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One of the strengths of our recently proposed Walking Cat Architecture [1] for a trapped-ion
quantum computer is that it is straightforward to extend and optimize for a specific application.
As a proof-of-concept, here we present such optimizations for solving the 256-bit elliptic curve
discrete logarithm problem (ECDLP) on secp256k1, which is the elliptic curve used by blockchain
technologies such as Bitcoin, using Shor’s algorithm. We optimize the circuits from Schrottenloher’s
recent work [2] and arrive at a logical quantum circuit for solving the ECDLP using about 1450 qubits
and 40 - 10° Toffoli gates, with a rigorous lower bound on the logical-level success probability that
holds with confidence at least 1—27128 as well as a heuristic estimate thereof. Using our compilation
toolchain in combination with manual optimization of the logical layout and integrated routing, we
produce estimates for the logical measurement depth and the required number of physical qubits
by compiling all components to measurement schedules that obey the architectural constraints. A
key ingredient is a fast CCZ magic-state factory and a depth-one CCZ state injection, reducing the
execution time of CCZ gates by a factor of 31. We increase the logical-measurement parallelism using
non-overlapping cat-based measurements in parallel, and we leverage the recently proposed logical
CliNR protocol to speed up Clifford operations. To reduce the qubit overhead, we introduce a more
efficient loss correction protocol, design a layout that allows us to recycle the CliNR ancilla qubits,
and provision reusable cat-state resources according to the circuit’s peak measurement parallelism.
All results and optimizations combined, we conclude that a trapped-ion quantum computer based
on our architecture would be able to solve the ECDLP on secp256k1 in approximately 25.7 days
using 19,397 physical qubits with an estimated success probability of 63%.

* These authors contributed equally to this work.
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Part I estimation studies [2, 26-28] and architecture propos-
als [33, 35] in several ways. In particular, we make the
following contributions:

Introduction and

1. We develop and describe a detailed trapped-ion ar-

overview

I. INTRODUCTION

Quantum computers have the potential to deliver sub-
stantial speedups over their classical counterparts for
certain computational problems in cryptography, chem-
istry, materials science, data science, differential equa-
tions, and optimization [3-14], and are thus expected to
accelerate the process of scientific discovery [15].

Resource estimates for some of these applications have
been used to measure progress of the field, because such
estimates capture improvements in quantum algorithm
design, circuit optimization, fault-tolerant quantum com-
puting architecture and quantum error correction. For
example, the number of physical qubits required for fac-
toring 2048-bit numbers using Shor’s algorithm [3] has
dropped by three to four orders of magnitude over the
last 14 years [16-19], from approximately 10° qubits in
2012 [20, 21] to 10° qubits with 2D grid connectivity [22]
or 10° qubits when assuming long-range connectivity [23].

Similar progress has been made for solving the ellip-
tic curve discrete logarithm problem (ECDLP). Since the
initial estimates by Proos and Zalka from 2003 [24] with
a gate count of 6 - 10%, a series of works [25-27] has
reduced the resource requirements (without amortizing
over multiple instances [27]) to about 200-10° Toffolis [27]
in 2023, and finally to 1462 logical qubits and 84 - 10°
Toffoli gates [2] in 2026. In addition, recent work has
also explored reducing the space requirements and man-
aged to achieve logical qubit counts of about 1200—using
more space-efficient adders [2, 28-30] or a compression of
the output [31]—and even below 850 [32] using location-
controlled arithmetic, but the resulting Toffoli counts are
(in the latter two cases significantly) larger.

Moreover, the 256-bit curve secp256kl admits ad-
ditional optimizations, because its prime is pseudo-
Mersenne. As a result, gate counts for solving the
ECDLP on secp256k1 can be lower than those for other
elliptic curves [2, 28]: about 1462 qubits and 60 - 105
Toffoli gates have been shown to be sufficient [2]. Re-
cent high-level resource estimates suggest that solving
this problem might require under 20,000 physical qubits
on a neutral-atom quantum computer [33], or fewer than
500,000 physical qubits on a superconducting quantum
computer [28].

In this work, we design a specialized architecture for
a fault-tolerant trapped-ion quantum computer capable
of solving the ECDLP on secp256kl in 26 days using
approximately 20,000 qubits, whereas previous estimates
for solving this problem with a trapped-ion architecture
required between 1.2 million qubits [34] and 9.4 million
qubits [27]. Our work goes beyond previous resource

chitecture for the ECDLP, including a compiler
and complete descriptions of all logical opera-
tions, quantum error-correcting codes, and error-
correction circuits. This design is compatible with
the Walking Cat architecture [1]. To our knowl-
edge, it is the first ECDLP architecture for trapped
ions based on quantum LDPC codes.

. We reduce the Toffoli count of Schrottenloher’s cir-

cuits [2] from 2%5-78 ~ 58 million to 39 million Tof-
foli gates at 1457 logical qubits.

. We derive rigorous bounds on the success probabil-

ity of the entire quantum algorithm, taking into ac-
count approximation errors (phase as well as com-
putational basis errors) in arithmetic circuits.

. We reduce the execution time of Toffoli gates in

the Walking Cat architecture by a factor of 31 by
introducing a Toffoli state factory, a fast Toffoli
injection circuit, and by increasing the cat-based
logical-measurement parallelism.

. We quantify and take into account the overheads

associated with the layout of arithmetic compo-
nents and the allocation and transport of ancilla
qubits consumed by logical operations.

. We implement a compiler to provide accurate depth

estimates and physical qubit counts by compil-
ing all high-level algorithmic components to exe-
cutable programs for our architecture, replacing all
naive Clifford decompositions with integrated logi-
cal routing and getting exact depth counts.

. We consider the impact of qubit transport, leak-

age, loss, and qubit reloading on the logical op-
eration time and noise, which is significant for
atomic qubits and often ignored in resource esti-
mations [23, 27, 33].

. We derive conservative estimates for logical oper-

ation times based on a detailed structure of the
syndrome extraction circuit, whereas some previ-
ous estimates assume a syndrome extraction time of
1ms for any code which may lead to over-optimistic
time estimates [23, 27, 33].

. We account for all logical operations including Tof-

foli gates, Clifford gates, and logical measurements
which constitute a significant fraction of the total
runtime but are often omitted from other resource
estimates [23, 28, 33]. For example, half of the cost
of a Gidney adder [36] lies in the measurement-
based uncomputation of temporary ANDs, a cost
not captured by its Toffoli count.



Throughout this work, we prioritize simplicity over
exhaustive optimization. For example, increasing the
amount of classical postprocessing or executing more in-
stances of the quantum algorithm, potentially in parallel,
could reduce the size of the quantum circuit required for
each instance [31, 37]. In the compiler, we use a sin-
gle adder family throughout the application rather than
switching between width- and depth-optimized adders
according to the available scratch space and runtime re-
quirements. At the architecture level, we similarly keep
the device configuration fixed throughout the computa-
tion rather than dynamically reallocating qubits between
memory and gate resources. Finally, we report a conser-
vative upper bound on runtime by treating every logi-
cal measurement as lasting as long as a Toffoli injection.
We likewise find a lower bound on the success probabil-
ity by assuming that all 69 memory blocks remain ac-
tive throughout the computation, although the lifespan
of memory is generally shorter. These choices leave room
for further optimization, but we forgo changes that offer
only marginal gains in favor of a simpler design that is
easier to analyze and verify.

II. OVERVIEW

A. Architecture

Our ECDLP-specialized architecture is derived from
the Walking Cat Architecture [1], which is a general-
purpose architecture for fault-tolerant quantum comput-
ing with trapped ions [38-42]. The Walking Cat Archi-
tecture relies on a 2D grid of trapped ions, each encoding
a qubit, which can be transported across the grid, lever-
aging electronic qubit control [43], to establish long-range
connections between qubits. Transport enables the use of
quantum LDPC codes [44], making the architecture more
efficient than surface-code-based architectures [21, 45].
We assume two-qubit gates with a noise rate of 1074,
which has been demonstrated experimentally on small
trapped-ion devices [46], and single-qubit operations with
a noise rate of 107°, which is also within reach of current
trapped-ion devices [47].

A naive implementation of Shor’s algorithm for solving
the ECDLP on the general-purpose Walking Cat archi-
tecture [1] is possible but faces the following challenges.
(1) The magic factories of [1] produce T states (more
precisely H states) with a logical error rate of 7 - 1078
at best. However, solving the ECDLP on secp256kl
using our circuits would require 39 million Toffoli gates
consuming a total of 273 million T states. Here we as-
sume the implementation [48] for exact Toffoli (which
uses seven T gates and seven CNOT gates) rather than
the relative-phase-Toffoli-based four-T' constructions of
Jones [49] and Maslov [50], since the latter are more chal-
lenging to compare costs to as they require an additional
logical ancilla. The T state logical error rate is not suf-
ficient to achieve a high probability of success for the
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FIG. 1: Overview of the paper in terms of an end-to-end
pipeline of increasingly lowered representations of
Shor’s algorithm for the ECDLP. Stage 1 gives the

high-level mathematical description of the algorithm
(Part II). Stage 2 describes it in terms of a high-level
logical quantum circuit (Part III). Stage 3 compiles
these circuits into executable, architecture-legal
measurement schedules (Part IV). Panel 3 illustrates
the assignment of logical qubits to memory blocks
across successive measurement layers: each box
represents a memory block, each colored rectangle

represents a logical qubit, and the dashed line denotes a

logical-qubit move between memory blocks performed

by integrated routing. Stage 4 lowers the schedules to
native operations on the QEC architecture using its
logical instruction set architecture (ISA) (Part V).

algorithm. (2) Each T state injection consumes a logi-
cal measurement which takes an average of about 40ms
and a CNOT gate takes an average of about 90ms (as-
suming 3 logical measurements per CNOT gate, 5 SECs
per logical measurement and 6.7ms per SEC). If they are
implemented sequentially, this would result in a runtime
of at least 910ms per Toffoli gate and 411 days in total.
One could increase the number of magic factories, but
this only gives a small improvement because the Toffoli-
width of this algorithm is limited to one, which limits its
T-width. Indeed, Babbush et al. assume sequential Tof-
foli gates in their resource estimation [28]. (3) Storing
1500 logical qubits requires a large number of physical
qubits. For example, storing the logical qubits using a
distance-9 surface code would consume 243,000 qubits,
excluding the cost for logical operations and magic fac-
tories. One could use the Walking Cat architecture code
Q70 encoding 6 logical qubits into 70 data qubits, but
it would still require 55,000 qubits split into 250 mem-
ory blocks, ignoring the cost of cat factories and magic
factories. A reasonable option in terms of qubit count is
the code Q102, which encodes 22 logical qubits into 102



data qubits (using 102 ancilla qubits for syndrome ex-
traction and 102 beacon qubits for loss correction), con-
suming about 20,000 qubits to store 1500 logical qubits.
(4) Using a dense code like Q102, which encodes many
logical qubits in each block, may reduce logical gate par-
allelism because it is challenging to perform multiple log-
ical operations at once in the same block given an arbi-
trary Clifford frame. One can consider using the recently
proposed logical CliNR scheme [51] to simplify Clifford
frames, but making CliNR available for each Q102 mem-
ory block would require two extra blocks of Q102 for each
memory block, adding a total of 40,000 qubits.

To address challenges (1) and (2), we design a two-
level magic factory producing magic states with logical
error rate below 107%. Our magic factory directly pro-
duces CCZ states in a quantum LDPC code as opposed
to manufacturing Toffoli gates from T gates. This re-
sults in a dramatic reduction in runtime of the quantum
algorithm, which is dominated by Toffoli gates once lay-
out and routing have been optimized. To make both
CCZ state production and injection faster, we include
multiple cat factories per block and we perform parallel
logical operations using disjoint logical operators. This
allows us to build a fast CCZ factory and a depth-1 CCZ
injection circuit, which we use to perform Toffoli gates
as a result of the local Clifford equivalence of CCZ and
Toffoli gates. Using fast Toffoli injections and Clifford
frame tracking results in a Toffoli gate time of 29.5ms,
which is faster than the naive implementation by a fac-
tor of 31. Four Toffoli factories consuming a total of
1276 = 4-319 qubits are enough to produce Toffoli states
with an average production time under 28ms, providing
a continuous flow of Toffoli gates. The challenge (3) is
addressed by optimizing the Walking Cat architecture to
make use of the dense code Q102. We use the logical
CliNR scheme, as suggested in (4), but to avoid the ex-
tra cost of 40,000 qubits, we pipeline the implementation
of the logical CliNR scheme, leveraging the structure of
the quantum algorithm and its limited Toffoli width. We
find that 4 extra Q102 blocks are sufficient, a reduction
of 39,200 qubits compared to the naive implementation
of CliNR. Moreover, we further reduce the qubit count by
exploiting the limited Toffoli width of the quantum algo-
rithm. Because only a relatively small number of Toffoli
gates can be executed in parallel, many cat states remain
idle for prolonged periods of time. Instead of filling all
the cat state factories with qubits, we use a restricted
number of cat qubits which are transported to different
cat factories as needed. We minimize the number of cat
qubits required through careful pipelining and routing.
Finally, we improve the underlying qubit loss model of
the Walking Cat architecture and introduce a new leak-
age and loss correction unit. Together, these improve-
ments remove the need for beacon qubits, eliminating
about one third of the qubits in each memory block.

B. Algorithm and implementation

At the level of logical circuits, we present two opti-
mizations for the quantum circuits by Schrottenloher [2]
that result in a reduction of the Toffoli count from 58-10°
to 39 - 10° at a logical qubit count of 1457. Namely, we
employ an alternative representation for the in-place mul-
tiplication [2, 52] in which controlled additions become
conditionally-inverted additions—which are about half as
costly in terms of non-Clifford gates [36]—and we build
a modular squarer for pseudo-Mersenne primes based on
a single Karatsuba split [53] and a squarer-specific opti-
mization of Litinski’s non-modular multiplier [54].

Because the resulting point addition circuits are ap-
proximate in the sense that they produce correct out-
puts and no (—1)-phase errors for most, but not all, in-
puts from F,, we derive bounds on the probability of
success of individual components and the entire double-
scalar multiplication. To enable a tight translation of
these component-level success probability bounds to the
failure probability of the entire algorithm, we use random
offset masks. Because we sample fresh masks for every
run of the algorithm, we are able to prove an upper bound
py on the failure probability for each fixed input scalar
pair. In turn, this per-input bound can be turned into a
lower bound on the probability of success of Shor’s algo-
rithm that is at most 4py lower than the success proba-
bility given an exact implementation of the double-scalar
multiplication. Previous work [2, 22, 24, 28] used heuris-
tics and informal fidelity or shot-failure arguments, while
bounds via state distance [19, 55] lead to an O(,/py)-
bound on the reduction in the probability of success.

We then implement and map these logical circuits to
our architecture. We describe our internal compilation
toolchain with its verification pipeline, which we use
to obtain executable programs for each high-level com-
ponent in the algorithm, producing rigorous space and
depth estimates. To reduce the space-time footprint of
the components (adders, multipliers, etc.), we optimize
the assignment of logical qubits to the different mem-
ory blocks of our architecture. In our final depth esti-
mates, we take into account the overhead due to differ-
ent such assignments. Unlike prior gate-count resource
estimates that abstract away Clifford and routing costs,
we compile every charged component to an executable,
architecture-legal measurement schedule with routing in-
cluded. Thanks to our integrated routing, i.e., the process
of merging cross-block routing operations between two
components with those same components, we are able to
reduce the routing overhead to 5% of the total runtime.

C. Results and Outline

We combine our accurate depth estimates with (1) the
logical measurement times provided by our proposed ar-
chitecture, (2) the rigorous lower bound on the success
probability of the algorithm, and (3) the estimated prob-



ability of a logical error. This allows us to conclude that
our proposed architecture, with around 20,000 physical
qubits, can solve the ECDLP on secp256k1 in approx-
imately 25.7 days per attempt. Using Mosca’s rigorous
lower bound [56] as a starting point, the single-run suc-
cess probability estimate is 40.7%; using Ekera’s heuris-
tic success probability estimate [37] as the starting point
gives 63.3%.

Table I lists the depth for each component, its contri-
bution to the total of all 28 windowed point additions, in-
cluding the semi-classical inverse quantum Fourier trans-
forms (iQFT), as well as the total runtime in hours and
the device’s physical-qubit footprint.

The paper is organized along the lines of the pipeline
described in Fig. 1. In Part II, we introduce Shor’s algo-
rithm for the ECDLP and discuss the success probability
of the algorithm when using approximate arithmetic. In
Part III, we present the arithmetic circuits and optimiza-
tions that we use to implement the double-scalar multi-
plication. We describe our compiler, the logical layout
of components, the integrated routing and our verifica-
tion pipeline in Part IV. In Part V, we present a quan-
tum charge-coupled device (QCCD) model for trapped
ions based on an extension of the Walking Cat architec-
ture [1]. Relative to the baseline architecture, it achieves
significant spacetime savings through a logical ISA tai-
lored to Shor’s algorithm for the ECDLP and optimized
handling of resource states for logic. Finally, we conclude
the paper with a discussion of our results in Part VI.

Part 11
Elliptic curve discrete
logarithms

In this part, we introduce Shor’s algorithm for the ellip-
tic curve discrete logarithm problem (ECDLP) and give
a bound on its success probability when an approximate
version of the oracle is used instead of an ideal imple-
mentation.

III. SHOR’S ALGORITHM FOR THE ECDLP

Along with the factoring algorithm, Shor [3] presented
an algorithm to compute discrete logarithms. The vari-
ant for solving the ECDLP was worked out by Proos and
Zalka [24]. Subsequent works explored various optimiza-
tions and space-time tradeoffs [2, 25-28, 35].

Our discussion of Shor’s algorithm for the ECDLP is
restricted to the case of elliptic curves defined over large
characteristic finite fields, and we work in a prime order
subgroup. Let E : y?> = 2% + az + b for a,b € F, be
an elliptic curve defined over the prime field F,. The
set E(F,) = {(z,y) € F, xF, | > = 23 + ax + b} U
{O} of F)-rational points on E together with the point
at infinity O is an abelian group with neutral element
O. For an integer k € Z and a point P, we use the
notation [k]P to denote the k-fold sum P+ P +---+ P
(for negative k, [k]P = —[—k]P). Let P € E(F,) be a
point of prime order r, i.e., [r]P = O and the subgroup
(P) = {[k]P | k € Z} generated by P has order r. The
elliptic curve discrete logarithm problem (ECDLP) in (P)
is: given @ € (P), compute d € Z, such that Q = [d]P.

The ECDLP is a special case of period finding and the
hidden subgroup problem and uses the quantum Fourier
transform (QFT). Naturally, an r-dimensional QFT
would be used here, but in practice a 2-dimensional one
is preferred, where n is the bitlength of r, 2! < r <
2", In that setting, the algorithm computes the follow-
ing quantum state |¥), a superposition over all scalars
k,l € [0,2™),

s D RDIKP Q).

k,l€[0,27)

After applying the inverse QFT to the first two registers,
measuring these registers provides a pair of classical val-
ues from which the discrete logarithm can be recovered
with high probability by classical postprocessing. Using
the semi-classical Fourier transform [57], it is possible to
interleave the QFT operations on the scalar qubit regis-
ters |k) |I) with the point addition operations and thus re-
duce the number of qubits needed to a single one that can
be reused. In this paper, we use a windowed version of
the semi-classical QFT with window size w = 16 [26, 27]



TABLE I: Algorithm component-level layer and runtime accounting for solving the ECDLP on secp256k1 using
Shor’s algorithm at 0.02950s per measurement layer. Each ordinary lookup is charged as ~236,599 base layers plus
an average of 24,483 stochastic-penalty layers (261,082 in total), and each phase-fix lookup is charged as 36,857 base

layers plus an average of 11,984 stochastic-penalty layers (48,841 in total). The initial 2!® lookup is charged as
940,028 base layers plus an average of 150,513 stochastic-penalty layers (1,090,541 in total). CliNR is described in
Part V. The total expected runtime is 616.555h, or 25.690 days. The physical-qubit footprint is 19,397; see Part V
for the architecture discussion and appendix E 1 for the footprint derivation.

Component Layers/instance Instances/window Layers/window Layers/28 windows Runtime (h)
Unary lookup (including penalty) 261,082 3 783,246 21,930,888 179.686
Approximate mod. subtract 912 4 3,648 102,144 0.837
In-place multiplication 820,994 2 1,641,988 45,975,664 376.691
Approximate mod. add 674 3 2,022 56,616 0.464
Square-subtract 123,530 1 123,530 3,458,840 28.339
Approximate mod. negation 179 1 179 5,012 0.041
Unary phase-fix (worst case) 48,841 1 48,841 1,367,548 11.205
Routing between components 20 1 20 560 0.005
CliNR at turnarounds 7.73 5,783 44,703 1,251,684 10.255
iQFT (per-window average) 408 1 408 11,424 0.094
28-window subtotal 2,648,585 74,160,380 607.616
Initial lookup (of size 2*%) 1,090,541 — — 1,090,541 8.935
Initial iQFT outside the window loop 408 — — 408 0.003
Total expected 75,251,329 616.555
Physical-qubit footprint 19,397

and we drop the final three windows in favor of addi-
tional classical postprocessing [27, 37]. In addition, we
replace the first windowed point addition by a direct ta-
ble lookup [28], resulting in a total of 28 windowed point
additions.

The efficiency and success probability of the overall al-
gorithm is mainly determined by the efficiency and accu-
racy of the most costly operation, namely computing the
quantum operation Uy that represents the double scalar
multiplication f(k,l) = [k]P+ [[]Q given the fixed points
P and @ that constitute the ECDLP:

Us = [k) (1) |O) = [k} (1) [[K]P + [11Q) = [k) |1) | £ (R, 1)) -

This paper focuses on quantum circuits for Uy specif-
ically for the elliptic curve secp256kl used in Bitcoin.
The curve is given in short Weierstrass form as E : y? =
x3 + 7, defined over the prime field F,, where p is the
pseudo-Mersenne prime

p=2%0_¢ =232 4210264 0 11 =232 1977

The curve has prime order, which means that the num-
ber r = #E(F,) of points on the curve is given by
r =p+1—t, where t is the trace of Frobenius (here:
t = 432420386565659656852420866390673177327). We
pick this curve for various reasons. First of all, it is used
in the Bitcoin system and its security is relied upon to se-
cure vast amounts of cryptocurrency. Concrete resource
estimates for this specific curve are of high value. Second,
recent resource estimates used to discuss the security of

cryptocurrencies against quantum attacks by Babbush et
al. [28] and the state-of-the-art circuits by Schrottenlo-
her [2] of lowest cost are based on secp256k1 as well (due
to the special pseudo-Mersenne shape of p).

IV. SINGLE-SHOT SUCCESS PROBABILITY

This section considers the success probability of a sin-
gle run of Shor’s algorithm for the ECDLP. All state-
of-the-art implementations of Shor’s algorithm have to
deal with superpositions that contain a number of failed
computations due to the use of optimizations such as ap-
proximate arithmetic [2]. It is thus important to analyze
how such failures affect the overall success probability.

Here, we bound the reduction in success probability
due to the use of an approximate implementation of the
double-scalar multiplication that produces wrong out-
puts or residual phases on a small fraction of inputs.

A. Approximate oracle and success probability

Previous work [2, 24] has found that the cost of the
double scalar multiplication can be further reduced by in-
troducing approximations beyond relying on the generic
point addition formula, ignoring the few exceptional cases
(such as point doubling and adding O). Our circuits also
make use of such approximations as well as approxima-



tions that introduce phase errors, meaning that we do
not prepare the ideal state

) = o SR ) [HP + 1) = 5 7K 117k, 1)
k1l k,l

but instead only an approximate state before we measure
the input registers in the Fourier basis. We note that as
in previous work [26, 27|, our actual implementation uses
a windowed implementation of the double scalar multi-
plication with the semi-classical quantum Fourier trans-
form [57]. Since both variants are equivalent, we will
pretend for the theoretical analysis that we keep both in-
put registers for the scalars k and [, and that the inverse
quantum Fourier transform is applied at the very end of
the algorithm before we measure the input registers.
When preparing the approximate state instead of the
ideal state above, we also introduce several random
masks that are captured by the parameter w. We pre-
pare a state where the double scalar multiplication out-
put is shifted by a (random) elliptic curve point that
only depends on w, P, Q). For each run of our Shor imple-

mentation, we sample a non-zero ag ﬁ F7 and initialize
the accumulator register with the point [ag]P # O; we
also shift our lookup tables by fixed curve points such
that none of the table points is the point at infinity
O, leading to an additional constant shift by a point
[up]P + [1ol@ € E(F,) independent of k and [. There-
fore, we compute

k) 1) |0) = [k) D) llao + pwp]P + [1Ql@ + [k P + [1]Q) .

This avoids special treatment for the first point addition
and the addition of table lookup points, where having O
as one of the summands constitutes an exceptional case
for the addition formulas. It also randomizes the oc-
currence of exceptional cases and arithmetic failures for
different input scalars (k,1). While such a shift does not
affect the success probability of Shor’s algorithm [24],
we still assume that it is removed by subtracting the
point [ap + up]P + [ug]Q before we apply the quantum
Fourier transform, so that we can ignore it for the analy-
sis. However, since this hypothetical (and exact) removal
of [ap + up|P + [pg]Q@ operation acts as the identity on
the input register, we do not implement it in practice.
We write f,,(k,!) for the ideal function that computes
[ao + pp]P + [1Q]@ + [K]P + []Q including the random
masks, and f,(k,l) for the function computed by our
circuits using the approximate arithmetic (that we will
explain in detail below), which computes an approxima-
tion of f,(k,1). Integer-valued versions of the circuits to

compute f,(k,[) are represented in Algorithms 4, 5, and
6.

