the notion of effective resistance in electrical
networks theory is useful in bounding cover times of graphs and was fundamental to the
proof of Ding, Lee and Peres [DLP] mentioned above.

Question 7.2. Can the principles and tools from electrical network theory be recast in the
language of dynamical systems to yield a compelling formalism?
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