The state we prepare before applying the inverse quan-
tum Fourier transform can therefore be written as

0.} = g S sull D)0 1) 17 1)

where s, (k,1) € {—1,1} absorbs (—1)-phase errors. We
define the failure set

Bw = {(kal) 6[07272) X [072n) |
fw(k’l) 7& ﬁu(kal) \ sw(kal) = _1},

capturing failures due to elliptic curve exceptional cases,
arithmetic approximations, and phase errors. Failure
means there is a residual phase (e.g., due to approximate
phase-fixes) or the output is wrong in the computational
basis (e.g., the ged computation produced a wrong out-
put). We assume for our analysis that no other errors are
introduced such that f,(k,1) = fo(k,l) and s, (k,1) =1
for (k,1) ¢ B,.

The random offset masks w used for our point addi-
tion circuits randomize the inputs (k, ) for which a given
point addition fails. This allows us to prove that there
exists a constant py > 0 such that for every fixed (k,1),
the circuit fails with probability at most p over the ran-
dom masks w, i.e., we will compute p; such that for all
(k,1) € [0,2™) x [0,2™),

Pr((k,l) € B,] < py.

By introducing a projector IIg onto the set of measure-
ment outcomes for which postprocessing succeeds pulled
back through the inverse QFT, the success probabilities
in the ideal and approximate cases are, respectively,

ps = |[Is [¥) > and s = Eu[[[Is [Po) [|°]-

Given a lower bound pg , such that pg;, < pg, we prove
(see appendix B4) that the expected success probability
over our random offset masks is at least

_ 2
ps > (max{0, \/psus — 2ps})~ -

B. Concrete estimates of the success probability of
our implementation

In our implementation, we choose accuracy parameters
such as the number of bits after which we truncate carry
propagation in the approximate modular reduction [2] in
a way that guarantees that with confidence level at least
1 — 27128 we have that the probability of failure of the
entire sequence of 28 point additions (instead of 32, as
in [27]) is at most

ps < 0.0335.

We arrive at this bound by combining a Monte Carlo-
based bound (for the in-place multiplications), which
gives rise to the 1 — 27128 confidence level, with exactly
computed bounds for the remaining components, as de-
tailed in appendix B. The bounds below all inherit this
confidence level, but since the noncoverage probability of
at most 27128 is very small compared to the uncertainty
in other aspects that affect the final resource estimate,
we omit it.



To arrive at a bound for the success probability of a
single run of Shor’s algorithm using an approximate or-
acle, we may use the success probability lower bound by
Mosca [56, p. 58] for an ideal oracle implementation and
power-of-two QFT's of

r—1/(8 2
[ e a— <2> ~ 0.657
T s

as a starting point to find that
ps > 0.553

is a lower bound on the probability of success assuming
no logical errors.

While Mosca uses 2 padding qubits for each of the two
scalar registers, one extra qubit per register is sufficient,
since the order r < 2™ and thus the required phase accu-
racy of o [56] is achieved using M = 2"1. To match this
setting, we increase the size of the table lookup replacing
the first windowed point addition to 2'® and change the
subsequent window boundaries by one scalar bit. En-
larging the first lookup has a small effect on the total
runtime (see Table I) that is included in our runtime es-
timate, and re-indexing does not lead to any change in
gate or qubit counts. Classical postprocessing [27, 37] is
then used to recover the 48 bits corresponding to the final
3 phase estimation windows that we have removed from
the algorithm. It would be possible to remove more than
3 windowed point additions by increasing the amount of
classical postprocessing or the number of (parallel) runs
of the quantum algorithm [31, 37], but we do not make
use of these optimizations here to facilitate comparison
to prior work.

As an alternative to the lower bound by Mosca, we may
use Ekera’s heuristic success probability estimate [37] as
a starting point. Assuming an exact oracle and the post-
processing described in Ref. [37],

ngkeré) —0.99,

which results in an estimate of the algorithmic success
probability when using our approximate oracle of

ps ~ 0.861.

Finally, we take into account the probability of failure
due to a logical error, 26.45%, from appendix E 3.

End-to-end success probability estimates: Tak-
ing into account the probability of a logical error, our
implementation thus succeeds in a single run with prob-
ability 40.7% when using Mosca’s lower bound and
with probability 63.3% using Ekera’s postprocessing and
heuristic success probability estimate.

The runtime and success probabilities quoted above are
per attempt. In general, one may repeat the algorithm
multiple times to increase the overall success probabil-
ity, or simply run the algorithm on multiple devices in
parallel. Assuming independent failures and the 63.3%
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single-shot success probability estimate, running the ap-
plication on five identical devices in parallel increases
the probability that at least one succeeds from 63.3%
to 1—(1—0.633)°> = 99.3%. In other words, one may run
the algorithm reliably without increasing the wall-clock
runtime by using multiple devices.



Part 111
Point addition circuits

The most expensive component of Shor’s algorithm for
computing elliptic curve discrete logarithms on a curve £
is the quantum operation that implements double-scalar
multiplication

Us = [k) 1) |O) = [E) (1) [[K]P + [1]Q) ,

where k,l € [0,2") are n-bit scalars, O is the point at
infinity, and P and @Q are the two elliptic curve points
given by the discrete logarithm instance, @ = [d]P.

As in previous works [2, 26-28, 35], we implement a
scalar multiplication [k]P by repeated point addition,
decomposing the scalar k into a windowed binary rep-
resentation k = Zf;ol k;2"% with window size w, where
L =[n/w] and k; € {0,1,...,2¥ — 1}, i.e,

L-1
(kP =" [k2""]P.
i=0
For each windowing index ¢ € {0,1,...,L — 1}, we clas-

sically precompute a table of 2¥ points [k;2°“]P for
ki € {0,1,...,2* — 1}. In the quantum scalar multi-
plication at the i-th window iteration, we load the cor-
responding table into a quantum register, and then add
it to the accumulator register using a point addition cir-
cuit. After the scalar multiple [k]P is computed into the
accumulator, we proceed in an analogous way with the
addition of [I]Q, using the corresponding precomputed
tables for a windowed decomposition of [.

While the high-level structure of our circuits is identi-
cal, we introduce several random offset masks as already
described above: we initialize the accumulator point with
a classically sampled random non-zero point and we add a
classically sampled random offset point to each precom-
puted table, which changes the entries of our tables to
avoid the point at infinity (see appendix B). Both provide
sources of randomness that allow us to prove a tighter
bound on the success probability.

In this part, we describe the quantum circuits that we
use for adding two elliptic curve points. We start with
the recent construction by Schrottenloher [2], which com-
bines the register sharing idea from Proos and Zalka [24]
with the Dialog representation from Khattar et al. [52],
and optimized approximate arithmetic. We make two
changes to the construction:

First, we use a different representation of the com-
putation of the binary ged, in which controlled (mod-
ular) additions become conditionally-inverted (modular)
additions, which are about half as expensive in our set-
ting [2, 36]. This is similar in spirit to the optimized
schoolbook multiplication circuits by Litinski [54].

Second, we implement the modular squaring step us-
ing a specialized version of the Litinski multiplier [54]
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for non-modular squaring and explicit modular reduc-
tion by the pseudo-Mersenne prime leveraging a single
Karatsuba split [53].

In addition, we make minor optimizations such as using
measurement-based uncomputation of temporary predi-
cates. This introduces phase errors in addition to arith-
metic errors, and we take this into account when deriving
the success probability of the algorithm.

All optimizations combined, we arrive at a windowed
elliptic curve point addition circuit that uses approx-
imately 1.196 - 10° Toffoli gates (without the 3 table
lookups of size 216), when targeting a final width of at
most that in [2]: 1462 qubits including the 16 window-
ing qubits. To arrive at these gate counts, we follow
the same convention as in previous work [28] to allow
for a direct comparison, i.e., we only count actually exe-
cuted gates and we estimate the Toffoli count of the en-
tire algorithm using the same formula (see below). The
Toffoli count above corresponds to the largest observed
gate count from 100 runs. With a total of 28 point ad-
ditions [27, 28, 37|, this yields a gate count estimate
for an entire run of Shor’s algorithm of approximately
28(1.196 - 10 + 3 - 216) & 39.0 - 105 Toffoli gates.

V. HIGH-LEVEL IMPLEMENTATION OF
POINT ADDITION

We start with an abstract description of the point
addition circuit. We follow the same high-level con-
struction as Schrottenloher [2] and implement windowed
elliptic curve point addition using three forward table
lookups [35], immediately freeing the output registers
after consumption using measurement-based uncompu-
tation. We ignore exceptional cases for point addition
(showing below that their contribution is negligible), ex-
cept the case where the classical point to be added is the
point at infinity. This case must be handled, especially
for small windowing parameters w, since a 2~ % fraction
of the input table is O. However, instead of adding extra
controls to the circuit as done in [2], we choose a single
offset point for each classically precomputed table that is
added to each point in the table such that none of these
points is the point at infinity @. This results in a con-
stant shift by the sum of all table offset points, which can
be subtracted at the end. Since a constant shift does not
change the outcome of the algorithm [24], in practice, we
opt to not remove it.

We consider a single point addition of the accumula-
tor point A = (x1,y1) (which we initialize to a random
nonzero A = [ag]P at the beginning) with a table point
T = (x2,y2). After the table lookup, we compute the co-
ordinate offsets (Ax, Ay) = (1 —x2,y1 —y=2) in-place and
clear the lookup registers. We compute Ay — A, where
A = (Az)~tAy using in-place multiplication [2, 52], but
using conditionally-inverted additions instead of the con-
trolled additions (or subtractions) used in Schrottenlo-
her’s implementation.



We then look up 3z9, update Az — Az + 3zo = 21 +
2x9, and clear the lookup register. We map 1 + 2x5 —
(x14+2719—A2) = (z2—x3) and X\ — A(z2—73) = (y3+¥2)
using the same implementation of in-place multiplication
as above.

We complete the point addition using a third and fi-
nal table lookup, fixing the coordinate offsets, and un-
computing the table lookup with measurement-based un-
computation, using as input the XOR of all measurement
masks from previous X-basis measurements of looked-up
coordinates. For a detailed integer-valued representation
of our circuits, see Algorithms 4, 5, and 6.

VI. OPTIMIZED BINARY GCD ITERATION

In this section, we describe an optimization that we
applied to the implementation of the binary ged circuit
recently published by Schrottenloher [2], which internally
uses the Dialog representation from Khattar et al. [52] for
the two in-place multiplication steps in the elliptic curve
point addition circuit.

For an approximate implementation, one may replace
the comparison in the binary gcd by a shorter comparison
that only considers nemp < n most-significant bits [2] for
a failure probability decreasing exponentially with nemp.
As a result, the most expensive components of each iter-
ation (at application scale) are the controlled adders and
the controlled register swaps.

We start by recalling the observation that controlled
operations are sometimes more expensive than condi-
tional adjoint operations, i.e., U¢ = |0) (0|@1+|1) (1|@U
can be more expensive than UM = (0) (0@ U + 1) (1|®
Ut [54, 58, 59]. This is also the case for adders [54] and
we would thus like to replace the controlled adders by
conditionally-inverted adders.

To achieve this, we use an alternative representation
of the register values: Instead of storing (u,v) during
dialog construction and (r,s) during dialog replay, we
store (u,?) and (r, §) with

v:=v+(l—a)uand §:=s— (1 —a)r

where a := v[0] is the parity of v. We also require that u
is the odd register and we keep a persistent orientation
qubit to store the orientation.

In each iteration, we may compute the next parity bit
Gnew from the current registers using that ¢ and u are
always odd by

(0—u)
2

where the third equality holds because o —u = v + (1 —
a)u —u = v — au = 2Vpey in the usual representation. A
correct iteration must result in upew = u and

[0] = o[1] ® w1],

Anew = Unew [0] =

Unew = Unew + (]- - anew)unew~

Since Vpew = @, we may subtract u (and then halve)

if apow = 1 (meaning that Unew = Unew). If anew = 0, we
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need Tnew = Unew + U, 50 we may add u (and then halve).
In summary,

v+ (1 —a)u+(—1)*vu =v — au+0q,,, 02U,
b 2Vnew

which can be rewritten as

0+ (_1)anewu
2

= Unew T (1 - anew)u = Vnew-

A similar calculation shows that the update for the r,s
registers during dialog replay will be

Snew = § — (—=1)* vy (mod p).

Therefore, by switching to this representation, we may re-
place the conditional (modular) adders by conditionally-
inverted (modular) adders. For pseudo-Mersenne primes,
conditionally-inverted modular adders may be imple-
mented efficiently using conditional one’s complement be-
fore and after the approximate modular adder described
in [2]. One slight modification is necessary for the ap-
proximate modular adder that handles the z +y = p
case from [2]: In the addition branch, we conditionally
swap the values 0 <> p using approximate comparisons
before invoking the conditionally-inverted adder.

To see why bitwise complement is sufficient for pseudo-
Mersenne primes p = 2" — ¢, note that it acts as a cor-
rect modular negation followed by a non-modular shift by
c—1, which makes a fraction of <=1 inputs non-canonical.
For canonical inputs, the approximate modular adder
works correctly with high probability in our setting (see
appendix B), and the final bitwise complement removes
the shift again.

After the conditionally-inverted adder of each itera-
tion, we have to also update the orientation of the u,v
registers for the next iteration. If vy is odd, i.e.,
Onew = 1, we need to swap if u > v. Since v = ¥ in this
case, this is equivalent to swapping the registers condi-
tionally on m; := anew A (Unew > Tnew)-

VII. MODULAR SQUARING

For the modular squaring step in the elliptic curve
point addition, i.e., implementing

@) ly) = |z} |(y — 2*) mod p),

we start with the non-modular, integer schoolbook mul-
tiplier from [54], which uses a sequence of conditionally-
inverted adders (instead of controlled adders), and de-
rive a squaring-specific version with roughly half the non-
Clifford gate cost.

We then use a single Karatsuba split [53] together with
explicit approximate modular reductions, making use of
the special form of the pseudo-Mersenne prime p. For
computing the squares of smaller 128/129-bit integers,
we use the optimized (non-modular) squarer.



A. Optimized squaring
Given an n-qubit input register |x) and a 2n-qubit out-
put register |z =0), the goal is to map |z)|z =0) —

)%, o
We start by writing the square of x = Y ., ;2" as

n—1 n—1
2% = Z xiQi Z xj2j
i=0 7=0
n—1
= Z 22iZL'i + Z Z 2i+j+1.’£il'j
i

i=0 j>i
n—1
= 2%p 4+ 222y "2 g
i i=0 j>1
——————
=:h;

Since we would like to use conditionally-inverted adders
instead of controlled adders, we need to bring this into a
form prefactored by (2x; — 1) instead of 2z;, so

n—1 n—1
2 =2+ Y (2w — 122+ 22
[ 1=0 =0

The final sum in the expression above can be rewritten
as

n—1 n—1 j—1 n—1

+J o — . +j (927 _ 9]
E E 2y = E xj E 20 = E z;(2 27).
i=0 j>i j=0 =0 =0

Substituting this back in and folding the result into the
middle sum yields

n—1
(E2 = —x+ 2(2271 - 1)22i+1(hi + {L‘i)7
=0

since (2z; — 1)z; = x; for z; € {0,1}. From this expres-
sion, we see that squaring can be implemented using an
initial (n+ 1)-bit subtraction of z followed by a sequence
of n operations that add h; + 1 if x; = 1 and subtract h;
if x; = 0. Starting with the least-significant bit allows us
to keep these operations shorter than the full 2n output
register. Instead, these operations modify a sliding win-
dow of length n+1,n, ...,2 moving the higher end of the
window by one position toward the most-significant bit
in each step.

We implement these operations as conditionally-
inverted additions, similar to [54], but instead of inverting
the output, we bit-invert the input h; (padded to match
the length of the active output window) conditionally on
xj, mapping

hi s 2770 1 —

if z; = 1. We then perform a subtraction uncondition-
ally, before undoing the conditional inversion of the input
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register. As a result, the needed +1-offset for the x; =1
case is handled automatically and does not need addi-
tional non-Clifford gates.

Before each of the first (n — 1) operations computing
the sum above, we sign-extend the product register using
a CNOT gate (from index n + i to n+ i+ 1). The final
step i = (n — 1) can be implemented directly using a
single CNOT gate.

Assuming we use the adder from [36], which needs w—1
Toffoli gates to add two w-qubit numbers, the Toffoli
count of this squarer is

n—2
T(n) :n—i—Z(n—i) = %n(n—i—S)—l,
i=0

saving approximately 50% of the non-Clifford gates com-
pared to a direct use of the multiplier from [54].

B. Modular square subtraction

To realize the operation |z) |y) +— |2) |(y — 2%) mod p),
our circuit uses one Karatsuba decomposition as follows.
We treat input values representing n-bit registers as inte-
gers less than 2" that are not necessarily canonical rep-
resentatives less than p. Also intermediate results are
represented by integer values of their respective bit sizes.

Let n be even and B = 2*/2. We use the notation
T ere) = [@/2'] mod 2¢ to denote the /-bit slice of the
non-negative integer = starting with bit t. Write zp =
T(on/2) and Ty = T[,/2.,) for the integers representing
the low bits and high bits of z. If x < 2", then z =
xr, + Bxy, with 0 < 27,2y < B. Since B2 = 2" = ¢
(mod p), we have

—a? = —B*2% — 2Bryxp — 22
=(B—-c)z% + (B - 1)z2
— B(zy +x1)?  (mod p).

Using the squaring operation from the previous section,
we then compute the exact integer square x% in an n-
qubit auxiliary register, then add Bz?% to y modulo p,
subtract z%, and uncompute the register. This yields
y + (B — 1)22 mod p in the y-register. The analogous
steps for zy add (B — ¢)z%. After that, we compute the
(n/2 + 1)-bit sum zy + xg in place, square it into an
(n + 2)-qubit scratch space, and subtract B(zp + zp)?
from y modulo p. We then uncompute the square and
restore xp by subtracting xr.

Algorithm 7 in Appendix A gives the integer-level op-
eration order in detail. It uses the components AddSliceZ,
which invokes the phase correction PhaseGE?, as well as
AddBMultiple} and AddCMultiple? . These operations are
given in Algorithms 8, 9, 10, and 11 in Appendix A.



Part IV
Compilation toolchain

VIII. COMPILER OVERVIEW

In this part, we describe our logical compiler, which,
for a given quantum algorithm, synthesizes quantum cir-
cuits for the target logical instruction set architecture
(ISA). Specifically, we compile the elliptic-curve circuits
of Part III to the specialized Walking Cat architecture of
Part V.

For our fault-tolerant architecture, the allowed instruc-
tion set consists of logical Pauli measurements, tracked
Clifford updates, and magic-state consumption. From
these instructions, the compiler produces an executable,
architecture-legal measurement schedule with exact re-
source accounting. We separately generate measurement
schedules for each algorithm-level component and com-
pose them through end-to-end integrated routing at 5%
overhead. Table I provides a total cost breakdown per
component. Lowering to native operations on the system
graph (transport, physical gates, and readout) happens
below the compiler, at runtime, using the library of ISA
primitives.

Optimally compiling to such an ISA becomes in-
tractable at the scale of hundreds of logical qubits, be-
cause the target algorithms inflate to millions of opera-
tions, and implementation choices compound while hav-
ing to adhere to architectural constraints. Compilers that
flatten the algorithm into a gate-level netlist discard the
structure this optimization requires, leaving only local
rewrites, while high-level resource-estimation frameworks
preserve the structure but do not lower it to executable
instructions. We bridge this gap with a hierarchical ap-
proach built from reusable compilation primitives that
are selected, lowered, and scheduled with full knowledge
of the target architecture.

The compiler uses the hierarchical instruction model of
Ref. [1], similar to those of Qualtran [60, 61], QREF [62,
63], and ProjectQ [64], as well as the classical hierar-
chical compilation framework MLIR [65]. Within this
model, the architecture-based library of operations can
be extended with higher-level logical components. Each
component has a spec defining its semantic inputs, out-
puts (its ports), and parameters, and one or more defs
describing decompositions into other smaller component
specs. Low-level gates are components that are legal on
the architecture, and high-level algorithmic structures
like square-subtract are comprised of many abstraction
levels of progressively smaller defs and specs. Any com-
ponent may be conditioned on a classical outcome. Defs
declare their own ancillae, so alternative implementations
can expose different depth, width, non-Clifford-cost, and
layout tradeoffs without changing the inputs and outputs
of the component. This system lets the compiler select
among reusable and hand-optimized implementations ac-
cording to the architecture and the surrounding circuit
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context as it recursively lowers the root component into
a synthesis tree [1].

The rest of this part follows the following structure.
Sec. IX describes the architectural constraints we compile
against, and the scheduling routine that enforces them.
Sec. X describes layouts of algorithmic components and
the integrated routing that connects them. Sec. XI de-
scribes how we prove defs realize their advertised spec
using independent “contracts”, and how compiled sched-
ules are checked against resource and architecture con-
straints.

IX. ARCHITECTURAL CONSTRAINTS AND
SCHEDULING

Specs and defs are stateless descriptions of the com-
ponent hierarchy: they record what a component does,
how it can be decomposed, and its semantic action on its
qubits (like returning any declared ancilla to |0)) but not
the assignments of logical qubits to algorithmic qubits,
binding of magic states to factories, or whether a def’s
child specs must be decomposed further on the architec-
ture. That state is tracked during circuit synthesis, where
we bind qubits and resources, enforce architectural con-
straints, and schedule operations.

A. Architectural constraints

Our architecture, described in Part V, provides the
following capabilities and constraints to our compiler:

1. Memory blocks use the Q102 code and provide 22
logical qubits.

2. Entangling Cliffords within a memory block may be
executed via frame tracking. Empirically validated
for our structured arithmetic circuits and discussed
in Sec. XIID 3.

3. Each memory block can participate in up to three
logical measurements meeting compatibility con-
ditions. As above, validated and discussed in
Secs. XIID 1 and XIID 3.

4. The processor can perform a single CCZ injection
per layer, with factory-side cleanup taking place the
following layer. The lone exception, the CCZ gates
injected during lookup tables, have consequences
discussed in Sec. XIID 3.

5. The processor provides 24 memory-side cat bundle
pairs.

6. The processor provides 69 memory blocks.

7. A structured logical CliNR sweep performs logical
frame clearing, chasing after structured serial arith-
metic (discussed further in Sec. XIID 2).



B. Scheduling

As the compiler decomposes the root component into
a tree, it ensures that we meet both memory block ca-
pacity and leaf operation legality constraints. We then
emit the decomposed tree serially into the measurement
scheduling routine, which greedily packs measurements
into layers, with each layer followed by frame-tracked
Clifford updates. The scheduler enforces per-block par-
allelism limits, schedule-time measurement compatibility
conditions, CCZ injection capacity, and global memory-
side cat bundle parallelism over the course of the complex
scheduling procedure we describe below.

Algorithm 1: Measurement scheduling routine.
Notation: For a measurement M, floor is M’s
causal lower bound; seed is its viable starting
placement; i is the layer under examination for
placement; best is the earliest viable placement
layer found; and CanPlace(M, i) tests
architecture constraints: injection count, cat
bundle parallelism, block capacity, and disjoint
measurement compatibility.

1 foreach leaf emitted from tree do

2 if (leaf is a measurement M) then
3 Find floor and seed for M
4 (best, i) « (seed, seed)
5 while (i > floor) do
6 Propagate and transform M through
prior Cliffords
7 if (a conditional Clifford changes the
basis of M) then
break
9 else if (M crosses an anticommuting
conditional Pauli) then
10 XOR that condition to its virtual
meaning
11 if (M anticommutes with a
measurement in layer 7) then
12 | break
13 if (parallel injection measurements stop
being compatible) then
14 | break
15 if (CanPlace(M,i)) then
16 | best i
17 t1—1
18 Place M in best
19 else if (leaf is a Clifford) then
20 if (it is conditioned on virtual
measurements) then
21 ‘ Resolve virtual measurements
22 Place it
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FIG. 2: An arbitrary Pauli-controlled-Pauli (PcP) gate
can be decomposed using three measurement layers and
an ancilla, as shown for a CNOT gate. The first
measurement is akin to copying the first qubit onto a
clean ancilla, providing the intuition for our
measurement-based integrated routing operations.

X. ALGORITHMIC COMPONENTS AND
INTEGRATED ROUTING

We leverage layout plans (appendix D5) to provide
high-level strategic reasoning to the compiler. The lay-
out plan suggests optimized mappings of algorithmic to
logical qubits and may optionally force the decomposition
of a spec into a chosen def. Each algorithmic component
is compiled and optimized for its own authored layout
plan designed to reduce the measurement-layer depth on
the target architecture. The algorithm, however, may
have to execute algorithmic components with incompat-
ible layouts in sequence, and indeed most algorithmic
components have consecutive child components with in-
compatible layouts. Connecting them efficiently is the
integrated-routing problem addressed in this section.

A. Routing an adder

A component’s layout maps the component’s ports to
qubits in one or multiple memory blocks. We can mini-
mize the measurement depth required to execute a com-
ponent by leveraging entangling Clifford tracking within
memory blocks and exploiting parallelism between differ-
ent blocks. To show why this is powerful, consider the
traditional decomposition of an entangling Clifford, or a
Pauli-controlled-Pauli gate (see Fig. 2). This protocol
requires three measurements and an ancilla to form the
link between qubits. Through careful routing, we man-
age to avoid this decomposition for every single CNOT
or CZ gate in our algorithm. Fig. 3 shows an adder with
its natural layout to demonstrate how our architecture
can best support a simple structured def.

The addition of two quantum registers is at the
core of the arithmetic of Part III. The adder specifi-
cation declares two n-qubit semantic registers |z) and
ly) and adds the first into the second modulo 2". Dis-
tinct defs realize that specification with different re-
source trade-offs: a ripple adder in the style of Cuc-
caro et al. [29], a carry-lookahead adder [66], a Gid-
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(a) Quantum circuit of a 4-bit Gidney adder with measurement-based uncomputes. Note that entangling Cliffords either act
on pairs of qubits a; and b; or link ¢; to a;+1 and b;4+1, and Toffoli gates similarly act on triples of a;, b;, and c¢;.
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B W relay

ADDER LANE

memory block 0

memory block 1 memory block 36 ]

256-bit adder

b +=a; 37 memory blocks

(b) Layout plan for the Gidney adder. We designate a run of successive memory blocks as an adder lane, where we interleave
a;, bi, and carry;. This fits as seven triples per memory block, with the 22nd qubit serving as a hole for relaying data cheaply
when a carry ¢; is needed for CNOT gates targeting qubits in the next block.

FIG. 3: Gidney adder layout and circuit.

ney temporary-AND adder [36], an ancilla-free Taka-
hashi adder [30], a logarithmic-depth Remaud—Vandaele
adder [67], and hybrids between them. Controlled and
constant-operand adders live alongside as their own fam-
ilies with different semantic specs.

For simplicity, routing tricks, and consistency of our
logical frame analysis, we leverage Gidney-style ripple-
carry adders, even for constant adders (often at little or
no cost, as in Fig. 4). An optimized layout of a Gidney
adder is shown in Fig. 3b: packing each z;, y;, and carry;
in successive qubits places the classically controlled CZ
gates from both CCZ injections and the measurement-
based uncomputation (MBU) of the carries during the
rippling uncompute section of the adder within mem-
ory blocks, allowing them to be executed in software via
frame tracking. Similarly, nearly all CNOT gates in the
adder land within a single memory block and are natu-
rally executable via frame tracking. The remaining cross-
block CNOT gates are mitigated by integrated routing as
follows: whenever a given carry; controls CNOT gates

that would cross memory blocks, we leverage the next
memory block’s 22nd qubit to quickly copy carry; for-
ward. The surprisingly lossless nature of this additional
measurement is discussed further at the end of the next
section.

B. Integrated routing

While an individual low-level component may be
mapped to memory blocks in a natural way to maximally
exploit entangling Clifford tracking, satisfying the nat-
ural layouts of consecutive components without stalling
the serial execution of the overall algorithm is highly non-
trivial. We develop integrated routing to address this
challenge—in particular, we leverage the serial rippling
nature of the arithmetic and architectural-level measure-
ment parallelism to hide the cost of logically moving data
between memory blocks.

There are a few basic data movement operations, each



decomposed into a low number of measurements:

e Copy: Create an entangled logical basis copy of a
qubit with a single cross-block ZZ joint measure-
ment.

e Fanout: Create many copies of a qubit across
blocks by creating bell pairs with a layer of cross-
block XX joint measurements and entangling them
with the original with a layer of ZZ joint mea-
surements, forming a two-layer measurement brick-
work.

¢ MBU: Measurement-based uncomputation clears
a qubit by measuring it in the X basis and apply-
ing a conditional Z Pauli correction to the qubit’s
source.

e Move: Move a logical basis qubit from one block to
another by making a logical basis copy and MBUing
the original; cf. Fig. 12 of Ref. [68].

e Swap: Swap two qubits through one or more
temp qubits by moving qubits in a sequence. If
we use temps that are already local, a swap may
be thought of as two parallel moves plus locally-
tracked Clifford swaps.

First, because the compiler can propagate conditional
Paulis through measurements with classical bookkeeping,
the cost of an MBU from a Move is often hidden and
the cost of our movement operations is typically just the
number of serial cross-block measurement layers. Sec-
ond, because we may perform up to three measurements
per block in parallel, we can reconfigure memory blocks
for the next component as the rippling arithmetic of the
prior component is collapsing back to the low qubits.
Third, logical CliNR (see Sec. XIID 2) is performing this
same rippling sweep and may be leveraged to both in-
corporate local swaps and guarantee that the moves are
cheaply done with empty logical frames. Fourth, logi-
cal CliNR incurs short stalls of approximately 7.73 lay-
ers at certain critical points between components, which
we already account for in our costs reported in Table I
and which give additional time for routing moves to com-
plete. Altogether, integrated routing allows us to push
the layer depth of an algorithmic component very close
to the serial layer depth of the rippling arithmetic (typi-
cally, the number of Toffolis and their associated rippling
measurement-based uncomputations).

C. Routing the approximate modular adder

Here, we show a worked example of a modular adder,
demonstrating how we leverage integrated routing to ap-
proach the serial lower bound. We leverage an approx-
imate modular adder similar to that of [2] to compute
|z,y) — |z,y 4+ x mod p), whose def has the following
sequence of operations:
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Algorithm 2: Phase-approximate modular
adder

1 Compute |x,y) — |z, z + y) with a 256-bit
Gidney-style carry out adder.

2 Unload the low 65 bits of x into the work qubits
in the middle of the adder.

3 Fan the carry out qubit onto the low-region relay
qubits and use it as the control for a controlled
load of the pseudo-Mersenne modular correction
c.

4 MBU the block-local copy of each carry out qubit
to make room for the Gidney adder’s block-local
relay qubit.

Use a 65-bit Gidney-style register adder to
compute |,z +y) — |c, + y + ¢ mod 25°).

6 MBU the local copy of c.

7 Return the low bits of x from the packed middle

region.

8 Run a phase comparator on the high 32 bits of x
and y to correct the phase of all MBUs.

o

The exact details of this sequence are shown in Fig. 4.
Now, the serial lower bound of the rippling arithmetic
of the adder is given by twice the ripple depth of the
256-bit adder, plus twice the ripple depth of the 65-
bit adder, plus the ripple depth of the phase compara-
tor. Note that we parallelize half of the phase com-
parator against the closing ripple of the low-width con-
stant adder. That gives a total lower bound of approxi-
mately 510+ 128 431 = 669, and our phase approximate
mod adder compiles to a layer depth of 674. The logi-
cal CliNR penalty adds approximately 7.73 layers to the
seam between the 256-bit adder and the low-width con-
stant adder (as discussed in Sec. XII D 2), causing enough
delay to fully hide the five-layer routing overhead. This
demonstrates the power of integrated routing and why
leveraging Gidney-style register arithmetic even for con-
stant adders is nigh lossless in measurement depth. Our
measurement scheduler also demonstrates its capabili-
ties in this example—the scheduling routine achieves this
depth, even while needing to relay data between memory
blocks, by parallelizing every relay alongside the very first
CCZ injection into a later block. While the missing relay
data in a given block prevents us from interpreting the
results of the injection measurements, applying tracked
conditional CZ gates, and then injecting the next CCZ
gate, we may still free up the factory resource. Then only
the relay between the final two memory blocks increases
the serial depth of the adder. Our scheduler finds this
optimization automatically.

D. End-to-end integrated routing for algorithmic
components

Here we give a brief description of the integrated rout-
ing strategy internal to each algorithmic component doc-
umented in Table I, excluding the phase-approximate
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FIG. 4: Routing of the phase-approximate modular adder as described in algorithm 2.

modular adder.

Lookup. Lookups consist of a depth-first traversal over
the index bits, using scratch qubits to help with partial
answers. Putting scratch qubits and the lowest index
qubit in the same block keeps all traversal CNOT gates
block-local. To do the same for CCZ injections, we cy-
cle copies of relevant index qubits into and out of the
block with copy and MBU operations. We pack the
controlled mask-load CNOT gates into blocks by lever-
aging fanout and MBU to relay each control bit to the
load target blocks in turn. We further split the k = 16
lookup into two parallel £ = 15 lookups, following the
zipper construction of Ref. [68], with copies of the index
bits and a second relay qubit in each target block.

Approximate modular subtraction. This works sim-
ilarly to the modular adders, except we perform a mod-
ular complement before and after the adder. Modular
complement is done by bitwise inversion using frame-
tracked X gates and unconditional low-width constant
addition of 2%% — ¢, where c is the pseudo-Mersenne mod-

ular correction. We again pack and restore the low 65 bits
of x using the middle of the adder around each constant
correction.

In-place multiplication. Our implementation of the
in-place multiplication [2, 52] uses Gidney adders [36] for
the arithmetic on the v and v registers, which we place
in the adder lane, and computes history bits nearby. The
adder lane shrinks as we reduce v and v, freeing up more
qubits that we slowly load y into. We compress each set
of six local history qubits into five [2] using a dedicated
compute zone, and we pack compressed history qubits
into long-term storage. When u and v are reduced away,
we unpack the rest of the y register into the adder lane,
play back the history to perform in-place multiplication
or division, and then repack y while working back up the
u — v sequence to uncompute the history. This is the
widest portion of the algorithm—at its peak, we have 68
active memory blocks, plus one for the algorithm’s 16
idling index bits.

Square-subtract. Our square-subtract routine lever-



ages a single-level Karatsuba split, as described in
Sec. VII. The routine accumulates squares of parts of
a register y into a product register, then adds different
alignments of the squared terms into the real accumula-
tor x before uncomputing each square. We again leverage
Gidney-based arithmetic—our central squaring routine
repeatedly shifts and performs conditionally-inverted ad-
dition. After each square of a 128-bit portion of y (or the
sum of the high and low halves of y), the product register
has been shifted nearly 128 times, bringing it nearly in
alignment to represent the shifted value B - product. We
may then exchange y and z to accumulate B - product
and any constant multiples c¢- product, realized as shifted
adds or subtractions of product at different offsets.

Approximate modular negation. Approximate mod-
ular negation is nearly the usual approximate modular
complement, with one correction—we have a rippling
chain of Toffolis, with a similar structure to an adder,
used to detect the edge case x = p and replace p with
0 [2]. Though the basic routing details are covered in
prior components, we mention that we use this routine
to avoid the traditional exact modular arithmetic used
to finalize a round of windowed point addition. This pre-
serves our maximum circuit width while still allowing us
to leverage Gidney-style register addition throughout the
entire circuit.

Integrated Routing for windowed point addi-
tion. We compose integrated routing for an entire win-
dow of the point addition routine—the total integrated
routing penalty per window is nearly zero. We com-
pile each of the major algorithmic components separately
and add their costs together, adding a conservative cost
of 20 layers per window. Moreover, layer depth re-
ductions from compressing the algorithmic components
across their seams would far outweigh any penalty from
integrated routing. Our routing strategy is best de-
scribed visually in Fig. 21 within the Appendix.

Of note, because we unconditionally execute all phase
comparators, we have no conditionally-executed mea-
surements to account for, outside of our iQFT implemen-
tation (Sec. XITE4). Because we parallelize the first half
of each phase comparator against other rippling serial
arithmetic elements with the strategy shown in Fig. 4,
we achieve the same average cost as conditional execu-
tion.

XI. VERIFICATION

Trusting the definition and compilation of fault-
tolerant-scale circuits is a hard problem. We address it by
splitting the problem in two halves: first, prove that the
top-level component is decomposed into a correct tree,
and second, prove that the scheduler converts the tree to
a valid program executable on our architecture.

19
A. Hierarchical verification of the tree

The only operation that synthesis performs on the
component tree is replacing some spec with one of its
defs. This leads to a powerful insight—by verifying that
every single def implements its spec, we can trust every
operation the tree performs, and thereby trust the final
tree’s correctness. To do this, we leverage another key
insight: many components may be described without in-
troducing genuine quantum behavior like superposition
or entanglement. In particular, for our circuits, nearly
every component is a quantum implementation of a re-
versible classical circuit, enabling classical emulation as
in Refs. [64, 69)].

For every spec, we specify a contract: a machine-
checkable reference for the semantic action on the spec’s
ports. Implementation details like ancillae do not appear
in the contract. These contracts take the form of func-
tions defined on some declared domain and come in three
types of escalating complexity:

1. Basis contract: the spec maps computational ba-
sis states to computational basis states. Reversible
classical circuits fall into this category, including
CNOT gates and Toffolis. Contracts of this type
are nearly trivial to verify classically.

2. Basis-plus-phase contract: a two-dimensional
variant of a basis contract. Now, alongside the basis
mapping, the spec may also apply a phase function
to any given basis state. The common occurrence
in our circuits is MBUs and their associated phase
correction components.

3. Operator contract: a full operator, for compo-
nents that create superpositions or entanglement.
All measurement-based protocols eventually fall
into this category, but the overall action of a small
component relying on measurements is almost al-
ways in the prior two categories.

For each def, the verifier expands its immediate chil-
dren, including its structured control flow, and composes
their contracts in execution order. It maps each compar-
ison input, together with the implementation ancillae,
into the def’s internal register layout, evaluates the child
composition, projects the result back onto the semantic
ports, and compares it with the spec contract. Clean
ancillae must be returned to |0). Child calls are also re-
quired to satisfy their own declared input domains. If
a spec has a basis contract but a given def has children
with a basis-plus-phase contract, verification proves that
the phase functions cancel, reducing to a basis contract
with an identity phase function.

For the reversible arithmetic that dominates the ECC
pipeline, the contract is simply a function on basis val-
ues. The adder specification’s contract, for example,
is (z,y) — (z,z + ymod2™). By representing all
measurement-based protocols with simple basis contracts



(e.g., move, swap, copy, etc.), and MBUs and CCZ
injections as basis-plus-phase contracts, we avoid open-
ing defs whose children have operator contracts directly.
We independently certify that each small measurement-
based primitive performs the correct action.

The verification routine runs either exhaustively for
components with a small input domain, or randomly
sampled over components with a large input domain, in-
cluding approximate components. For a two-bit adder
def, for instance, the verifier sweeps all sixteen (z,y)
basis inputs with the def’s scratch at |0), evaluates the
composition of the children’s own contract functions, and
requires the output (z,  +y mod 4) with the scratch re-
turned to |0). In contrast, at the massive scale of our
application, we randomly sample input states. The ap-
proximate modular adder for the secp256k1 field, whose
modulus is p = 2256 — 232 — 977, is checked on 100,000 re-
producibly sampled inputs. Such sampling is both strong
evidence of our implementation’s accuracy over all ~2°12
input pairs as well as affirmation that our approximate
arithmetic holds at scale. We verify both large- and
small-scale versions of all components.

B. Scheduling verification

We prove our schedules accurately preserve the tree’s
semantics with a combination of different checks and unit
tests, and we perform these checks at multiple levels of
abstraction and record their results with the compiled
data.

1. We have a variety of tests for the pipeline itself,
including but not limited to compiling Shor’s inte-
ger factoring algorithm for 3- and 5-bit numbers to
executable programs and simulating the resulting
programs exactly.

2. We verify that the compiler’s schedule is physical,
that is, conforms to the set of constraints imposed
by the architecture, including cat bundle consump-
tion and magic-state injection limits.

3. We bound resource figures with analytic envelopes
derived from the algorithm; in a Gidney-style
adder, for instance, we expect two measurement
layers (appendix D) per Toffoli (to be exact, given
our block-aware decomposition, 2n—1 layers, where
n is the number of bits in the adder). The en-
velope imposes a floor as well as a ceiling, both
to assert that information-theoretic bounds are re-
spected and to ensure we do not unknowingly in-
troduce a performance regression.

4. We ensure our routing applies correctly and we
avoid naive decomposition of any cross-block en-
tangling Cliffords.

5. We run small-scale component-level simulations of
the schedule, ensuring that our final programs pre-
serve circuit semantics. This includes simulations
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of the 674-layer schedule of the 256-bit approximate
modular adder discussed in Sec. X with computa-
tional basis state inputs, as well as phase-aware
simulations with superpositions of inputs at re-
duced scale.

Every reported figure is produced by a reproducible
pipeline. A run is declared in a suite file that fixes all in-
puts: the entry-point component and its parameters, the
architecture, the layout plan, and the verification checks
to apply. Executing the declaration writes a run direc-
tory holding the compiled result, its measurement sched-
ule, the recorded outcomes of the checks described above,
and a manifest of the resolved arguments, including the
serialized architecture, the git commit of every reposi-
tory involved, and the execution environment. Runs are
identified by a content hash over the declared inputs:
two executions of the same declaration on the same code
hash identically, so any reported number can be traced to
the configuration that produced it. Because the measure-
ment schedule is retained alongside the result, a reported
depth can be re-examined without recompiling.



Part V
Architecture

XII. ARCHITECTURE OVERVIEW
A. The secp256kl Device

We consider the secp256k1 device, based on a mod-
ified version of the Walking Cat architecture optimized
for solving a secp256k1 discrete-logarithm instance. Be-
cause the elliptic curve point addition circuits developed
in this work account for most of the algorithm’s logical
operations, we tailor the architecture to their resource
requirements rather than to those of other stages, such
as the quantum Fourier transform. The resulting archi-
tecture enables execution of an end-to-end secp256ki
discrete-logarithm instance with the resource totals sum-
marized in Table II.

TABLE II: Resource totals for solving secp256k1 with
the secp256k1 device.

Metric Value
Physical-qubit footprint 19,397
Runtime per attempt ~ 26 days
Logical failure probability per attempt ~ 26%

The device contains 69 Q102 memory blocks, 24 cat-
state bundle pairs, 12 Bell-state bundles for LM2 mea-
surements, four logical ClINR blocks, and four magic
factories, each with two local six-qubit C6 Bell-state
sources. Including local and global reloading reser-
voirs, these components give the 19,397-physical-qubit
footprint summarized in Table III. Details and justifi-
cation for runtime, logical failure probability, and the
physical-footprint total are provided in appendix E 2, ap-
pendix E 3, and appendix E 1, respectively.

TABLE III: Component allocations and physical-qubit
footprint of the secp256k1 device.

Qubits per Qubits in

Component Count component allocation
Memory blocks 69 207 14,283
Cat-state bundle pairs 24 120 2,880
Bell-state bundles 12 8 96
Logical CliNR blocks 4 207 828
Magic factories 4 319 1,276
Reloading-reservoir qubits 34 1 34
Physical-qubit footprint 19,397

The architecture uses the three-ring QEC codes sum-
marized below to support its memory and magic-state
factory blocks. The Q102 code is from the Walking Cat
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Architecture paper [1], Q66 is a new generalized bicycle
code introduced in this work, and C6 is Knill’s [6, 2, 2]
code [70]. C6 can be expressed as a generalized bicycle
code, making it a three-ring code, and therefore compat-
ible with the Walking Cat architecture.

TABLE IV: Three-ring QEC codes used in the
secp256k1 device. Logical error rates are quoted per
SEC for Q102 and Q66, and per accepted encoded
|H)®* pair for C6. Logical error rates are estimated for
the moving qubits model with physical error rate
p = 10~* including transport noise, leakage and loss.

Code Parameters SEC depth (POCs) Logical error rate

Q102 [102,22,9] 27.0 9.34 x 10712
Q66  [66,4,10] 17.0 2.63 x 10711
C6 [6,2,2] 5.4 1.30 x 1078

The secp256k1 device specializes the Walking Cat ar-
chitecture around the resource demands of the elliptic
curve point addition circuits. In particular, we priori-
tize reducing its physical footprint while retaining enough
measurement and magic-state throughput to avoid intro-
ducing new runtime bottlenecks. This specialization rests
on four changes to the baseline architecture.

First, we introduce the CLAW ISA, an extension of the
Walking Cat architecture ISA [1] that addresses bottle-
necks in elliptic curve point addition circuits, as detailed
in Sec. XIID. By studying the compiled logical measure-
ments, we find that each has an accessible physical repre-
sentative in the Q102 code even when every Clifford gate
within a block is tracked virtually. Consequently, Clif-
ford gates account for less than 10% of our final logical-
measurement count. Because Toffoli gates account for
the bulk of the remaining measurements, we optimize
their execution with a new parallel logical-measurement
operation, an idle-frame-clearing scheme, and a depth-
one CCZ gate.

We introduce the lightweight Eastinthillation factory
in Sec. XIT E, which supports the depth-one CCZ gate.

Then, we adapt cat-state distribution to the ellip-
tic curve point addition circuits’ limited global logical-
measurement parallelism. Rather than permanently pro-
visioning every code block with both sets of cat states
and verification ancillas, the device moves the cat states
required for logical measurements across the device as
detailed in Sec. XII C.

Finally, in Sec. XII B, we replace the baseline architec-
ture’s qubit-loss model [1] with the swap-loss model, in
which an interaction can move a loss but cannot spread it.
This model relaxes the hardware requirements associated
with qubit loss: an implementation of the secp256k1
device need neither guarantee which output retains the
surviving qubit nor ensure that an attempted interaction
with a missing qubit ejects or disables its partner. Pre-
venting a single loss from branching also permits lower-
overhead loss-detection protocols than the beacon proto-
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FIG. 5: Full-scale secp256k1 device. Purple blocks are magic-state factories required for CCZ state generation,
green blocks are memory blocks, orange blocks are cat-state factories, and blue blocks are Bell-state bundles for
LM2 measurements. Each group of four orange blocks forms a mobile cat-state bundle pair. The two cyan sites
inside each magic-factory group are local six-qubit C6 Bell-state sources. The cobalt and crimson blocks are
reserved for two Logical CliNR instances used for Clifford-frame clearing. The small gray box attached to each code
block is its local ion reservoir, while the full loading reservoir runs along the right edge of the device.

col developed in [1]. For a code block with n data qubits,
these new protocols reduce the physical-qubit count from
3n under the beacon protocol to 2n, thereby reducing the
footprint of every memory and factory block in the de-
vice.

B. Swap-Loss Model

We replace the loss-propagation rule in the moving-
qubit noise model of the Walking Cat architecture [1]
with the swap-loss model. In this model, a two-qubit
gate involving exactly one lost qubit can exchange the
locations of the loss and the surviving qubit but cannot
spread the loss. Because qubit loss no longer spreads,
the number of lost qubits arising from a single qubit-loss
event no longer grows exponentially with circuit depth.
Consequently, loss need not be checked using the beacon
protocol after every scheduled layer; instead, we intro-
duce a modified leakage-detection unit (LDU) that de-
tects both leakage and loss under the swap-loss model.
The new loss-propagation rule is specified in Sec. XII B 1;
Sec. XIIB 2 gives the LDU and corresponding SEC pro-
cedure; and Sec. XII B 3 reports the memory performance
of the Q102 and Q66 code blocks in this model.

1. Swap-Loss Model

The moving-qubit noise model of the Walking Cat ar-
chitecture [1] supplements circuit-level Pauli noise with
independent qubit-loss and leakage processes. Let pioss
and pieax denote their respective rates per physical op-
eration cycle (POC). After a parallel round of depth A
POCs, each non-lost qubit is marked lost with proba-
bility min{1, Apjss}; among the remaining qubits, each
qubit in the computational subspace is marked leaked
with probability min{1l, Apjeax}. We retain the Walking
Cat leakage rules: a single- or two-qubit gate involving a
leaked qubit is replaced with the identity operation while
its associated physical noise is still applied, and a sub-
sequent loss changes the qubit’s status from leaked to
lost.

In the original moving-qubit noise model, any non-
measurement operation involving a lost qubit is replaced
with the identity operation, and any two-qubit gate in-
volving a lost qubit propagates the loss to the other qubit
involved in the gate. Consequently, if every lost qubit
participates in a two-qubit gate, the number of lost qubits
can double from one two-qubit-gate layer to the next.

The swap-loss model changes only this loss-
propagation rule. Suppose a two-qubit gate acts
on locations ¢ and j, exactly one of which is marked
lost. The intended two-qubit gate is replaced with the
identity operation. With probability pswap, however, the



contents of the two locations, including their tracked loss
and leakage statuses and tableau entries, are exchanged;
with probability 1 — pswap, they remain unchanged.
With no loss of generality, we set pswap = 0.5 in our
simulations; sensitivity analysis of memory performance
with the swap-resilient LDU shows that the logical error
rate is insensitive to the precise value of pswap, as shown
in Fig. 22.

In simulation, this update is implemented by swap-
ping the lost and leaked status flags and applying a
SWAP gate to the corresponding entries in the under-
lying tableau state.

The original Walking Cat architecture’s loss propa-
gation rule models a QCCD merge/split operation be-
tween an occupied and an empty potential well, which
can strongly heat and ultimately eject the surviving ion.
The swap-loss model instead assumes potential wells suf-
ficiently deep to retain the heated ion.

2. Swap-Resilient Loss Detection and Syndrome Extraction

Our goal is to construct a circuit that detects loss or
leakage of a data qubit with probability close to one,
even when a loss can swap between the data and ancilla
wires. In the absence of loss or leakage, the circuit should
preserve the state of the data qubit under observation.

The teleportation-based leakage-detection unit (LDU)
used in the Walking Cat architecture [1] assumes that
the data and ancilla are swapped/teleported to defi-
nite locations. The SWAP-based and teleportation-based
syndrome-extraction schemes of Ref. [71] make the same
assumption. However, under the swap-loss model, a loss
can move to an unmeasured location while a surviving
qubit moves to the measured location, so the loss may be
missed.

We instead modify Preskill’s leakage-detection cir-
cuit [72]. The issue with the original LDU is as follows.
If the loss swaps with the surviving ancilla qubit at both
entangling gates, that qubit returns to its original lo-
cation in state |1) (which normally indicates a healthy
outcome), producing a false negative. At pgwap = 1/2,
this double-swap trajectory has probability pZ,, = 1/4,
which is too large to neglect.

The swap-resilient LDU shown in Fig. 6 adds an X4
gate between the two entangling gates. A computa-
tional ancilla outcome 0 accepts the data qubit, whereas
outcome 1, ‘lost’, or ‘leaked’ triggers recovery. We as-
sume throughout that augmented readout perfectly dis-
tinguishes computational, leaked, and lost states.

Proposition 1. In the absence of additional faults
within the gadget, the swap-resilient LDU preserves and
accepts every computational input state and flags every
leaked or lost input for all possible loss-swap patterns.
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FIG. 6: Swap-resilient LDU for data qubit D and

aligned ancilla qubit A. Its final measurement is
augmented with loss and leakage readout.

Proof. For |¢) = «|0) + 3|1}, the action of the circuit is

[6,0) =2 «[1,0) + 30,0)
CNOTooay 11, 1) + B0, 0)
20X4y 0]0,0) + B1,1)
SROTR=4, 15,0),

where each ordered ket lists D before A. Notably, the
data state is preserved and the ancilla outcome is 0.

Write ¢ and @ for leaked and lost statuses. For a leaked
input data qubit, all gates involving D are suppressed,
leaving only

(£,0)pa ~25 (0,1)pa.

The same argument gives ancilla outcome 1 for a lost
input with no swaps. With exactly one swap, the surviv-
ing ancilla replaces the lost data qubit on D, while the
loss moves to A, so augmented readout invariably reports
‘lost’.

In the two-swap case, each entangling gate is sup-
pressed and its loss-swap event exchanges the two loca-
tions. The intermediate X 4 is suppressed while the loss
occupies A, whereas X p flips the surviving qubit:

(2,0)pa LA (0,2)pa Xo, (1,2)pa Rk (@,1)pa.

Thus the surviving qubit returns to the ancilla location in
state 1. Hence the gadget flags every non-computational
input, as summarized in Table V. O

TABLE V: Ideal swap-resilient LDU outcomes,
excluding additional faults within the gadget.

Input status of D Swap events Ancilla readout

Computational 0 0
Leaked — 1
Lost 0 1
Lost 1 ‘lost’
Lost 2 1

The gadget has a nominal depth of three POCs: two
entangling-gate layers and one augmented measuremen-
t/reset layer. The single-qubit X operations are imple-
mented virtually by physical Pauli-frame tracking, and



therefore do not contribute to the POC depth. A flagged
leakage requires one additional POC for leakage reset; a
flagged loss additionally requires a fresh ion from the lo-
cal reservoir. However, since these occur rarely (at rates
A2 Pleak * - 2 OT Plogs - N+ 2), they do not affect the nominal
depth of the gadget significantly.

We modify the SEC circuit of Ref. [1] to use the
swap-resilient LDU in place of the beacon protocol and
teleportation-based LDU, as detailed in algorithm 3.

8. Memory Performance of Code Blocks

We simulate the swap-loss model and append the swap-
resilient LDU to every SEC. The LDU contributes three
POCs of depth. The LDU is simulated with the same
Pauli gate noise as in the moving-qubit model, together
with the corresponding idle-noise, leakage, and loss chan-
nels on idle qubits. Unless stated otherwise, we set

Ploss = p/loooa

Pleak = p/lo’ Pswap = 0.5. (1)

For a physical justification of these parameters, see
Ref. [1].

The generalized-bicycle code instances and SEC sched-
ules used in the memory simulations are specified in Ta-
ble VI.

We evaluate the performance of our primary code
blocks, Q102 and Q66, under the swap-loss model at the
assumed physical noise rate p = 10%. Direct simula-
tion at this noise rate would require prohibitively many
shots, so we extrapolate the swap-loss data from p €
{5x107%,8x 107%,1073,2 x 1073}, and the Pauli-noise-
only baselines from p € {1073,2 x 1073,3 x 1073}, using
the three-parameter ansatz piog(p) = p° exp(a+bp+cp?).
We simulate the Pauli-noise-only model with Stim [73]
and the loss- and leakage-enhanced model with the be-
spoke simulator described in the original Walking Cat ar-
chitecture paper [1]. We decode both data sets using the
beam-search decoder [74] with beam width 32, at most
10 search rounds, 40 initial iterations, and 30 iterations
per subsequent round. For Q102, the fitted ansatz is

Plog (p) = p° exp(20.4344 + 2262.86p — 5.13283 x 10°p?) ,

which gives a logical error rate of 9.34 x 10~!2 per SEC
at p = 10, as shown in Fig. 7.
For Q66, the fitted swap-loss ansatz is

Prog (p) = p° exp(21.6356 + 574.572p — 9.79513 x 10%p?) .

It gives a logical error rate of 2.63 x 107! per SEC
at p = 10™%; the corresponding extrapolated Pauli-noise-
only rate is 2.47 x 107!2 per SEC. The sampled data and
both fits are shown in Fig. 7.
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C. Reusable Cat State Factories with Parallel
Layout

We modify the cat-state-factory layout to support the
three parallel measurements required for depth-one CCZ
injection. The resulting layout provides this parallelism
with fewer physical qubits than would be required under
the default Walking Cat architecture.

1. FEdge-Packed Cat-State Factories for Parallel

Measurements

Depth-one injection of the CCZ gates described in
Sec. XIID requires three parallel logical measurements.
The simplest layout required to accomplish this places
three cat-state factories beside each code block, but this
arrangement relaxes the Walking Cat architecture’s as-
sumption that each cat-state factory is at fixed distance
from its associated code block. Longer transport dis-
tances may require additional cat-state copies in flight
to pipeline logical measurements without increasing gate
latency. We therefore place the factories along the code-
block edges and determine the number of cat-state copies
required by the resulting transport geometry.

In the Walking Cat architecture, measured cat-state
qubits circulate back to their factories through a device-
wide outer loop so that their carriers can be reused [1].
We introduce a new loop design that minimizes the trans-
port distance: every code block and its assigned factories
share a local loop confined to their region.

Let weay € N denote the cat-state weight, namely
the number of physical qubits comprising the cat state.
We call a reusable allocation of we,; qubits that holds
one weight-w,,y cat state a cat-state register. A register
cycles through cat-state preparation, delivery, measure-
ment, and then returns. Verification ancillas are factory
resources and are not part of the register.

Consider an n-qubit code block on which & logical mea-
surements are performed simultaneously. We index the
measurements by j € {1,...,k} and assign factory F;
to measurement j. Each factory supplies weight-we,t cat
states at the cadence of one state per syndrome extrac-
tion cycle (SEC), whose duration is Tsgc(n) POCs. Let r
be the number of weight-w,,¢ cat-state registers reserved
for each of the k parallel logical measurements, let m be
the number of verification rounds, and let n = 74, /TpocC
denote the duration of one transport step in POC units.

For even we,t, the Walking Cat protocol of Ref. [1]
prepares and verifies a cat state in

Torep(Weat, m) = [logy Weat ] + 3m + 3

preparation and verification

+ n(w;at +m—1) @

factory-internal transport

POCs.
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Algorithm 3: Syndrome extraction with the loss- and leakage-detection gadget only

Data: A data register D, an ancilla register A, and a valid maximally parallel schedule
= ((T)((l),Tél))7 e, (T)((wCh“k), Téw“‘“k))) for a three-ring code with a = 2

1 Prepare the ancilla qubits in |0);

2 Apply the loss- and leakage-detection gadget of Fig. 6
in parallel between each data qubit and its aligned
ancilla qubit;

3 Measure the gadget ancillas using augmented
loss/leakage readout;

4 Let K1 be the set of indices whose gadget ancilla
returns computational outcome 1;

5 for i € K1 do

6 Check data qubit D; to determine whether it is
leaked or lost;

7 if D; is lost then

Replace D; by a reloaded qubit;

9 Reset D; to the maximally mixed state I/2;

10 Let Kjost be the set of indices whose gadget ancilla

readout reports ‘lost’;

11 for ¢ € Kjost do

12 Check data qubit D; for loss;

13  Reload every qubit in {4;, D;} that is lost;

14 Reset D; to the maximally mixed state 1/2;

(03]

15 Prepare all ancilla qubits in |+);
16 Relabel the ancilla in software so that the initial
alignment matches the first schedule pair in ¥;

17 Apply the scheduled parallel gates for (T)({1 ), Tél)):
CNOT gates from each aligned X-check ancilla to its
data qubit, and CZ gates between each aligned
Z-check ancilla and its data qubit;

18 for 7 € {2,..., Wcheck } dO

19 Compute the common long-ring shift » from the
family change between rounds 7 — 1 and 7, together
with (sx,tx) from Tgil) and T)<(T) and (sz,tz) from
Tg_l) and Tg);

20 Apply the transport step consisting of a long-ring
cycle by r on all ancilla qubits together with the
medium/short shifts (sx,tx) on Ax and (sz,tz) on

Az;

21 Apply the scheduled parallel gates for (T)((T),Tg)):
CNOT gates from each aligned X-check ancilla to its
data qubit, and CZ gates between each aligned
Z-check ancilla and its data qubit;

22 Measure all ancilla qubits in the X basis using
augmented loss/leakage readout;

23 Reset any ancilla qubit whose final readout reports
‘leaked’ or ‘lost’ before the next syndrome extraction
round;

TABLE VI: Generalized-bicycle code instances and syndrome-extraction schedules used in the memory simulations.
The symbols A; and B; index the monomials of a(z) and b(z), respectively, in the order shown; T denotes a
transposed interaction.

Name Code specification Schedule permutation >
[102,22,9], (1,m) = (51,1),

Q102 a(x) _$22+$26+$37+$50 ((Al,A;—),(Bl,BI),(BQ,B;),(A3,AI),
b(x) _ x19 + x28 + x29 + $35 (A47 Ag)7 (B37 B;—)v (B4: BI), (A27 AI))
[[667 4, 10]] , (l,m) = (337 1)7

Q66 a(:r):1+x+1:3+1:10 ((BQ,B-IF):(A27A-1|—):(A3:AI):(B373;—)7

b(z) =14z +2°

(A47 A;—), (A17 A;—)7 (317 B;—))

We pack factories along the long edges of the code
block, as shown in Fig. 8. For placement, a weight-wca¢
factory is assigned a width of we,¢ carrier sites. One long
edge can therefore accommodate

n
S(N, Weat) = 3
(o) = | = | Q
factories. We place factories Fi, ..., Fuin{k,s} consecu-
tively along the top edge and, when k > s, continue
with Fsy1 along the bottom edge. Two long edges suffice
whenever k < 2s(n, weat ), without occupying either short

edge on the sides of the code blocks. The memory and
cat-factory components of Ref. [1] each span four physical
qubit rows. At the granularity of the present transport
model, an n-qubit code block therefore occupies a 4 X n
rectangle and the loop immediately surrounding it has
length

Pioop(n) = 2n +8 (4)

transport steps.
This routing policy also accommodates representatives
whose supports are interleaved across the data qubits,
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Q66 logical error rate
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FIG. 7: Memory performance of the [[102,22,9]] Q102 code (left) and the [[66,4, 10]] Q66 code under the swap-loss
model. For each code, the Pauli-noise-only baseline is compared with the corresponding swap-loss model, with
Preak = P/10, pioss = p/1000, and pswap = 0.5. Dashed curves extrapolate each series to p = 10~* using the
three-parameter fifth-order ansatz piog(p) = p°exp(a + bp + cp?).

102
J1 J2 Jf3 T 12
= — = .|
| Q102 code block: 4 x 102 4

common local cat-state loop: Ploop(102) = 212

102

FIG. 8: Local cat-state circulation for Q102. Three
weight-30 factories occupy 90 of the 102 sites along the
top edge, leaving 12 sites unused; the bottom edge is
not needed. In general, factories are packed along the
top edge up to the capacity in eq. (3), then continued
along the bottom edge. Note that every factory has the
same circulation distance 2n + 8.

because the interchangeable qubits within each cat state
can be staged in support order. We now determine how
many registers are needed to sustain this delivery sched-
ule.

Proposition 2. Assume that a successful cat-state
preparation is available after Tprep(Wear, m) POCs and
that the local loop can transport the cat states required
for all k parallel logical measurements without contention.
Assume also that the physical representatives for the par-
allel measurements have pairwise-disjoint supports. Mea-
sure time from the instant at which the cat state for the
current round is consumed. Assume that the next cat
state is not required until the next cat-based measurement,
one SEC later, and that the register can return, be pre-
pared and verified, and attempt redelivery concurrently
with that intervening SEC. The smallest register count
for each measurement that sustains one weight-weas cat

state per SEC is

o {Tprep(wm,m) + Uf)loop(n)“ _ (5)

Tsec(n)

Proof. Suppose register A supplies the cat state for the
current measurement round. From the moment that
state is consumed, the register is unavailable for the
turnaround time

Tprcp (wcat, m) + 77-Ploop (TL)

while it returns to its original cat-state factory around
the local loop, undergoes preparation and verification,
and then travels along the loop to the next measurement.
The return followed by the next delivery has total length
Pioop(n). Let

q= ’VTprep(wcah m) + nBoop (n) -‘
Tsec(n) '

During this turnaround, ¢ — 1 other registers supply
the intervening demands at times Tsgc(n),...,(¢ —
1)Tsgc(n), and register A returns for the demand at time
¢Tsgc(n). Thus r = g registers suffice. For example,
when ¢ = 2, register B is consumed one SEC after A,
and A is consumed again after two SECs. With fewer
registers, A would be reused before it is ready. O

Every factory requires only one register if
Tprep (wcata m) + 77(2” + 8) S TSEC (’I’L) (6)

Under this condition, proposition 2 gives r = 1 for every
measurement, for k cat-state registers in total.

The concrete Q102 and Q66 register counts used in the
component footprints are calculated in appendix E 1.



2. Reusing Cat States

The elliptic-curve circuit’s limited global logical-
measurement parallelism leaves many cat-state resources
idle for long periods of time under the default Walk-
ing Cat architecture’s per-code-block cat-state alloca-
tion policy. This motivates provisioning only enough
cat states to meet the circuit’s peak measurement par-
allelism, then transporting and reusing them across the
device as needed. The basic unit of reuse is the complete
set of resources needed to pipeline one logical measure-
ment around the local loop: r weight-w,,y cat-state reg-
isters, with r given by proposition 2, together with one
bank of we, verification ancillas for successive cat-state
preparations. We call this a cat-state bundle.

For the global routing analysis, we arrange the targets
of each of the k parallel logical measurements into an or-
dered stream. Each stream is served by a pool of reusable
cat-state bundles that may travel between code blocks.
We ask how many bundles each stream needs to avoid
delaying logical measurements.

The registers within each bundle allow one cat state to
be prepared and verified while another is consumed, as
in proposition 2; the ancilla bank travels with the regis-
ters so that the bundle can operate beside any memory
block. Upon arrival at the destination code block, the
bundle docks at one of the cat-state factories along the
target block’s edge and undergoes the preparation and
verification procedure of Sec. XIIC1. At least one bun-
dle remains beside the active block throughout its logical
measurement, but the bundle that begins the protocol
need not be the one that finishes it. The bundles assigned
to each measurement stream follow a handoff schedule,
illustrated for two bundles in Fig. 9. The lookahead bun-
dle begins the measurement at the current target while
the trailing bundle travels to that same block and is pre-
pared and verified there. The trailing bundle then takes
over the ongoing measurement, releasing the lookahead
bundle to advance to the following target. Repeating this
handoff moves the bundles through the ordered stream
of logical measurements.

Consider M memory blocks packed in an R-by-C' rect-
angle, where M < RC and unused positions, if any, are
left empty. As above, each block occupies a 4-by-n rect-
angle. We leave one additional horizontal routing row
between neighboring block rows. The maximum Manhat-
tan distance between corresponding ports of two memory
blocks is therefore

Dunax(R,C,n) = n(C — 1) + 5(R — 1) (7)

transport steps. Let Tt be the duration in POCs of the
shortest logical measurement in the workload.

Proposition 3. Let L = nDpax(R, C,n)+Tprep(Weat, M)
and assume L < Tyv. Assume also that, under the
ouroboros block layout introduced for the idle-frame-
clearing schedule in Sec. XIID 2, the transport routes
serving simultaneous logical measurements do not cross
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one another. For a computation with at most k simul-
taneous logical measurements, the handoff schedule can
execute any sequence of measurement locations without
transport delays using at most

Nbundle(k;a R7 07 T, Weat m)
— k/’ (1 + "2 [anaX(R7 Ca n) + Tprep (wcat; m)] -‘ ) ]
Tim
(8)

In particular, two bundles per measurement stream suf-
fice whenever

2 [anax(Ry C, n) + Tprep (wcata m)] <Tim- (9)

Proof. Partition the bundles among k independent mea-
surement streams. In each stream, use one trailing bun-
dle and p = [2L/T1m] lookahead bundles. At the start
of a logical measurement, the next lookahead bundle is
already prepared at the target block and begins the mea-
surement. The trailing bundle, released when the pre-
ceding logical measurement ended, travels to this same
target and is prepared and verified in at most L POCs.
Because L < Ty, it can take over before the current
measurement ends.

This handoff releases the active lookahead bundle at
most L POCs after the measurement began. That bundle
is next required p measurements later, so it has at least
pIim — L > L POCs to travel to and prepare at its next
assigned target. It is therefore ready before that mea-
surement begins. Repeating the handoff gives a delay-
free pipeline with p + 1 bundles per lane, which yields
eq. (8). When 2L < Ty, p = 1: the leading bundle
starts each target, the trailing bundle takes over, and
the released leading bundle advances again. O

The secp256kl device packs its 69 Q102 memory
blocks and four Q102 Logical CliNR blocks in a nine-
by-nine grid, as shown in Fig. 5. Consequently,

Dimax(9,9,102) = 102(9 — 1) +5(9 — 1) =856  (10)

transport steps, or nDpax = 42.8 POCs for n = 1/20.
The subsequent local preparation and verification takes
Tprep(30,2) = 14.8 POCs, for a total lookahead time of
57.6 POCs. The two successive pipeline legs—bringing
the trailing bundle to the active block and then send-
ing the released lookahead bundle onward—take at most
2(57.6) = 115.2 POCs. At the physical error rate
p = 1074, a Viterbi measurement with cat-state weight
Weat > 16 targeting a logical-measurement error rate
of € = 107!0 requires at least five SECs [1], hence
Tim > 5Tsgc = 135 POCs for Q102. Therefore

2@28+14&}>

Nbundle(k7 9,9,102, 30, 2) =k <1 + ’7 5
= 2k.

(11)
Thus, two bundles suffice for each Q102 measurement
stream. We call this stream-level allocation a cat-state
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(b) Arrival at local factory
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FIG. 9: Device-level handoff schedule for reusing two cat-state bundles in a measurement stream. Each memory
block has three cat-state factories, shown in orange. Lookahead bundle B begins the logical measurement at Mg
while bundle A follows the highlighted route toward that same block (a). A arrives at one of Mg’s local factories (b)
and is prepared and verified as B continues measuring (c). A then takes over the ongoing measurement at Mg,
releasing B to advance toward the following target (d).

bundle pair. One set of k bundles can start the mea-
surements at the current target blocks while the other
set arrives, is prepared and verified, and takes over; the
released set then moves ahead to the next k targets. For
the £ = 3 measurements used by depth-one CCZ injec-
tion, this requires three mobile cat-state bundle pairs (six
individual bundles) rather than the 73k = 219 block-
local bundles of the default Walking Cat architecture, a
factor-36.5 reduction in spatial overhead without increas-
ing logical-measurement latency.

The lookahead-based pipelining policy described above
assumes that the target block of each lane is known
at least L POCs before its measurement begins. Feed-
forward can violate this assumption when a measurement
outcome determines which previously inactive code block
is measured next: the released lookahead bundle has no
unique destination until that outcome is available. A
measurement on the selected block can then incur a stall
of up to NDmax + Tprep(Weat,m) = L POCs while the
leading bundle is transported, prepared, and verified. So,
the delay-free guarantee of proposition 3 does not extend
across such a conditional change of target block without
provisioning bundles for the alternative destinations.

In the Walking Cat architecture, frame tracking does
not cross code-block boundaries. Consequently, a tracked
conditional Clifford gate may change a subsequent logical
measurement by conjugating its observable, but it cannot
change its target block. And, otherwise, we observe that
no conditional operations in the actual compiled ellip-
tic curve point addition circuits select among alternative

destination blocks.

Let wmax be the largest weight among the possible
physical representatives of the conjugated logical observ-
able. A weight-wp,ax cat state can therefore be prepared
at the known target before the frame is resolved. If
the selected representative has lower weight, we pad it
with identity factors to weight wma.x. The destination
and cat-state size are therefore independent of the condi-
tional outcome, so the handoff schedule remains applica-
ble, with its preparation-time and bundle-count bounds
evaluated at Weat = Wmax-

Under these constraints, k cat-state bundle pairs, com-
prising 2k individual bundles, suffice to pipeline the k
parallel logical measurements of depth-one CCZ injec-
tion.

D. The CLAW ISA and Depth-One CCZ Injection

The Clifford-frame and Logical-operator Acceleration
for Workloads (CLAW) ISA extends the logical instruc-
tion set of the Walking Cat architecture [1] with oper-
ations tailored to elliptic curve point addition circuits.
It targets two principal bottlenecks in the compiled cir-
cuits. The first is the cost of implementing Clifford gates.
Under the default Walking Cat assumptions, only pure-
X and pure-Z logical measurements are guaranteed to
admit physical representatives of weight at most 30 and
hence to be accessible using a weight-30 cat state. Track-
ing a Clifford gate such as a conditional CZ can conju-



gate these into more general Pauli measurements, so the
baseline architecture cannot guarantee that every Clif-
ford correction can be implemented by frame tracking.
CLAW instead checks accessibility for the specific logi-
cal measurements required in the compiled elliptic curve
point addition circuits. We compile each component as-
suming a clean input frame and use Monte Carlo sam-
pling to check the conjugated logical measurements along
its conditional Clifford trajectories. Every measurement
encountered has an accessible Q102 physical representa-
tive of weight at most 30. Idle frame clearing, described
in Sec. XII D 2, maintains the clean-input-frame invariant
without introducing additional runtime latency. This ex-
tension dramatically reduces the number of logical mea-
surements required to implement Clifford gates in the
elliptic-curve point-addition circuit, leaving Toffoli gates
as the dominant runtime bottleneck.

To address this remaining bottleneck, we extend the
CLAW ISA to include an LMP operation that measures
in parallel any set of logical operators admitting pairwise-
disjoint physical representatives; the corresponding mea-
surement protocol is described in Sec. XIID 1. In par-
ticular, the LMP operation allows the three disjoint log-
ical measurements required for CCZ state injection to
be performed simultaneously, yielding an optimal depth-
one implementation of the Toffoli gate as described in
Sec. XIID 3.

1.  Parallel Cat-State Measurements

We extend the cat-state measurement protocol of the
Walking Cat architecture [1] to measure several logical
Pauli operators in parallel. Let Py,..., P, be logical
operators with physical representatives Py, ..., P, whose
supports are pairwise disjoint. We insist upon disjoint-
ness here to enable a simple analysis of logical measure-
ment fault rate-representatives with overlap may intro-
duce correlated error when measured together. Addi-
tionally, for simplicity, suppose without loss of generality
that every representative has weight we,t. We prepare
and verify k distinct weight-w.,t cat states, one for each
representative. The ath qubit of cat state C; is coupled
to the ath data qubit in the support of ]Bj. Because the
data supports are disjoint, all kw.,; data—cat interactions
can be scheduled in the same physical gate layer.

The k verified cat states are placed side by side and
transported as a single bundle. The bundle is slid into
alignment with the union of the k£ supports, the data—cat
gates are applied simultaneously, and all cat qubits are
then measured in the X basis in the same readout round.
Taking the parity of the outcomes within C; yields the
measurement bit for P;, as illustrated for two parallel log-
ical measurements in Fig. 10. This protocol then allows
us to make k logical measurements in a single physical
measurement, layer.

Because the physical representatives have disjoint
supports, the corresponding measurements commute.
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FIG. 10: Parallel cat-state measurement of two disjoint
logical representatives in the [6,2,2] ”C6” code. The
prepared cat states Cx and Cz control data—cat gates
on the disjoint representatives Xy = XIXIXI and
Z1 = 1ZIZIZ, respectively. Red controlled-X gates
belong to the logical- X measurement, while blue
controlled-Z gates belong to the logical-Z measurement.

Therefore, in the noiseless setting, executing the cat-state
measurements in parallel is equivalent to executing them
sequentially in any order. This guarantee persists under
the swap-loss model because its faults are local. Each log-
ical measurement uses a distinct cat state and a disjoint
set of data—cat interactions, and faults are sampled lo-
cally for each physical operation. Consequently, no fault
arising within one cat-state measurement—including a
hook error or a swap induced by a lost ion—can prop-
agate into another gadget. Parallel execution therefore
leaves the outcome distribution and error probability of
each logical measurement unchanged relative to execut-
ing that gadget alone in the same physical layer.

2. Idle Frame Clearing

As in the Walking Cat architecture [1], we imple-
ment conditional Clifford corrections whenever possible
by Clifford frame-tracking rather than applying them
physically. The compiler updates the block’s Clifford
frame U and replaces each subsequent target logical
Pauli operator P by UTPU. When a subsequent non-
Clifford operation requires a trivial Clifford frame, the
tracked Clifford gate can be implemented using logical
CliNR [51], thereby teleporting the encoded state into a
block whose Clifford frame is reset to U = I, as sum-
marized in Fig. 11. We refer to this reset as clearing
the Clifford frame. Because logical CliNR can be ap-
plied only once a block’s Clifford frame is known, frame
clearing is generally bottlenecked by resolving the classi-
cal conditions associated with conditional Clifford gates.
That generally means it’s only safe to apply logical CliNR
once the block becomes idle, or we must actively pause



execution to clear the frame. Logical CliNR uses two
auxiliary memory blocks, A and B, as resource blocks;
both are encoded using the same code as the data block
whose frame is being cleared. At completion, the logi-
cal state of the cleaned block has been teleported to B,
whose Clifford frame is trivial, while the original data
block and A can be reset and reused.

Optimizing the CLAW ISA for elliptic curve point ad-
dition circuits requires identifying the precise set of log-
ical Pauli operators actually measured by each compiled
component. To make this tractable, we compile com-
ponents independently under an invariant: each mem-
ory block in a component’s support has a trivial Clifford
frame immediately before its first non-Clifford use. To
enforce this invariant, we must use frame clearing on each
block in a component’s support.

Frame clearing can run in parallel with logical mea-
surements on other blocks. Because most components of
the elliptic-curve point-addition circuit are serial, each
block is idle long enough to clear its frame without ex-
tending the critical path. More generally, the elliptic-
curve circuits consist of a sequence of components that
act serially on ordered sets of logical blocks: each com-
ponent proceeds down its blocks and then uncomputes
in reverse order, with occasional shallow layers of paral-
lel gates between components; see Fig. 12. We call these
components serial components.

We therefore pipeline frame clearing ahead of each se-
rial component’s execution, as illustrated in Fig. 13.

However, in order to keep up with the serial execu-
tion, we must ensure that logical CliNR can clear a block
in less time than the serial execution takes to process
all measurements in a code block. To achieve this, we
optimize logical CliNR by measuring MECM stages in
parallel when they are compatible under the rules of par-
allel cat-state measurements. Within each MECM stage,
we connect two outputs in a compatibility graph when
their physical representatives can be chosen with disjoint
supports on both CliNR resource blocks and with weight
at most 30, then find a maximum matching; unmatched
stages are measured individually. By sampling uniformly
from the Clifford frames encountered in a simulation of
the compiled elliptic-curve point-addition circuit, we find
that the optimized MECM portion of a frame clear takes
41.242 +0.276 Q102 SEC layers. The transversal CNOT
gate is followed by one additional Q102 SEC for decod-
ing, so a complete frame clear takes 42.242 £+ 0.276 Q102
SECs. Using the joint CCZ injection duration of approx-
imately 5.46 Q102 SECs derived in eq. (26), this corre-
sponds to approximately 7.73 logical-measurement inter-
vals to clear a block. The serial components expose a new
block after approximately 7.5 such intervals; it therefore
requires at least two instances of logical CliNR to keep
up with the serial execution.

Because we apply logical CliNR only to serial com-
ponents, the compiler can lay out the data blocks used
by those components as an ordered register following
their serial traversal order. The timing estimate above

30

shows that two logical CliNR instances are required to
ensure that frames are always cleared ahead of serial
execution. We divide the register between them by al-
ternating blocks: one instance clears the blocks in even
positions, and the other clears those in odd positions.
Thus, each instance clears only every other block. Since,
typically, execution of serial components in the elliptic
curve point addition circuits reaches a new block every
7.5 logical-measurement intervals, each CliNR instance
has 2x7.5 = 15 intervals before it is needed again, enough
time to clear a block in approximately 7.73 intervals.
The transversal CNOT gate in logical CliNR requires
data qubits to be transported close to each other to per-
form pairwise physical CNOT gates. We therefore keep
the A resource block in the logical CliNR protocol adja-
cent to the data block during injection. Each data qubit
then moves by at most the width of one Q102 block to in-
teract with its corresponding resource qubit, minimizing
errors due to idling, loss, and leakage during transport.

The secp256k1 device introduced in Sec. XIT A has a
69-data-block register. Assigning alternating blocks to
the two logical CliNR instances divides this register into
groups of 35 and 34 data blocks. Adding one A/B re-
source pair, or two blocks, to each group gives 37 and
36 blocks. Each group fits on a closed nearest-neighbor
path through a 4 x 10 rectangle, which provides 40 cells.
The two rectangles therefore leave three and four cells
empty, respectively. Stacking them gives an 8 x 10 lay-
out containing the 69 data blocks, four resource blocks,
and seven empty cells. We call this assignment of the
alternating block subsequences and their resource pairs
to closed nearest-neighbor paths the ouroboros block lay-
out. As the application processes further serial compo-
nents, the compiler can append each new traversal to the
end of the current execution path, which wraps in a cir-
cular pattern around the data blocks—hence the name
“ouroboros.”

Under the ouroboros block layout, it remains to show
that each logical CliNR instance can follow the path of se-
rial execution on its data blocks while retaining nearest-
neighbor locality with the next target (and, with this
condition, execute a transversal CNOT gate with min-
imal overhead). A single application of logical CliINR
results in a swap of the B and data blocks, leaving A ad-
jacent to the next data block. If D; has no frame to clear,
one can simply cyclically shift the blocks, implemented
by swapping corresponding physical qubits between the
blocks. Induction over these local permutations shows
that the resource pair remains adjacent to its next tar-
get for the entire sequence of clearing a serial application
component ahead of execution. Fig. 14 illustrates the
ouroboros block layout for cleaning three partially over-
lapping serial components.

The ouroboros block layout also accommodates a com-
ponent that starts within the support of its predecessor.
In this case, the logical CliNR instance follows the pre-
decessor’s execution across the “ascending” execution of
logical measurements, cleaning the frame of blocks with



(a) Logical CIliNR circuit

g
Data: IIIJ)L‘{ XH
D
A:0)¢ G
pHZH

QHIcy),

RSP + RSV RSI

31

(b) Logical CIliNR layout step

1) 2) 3)
{ZH
ya
\J

FIG. 11: Logical CliNR and its compiler-level motion primitive. (a) The logical CliNR circuit of Webster and
Delfosse [51]. Joint stabilizer measurements and a Pauli correction prepare and verify a logical resource state across
auxiliary blocks A and B. A transversal CNOT gate from the data block to A, followed by destructive X- and
Z-basis measurements and the Pauli correction @, teleports C|t), into block B. (b) One forward step begins with
adjacent ordering [B, A, D;, D;4+1]. Exchanging the B carrier with D; gives [D;, A, B, D;11]. The physical carriers
are then kept fixed while the semantic roles A and B are freely exchanged, yielding [D;, B, A, D;11]. The renewed
triple [B, A, D;11] is therefore ready for the next CliNR step.

L 1

serial down serial up

logical qubit index

parallel layer

time

FIG. 12: Schematic temporal structure of the compiled elliptic-curve point-addition circuits. Time runs from left to
right, and each row denotes a logical-qubit index. A serial component (e.g., an adder) first visits its support in
descending index order (red) and then returns in ascending order (blue). In between components, we may have

shallow layers of operations ran all in parallel (e.g., large controlled multi-target gates for conditional inversions),
and/or dense layers of operations on a single block (e.g., a table lookup’s depth-first selector traversal).

a nontrivial frame and simply making full-block swaps to
the intervening blocks whose frames are already clean.
They may stop as soon as they reach the first target of
the later component; see Fig. 15. In the worst case, the
last block released by the earlier component is also the
first block required by the later one. Its clearing can-
not be hidden behind earlier execution, so the transition
stalls for one logical CliNR operation, or approximately
7.73 logical-measurement intervals.

3. Depth-One CCZ Injection

As shown in Fig. 16, a Toffoli gate is a CCZ gate conju-
gated by Hadamard gates on its target qubit. The CCZ
gate can be injected via one-bit gate teleportation [75, 76]
by measuring a joint logical- Z operator between each
qubit of the CCZ resource state and the correspond-
ing data qubit, followed by destructive X-basis mea-
surements of the resource qubits and outcome-dependent
corrections. The three joint logical- Z measurements
have disjoint supports and can therefore be performed
in parallel, so the injection requires only one logical-
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FIG. 13: Idle frame clearing around a serial component. Time runs from left to right, and vertical position denotes
logical-qubit index. (a) CliNR cleans the frames of code blocks that are pending execution in a serial component.
(b) Execution in a serial component reaches the end of the code blocks, and must now uncompute them, iterating in
reverse order. (¢) CliNR cleans the frames of the uncomputed blocks up to the first block of the next serial
component.
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FIG. 14: Logical CliNR for three serial components with partially overlapping supports. Each pair (B;, A;) provides
the two resource blocks for one CliNR instance. The diagram shows all 69 data blocks, qq, . . ., ggs; the white blocks

Q63 - - -, ges are unused. The diagram on the right shows the three serial components executing in sequence in
application order. The first component acts on qq, ..., ¢g34. The second acts on ¢ss, . . ., ¢s4, and the third acts on
445, - - -, Qs2, overlapping the second component on qqs, ..., gs4. The two CliINR instances begin at the first even- and

odd-indexed blocks of each support, then clear frames ahead of execution along the solid purple paths. Because the
third component overlaps the second, the resource pairs must backtrack to the start of the overlap before they can
begin clearing the third component; the dashed purple paths show this backtracking.

measurement layer. The subsequent X-basis outcomes of random outcomes for conditional Clifford corrections.
induce only Pauli corrections, which can be tracked in a Each sample begins with a trivial Clifford frame on every
Pauli frame and need not be available until the follow- input block, as required by the compilation invariant and
ing gate has completed. Their readout is generally faster guaranteed during execution by the idle-frame-clearing
than the 5.46 Q102 SECs required for the joint logical procedure of Sec. XIID2. After propagating the sam-
measurements, and hence does not add another layer to pled Clifford frames and scheduling the resulting logical
the critical path. Lastly, the compiler ensures that both measurements, we find that every sampled conjugated
operands of every conditional CZ correction reside in the logical operator has an accessible physical representa-

same memory block, as described in Sec. X, so each cor- tive. The empirical frequency resolution is therefore 10~4
rection can be absorbed into the block’s Clifford frame per component; under independent sampling, observing
without adding a logical-measurement layer. no inaccessible trajectory gives the one-sided 95% up-

per confidence bound 3 x 104 on the probability that
a trajectory contains an inaccessible logical operator, for
each component. Through this simulation of all the ap-

We quantify the measurement depth after compilation
using Monte Carlo simulation. For each independently
compiled circuit component, we draw 10,000 samples
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FIG. 15: Logical CliNR on consecutive serial components with overlapping support. Time runs from left to right,
and vertical position denotes logical-qubit index. (a) Execution of a serial component begins uncomputing results,
iterating across blocks in reversed order. (b) If the last block of a serial component aligns with the start of the next
one, the logical CliNR instance working on the first component must block execution. Transitions to disjoint or
already prepared supports avoid this. (c) The next execution begins once its first target is clean, while logical CliNR,
continues just in time ahead of it.
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FIG. 16: Circuit equivalence between a Toffoli gate, a CCZ gate conjugated by Hadamard gates on the target qubit,
a CCZ injection circuit conjugated by Hadamard gates on the target qubit, and the same circuit with Hadamards
implemented via conjugation with the logical measurements of the CCZ injection circuit.

plication components, we find that 93.6% of Toffoli gates
have measurement depth one. The remaining gates re-
quire depth two, giving a mean measurement depth of
1.07.

E. Eastinthillation CCZ Factory

We design a dedicated “Eastinthillation” factory
(Eastin + synthillation) that produces CCZ states di-
rectly in a three-ring code block. We note that the al-
ternative name “East Mode” may be used in less formal
contexts— for instance, in fan-made songs about this pa-
per. The Eastinthillation factory’s resource totals and
performance estimates are summarized below.

The factory applies the Eastin Toffoli-state synthilla-
tion protocol [77, 78] to eight T states produced by zero-
level distillation in the [6,2,2] code (henceforth referred
to as the C6 code). This T-state distillation procedure is
detailed in Sec. XII E 1. On acceptance, the protocol out-
puts a Toffoli state. Applying a Hadamard to its target
qubit converts it into a CCZ resource state. The East-
inthillation factory circuit and its physical measurement
schedule are described in Sec. XIT E 2, while Sec. XITE 3
analyzes the factory’s logical error and rejection rates,
depth, and physical-qubit footprint. Finally we describe

TABLE VII: Resource and performance summary for
one Eastinthillation factory.

Metric Value
CCZ injection depth 147.48 POCs
Per-attempt restart rate < 15.94%
Average depth per accepted state 555.75 POCs
Number of factories for a continuous stream 4
Physical-qubit footprint per factory 319

Logical error rate <9.36 x 10710

how to adapt the Eastinthillation factory to produce the
T states required for the QFT stage of Shor’s algorithm
in Sec. XITE 4.

1. 0-Level T-State Distillation

We prepare each pair of |H) states using the protocol
of Dasu et al. [79]. The protocol uses Goto’s arbitrary-
state encoder [80] to encode the states in the C6 code
before joint logical-Hadamard verification and syndrome
extraction. The two verified |H) states remain encoded



and are consumed through the dual-T-state injection cir-
cuit of the Walking Cat architecture [1]. The joint veri-
fication measures Hy, oHy,1 using a two-qubit Bell state.
A flagged readout followed by C6 syndrome extraction
makes this measurement fault-tolerant.

The preparation circuit for two logical |H) states in
the C6 code is shown in Fig. 17. As a three-ring code,
we may implement the C6 code’s SEC circuit with cyclic
shifts, but the encoding circuit’s connectivity cannot be
achieved with just cyclic shifts. We instead propose us-
ing a short sequence of column swaps to implement the
encoding circuit. Separate loss and leakage checks are un-
necessary for this error-detecting code block because ev-
ery qubit is destructively measured with loss-and-leakage
detection during either state preparation or consumption.

We simulated the state-preparation, verification, and
SEC circuit using the statevector method in Qiskit Aer.
The logical error and rejection rates in Table VIII are
Monte Carlo estimates with 10° shots using the swap loss
noise model at p = 10~*. The simulator appends ideal,
destructive measurements of the two logical Hadamard
operators Hy, o and Hi, ; to estimate logical fidelity. The
results of this simulation are included in Table VIII,
which also reports the depth and physical-qubit footprint
of the circuit.

TABLE VIII: Performance estimates and resource
totals for one zero-level preparation of an encoded
|H>®2 pair using the swap-loss noise model at p = 1074,

Quantity Symbol Value
Logical error rate per accepted pair p£0) 1.30 x 1078
Rejection rate ) 0.358%
C6 SEC rejection rate rS$ec 0.323%
Pair preparation and verification depth Tg)z) 6.6 POCs
SEC depth T, 5.4 POCs
Total depth T 12.0 POCs
Physical-qubit footprint nl(ﬁl)ys 12

2. Eastinthillation factory circuit

The Eastinthillation factory circuit, based on the
Eastin Toffoli-state synthillation protocol [77], is shown
in Fig. 18. The protocol uses eight |H) states from the
zero-level factories based on the C6 code to implement
two Margolus—Toffoli gates with shared controls and dis-
tinct targets. Let pyinj denote the stochastic logical-Y
fault probability per |H)-state injection used to imple-
ment a logical Ry (7/4) rotation. A final “acceptance”
parity check on the targets detects any single stochastic-
Y input fault and yields a Toffoli state with error proba-
bility of order p?inj. We apply a Hadamard to the target
qubit of the accepted Toffoli state. This final Clifford
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converts it into a CCZ resource state compatible with
the depth-one CCZ gate of Sec. XIID.

We implement the Eastinthillation factory circuit in a
single Q66 code block using the measurement-layer se-
quence shown in Fig. 19. The measurements use the
LM1, LM2, and DM operations from the Walking Cat in-
struction set [1], mediated by EDM (error-detecting mea-
surement) and Viterbi measurement schemes. We extend
these schemes to include the Multi-Pauli error-corrected
measurement operation (MECM) introduced by Webster
and Delfosse [51].

Every cat-state-mediated measurement layer in Fig. 19
admits physical representatives whose supports on the
GB66 block are pairwise disjoint, with each represen-
tative having weight at most 16. The complete repre-
sentative certificates are given in appendix G. The rel-
atively small width of these representatives allows us to
use only 3 rounds of EDM for each double-Ry (7/4) in-
jection to achieve a py of order 1078 at physical error
rate p = 107%. Similarly, we require only 5 rounds of
Viterbi measurements to achieve logical error rates of
order 10712, Each double-Ry (7/4) injection ends in a
DMX — a destructive readout of all data qubits in the H6
block, an operation which takes only 1 POC to execute
regardless of width.

Ry (m/4) injection. Each pair of Ry (7/4) rotations
is implemented with the double-Ry (7/4) injection gad-
get of the Walking Cat architecture [1], which involves
a joint Y'Y measurement followed by a DMX operation
on the C6 block. To avoid correlated input errors, each
Q66 block has two dedicated C6 source blocks. A double-
Ry (mw/4) layer takes one logical qubit, prepared in |H),
from each C6 block rather than taking both inputs from
one encoded |H)®? pair. The terminal DMX consumes
both C6 blocks, including the unused logical qubit in
each block. The two blocks are then reinitialized and
their next encoded |H >®2 pairs are prepared and veri-
fied in parallel for the same Q66 block. We use dedi-
cated C6 blocks rather than sharing them among multi-
ple Q66 blocks. This choice simplifies the factory analysis
by eliminating contention for shared resources.

Within either source C6 block, the two logical-Y oper-
ators have representatives

Yo =YIYIYI, Y, =IYIYIY. (12)

These representatives have disjoint supports and weight
three. Nevertheless, either operator can be measured
using a two-qubit cat-state segment (a Bell state) by
reusing one cat qubit for two data interactions. This
reuse does not reduce the measurement distance. A fault
on the reused cat qubit can propagate to two C6 data
qubits. We choose the data-qubit support of each cat-
state qubit so that no resulting hook error is a nontrivial
C6 logical operator. Every such error has a nonzero syn-
drome and is rejected by the following SEC.

Combining the two-qubit C6 segment with a Q66 rep-
resentative of weight at most 16 gives a weight-18 cat
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state for the joint YceYqes observable in the double-
Ry (m/4) injection.

Each Q66 cat-state factory contains two cat-state reg-
isters and one verification bank, all provisioned at width
16. Increasing one factory’s width to 18 therefore requires
3(18 — 16) = 6 additional qubits. We keep a six-qubit C6
Bell-state source next to each C6 block. For C6 state
verification, two of these qubits form the Bell state de-
scribed above. During the joint YceYqes measurement,
however, all six qubits are loaned to the weight 16 Q66
cat-state factory so it may create a weight 18 cat state.
These two operations do not overlap, so the same C6
Bell-state source can support both.

The logical measurement still contains 19 data—cat in-
teractions, so the logical-measurement error estimate be-
low uses effective width weg = 19.

At weg = 19 and p = 1074, the fitted EDM model of
Ref. [1] gives the single-round outcome-flip probability

Phip = 2.1wegp = 3.99 x 1073, (13)

It takes three EDM rounds to suppress the measurement-
induced error to the same order of magnitude as the state
preparation error (pgz), since p?_lip = 1.59 x 10~° whereas

Pip, = 6.35 x 107%. We therefore use EDM-3 for each
Ry (m/4) injection. Its logical-outcome error rate is

PEDM3 ~ P, = 6.35 x 1075, (14)

An EDM-3 outcome sequence is accepted when its three
outcomes are all correct or all flipped. The two inputs
to a double injection come from the two dedicated C6
blocks of the same Eastinthillation factory. Each input
undergoes three C6 SECs, and the factory accepts only
if both C6 blocks accept all three. Using the common
C6 SEC rejection rate r§i- = 0.323%, the per-injection
acceptance factor is therefore

ary = [(1 = paip)® + ] (1 — r§ic)® = 0.978534. (15)

The corresponding rejection rate is rg, = 1 —agr, =
2.147%. The factor a%y accounts for the eight EDM-3
outcome sequences and the 24 C6 SECs required by one
CCZ preparation attempt.

The parity check at the end of the Eastinthillation fac-
tory can only detect single-logical-qubit Y or X errors;
and all errors in the synthillation protocol can effectively
be traced to Ry (mw/4) injections. So we would like to
ensure that Ry (7/4) injection errors are only either Y-
or X-type errors. We rely on the injected-Y noise model
of the Walking Cat architecture [1]: conditioned on the
EDM and SEC acceptance tests, an injection fault is rep-
resented by a stochastic logical Y on the corresponding
Q66 qubit. This follows from analyzing the conditional
corrections of the logical measurements involved in the
Ry (m/4) injection. A wrong terminal DMX result er-
roneously applies a Y correction. A wrong EDM result
applies a ZceRy (7/2)qee error; the extra Zgg triggers
the subsequent C6 X readout and therefore also applies
a'Y error via DMX Y correction (so, at the very least, is
always correlated with a Y error). The residual Q66 oper-
ation is Ry (7/2)Y = Ry (—m/2), or the inverse rotation.
The source |H) state has zero Y expectation. The two
outcomes of the joint YcYqes measurement, and hence
the two residual rotations, are equiprobable. Averaging
the corresponding channels gives

1 1 1 1
iRYﬂr/2 + §RY,—7T/2 = §I+ 53)7 (16)

where Ry g is the channel induced by Ry () and ) is con-
jugation by logical Y. We therefore bound the stochastic



logical-Y fault rate by the full EDM-3 logical-outcome
error probability.

The two input states in each injection layer have in-
dependent preparation errors because they come from
distinct C6 blocks. Because faults at these locations are
sampled independently, the preparation errors are also
independent. Consequently, for a single injection, the
marginal stochastic logical-Y probability is bounded by
the sum of the preparation and EDM-3 error probabili-
ties:

Pyinj S PE2 + PEDM3 = 7.65 x 1075 (17)

Acceptance Measurement. The acceptance mea-
surement uses a LM1 operation mediated by Viterbi mea-
surement. Its representative has weight 16, so w¢ay = 16,
as shown in Table XVI. At p = 10, the single-round
bit-flip model of Ref. [1] gives

Phip.16 = 2-1weatp = 2.1 x 16 x 107* = 3.36 x 1072, (18)

For target error ¢ = 10~ !, the Viterbi stopping condition
requires vote margin

[t =0
16 log[(1 — paip,16)/PAip,16)

The logical error is therefore

1 5
14+ < pﬂip,w)
PAip,16
The cat-state rejection model of Ref. [1] gives pmiss,16 =

Sweatp = 8.0 x 1072, Writing p16 = paip,16/(1 — Phip,16),
the average duration is

l =5 (19)

-1

PVit,16 = =4.36 x 10713, (20)

1— dig

P16
= 5.07 SEC.
1- Pmiss, 16 1- 2pﬁip,16 1+ p‘liéG

avg 1 dig
TVit, 16 —

(21)
CCZ Injection. The three CCZ injection measure-
ments follow the protocol of Sec. XII D. The largest joint
representative has weight 36, with weight 20 from the
Q102 logical Z operator and weight 16 from the Q66 log-
ical Z operator. We therefore use we,; = 36 for all three
measurements to deduce an upper bound on the logical
error of the measurements. At p = 10~%, the single-round
bit-flip probability is

Pipas = 2.1 x 36 x 107* = 7.56 x 107>, (22)

For target error ¢ = 10719, the Viterbi stopping condition
requires vote margin

_ log[(1 —¢)/e] -~
0 LOg[(l _pﬂip,SG)/pﬂip,Sfi]—‘ =0

The logical error per measurement is therefore

(23)

-1
1 — pa; g
pvit,ze = |1+ (pﬂp‘%) ] =257 x 10711, (24)

PAip,36

36

The cat-state rejection model of Ref. [1] gives pmiss 36 =

Sweatp = 1.8 x 1072, Writing pse = paip,36/(1 — Phip,36),
the average duration of one Viterbi measurement is

o 1 dse
VIS0 T ] piniss.36 1 — 2Pfip 36
1 - pse .
% = 5.16982 SEC.
L+ p3é

The three measurements run in parallel, so their dura-
tion is set by the slowest measurement. Let F'(t) be the
probability that one weight-36 Viterbi measurement has
halted by SEC t. We obtain F'(t) by iterating the same
vote-margin process used above. A cat-state attempt is
rejected with probability pmiss,36; it then yields no mea-
surement outcome, so the vote margin is unchanged in
that SEC. Since the three measurements use independent
cat states, the probability that all three have halted by
SEC t is F(t)3. Summing the probability that at least
one measurement is still running after SEC ¢ gives

el =Y [1- F(t)?] = 5.46218 SEC.  (26)
t=0

This is only 0.29 SEC longer than the mean duration of
one measurement. A union bound gives a logical-error
contribution of at most 3pvis,36 = 7.70 x 10~ from the
three measurements.

Phase Fixups. After the three CCZ injection mea-
surements, we measure the three commuting resource-
block observables Py, P;, P> obtained by conjugating the
logical-X operators by the tracked Clifford frame. This
frame includes one conditional Clifford correction from
each of the eight Ry (7w/4) injections, so we analyze all
28 = 256 frame branches.

We call a destructive readout that measures each phys-
ical data qubit in an independently chosen Pauli basis
a generalized destructive measurement (DMG). A single
DMG measures logical Pauli observables with pairwise-
disjoint physical representatives in parallel: on the sup-
port of each representative, the physical qubits are mea-
sured in the corresponding single-qubit Pauli bases. A
DMG takes only one POC-less than a full SEC.

Pairwise-disjoint representatives of all three P; are not
available on every branch. When they are available, a
single DMG measures the three P; in parallel. If exactly
one pair overlaps, we measure one member of that pair
using a single Viterbi measurement. We then measure
the other two observables, whose representatives are dis-
joint, in parallel with a single DMG. If every pair over-
laps, we measure products of the P; that admit disjoint
representatives. In both cases requiring nondestructive
logical measurement layers, only one such layer precedes
the terminal DMG. The phase fixups therefore require at
most one measurement layer.

We describe the MECM and Viterbi cases using the
scheduler-matrix convention of Ref. [51]: for G € F3*3,



column j specifies the observable

2
Qi =[I#. (27)
1=0

If the eigenvalues of P; and @, are (—1)“ and (—1)"/,
respectively, then

v =uG, u=vGL. (28)

An invertible G therefore replaces the P; with an equiva-

lent set of logical observables ;. Measuring the Q; gives

the same logical information because u can be recovered

from v, and it requires no additional measurement layer.
Only two scheduler matrices are required:

100 101
Gid =1010]{, Gprod =|1010]. (29)
001 001

Giq measures @; = P; — it is no different from an ordinary
Viterbi measurement. On the 32 branches whose original
generators ordinarily require three measurement layers,
Gprod Teplaces P, with the equivalent generator Py P, so
that it measures

(Qo,Q1,Q2) = (Po, P, Py P). (30)
Since G}

prod = Goprod, the original outcomes are

Uy = Vg, Ul = v1, us =vg + vy (mod 2). (31)

Table IX gives the resulting schedule for all 256 frame
branches. On 32 branches, the three ); share a physical
product basis and are obtained in parallel with a sin-
gle DMG. On each of the other 224 branches, one @); is
measured by a Viterbi measurement before the remain-
ing pair is obtained in parallel with a single DMG. On
the branches using Q2 = PyP,, 1 and Q> have com-
patible, disjoint physical representatives even though the
three original generators cannot be partitioned into fewer
than three compatible layers. All (); commute, so the
Viterbi measurement layer can be measured before the
DMG layer. Physical representatives for the MECM and
DMG layers are given in Tables XVIII to XX.

Because only one @); is measured via MECM on each
two-layer branch, its decoder reduces to the single-bit
Viterbi stopping rule. As established in appendix G,
the physical representative has weight at most 16, so its
outcome-flip probability is paip16 = 3.36 x 1073, For
target error € = 10710, the required vote margin is

log[(1 — ¢) /e] W5 (32)
| =5

log[(1 — paip,16)/Paip,16

dvecMm = [

The logical-outcome error contribution from the MECM
is

PMECM, 16 =

5 —1

1 — pa:

14 (M> — 4.36 x 10713,
PAip,16

(33)
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TABLE IX: Final-X scheduler and chronological layer
partition for all 256 frame branches. A dash denotes an
absent MECM layer.

Branch class Count Scheduler Viterbi layer DMG layer

One layer 32 Giq — Qo,Q1,Q2
Pair 01 76 Gia Q2 Qo, Q1
Pair 02 68 Gia Q1 Qo, Q2
Pair 12 48 Gia Qo Q1,Q2
Q2= FPoP 32 Gprod Qo Q1,Q2

UsSing pmiss,16 = 8.0x 1072 and p16 = pip,16/ (1 —Paip,16)
the average number of SECs on a branch requiring
MECM is

1 d 1— dMECM
NYEOM MECM Pl _ 507,
1 — Pmiss,16 1 — 2pgip,16 1 4 pfa=e™
(34)
Averaging over the frame branches gives
——phase 256 — 32 1o
Nepo = WNS“@EC M —4.44. (35)

The corresponding branch-averaged MECM error contri-
bution is (224/256)pyEcw, 16 = 3.81 x 10713,

3. Analysis

Per-attempt failure rate. A CCZ preparation at-
tempt accepts only if its eight Ry (7w/4) injections, and
final input-parity check all accept. From eq. (15), the
rejection probability of one injection is rr, =1—agr, =
2.147%. The final parity check rejects an odd number of
injection faults, with probability

8 . .
Tpar = Z ( ) %@inj(l - pY,inj)8 J (36)
7 odd J

_1- (1 — 2pyiinj)
2

The per-attempt acceptance and failure probabilities
therefore satisfy

L= BB 2 (1= 7y (1= ) = 84065,
PESI < 15.94%. (38)

8
<6.12x 1077, (37)

Factory depth. We first compute Téggp, the POC
depth required to prepare one CCZ state when the at-
tempt detects no failure and the factory does not restart.
The superscript (0) denotes this no-restart case. We
obtain this depth by counting the Q66 SECs in the
preparation schedule and converting that count to POCs.
Preparing the Q66 resource block requires one logical
zero preparation (LZ), as defined in the Walking Cat in-
struction set [1], four sequential pairs of Ry (7/4) injec-
tions, and the final acceptance measurement. LZ takes
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FIG. 19: Physical measurement schedule for the Eastinthillation factory. C6y and C6; are logical qubits drawn from
the two distinct C6 code blocks dedicated to this factory’s Q66 block.

one Q66 SEC. Each pair of rotations is performed in
parallel by EDM-3 and therefore takes three Q66 SECs.
Once the final C6 SEC finishes, we prepare the input
states for the next pair of Ry (m/4) injections in paral-
lel with the final Q66 SEC. This preparation takes only
12.0 POCs and therefore finishes before the next Q66
SEC begins. 7y = 5.07 SECs of the acceptance mea-
surement, the Q66 block is occupied for an average of
18.07 Q66 SECs during preparation. Finally, as a Q66

SEC has POC depth Tgeg = 17:
NEEP =144 x 3+ 5.07 = 18.07,

0y _ prep Q66
Tprep - NSEC TSEC

POCs
= 18.07 SEC x 17 SEC

= 307.19 POCs. (39)

The three CCZ injection measurements are performed
in parallel. Their joint average duration is 70y, ~ 5.46
Q102 SECs from eq. (26).

Thnj = Tox8, Tsho? = 147.48 POCs. (40)

The phase-fixup schedule uses an average of 4.44 Q66
SECs, followed by the one-POC terminal DMG. Its av-



erage depth is

Tohase = N TS 41 = 4.44 x 17 + 1 = 76.48 POCs.

(41)

The depth from LZ through release of the Q66 block—
assuming no restarts—is therefore

T =T 4 Ty + Tynase = 531.15 POCs.  (42)

factory prep

Next, we account for the depth added from restarting
the protocol in the event of a detected error. Each of
the four Ry (7/4)-injection layers performs two EDM-
3 measurements in parallel. An error may be detected
after each of the three associated SECs or after the final
acceptance measurement. Let k € {1,2,3,4} index the
injection layer and let j € {1,2,3} index its SEC. The
accumulated depth after SEC j of layer k is

dr; =143k —1)+3]. (43)

The three injection checkpoints therefore occur at depths
(2,3,4), (5,6,7), (8,9,10), and (11,12,13) Q66 SECs for
layers one through four. The final acceptance measure-
ment reports a failure at depth

dpar = 1+4 X 3473815 = 18.07 SECs.  (44)

Next, we calculate the error-detection probability after
each SEC of the two parallel EDM-3 measurements in a
Ry (m/4)-injection layer. After the first SEC, a restart
occurs only if either C6 SEC reports an error. After
the second and third SECs, a restart occurs if either C6
SEC reports an error or if the EDM outcomes have a
parity mismatch. We write the latter two cases as disjoint
events:

Pr(restart at SEC) = Pr(C6 SEC error)
+ Pr(C6 SECs accept)
x Pr(EDM mismatch). (45)

An EDM mismatch cannot be detected after the first
SEC because each EDM-3 sequence has only one outcome
at that point. The second and third SECs can detect a
disagreement among the accumulated outcomes.

Let f = paip = 3.99 x 1072, One EDM-3 sequence
agrees through m SECs when all m outcomes are correct
or all m outcomes are flipped. The probability that both
parallel EDM-3 sequences agree through m € {2,3} SECs
is

m m 2
Um = [(1 "+ f ] )
us = 0.984167, uz = 0.976298. (46)

The probability that both C6 SECs in one round accept
is

c=(1—-r§8)* = 0.993550, 1 — ¢ = 0.00644957.
(47)
Here 1 — ¢ is the probability that at least one C6 SEC

reports an error. Conditional on reaching a given SEC,
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the restart probabilities after the first, second, and third
SECs are

e1=1—¢
ea =(1—c¢)+c(l —u2) =1— cus,

— (1 B
es = (1 c)+c<1 u2> 1 cu2. (48)

The first term in each expression is the C6 SEC rejection
probability. The second term in es and es is the proba-
bility that both C6 SECs accept but the EDM outcomes
disagree.

Each injection layer requires two zero-level input-pair
preparations. Both preparations accept with probability

h=(1- r(o))Q. If either preparation rejects, the parallel

rej

preparation batch is repeated. The first batch has depth
T\9) = 12 POCs and is hidden inside the 17-POC Q66
scheduling window. Each additional batch adds 12/17
Q66 SECs. For the geometrically distributed number
of batches, the mean additional critical-path depth per
reached injection layer is

12 /1
Oz = T (h - 1> = 0.00508 Q66 SECs.  (49)

So, a C6 rejection delays the injection layer but does not
require a full-fledged factory restart. Once both inputs
are available, a parallel injection layer completes with
probability

a=c’uzg = af, = 0.957529. (50)
Conditional on starting the parallel EDM-3 measure-

ments, the probabilities that the attempt terminates af-
ter the first, second, or third SEC are

g1 = €1,
g2 = cea,
g3 = Cusges. (51)

These probabilities satisfy Zj':l g; = 1 —a. Layer k

L so the unconditional

is reached with probability a*~

restart probability at checkpoint j of that layer is a*~1g;.
The acceptance measurement is reached with proba-

bility a* and detects an injection fault with probability

Tpar- 1ts unconditional restart probability is

Gpar = a*Tpar = 5.14 x 107", (52)
An attempt succeeds with probability

A= a*(1 - 7par) = 0.840636. (53)
The expected number of failures at each checkpoint per

accepted state is the unconditional checkpoint probabil-
ity divided by A. The average preparation depth is there-



fore

3

4
Z (Lk_l §H2 + Zgjdk’j

k=1 j=1

ATPrep re 1
Nsgc = Ngpe + 1

+ Qpardpar‘|

= 18.07 + 1.44730 = 19.5173 SECs,
Torep = NepoTsis = 331.79 POCs. (54)

The CCZ injection and phase-fixup stages are executed
only after the parity check accepts. Their Viterbi rep-
etition costs are already included in egs. (40) and (41).
The complete average depth per accepted and consumed
CCZ state is consequently

Tfactory = Tprep + CTinj + Tphase = 555.75 POCs. (55)

Factory footprint. We say that a number of facto-
ries is sufficient to produce a continuous stream of CCZ
states if, collectively, their average time to produce a
magic state is shorter than the average time per state
injection. The point-addition circuit executes at most
one Toffoli gate at a time. A Q102 memory block occu-
pies the CCZ injection interface for 7%, ~ 5.46 Q102
SECs and can therefore consume at most one CCZ state
every Tinj = 147.48 POCs. Since one factory supplies an
accepted state every 555.75 POCs on average, the num-
ber of factories required to maintain this consumption
rate is

Ttactory 555.75
Toczt sEC :

Each Eastinthillation factory uses one Q66 block, three
weight-16 cat-state factories, two dedicated zero-level C6
source blocks, and one six-qubit C6 Bell-state source per
C6 block. As derived in appendix E1, this gives 319
physical qubits per factory and 1,276 physical qubits for
all four factories. The resulting layout is shown in Fig. 20.

Logical Error Rate. Eastin’s exact output-error

formula (assuming only Y- or X-type errors from
Ry (7/4) injections) gives 28p3. ;.. Using eq. (17) gives

prastn < 98p2 - < 28(7.65 x 107%) = 1.64 x 1071,
(57)
The Q66 logical error rate is pﬁ%%c =2.63x 107" per
SEC. The Q66 block is exposed for Ngpe Q66 SECs dur-
ing preparation. During CCZ injection, one Q102 SEC
lasts TS%gQ/TS%g = 27/17 Q66 SECs, and the phase-
fixup schedule adds Ng%age Q66 SECs. A union bound
over the input-error, acceptance-measurement, CCZ in-
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FIG. 20: Layout of the four Eastinthillation factories
required to sustain the application consumption rate.
Each Q66 block is adjacent to three weight-16 cat-state
factories and has two dedicated zero-level C6 T-state
factories. The two cyan sites at the lower left of each
factory are its local six-qubit C6 Bell-state sources.

jection, phase-fixup, and Q66 SEC contributions gives

. . 224
B B
prosin < pLiitln + pvit,16 + 3Pvit,36 T == PMECM, 16

256
~7prep Q102 —phase 66
+ <NSEC + 7y ;’Sﬁcﬁ + Nk pS,SEC
SEC
(58)
=7.80x 10"
27
+ (19.5173 + nggzﬁ
+ 4.44) (2.63 x 1071)
=9.36 x 1071 (59)

Under the error model above, the logical error rate
satisfies

pE™ $9.36 x 10710 (60)

Q66 memory errors give the largest contribution to this
bound by two orders of magnitude; the scheme is other-
wise capable of producing CCZ gates with logical error
rate of order le-13. This floor can be met by higher-
distance code or a decoder that uses loss and leakage
information, e.g. [81]. Or, one may exploit soft in-
formation in the decoder: the factory can reject and
restart low-confidence attempts before their outputs are
used [82, 83].

4. T-state factory conversion

The windowed semiclassical iQFT requires arbitrary-
angle Z-rotations, which can be synthesized ap-
proximately with T gates using the mixing+fallback



method [84]. We only need 16 Z-rotations per window if
we execute them sequentially, feedforward measurement
results and calculate the angles from the accumulated
measurement outcomes. The total number of Z-rotations
across all IQFTs is 464, with 0.571og,(1/£)+8.83 T gates
per rotation, where ¢ is the approximation error per ro-
tation.

However, the Eastinthillation factory can prepare only
CCZ states. We can repurpose its components to pro-
duce T states instead. The local C6 T-state factories
inject the required T states into the Q66 blocks, where
they can be safely stored in memory. The states are then
teleported to the Q102 blocks as required. Using the mea-
sured logical error rate of 1.30 x 10~® per accepted pair,
and minimizing for the total diamond-norm distance, we
obtain the optimal ¢ = 5.30 x 10~ and the average T-
sequence length 24.5. This results in an expected total
of 5,684 required T pairs.

This gives the total iQFT-stage failure probability, by
the union bound, at most

pigrr < 5,684 (1.30 x 107%) 4 464 (5.30 x 1077) =

=7.64%x107°.
(61)

Part VI
Conclusion

We presented optimized quantum circuits for solving
the ECDLP on secp256k1 using Shor’s algorithm, de-
rived rigorous bounds on the success probability of the
implementation—taking into account phase- and output-
errors due to approximate arithmetic—and compiled our
implementation to our application-specific extension of
the Walking Cat architecture [1] using our compila-
tion toolchain, allowing us to accurately account for the
overheads due to layout and routing. By combining
quantum-circuit, compilation, and architecture improve-
ments, we showed that a trapped-ion quantum computer
with 20,000 qubits should be able to solve the ECDLP
on secp256kl within 26 days. Because we intentionally
prioritize simple, uniform implementations over exhaus-
tive co-optimization, we expect future work to improve
the runtime, physical-qubit footprint, and success prob-
ability reported here.

In our resource estimates, we have taken into account
hardware details that have typically been ignored in the
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literature. This enables us to be more confident about
our runtime and footprint estimates. For instance, one of
the major issues with trapped-ion architectures (and one
we prominently addressed in the original Walking Cat
architecture) is a loss cascade. When an ion is lost, if its
well is merged with that of a second ion to perform a two-
qubit gate, the electrode configuration will not be correct
for optimal trapping. This can result in substantial heat-
ing of the remaining ion, which can lead to ejection from
the trap. The leakage and loss reduction units (LLRUS)
developed in that architecture assume that this ejection
happens 100% of the time. However, for sufficiently deep
traps, this might not be the case. Here, we use a differ-
ent loss propagation model in which the ion is not ejected
but its final position after a split is randomized, and we
develop a new LLRU to address this model of loss prop-
agation. We expect that the physical situation is more
nuanced, with heating and ejection considered using a
detailed microarchitecture, but we leave this to future
work.

Several of our techniques could also reduce the resource
requirements of other fault-tolerant quantum algorithms,
e.g., for chemistry, condensed matter physics, and opti-
mization [9, 14]. In particular, the Clifford frame clearing
using logical CliNR and our integrated routing can be in-
cluded in the general-purpose Walking Cat architecture
without any additional hardware requirements. The in-
creased logical-measurement parallelism obtained using
non-overlapping cat-based measurements is straightfor-
ward to include in the Walking Cat architecture at the
price of adjusting the block allocation to allow for in-
creased cat state throughput in the vicinity of the target
blocks. Lastly, our fast CCZ implementation provides a
31x speedup over a CCZ compiled into Clifford and T
gates. We leave it to future work to quantify the impact
of these optimizations on quantum computing applica-
tions beyond the ECDLP.
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Part VII
Appendix
Appendix A: Algorithms
1. Affine elliptic curve point addition

This section contains integer-valued representations of
the algorithms that comprise the affine elliptic curve
point addition circuits in our implementation. Algo-
rithm 4 shows the classical precomputation of the initial
accumulator point and the lookup tables for each window
in the point addition loop shown in Algorithm 5. There
are L = [n/w] windows of size w with the top window
possibly containing less than w bits. After sampling the
random initialization point [a]P by sampling a uniform
random a € Z}, Algorithm 4 first computes the L tables
with multiples of the base point P, then the L tables with
multiples of the point @ of which we seek to compute the
discrete logarithm with respect to base P. It also com-
putes and stores 3 - x for the x-coordinates of all points
in the table.

Algorithm 4: Randomized window setup
Input: P,Q € E(F,) of prime order r; width w > 1
with 2¥ < r
Output: Accumulator Ap and classical augmented
tables (T;)%,"
a0 & 25 Ao + [ao] P;
fori< 0to L—1do
fi & 7o\ {—j2" mod r: 0 < j <2}
for j +- 0 to 2 —1do
(@i,3,Yi,5) < [72 + il P;
Ti[j] < (i, Yi5, 3%i5);
for i < L to 2L — 1 do
i & 7o\ {—520" D% mod r: 0 < j < 2¥};
for j < 0to 2¥ —1do
(@i, i5) + 7207 + 1) Q;
Tilj] (@i, yig,3Ti5);
return Ao, (Ti)figl
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Algorithm 5 is a simple loop over all 2L windows that
just adds the respective table points. Note that the
scalars k and [ are decomposed into their windowed 2%-
ary representations

L-1 L-1
k= k2", 1= 12",
=0 =0

and the digits k; and [; are used to look up the cor-
rect table points that are passed to the affine addition
AffineAdd depicted in Algorithm 6. In practice, we use
w = 16 and we only perform 28 of the 32 point addi-
tions as described in [27]: We replace the first point ad-
dition by a table lookup and drop the final 3 windowed
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Algorithm 5: Windowed double-scalar
multiplication

Input: Registers k,[; accumulator A = Ap and tables
(T;)2E5" from Algorithm 4
Output: k,! unchanged; updated accumulator A
1 fori<0toL—1do
2 ‘ A + AffineAdd(A; ki, T;);
3 fori<«+ L to2L —1do
4 ‘ A + AffineAdd(A; li—r, T));
5 return k,[, A

point additions in favor of extended classical postpro-
cessing [37]. We start with the w most-significant bits of
the first scalar and move toward the least-significant bit
in each step, implementing the semi-classical quantum
Fourier transform in blocks of size w [57].

The affine addition algorithm AffineAdd uses the fol-
lowing subroutines. BinaryGCDRecord consumes its in-
put and retains the compressed Dialog/add-sub record.
BinaryGCDInvMul and BinaryGCDMul replay it to com-
pute the in-place division or in-place multiplication, re-
spectively, and BinaryGCDUnrecord restores the input and
clears all record scratch. The two replays use modular
halvings and doublings, respectively.

The notation Lookup, ) or Lookups, loads the indi-
cated coordinates, while m < XClear(u) measures and
clears a lookup register and records its X-basis outcome.
The final LookupPhaseFix applies the deferred lookup cor-
rection. Displayed modular additions, subtractions, and
the square-subtract use the approximate circuits. The
square-subtract circuit is the one-split Karatsuba version
specific for secp256k1. Note that we classically sample a
uniform random mask R € IF,, and add it with an approxi-
mate quantum-classical adder to the z-register before the
lookup of the xz-coordinate multiple. This randomizes the
accumulator register in the square-sub circuit. The mask
is removed after the subtraction of the square by an ap-
proximate addition of —R mod p. The separate addition
step z < (x + R) mod p can be omitted if a fresh offset
R; is sampled for the i-th window in Algorithm 4 dur-
ing the generation of the lookup tables. The table would
then contain 3z; ; + R; instead of 3x;; and the masked
value would be looked up, making the separate addition
unnecessary.

2. Modular subtraction of a square

This section provides explicit integer-valued algorithm
descriptions for the operation that subtracts a square
modulo p, i.e., |z) |y) to |z)|(y — 22) mod p). The main
algorithm is Algorithm 7. It uses AddBMultiplel (Algo-
rithm 10), AddCMultiple? (Algorithm 11), and AddSlicel
(Algorithm 8), which in turn uses PhaseGE? (Algo-
rithm 9) and is itself a component of AddBMultiple and
AddCMultiple.

We treat input values as integers less than 2™ that
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Algorithm 6: AffineAdd: affine addition with
direct-value binary-ged arithmetic

Algorithm 9: PhaseGE?(z, y; §)

Input: Accumulator (z,y) = Pi; selector j; table T
with T[]] = (Iz,yg,&rz) and P, = (Z’Q,yz) 7& (@)
Output: On success, (x,y) = P1 + P»; j unchanged
(1’27y2) A LOOkup(z,y) (T7J)7
z + (z — x2) mod p;
m XClear(z2);
y < (y — y2) mod p;
m;(}) + XClear(y2);
p < BinaryGCDRecord(z);
y < BinaryGCDInvMul(p, y);
x <— BinaryGCDUnrecord(p);
R&E Fp;
z < (z 4+ R) mod p;
T2 LOOkUPBI(ij);
z + (z + x2) mod p;
m? « XClear(z);
z + (z — y?) mod p;
< (z+ (=R mod p)) mod p;
p < BinaryGCDRecord(z);
y < BinaryGCDMul(p, y);
x < BinaryGCDUnrecord(p);
(1’2,y2) A LOOkup(z,y) (T7])7
y < (y — y2) mod p;
z + (z — x2) mod p;
x < —x mod p;
m® XClear(z2);
mf’) < XClear(y2);

(maymy) — (m @m? mi &mP);
LookupPhaseFix (T, j; ma, my, mi>);
return z,y, j

© 00 N0 U AW N

e
N = O

NN H R R
N H O © 00 N0 Ut b W

N NN
ok W

N N
B

Input: 2,y €Z,0<z,y <25, 0 ¢ Z>1; control
qc {07 1}3 phase ¢ € {+17 _1}
OUtPUt: T, Y, (b — Y, (_1)(1]1[T2y]¢
(on failure-free execution)
1 x < L[z > y] in a clean scratch qubit;
2 ¢ ¢ (~1)™¢;
3 x < 0; // uncompute the exact comparison
4 return x,y, ¢;

Algorithm 10: AddBMultiplel (s, v; ng; d)

Input: s, € Z,0< s < 2" n; € {n,n+ 2},
0 <wv < 2" sign o € {+1,—1}; control
q € {0, 1}; requested phase-comparison
width § € L1, 6 < n/2
Output: s,v < s,v’, where v/ € [0,2"),
v = v+ qoBs (mod p)
(on failure-free execution)
1 .81 = S[o,n/2)s SH = S[n/2,n.)
// low and high register views of s
2wy ns —n/2;
3 (s,v) < AddSlice?(s,v;ns,0,1n/2,n/2;9)
// add oBsy; wrap
4 foreach (d,e¢) € T, do
(s,v) < AddSlicel (s,v;ns,n/2,wp,d;d)
// add oe2%sy; local
6 return s, v;

w

Algorithm 11: AddCMultiplel (s, v; §)

are not necessarily canonical representatives less than p.
Intermediate results are also integer values of their re-
spective bit sizes. The phase ¢ is implicit in all algo-
rithm signatures, except where it is displayed explicitly
by PhaseGE. An assignment to ¢ records the phase ac-
quired by the active computational-basis branch.

For the specific parameters of the curve secp256ki,
AddBMultiple’ and AddCMultiple? use the signed binary
representation of ¢ in the form of the list

T. = ((32,41),(10,+1), (6, —1), (4,41), (0,+1)),

c= Z €24 =932 4 910 96 4 o4 4 1
(d,e)€T,

Besides the given curve parameters n and ¢, the carry-
propagation width &, the local carry-padding width p,
and the phase-comparison width § are positive integers
that can be selected for different trade-offs. We assume
that p > 0,1 <6< 5, k>1,2c <28 <27 32+ 5 +
2+ p <n, K+ p <n to ensure that all slice and window
invocations in these operations are well-formed.

Input: s,v € Z, 0 < 5,0 < 2"; sign o € {+1,—-1};
control ¢ € {0, 1}; requested
phase-comparison width § € Z>1, 6 < n/2

Output: s,v « 5,0, where v/ € [0,2"),

v = v+ qoces (mod p)
(on failure-free execution)

foreach (d,¢) € T, do

-

2 (s,v) < AddSlicel (s,v;n,0,n —d,d;d)
// direct low part; wrap
3 g < chg in a clean 65-bit register;

'S

(g,v) + AddSlicel (g, v;65,0,65,0; )

// omitted high part; local

g <« 0; // uncompute chg
6 return s, v;

[}

Appendix B: Failure case analysis

As in essentially all previous work (see, e.g., [2, 24—
28, 35]), the elliptic curve point addition circuits de-
scribed here are approximate, which means there exist
inputs for which the circuits fail to compute the correct
result for reasons from two different categories. Failures
in the first category occur when the input elliptic curve
points constitute an exceptional case where the underly-
ing addition formula fails. Failures in the second category
are due to an approximate modular arithmetic compo-



47

Algorithm 7: One-level Karatsuba square-subtract

Input: z,y € Z, 0 < z,y < p, control g € {0, 1}; requested phase-comparison width § € Z>1, 6§ < n/2
Output: z,y < x,%’, where y' € [0,p), ¥’ =y — gz (mod p) (on failure-free execution)

(v,y) + AddBMultiple? (v, y;n; 0);
(v,y) + AddCMultiple? (v, y; 6);
v+ 0;

u< 0;Tg =g +uB ;

Ty < TH + L H

v By

(v,y) + AddBMultiple? (v, y;n + 2;4) ;
v < 0;

iEH < EEH — XL ;

release the clean bit wu;

return z, y;

1 r = To,n/2); TH = T(n/2,n)

2 v 2]

3 (v,y) + AddBMultiple? (v, y; n; );
4 (v,y) + AddSlice? (v,y;n,0,n,0;0);
5 v+ 0;

6 U< T

7

8

9

L e =
N0 bk W N = O

// register views; x = Bxy + 2L,

// exact integer square in n-bit scratch
// add Bz?

// add —z2

// uncompute x%

// exact integer square in n-bit scratch
// add Bz}

2

// add —cxy

// uncompute %

// append one clean bit; no copy of xm
// overwrite the high half of x in place
// exact integer square in (n + 2)-bit scratch
~2

// add —Bxy

// uncompute T

// restore xzy and clear u

Algorithm 8: AddSlicel(s,v;ns, 0, w,t;0)

Input: s,v€7Z,0<s<2" ns € Z>1,0< v <2

0<o<ns;l<w<ns—0;0<t<n—w;sign o € {+1,—1}; requested phase-comparison width § € Z>1;
either t + w+ p < n or t + w = n with 6 < w; control g € {0,1}
Output: s,v < 5,0, where v’ € [0,2"), v = v + q02"S[o,4w) (mod p) (on failure-free execution)

1 a= S[o,04+w) 3
2 if o = —1 then
3 Vjo,s) = Vjo,s) + ¢ (mod 27) ;
4 v+ (2" —=1) —v;
5 if t +w+ p < n then
6 | Vtitwip) & Viitwip) +ga (mod 20FP);
7 else
8 (Vit,n)s B) < Vi) + qa;
9 Vjo,) 4 Vjo,x) + he (mod 27) ;
10 m < Measurex (h);
11 if m =1 then
12 ¢+ (=1)%¢;
13 PhaseGE? (U[n_(g’n), a[w_(;,w); (S) 3
14 if 0 = —1 then
15 Vjo,r) ¢ Vjo,s) + ¢ (mod 27) ;
16 v (2" —1) -

17 return s, v;

// add ¢ in the low correction window
// enter complemented orientation

// zero-pad a by p bits
// here t+w=mn
// fold h2" back as hc

// measure and clear the carry

// exact measured-carry phase
// repair the comparison phase

// add ¢ in the low correction window
// leave complemented orientation

nent failing to produce the exact intended result. This
section shows that the overall number of failure cases
occurring in our proposed randomized circuit for affine
point addition is small enough to allow the full Shor al-
gorithm to succeed with high probability. In particular,
we show that for each pair of scalars (k, 1), the probabil-
ity that it leads to a failure case is bounded by a constant
py independent of k£ and I.

1. Exceptional cases for elliptic curve point
addition

As in most previous work, we use the affine point ad-
dition formula for the short Weierstrass model E : y? =
23+ ar +b. Given P, = (71,71) and Py = (22,¥2),
the point P3 = (x3,y3) = P, + P> is computed as
r3 = A2 — 21 — x5 and y3 = (9 — w3)\ — Yo, where
A = (y2 —y1)/(x2 — 21). This formula has exceptional
cases. It cannot be used if x5 = x1, ie., if P, = £Py,
and also if one of the points is the point at infinity O.
Because quantum circuits can only implement reversible
operations, the slope value A is often uncomputed from



the results by re-computing A = (y2 + y3)/(22 — z3).
This implies another exceptional case coming from the
condition x3 = x5. It follows that y3 = +ys, hence this
happens when the sum is equal to £ P, so either P, = O
or P = —[2]P,. In total, there are four exceptional cases
for the point P, when we aim to add a point P», namely
P, € {O,P,,—P,,—[2]P2}. Note that Roetteler et al.
missed this fourth exceptional case in their analysis of
the exceptional case count in [25, Section 4.2].

Let A be the accumulator point represented by the
quantum register that will hold the approximate super-
position over (k,1) of f(k,l) = [k]P + [I]Q after the com-
putation. As already suggested in [24], we initialize it
with a classically precomputed uniform random point
[ag] P, where ag is sampled uniformly at random with
ap € Z! = Z, \ {0}. Using this random offset allows us
to avoid the exceptional case of adding a point to O and
to reason about probabilities over the uniform random
starting point. After the quantum double-scalar multi-
plication, the accumulator register holds an approximate
superposition over k and ! of f(k,1) + [ao]P. Since ay is
independent of (k, 1), the constant shift has no impact on
the Fourier-basis measurement that follows and does not
have to be subtracted from A.

As described earlier, the double-scalar multiplication
is computed via windowed addition of points looked up
from precomputed tables of classical elliptic curve points.
We fix a window size w > 0. The scalars are decom-
posed into windows of size w as k = Zf:_ol k2t and
I = 20w with kil € {0,1,...,2% — 1}. There
are 2L separate tables of size 2", one for each window
index 0 < ¢ < 2L containing the precomputed classi-
cal multiples [j2/*]P for all j € {0,1,...,2% — 1} when
0 <i< L,and [j2079%]Q when L < i < 2L. All ta-
bles contain the point O for the cases where one of the
k; = 0 or one of the I; = 0. Usually, the special case
when the lookup point is O needs to be treated sepa-
rately to ensure that the point addition circuit does not
change the accumulator, leading to operations that are
controlled on the condition k; = 0 (or I; = 0). To avoid
these controlled operations, we add a fixed classical mask-
ing point M; to all points in the i-th table. During the
classical table generation, the point is chosen uniformly
at random via sampling a uniform random p; € Z, and
computing M; = [u|P if 0 < i < L (or M; = [p]Q if
L <i < 2L) under the additional condition that none of
[j2°|P + M; (or [20-1)"|Q 4 M;) are equal to O, i.e.,
we sample p; € Z, \ {—2"j | j € {0,1,...,2* —1}} (or
wi € Zp \ {20705 5€{0,1,...,2% —1}}). Since we
assume that 2 < r, there exists a point M; for each table
such that none of the shifted points is O. To summarize,
the classical table T; for looking up the point to be added
into the accumulator for the i-th window is given as

o= U2+ wlPlje0,2)}), if0<i<L,
R0 4wl |5 € 0,29)}, if L < < 2L,

Using these tables results in another additive shift for
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the oracle computation. Due to random initialization
and table masking, after the double scalar multiplication,
the accumulator register holds an approximation to the
superposition over all (k,[) of

A= [KIP+[1Q + (lao + ur] P + [10]Q), where

L1
pp = Z,Uz’ and pg = Z Wi
i=0 i=L

The shift [ag+pp|P+[po]Q is independent of k and [ and
has no impact on the subsequent phase estimation step
in Shor’s algorithm. Therefore, it does not need to be
subtracted or uncomputed. Let p = (uo, pt1,-- -, thor—1)
and define

faou(k,1) = f(k,1) + [ao + pp] P + [1o)Q
= [k]P + [1]Q + [ao + pp]P + [1Q]Q.

For detailed, integer-valued pseudo-code representations
of these operations, see Algorithms 4, 5, and 6.

Next, we analyze when a pair (k,l) leads to an ex-
ceptional case during the windowed point addition. Let
A; denote the state of the accumulator point during
an ideal, correct computation before the i-th windowed
point addition, i.e. AO = [ao}P, Al = [a,o + ko + /,Lo]P,
Ap = lao+k+pplP, Apgr = lao+k+pp]P+[lo+pL]Q,
etc. Note that for i > 0, the accumulator A; can only as-
sume the value O in a correct computation if, in the pre-
ceding step, A;_1 was equal to the negative of the added
table point, a case already covered as an exceptional case
for the earlier step. Moreover, our random offset ensures
that Ayp # O. This means that an exceptional point in
an addition step that adds the table point C; to A; comes
from one of the three cases A; € {C;, —C;, —[2]C;}.

A pair (k,1) leads to an exceptional point addition
if there exists an index 0 < 7 < 2L such that A; €
{Ci, —C;, —[Q]Cl}, where C; = [kl2zw +M1}P ifo<i<L
and C; = [l;_120~D% 4+ 1,]Q if L < i < 2L. Define the
set of all ap € Z} that lead to an exceptional case for
given (k, 1) as follows:

Xw’u(k‘,l) = {ao S Z: | di < 2L,Ai S {Ci, —Ci, —[2]01}}

Because the map ag — [ag]P is a bijection Z, — (P),
each of C;, —C;, —[2]C; can only be reached by A; for
fixed (k,!l) starting from a single value for ag. Therefore,
we have

X (k,1)] < 3(2L) = 6L,

Let fu,a0,u(k,1) denote the output of the w-windowed
affine-addition circuit for f,, ,(k,!) when every modular-
arithmetic subroutine is exact. If ay ¢ X, . (k,1), every
addition along the ideal trajectory is non-exceptional.
Correctness of the affine addition circuit on non-
exceptional inputs and induction over the 2L additions
therefore give fu.a0.u(k,1) = fao,u(k,1). It follows that

{ao € Z7 | fuw,ao.u(ks 1) # fao (ks 1)} € X pu (K, D).



Lemma 1. Let n,w € N, 1 < w < n, 2% < r,
L=[n/w], p= (po,---,p2r—1) € Z2L a fivred mask vec-
tor chosen as described above. Let (k,1) € [0,2™) x [0, 2™)
and let X, ,(k,1) be the set of all ap € Z} that lead
to an exceptional case in a quantum circuit for comput-
ing fao,u(k,1) using windowed point addition with masked
precomputed tables and a non-zero initialization point
[ag] P as described above. Then, over uniform random
ao € Z}, we have

PTZ (fw,ao,u(kvl) 7é fao,u(kJ)) < Pr ((10 S Xw,u(kyl»

ag€ELy. ao €L
(kD] _ 6L
r—1 “r—1

For our concrete parameters of secp256k1, this bound
is negligibly small, smaller than 27248,

In practice, we implement only 29 < 2L = 32 windows
(the first using a simple table lookup, 28 using windowed
point additions), but the expression above still holds as a
conservative upper bound for the failure probability due
to exceptional cases.

2. Approximate modular arithmetic failures

The second category of failures occurs because the
modular arithmetic operations that are used in the affine
point addition circuit are approximate operations them-
selves [2]. Again, there exist inputs for which the circuits
fail to produce the expected results.

The modular arithmetic circuits presented here make
use of the special shape of the pseudo-Mersenne base field
prime p. Several simplifications make modular arithmetic
circuits more efficient but possibly lead to failures. For
example, integer comparison with p for modular reduc-
tion is replaced by comparison of the most significant
bits and the correction addition that depends on the out-
come of the comparison truncates the carry propagation.
These optimizations are applied to the modular reduction
operations in modular addition, subtraction, doubling,
and halving circuits [2]. Similarly, truncated compar-
isons during phase corrections after measurement-based
carry uncomputation can lead to phase failures even if
the resulting values are correct. Furthermore, Dialog-
based in-place multiplication [2, 52] uses a non-worst-case
bound for both the number of iterations and the register
sizes used as the algorithm progresses [24]. We begin by
discussing the optimizations in modular reduction.

a. Approximate modular reduction

An element in [, is usually represented by its unique
representative in {0,1,...,p—1} (which we call the least
non-negative or canonical representative). Integer arith-
metic operations on such representatives may lead to val-
ues outside that range and a modular reduction is applied
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to reduce such a value back to its canonical representa-
tion. For example, taking two input operands from [,
and adding their standard integer representatives results
in a value 0 < u < 2p — 1. Modular reduction then sub-
tracts p if v > p, which means v mod p = u, if u < p,
and umodp = w — p if w > p. Thus, there are two
computational components, namely, computing the inte-
ger comparison u < p and depending on its outcome an
integer subtraction u — p.

We work in the specific setting of a pseudo-Mersenne
prime p of bitlength n. Let ¢ € N be odd, ¢ <« 2™ such
that p = 2™ — ¢. That p has n bits implies 2¢ < 2".
For the curve secp256kl, we have n = 256 and ¢ =
232 429 428 427 426 124 11 = 232 + 977. Subtracting
suchapresultsinu—p=u— (2" —c) =u+c—2" and
can be implemented by computing the addition u+ ¢ and
discarding the (n + 1)-th bit. Note that, if u > p, then
u+ ¢ > 2" and its (n + 1)-th bit is always 1.

The two optimizations above, which were also used in
previous work [2], lead to approximate modular reduc-
tion circuits that we use in different situations in our
circuits. First, the full integer comparison v < p is re-
placed by a comparison u < 2", which amounts to simply
observing the (n + 1)-th bit of u. Instead of computing
the integer comparison into a result bit that acts as the
control for the modular subtraction, the (n + 1)-th bit
directly serves as the control bit. This operation differs
from exact integer comparison if

u € [p,2").

This means that for ¢ of the possible results of an addi-
tion, the optimized reduction fails to produce a canonical
representative. Note that the result can still be repre-
sented with n bits and is correct modulo p but is by p
larger than the canonical representative. This behavior
does not necessarily lead to a direct arithmetic failure;
however, it might lead to failure cases when the larger re-
sult is used in further computations. We therefore treat
non-canonical representatives for outputs of any opera-
tion as a failure case.

Second, for the addition u+c, we truncate carry propa-
gation after x < n bits for ¢ < 2" asin [2]. This operation
differs from exact addition with full carry propagation if
the carry propagates further than s bits, i.e.,

umod 2% € [2¥ — ¢, 27).

This failure case, where the result is wrong modulo p,
occurs for a proportion of ¢/2% of input values, in which
case the result after reduction is 2” smaller than the cor-
rect one.

Because of the simplified comparison and since our cir-
cuits work on n-bit quantum registers, we allow interme-
diate values modulo p to be represented by integers in
[0,2™). We assume throughout that 2¢ < 2% < 2", For a



non-negative integer u, define

Gu = \_u/2nJ7 Ty = U — Qu2n € [07 2n)’

1, if (r, mod 2%) > 2% — ¢,
Wy =
0, otherwise.

If w € [0,2"%1), q, € {0,1} is a single bit and the ap-
proximate reduction as described above then returns

red,(u) = 7y + quc — quw, 2",

where ¢, is the (n 4 1)-th bit, the correction is triggered
if it is 1, in which case c is added to the first n bits of u
and the result is 2% smaller than the correct value if the
carry when adding ¢ propagates out of the first x bits.
Since the (n+1)-th bit was discarded and the carry never
propagates beyond the x-th bit, red, (u) € [0,2™). Using
"™ = ¢ mod p and taking modulo p gives

red,(u) = u — guw,2" (mod p), (B1)
which means that the approximate reduction red, re-
turns a correct integer representative of u if and only if
either no correction occurs (g, = 0) or the carry from the
addition of ¢ does not propagate beyond & bits (w, = 0).
The above two failure cases imply incorrect result values.
Another type of failure leads to an incorrect phase.

b. Approzimate phase repair

To uncompute certain bits that are computed in our
circuits such as a carry bit b depending on a register |z),
we use measurement in the X basis, which changes the
phase by a factor (—1)™" where m is the measurement
outcome. This means that a phase correction is required
if m =1 and b = 1. Our circuits use approximate re-
computation of the bit b for example by truncating carry
propagation or comparing only the higher order bits. If
the approximation is incorrect, a phase failure occurs be-
cause the circuit fails to correct the phase flip.

We now proceed to deduce bounds on the failure prob-
abilities for the various components in the approximate
affine point addition circuit. We start with the sim-
pler modular operations such as addition, subtraction,
and negation, then discuss the modular subtraction of
a square, and finally, the in-place modular division and
multiplication circuits.

c. Addition, subtraction, and negation

Addition. The modular addition circuit we use [2]
is an approximation of the operation |u)|v) +—
|u) (w4 v) mod p). The inputs u,v € [0,p) are canon-
ical integer representatives of finite field elements. Let
s=u+wv € [0,2p—1) C[0,2""!) be their integer sum.

a0

The circuit applies the approximate reduction described
above and returns

red,(8) = 75 + gs¢ — qsws2" = 8 — qsp — gsws2".

The circuit can fail to produce the correct result value
in two different ways due to the applied approximations.
The first is a failure due to the simplified comparison,
where the most significant bit serves directly as the com-
parison bit. If p < s < 2™, no correction is applied. The
result is correct modulo p but remains larger than p.

The second failure occurs if the simplified comparison
is correct, it causes a correction but the truncated carry
propagation modifies the result because the carry prop-
agates further than x bits. This happens for gsws; = 1
and the result is 2% too small.

To count failure pairs (u,v) € [0,p)?, i.e., pairs that
lead to the above two failures, fix an integer value s €
[p,2p — 1) (no failure occurs for s € [0,p)). For such s,
the number of (u,v) with sum s = u+vis 2p — 1 — s.
Summing over all relevant values for s that lead to a
simplified comparison failure yields their overall number
as

2" —1

Z(ZP_I_S)ZM,

2
s=p

Failures due to truncated carry propagation occur when
gsws = 1 and rg mod 2" € [2" —¢,2"). The relevant sums
are of the form s =2" 452" -1 -0, 1 < j <2"7" — 1,
0 < b < c. This time, the number of pairs (u,v) € [0,p)?
satisfying u + v = s for fixed s is 2p — 1 — s = 2" —
2c—j2%+b, and again, summing over the relevant values
yields their overall count as

2" 1 c—1
> (@n 20— 427 +b)
j=1 b=0
2’I’L—l§
= (2" = 1)e(2" — 2¢) — 27 (2" —-1)
_ c(c—1)
271 K _1 N T
+( )=
M —3c—1 —2—1
— (2" - 1)736 = (2" - P —.

The two cases fall into disjoint events because for the
first, the simplified comparison does not lead to a correc-
tion (gs = 0), whereas for the second, it does (g5 = 1).

A third failure case is a (—1)-phase that is not cor-
rected due to a failure in the approximate recomputation
of the bit g, after an X-measurement. This can happen
even if the value of the representative is correctly com-
puted. We are only interested in this case because it is
disjoint from the previous two, where all value failures
have been accounted for. This means that ws; = 0, i.e.,
red,;(s) = s — ¢sp = rs + gsc and the reduction yields the
canonical representative.

The bit g5 can be precisely recovered using the fact
that ¢s = 0 if and only if red,(s) > u. The comparison



used here is approximate, only taking into account the
d most significant bits of red,(s) and u. Therefore, a
failed comparison computation can occur if g; = 1 while
red,(s) = s —p < u, but the top ¢ bits of both are equal.
To count the number of pairs (u,v) € [0,p)? for which
this failure arises, note that s—p =u+v—p € [¢,p) and
|(s —p)/2"°] = [u/2"°|. We obtain an upper bound
by ignoring the condition ws = 0. We count failure pairs
(u,v) that satisfy ¢ < u+v —p < u < p by counting
ordered pairs (z = u+v—p,u) in [c, p) that agree on their
most significant n—§ bits, i.e., pairs that lie in an interval
I = [j2"7%,( + 1)2"°) N [¢,p). Let |I;| = ¢j. The I;
partition [e, p), so Zj ¢; =p—candeach¢; < 27— The
number of ordered pairs in [; is (023) and summing them
yields

2 (5)-Te ey

The total number of failure pairs covering all three
cases is therefore bounded by

c2p—c—1 —2c—1
Nada < dp-c-1) + (2" - 1)]772
_ p—c
on=0 _1
+( -
9% -1 _
2nlc<1+p2s>+(2nél)p26.

For a uniform distribution of (u,v) € F, x F,, the failure
probability due to simplified comparison, truncated carry
propagation, or truncated phase correction is

1+¢/p
20+1

N, c c
a;d <= Kk+1
D p 2

+

Inputs during affine point addition. Inputs to the ap-
proximate addition in our elliptic curve point addition
are not uniform random but intermediate results of our
elliptic curve point addition.

Let (k,1) be a fixed pair of scalars and 0 <4 < 2L — 1.
Assume no failures in the circuit up to the i-th point
addition step. Let A = (x1,y1) be the accumulator point
and T = (x9,y2) the i-th lookup point. Approximate
addition is used three times in the point addition circuit:
to compute (r1—x2)+R mod p, 3z2+(x1 —x2+R) mod p,
and (R + z2 — x3) + (—R) mod p, where R is a uniform
random mask sampled fresh for each point addition step.

Note that we sample ay € Z uniformly at random for
each run of the double-scalar multiplication, and u; €
Zy \ {—j2"* : 0 < j < 2%} and R € F, are uniform
random samples independent of ag and each other for the
i-th windowed point addition step. The sample space of
triples (ao, i, R) has size (r — 1)(r — 2%)p.

Since we assume no failures up to this point, and with
fixed previous random mask values, the map (ag, 14;) —
(A,T) is injective. We can thus count the number of
triples that lead to a given pair of inputs as follows.

o1

For an input (R,z1 — x2) to the first addition to be
equal to a fixed pair (u,v) € F, x F,, it has to satisfy
R = wand z1—x2 = v, which gives p possible triples. The
two z-coordinates belong to at most two elliptic curve
points each, meaning there are at most 4p pairs (A, T)
corresponding to the given addition input pair. The same
bound holds for the third addition. For the addition with
inputs 3zs and x1 — xo + R, 3x2 = u fixes xo, yielding at
most two curve points. There are at most r — 1 possible
points A, each of which then fixes x; and thus R. This
means that there are at most 2(r — 1) points per addition
input.

Adding these three counts and multiplying their sum
by the number of addition failure pairs N,qq gives a
bound on the number of triples (ag, ;, R) leading to one
of the two approximation failures. Dividing by the total
number of triples yields an upper bound on the addition
failure probability p,qq during a single elliptic curve point
addition as

(8p -+ 2(7" — 1))Nadd
p(r—1)(r —2v)

10Nada
TR =D

Padd <

Note that we used r—1 < p, which is not necessarily true
for a general elliptic curve, but holds for secp256k1.

Lemma 2. Let n,w,p,c,r, Kk, be the parameters as de-
scribed in this section. Let ag, p;, and R be the random
mask values as above. The probability p.qq over random
(ao, pi, R) that either a simplified comparison failure or
a carry propagation failure occurs during one of the three
approrimate additions in the i-th point addition step is
bounded by

10271 p—2, p—c
padd<—(r_1>(r_2w) (c(1+ 5% ) + 5 )

For the concrete parameters of secp256k1, we have
n = 256 and ¢ = 232 + 977. Our circuits use kK = 65,
w = 16, and § = 32 such that

Padd < 1.7463 - 1072 & 2729-0931  9=29.093

Subtraction. Our modular subtraction circuit is an
approximation of |u) |[v) — |u) |(v — «) mod p) for u,v €
[0,p). It is computed using the approximate addition,
braced by two modular complements that implement the
operation |z) — |p — 1 — ). More precisely, the circuit
realizes

|u) [v) = Ju) [p— 1 —v)
= |u) [((p =1 —v) + u) mod p)
= u) [p—1—((p— 1 —v+u) mod p))
= |u) |(v — u) mod p) .
Since we already obtained a bound on the failure proba-

bility due to approximate addition, it remains to bound
the failure probability due to the approximate modular



complement. The operation |z) — |p—1— ) is imple-
mented by a bitwise complement followed by a truncated
k-bit addition of 2 — ¢. The same result could be com-
puted by a truncated addition of ¢ to x followed by a
bitwise complement. Without failures, this computes the
modular complement because p—1—z =2"—c—1—xz =
(2" —=1)—z) —c= (2" — 1) — (z + ¢), again using the
pseudo-Mersenne shape of p. The only additional source
of failures is the truncated carry propagation leading to
an incorrect value if  mod 2% > 2" —¢. Counting failure
inputs similarly to the analogous case for the modular
addition, we obtain the number of inputs leading to a
complement failure as

Ncmpl = C(2n7n - 1)7

which means that for a uniform input, the failure proba-
bility due to truncated carry propagation in the modular
complement is Nempi/p < ¢/2".

Inputs during affine point addition. Like in the anal-
ysis of approximate addition, we fix scalars (k,l) and
0 <i < 2L —1. Approximate subtraction occurs four
times, namely to compute x1 — x2, y1 — Y2, (Y3 +y2) — Y2,
and (g — x3) — za.

We argue very similarly to the addition case. Given
T1,Ts, there are at most 2 elliptic curve points with
each z-coordinate, hence at most 4. For a pair of y-
coordinates, there can be 3 points each due to the cor-
responding z-coordinate satisfying a cubic equation, at
most 9 points in total. Again, due to bijections mapping
the pairs of points before and after the point addition and
pairs of values through the ideal subtraction, the same
bounds apply to the last two calls as to the first two.

Hence, we can conclude that the probability pg,p, of
modular subtraction approximation failures during a sin-
gle elliptic-curve point addition is

(44 949+ 4) N
(=1 —27)

Psub >

Here, Neub < Nadd + 2pNempl is the number of input
pairs that lead to a failure in the approximate subtraction
circuit.

Lemma 3. Let n,w,p,c,7, K, be the parameters as de-
scribed in this section. Let ag and p; be the random mask
values as above. The probability psy, over random (ag, 14;)
that either a borrow propagation failure or a phase failure
occurs during one of the four approrimate subtractions in
the i-th point addition step is bounded by

< E " 52pc(2n7'{ — 1)
Psub > 5 Padd (T — 1)(7’ — 2w)'

Evaluating the expression with the concrete secp256k1
parameters and implementation parameters xk = 65, w =

16, and § = 32 gives

Peub < 1.0593796008 x 10~ 8 az 2726-4922 926492
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Negation. Finally, we analyze an approximation to
|u) — |(—u) mod p). Modular negation is computed by
a bitwise complement, which gives 2" —1 —wu and then we
subtract c—1 to obtain 2" —c—u = p—u. The subtraction
is approximate by truncating it to x bits. This leads to
an incorrect value if u mod 2% > 2% — ¢+ 1. The integer
value p — u is the correct canonical representative of the
modular negative of u except if uw = 0. Therefore, the
circuit swaps the values of 0 and p at the end, leaving all
other values intact.

Again, we have two failure cases. The first is due to
truncated subtraction of ¢ — 1 to k bits, happening if
wmod 2% > 2% — ¢+ 1, and thus is induced by (277" —
1)(e¢ — 1) of the canonical inputs.

The second failure is due to a shortened comparison
window for the swap of 0 and p to the 7 most-significant
bits of the register. The swap is triggered when all these
bits equal the least-significant bit. The circuit assumes
that Kk < n — 7 and 7 > 2, otherwise it computes exact
negation. Clearly, this comparison implementation has
false positives, namely on non-zero even integers that are
smaller than 2"~ 7 and on odd integers in [2" — 2”77 p).
The total number of these failure cases is
2" —c—1

— 277/77' _

2 2

c+3

(27’1,77’71 _ 1) +

However, we have already counted some of these as failure
cases, namely those that have the form v = j2* 42" —c+
h,0<j<2""—1,1 < h < cwhich lead to an intended
intermediate value (27" — j — 1)2" — h. Counting the
blocks in these intervals, the overlap has size

c—1

271—T—H+1 -1
( )5

Since a failure due to the truncated subtraction cannot
be corrected by a short swap failure, the total number of
failure inputs for approximate negation is

c+3

Nneg = (2717#; - 9

(e —1)+2"" —

-1
o 2n7‘rfn+1 -1 c
( .

— 27177‘ + (C _ 1)(277,7& _ 27177‘711) —c— 1,

which means that the failure probability for uniform in-
put satisfies

Nyeg - c—1 N 1+c/p.
p 2% 27

Inputs during affine point addition. Modular nega-
tion occurs once to compute —x3 mod p. Fixing an input
u therefore fixes x3, so there are at most 2 elliptic curve
points leading to this x-coordinate. The table lookup
point still can assume any of its » — 2" possible values,
leading to 2(r — 2%) possible curve points leading to in-
put zz. With (r — 1)(r — 2*) possible point pairs, the
probability ppee of a failure due to approximate negation



during a single elliptic-curve point addition therefore is
bounded by

2N,
Prneg < r _nclg

Lemma 4. Let n,w,p,c,r, Kk be the parameters as de-
scribed in this section. Let ag and p; be the random
mask values as above. The probability pneg over random
(ag, pi) that either a truncated subtraction failure or a
shortened comparison failure occurs during the approxi-
mate negation in the i-th point addition step is bounded

by

2(27T 4 (¢ — 1)(27F — 2M—TR) _ ¢ — 1)
r—1 '

Prneg <

Setting concrete parameters in our implementation for
secp256kl with 7 = 32 results in

Preg < 6.9850 - 10—10 ~ 2—30.4150 < 2—30.415.

d. Subtracting a square

Consider the subtraction of a square as described in
Section VII. It acts on two registers and subtracts the
square of the value in the first from that in the second
modulo p. It maps |z)|y) to |z)|(y — 2%) mod p). We
use a uniform random mask R € F, that is added to
the target register, which also acts as the accumulator
register in the algorithm. The square subtraction circuit
then maps

|2) [(y + R) mod p) = |z} [(y — 2® + R) mod p)

and a subtraction of R in the second register gives the
desired result.

To understand the possible failure cases due to ap-
proximate arithmetic, we discuss the specific compo-
nents as shown in Appendix A. The main operation is
detailed for its integer-valued representation in Algo-
rithm 7. Tt uses the components AddBMultiplel (Al-
gorithm 10), AddCMultiple? (Algorithm 11), AddSlicel
(Algorithm 8), and PhaseGE? (Algorithm 9). Notation
and parameter properties are introduced in Appendix A.

Approzimation failures in AddSlice. The basic com-
ponent used in the other algorithms is AddSlice (Algo-
rithm 8). It operates on two quantum registers, a source
register and a target register, holding values s and v. It
updates the target by adding 02t3[070+w). The parameter
0 provides a way to trade efficiency for accuracy: it deter-
mines the number of bits used in the phase comparison,
while the parameter p € Z>¢ is the carry-padding width
for local slice additions. The parameters must satisfy ei-
ther t+w—+p < nor t+w = n with § < w. There are four
possible sources of approximation failures in AddSlice.

A failure can occur during the complement computa-
tion of (p — 1) — v in the case of negative sign o = —1.
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While the bitwise complement operation is exact, the pre-
ceding addition of ¢ may drop a propagating carry. The
corresponding failure preimage set is

Ecompl = {’U (S [07 2”) ‘ V[0, k) > 2% — C}

and has cardinality ¢2"7*. Complement computation
only happens if ¢ = —1, but then it occurs twice, once
when entering and once when leaving the complemented
representation.

Another failure occurs for ¢ + w + p < n if in the
addition of the source slice s’ = S[o,0+w) iNtO v, the carry
propagates more than w + p bits. The failure preimage
set is

Ecarry(sa Ovta w) = {’U € [07 2n) | v[t,t+1u+p) Z 2w+p - 3/}

with cardinality s/27~%=F < (2@ — 1)2n—w=P < 20—

If t +w = n, a carry that propagates more than w bits
means that the sum is at least 2. This carry is captured
in an additional qubit, and an approximate reduction
modulo p is applied by adding ¢ with carry propagation
truncated to k bits. This failure case is captured by

Egrap(s,0,t,w) = {v < 2" | v+ 2t > 2"
((v+2's") mod 2™)( ) > 2" — c}.

Translation by 2t5[070+w) modulo 2" is a bijection. Drop-
ping the carry condition therefore upper bounds the
cardinality of this set by the usual truncated carry-
propagation bound 2™~ ",

The fourth failure case in AddSlice is a failure due to an
approximate phase correction in the case t +w = n. The
extra carry bit can be uncomputed by an X-measurement
and phase correction. Let b = 1[v 4 2"s[, o44) > 2"] and

v = ((v+2"S[,04w)) mod 2") + he.

If no failure occurs due to Ewrap(s, o,t,w), the addition
of hc has no carry out of the low x bits, so vt < 27.
When m = 1 is measured, the exact carry correction
contributes the phase (—1)9. Together with a full-width
call to PhaseGE, it gives

(_1)Q(_1)q]1[(v+)[t,n) >S[0,040w)] — (_1)q1[(7)+)[t,n)<S[u,o+w)] ,

which is the required carry-dependent phase. The condi-
tion using > implemented by PhaseGE is consistent with
reconstructing the carry through the condition using <.
The implementation supplies only the most-significant §
bits to PhaseGE, and the resulting reconstruction can fail
for two reasons. First, when h = 1, the corresponding
full-width comparison reconstructs h exactly if and only
if v < p; hence a non-canonical input v > p causes a
failure. Second, the comparison on the most-significant
0 bits can disagree with the full-width comparison. The
failure preimage sets for those events are

Epnep(s:0,t,w) = (v € [0,2") [v=p, h=1},



with cardinality at most ¢ and (with s" = s, o4u))

Eph,trunc(sa O7ta w) = {U <2 | ]]'[(U
# 1[(v*

and |Eph7mmc(s,o,t,w)| < 2779 The bound on the sec-
ond cardinality follows because if the two comparisons
disagree, the § most significant bits of the values must
be equal, fixing & of the bits of v™.

The operation AddBMultiple implements an addition or
subtraction by a B-multiple of a register using a B-adic
decomposition. For an integer s with 0 < s < 2"s, where
ns € {n,n + 2}, write s = sy + Bsy with 0 < sy, < B.
Then

+)[t,n) > Sl]

)[n—&,n) 2 wa—é,w)]}a

Bs = Bsy + B*sy = Bs, +csg (mod p).

The Bsy term is applied by one wrapping call to
AddSlice, and five local calls to compute csy using
the fixed list T,, which is a list containing a signed
binary representation of c¢. For secp256kl, we have
T. = ((327 +1)a (]-Oa +1)7 (Ga _1)7 (4a +1)7 (Oa +1))7 such
that ¢ =3 oer, €24 =232 4210964 941 1. There are
no further target-dependent failure sites outside these six
AddSlice calls.

The operation AddCMultiple adds or subtracts a mul-
tiple of ¢ using the signed binary representation list 7.
For 0 < s < 2", each element in T, with d > 0 satisfies
2¢s = 2d5[0,n—d) +2"8[—d,n); if d = 0, there is no decom-
position. The decomposition into low and high parts at
the boundary n allows the addition of the high parts to
be postponed and later corrected by combining them into
hsy = Z(d,e)ETC €S[n—dn)- Lhis contributes 2"hs = chs
(mod p). For secp256kl, where n = 256, this is

hs = 8[224,256) + S[246,256) — S[250,256) T S[252,256)

and 0 < hy < ¢ — 3. Hence 0 < ch, < 2%, so the high
correction fits in the fixed 65-bit auxiliary register. The
implementation constructs chs by exact reversible signed
additions modulo 2%°. Intermediate values may get re-
duced modulo 2%, but the final residue is the ordinary
integer ch,. Reversing the same sequence therefore clears
the auxiliary qubits. AddCMultiple makes five calls to
AddSlice for the direct shifted terms and one call for the
high correction chs. The exact construction and uncom-
putation of chs introduce no additional target-dependent
failure sites, so all such sites occur in these six calls to
AddSlice.

For secp256kl, the square-subtract trace contains
three calls to AddBMultiple, each containing one call to
AddSlice with three wrapping sites and five AddSlice calls
with three occurrences of the local carry failure sites.
There is one call to the negative version of AddCMultiple,
which has five AddSlice calls that can wrap and one local
call for the upper bits correction. The negative terms in
the representation of ¢ contribute ten complement fail-
ure sites and five phase corrections. Overall, there are
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16 local AddSlice calls, 9 wrapping calls, and 13 negative
calls, giving 26 complement sites.

Intermediate results in the algorithm can lie in [0, 2™)
and thus be non-canonical representations of elements
modulo p. However, under a failure-free execution on
canonical inputs, the outputs lie again in [0,p) and are
thus canonical. This is clear if the control is ¢ = 0 as the
operation is the identity. For ¢ = 1, the last operation
of the algorithm that acts on the output register is a
modular complement implemented by an addition of ¢
followed by a bitwise complement in the last line of the
AddSlice algorithm, which is called with negative sign
o = —1 from AddBMultiple. On a failure-free execution,
the truncated addition of ¢ into the v register right before
the complement succeeds, which means that v mod 2% <
2% —c because no carry has propagated out of the lowest x
bits. Since v < 2™, we have v+c¢ < 2", thus v < p and the
bitwise complement correctly computes (2" —1)—(v+c) =
p—1—wv € [0,p). Therefore, any failure that would lead to
a non-canonical output is already accounted for through
previous failures.

Overall, under the helper conditions above, and assum-
ing a uniformly masked target and exact integer squaring
operations, residue projection and a union bound give
bounds for the probabilities py,1 of complement, wrap-
ping and carry failures and pphase 0f phase correction

€rrors as
< (1 16 35c¢
DPval > + 2/) + 27 )

9 9c
Pphase < 1'1‘2; 26—"_22?

Consequently, the coherent failure probability psq for the
square-subtract operation satisfies

) 16 35c 9 9
Psq + 2 T o T o5+ 33 )

For p =6 = 32 and k = 65, this gives psq < 272659,

e. Approximate in-place multiplication and division

Another component needed in the point addition cir-
cuit is an in-place modular multiplication and its inverse,
which functions as an in-place modular division, as de-
scribed in Schrottenloher’s recent work [2]. It is used
to compute and uncompute the slope A. While we have
proved failure bounds for the modular squaring opera-
tion and the coordinate offset computations in the pre-
vious section, we obtain a bound on the failure probabil-
ity for the gcd-based in-place multiplication by a Monte
Carlo simulation instead We sampled 1,000,000 uni-
formly random pairs (u,v) € F¥ x F,, simulated our ap-
proximate circuits to compute |u) |v) — |u) |(uv) mod p)
and |u) [v) + |u)|(u~v) mod p), and counted the num-
ber of inputs for which the circuit failed (wrong output,
residual phase, deallocation of a nonzero ancilla, etc.).



The simulation recorded K = 21 failures for both op-
erations. The circuit parameters we used were mostly
identical to the ones used by Schrottenloher [2]. We list
the parameters in Table X.

TABLE X: The parameters used in the Monte Carlo
simulations of the in-place multiplication circuit. Most
of these parameters were described and chosen as in [2].

Parameter Value

Iteration count 1.413n+ 2.4y/n

Register size at iteration ¢ n—1/1.413 + 2.3y/n

Rounds with x +y =p 37
Comparison bits in ged 40 + 2.3y/n
Short modular corrections +32 bits (65 total)
Phase-fix comparisons 32 bits

The simulation allows us to make the following state-
ment using the Clopper-Pearson [85] bound: With con-
fidence level at least 1 — 27129, the probability that the
in-place multiplication procedure using the binary ged
algorithm with the above parameters fails under uni-
form random inputs (u,v) € F, x F, is bounded by
0.000149304. In turn, this allows us to conclude via union
bound that with confidence level at least 1 — 2728 both
in-place multiplications succeed with probability at least
1-2:0.000149304 for uniform random inputs from F) xF,,.

Since the actual inputs to the in-place multiplication
in the circuit are differences of elliptic curve point coor-
dinates, their distribution is not equal to the uniform dis-
tribution used in the simulation. This introduces a factor
of approximately 4 into the bound inequality, which we
will show next.

The actual input to the first in-place modular division
algorithm is the pair of differences (x1 — z2,y1 — y2).
Here A; = (x1,y1) is the current accumulator point after
1 point addition steps, i.e., 4; = (x1,y1) = Ao+ S5;, where
S; is the point accumulated into Ay after ¢ steps. The
point (z2,y2) is the point looked up in the i-th window
from the i-th lookup table T;.

Because ag & Z? is sampled uniformly at random and
the map Ay — A; as a shift by the point S; is injective,
and we only need to take into account first-time failures
of trajectories that are correct up to this point, the point
A; can be one of r — 1 points, namely in the set E(Fp) \
{0} + Si.

The point (z2,%2) is of the form [j2!* + u;]P or
[20-B) 1 11,]Q. Since p; is sampled uniformly at ran-
dom from Z, \ {-2"j | j € {0,1,...,2% — 1}} or
Z,\ {—20-Bwj | 5 €{0,1,...,2% — 1}}, the point can
be any point in E(F,) except for the set of points of size
2" given by the exceptions above.

The set of possible input pairs ((x1,y1), (€2,y2)) there-
fore has size (r — 1)(r — 2%), and we need to relate the
distribution of input pairs (z1 — x2,y1 — y2) to the uni-
form random distribution of pairs (u,v) € F; x [F,, that
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was used in our Monte Carlo simulation.

The u = 0 case is already covered by our exceptional
point analysis, so we may assume u # 0. Fix a specific
pair (u,v) with u # 0. A given difference of curve point
coordinates is equal to (u,v) if and only if 1 = 23 + u
and y; =y + v.

Using that both points satisfy the curve equation, we
obtain

ys 4+ 2ypv + 02 =y =aF + b
= x5 + 32v3u + 3zou® + ud + b,

which, together with y2 = 3 + b, gives
20yo + v? = 3x§u + 3x2u2 +ud.

If v # 0, y2 can be expressed by a term quadratic in xo,
and substituting this expression into the curve equation
shows that o satisfies a polynomial equation of degree 4.
Hence, there are at most 4 possible values for x5, yielding
at most 4 solutions for pairs (z2,y2).

If v = 0, then y; = y2 and x5 satisfies a quadratic
polynomial equation, yielding at most 2 solutions for zo
and again at most 4 pairs in total.

The same bound of at most 4 possible curve point pairs
yielding a given pair of differences applies to the second
call of the binary-gcd-based circuit, the in-place modular
multiplication (u,v) — (u,uv (mod p)). After an execu-
tion of an ideal in-place multiplication, the outputs are
29 — a3 and Yo + y3 = ya — (—y3). These are again co-
ordinate differences, where (z3,y3) = (z1,y1) + (T2,92)
are the coordinates of the (negative of the) accumulator
point A;;; for the next iteration and the lookup point
P;, and so the factor-of-four bound holds at the point in
the circuit. Now, the mapping (A;, P;) to (P;, —A;+1)
is a bijection, as is the ideal, non-approximate in-place
multiplication for non-zero u (u = 0 corresponds to an ex-
ceptional case already accounted for). As a result, there
is a one-to-one correspondence between the multiplier in-
puts that fail and the corresponding (ideal) outputs, each
of which corresponds to at most four curve point pairs.

Let gqiv and ¢nu be the failure probabilities of the in-
place division and multiplication circuits for pairs (u,v)
sampled uniformly at random. Hence there are at most
p(p — 1)qaiv and p(p — 1)gmu failure pairs in Fy x .
Each can be reached by at most 4 pairs of points under
the difference map. The probability pgcq,qaiv Over uniform
random samples of ag and p; that an input point pair
leads to a failure in the division algorithm is at most

4p(p — 1)
iv S AN/ aa ddivy
Pgcd,d (7“ — 1)(’)‘ — 2w) qdd

and analogously for the in-place multiplication

4p(p — 1)
cd,mu S AN/ o) dmul-
Pged,mul (r—l)(r—Qw)q 1

Overall, the probability that a failure occurs in one of
the in-place binary gcd circuits over the random uniform



choices of ag and p; is bounded by ~ 4(qdiv + Gmu):

4p(p — 1)
iv m S AN/ AN
Pgcd,div + Pged,mul (7‘ _ 1)(’/“ —

2w) (Qdiv + Qmul)-

3. Failure probability bound

Using the above failure probabilities for all the compo-
nents in the computation of f,,(k,), we obtain the overall
failure bound py as follows.

We start by bounding the failure probability pecaqq for
a single affine elliptic curve point addition using a union
bound over all possible failure types for the separate com-
ponents. We thus find that with probability 1 — 27128,

Pecadd < Psub + Pgcd,div + Padd + DPsq + Pged,mul + Preg
< 0.001195.

Then, via union bound on the 28 point additions, we have
that

6L
Dy S 28pecadd + ﬁ S 0.03346.

4. Algorithm success probability with approximate
arithmetic

In this section, we derive a bound on the success prob-
ability of Shor’s algorithm for solving the ECDLP when
using approximate double scalar multiplication with fail-
ure bound py. Our bound takes into account wrong out-
puts as well as phase errors due to approximate phase-fix
predicates.

Recall the failure set

B, ={(k,1) €[0,2™) x [0,2") |
fw(kvl) # f;(k,l) \% Sw(kal) = 71}

for the masked approximate implementation f,, (k, 1), i.e
the set of inputs (k, 1) for which the masked approximate
implementation does not agree with the ideal masked
value f,(k,l) or it agrees but the implementation pro-
duces a residual (—1)-phase.

For the analysis, we assume that we perform the known
translation from f,(k,1) to f(k,1) right after applying the
oracle, i.e., we assume that the random point offsets of
the masked implementation are removed. Because the
projector onto successful outcomes of the algorithm (see
the definition of M below) only acts on the input register,
this shift does not affect outcome probabilities, and thus
does not have to be implemented in practice. However,
this assumption simplifies the analysis significantly. For
brevity, we will write z € X :=[0,2") x [0,2") instead of
(k,1) and f(z) instead of f(k,1).

Let N = 22" = |X| and the ideal state before the
QFT-measurement

le /(=

zeX
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The corresponding approximate state is
‘\I/w ,—st |$ ‘fw( )>’
zeX

where s,,(z) € {—1,1} tracks the phase error for label .
We thus have s, (z) = 1 and f,,(z) = f(x) for all x ¢ B,,.

Let the projector onto the successful outcome set S
after the inverse QFT be >° ¢ [y) (y|. Before the inverse
QFT, this corresponds to the projector

M= (QFT) |y) (y|QFT" | ®1,
yEeS

and we have that the success probabilities
P = (U|M|¥) and P =E,[(¥,|M|T,)].

We now write the difference between the ideal and the
expected state E,[|¥,,)] as

|A) = Ew[ﬁ/w” \/* Z |z) |d.)

reX

with |ds) := Eu[lee, (50(2) | fu(@)) — | f(2)))]-

Recall that p¢ is such that for all x € X,

Pr[z € B,] < py.

Therefore, || |d,) || < 2ps from the triangle inequality for
expectations and

B [|90)] =) |17 =

Z I da) |12 < Zp? = 4p7.

mGX IEX

Using Jensen’s inequality and the fact that M is a pro-
jector independent of w, we have

P =B [|M 1) ) 2 e |
> (manx{0, M |2) | — 37]) 1)
> (max{O7 VP - 2pf})2

Given a lower bound Py with Py < P, we thus have

P> (max{O7 VP — 2pf})2
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Appendix C: End-to-end integrated routing

[ lookup y B 1ookup x W x/dx @ Y/dy move [ active
B index (16 bits) W carry/work @ relay [ clean ——-- fanout ) idle
' correct for next layout —%— MBU

01 LOOKUP, DIFFERENCES

lookup y; empty high G lookup x X/Y packed 16-bit index, DFS |

lookup(x1, y1)

unpack y1
load Y

MBU y1, pack Y
load x1, X

L
—

02 SLOPE DIVISION :

U/V entry lane clean history workspace dy packed, clean history 16-bit index

MBU x1| X3
pack dy
v/ 0 |- :

FIG. 21: Routing of the point-addition algorithm, stages 1-2.

Q
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03 X COORDINATE :
low ~24 blocks of adder lane released history / idle packed register 16-bit index, DFS |
lookup(x1)
"""""""""""""""" unpack x1
X += 3*x1
MBU x1 !
exchange X, Y l‘ \I \ \
1 A | | -
v - meE e s
Il
04 Y COORDINATE :
U/V entry lane clean history workspace Y packed 16-bit index
| L
L
packY
load X T ". \| \
= -
w1
05 UNLOOKUP, LOOP REENTRY i
adder lane lookup x X/Y packed 16-bit index, DFS
pack X
lookup(x1, y1)
unpack y1

load Y

MBU y1, pack Y
load x1, X

pack X under phase repair

lookup phasefix

FIG. 21: Routing of the point-addition algorithm, continued: stages 3-5. The windowed point add ends in the same
configuration as it begins, allowing for the routing to loop cleanly.




Appendix D: Circuit synthesis

Circuit synthesis turns the verified hierarchy of specs
and defs into an architecture-legal, executable schedule.
The entry point takes a root spec and its parameters, a
target architecture, an optional layout plan, and synthe-
sis options; it returns the measurement schedule together
with its metrics and a serialized schedule artifact from
which all downstream reporting is derived.

The architecture object declares a group of memory
blocks and one or more groups of factory blocks. The
memory type fixes block size and shape, which opera-
tions are directly legal within one block or between two
blocks, and how many concurrent operations and logi-
cal measurements a block supports. Each factory group
names a resource-state kind, a block count, the number of
states per block, and the preparation and cleanup recipes
for that factory type—for the ECC pipeline, CCZ facto-
ries. Legality checks, placement, and resource allocation
all key off this object.

1. Synthesis tree and frontier lowering

Synthesis expands the root into a synthesis tree that
records the decomposing hierarchy, the def selected at
each node, qubit and classical-bit bindings, and classical
conditions on components. The frontier lowering loop
repeatedly selects a frontier node, chooses a def if the
node is not directly legal on the architecture, allocates
and binds the def’s ancillae, and expands the node—
until every leaf is architecture-legal. Routing is handled
by placement and by local measurement-based gadgets
rather than a separate global SWAP network: an op-
eration that is not legal in the current geometry is de-
composed into components such as logical measurements,
controlled loads, CNOT fanout, or PcP gadgets (though
we managed to entirely avoid naively decomposing PcPs
in this work).

Schedule-dependent resource binding is deferred dur-
ing this refinement: factory ancillae are virtual qubits
in the tree, so defs and legality checks remain coherent
while the physical factory assignment is chosen later, at
scheduling time. Run-local facts—qubit ownership, or-
dering dependencies—are recorded in synthesis-side state
and never leak into the reusable specs and defs. Two fur-
ther mechanisms keep synthesis tractable at application
scale: a compact representation of repeated structure,
and memoized replay of previously lowered subtrees.

2. Compact repetition and deferred parameters

Repeated algorithmic structure is kept as a compact
repeated subcircuit rather than expanded into a sepa-
rate copy for every iteration. Its compile-time bounds
determine how many times the body executes, while an
iteration variable may select the operand qubit, register
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slice, constant, or implementation variant used on each
pass. Repetitions may be nested or traversed in reverse,
and inverting a repeated computation reverses both the
iteration order and the enclosed operations. This rep-
resentation is used for repeated shifts, multiplier digit
sweeps, lookup traversal, modular-inversion rounds, and
the repeated work units above point addition.

The repeated body remains compact while the com-
piler selects implementations, checks architectural le-
gality, estimates costs, and records the synthesis state.
When different iterations genuinely require different cir-
cuit shapes, the alternatives are selected by the iteration
variable; changing register widths are a common exam-
ple. Only when the final operation stream is emitted does
the compiler substitute concrete operands and iteration-
local classical results for every pass. This late expansion
reduces compilation work and memory even though the
executable schedule ultimately contains every operation.

3. Memoized lowering and subtree replay

The second mechanism is a dynamic-programming-
style replay cache. After a subtree has been lowered com-
pletely, the compiler records its expansion under a struc-
tural key containing the source spec type and normalized
parameters, the chosen def, and compatible ancilla bind-
ings. These immutable tuples are hashable, so a repeated
semantic component can locate an earlier lowering with
a dictionary lookup rather than repeating recursive def
selection, child-support tests, allotment, and layout deci-
sions. Separate run-local caches remember preferred defs
and architecture-support results.

On a replay hit, the compiler reproduces the cached
child structure under the new occurrence and remaps
occurrence-local classical identities. The replayed state
includes the selected decomposition, ancilla bindings,
sibling topology, factory-loan annotations, and qubit-
ownership classes; it is not merely a copy of a flattened
gate string. A candidate is rejected when its completed
subtree or resource context is not safe to reuse, in which
case ordinary expansion is performed. Rewinding or edit-
ing the live tree invalidates the affected cached state.
These restrictions make hashing an optimization only:
enabling or disabling replay must not change the emit-
ted program.

This reuse happens during hierarchical synthesis, be-
fore measurement scheduling: the scheduler receives the
bound serial stream and constructs concrete layers for
every occurrence, so the replay speedup is a lowering
speedup. Scheduler-side scalability comes instead from
the packed layer representation and the optional late res-
olution of classical conditions described next.



4. Measurement scheduling

Beyond the general routine described in the main text,
the scheduler applies a resource-pool model to state in-
jections. Each CCZ factory use is split into an injection
(three ZZ logical measurements, each coupling one CCZ
state qubit to its memory target) and factory cleanup
measurements. The scheduler tracks the number of avail-
able resource states per factory kind, decrementing on in-
jection and incrementing on cleanup, and when a cleanup
is delayed the propagating phase fix is tracked as a condi-
tional Pauli byproduct. Only after scheduling are virtual
factory indices assigned to physical factory blocks, pair-
ing each injection with its matching cleanup. Internally,
layers are stored as block-local Pauli bitmasks and flat in-
struction buffers rather than per-gate objects—the repre-
sentation change that makes scheduling application-scale
circuits tractable.

5. Layout plans

A layout plan is an authored, scoped placement policy
for one spec implementation. It can force the def choice
for its spec (and, through nested child plans, for the chil-
dren) and binds semantic ports and ancillae to placement
rules: serial strips through memory blocks, interleaved
cycles, or direct block-and-slot coordinates. It can also
reserve pools of helper qubits for Pauli-controlled-Pauli
(PcP) gadgets. The plan is where design-level decisions
enter: which registers are colocated, which resource pools
exist, and which defs are forced. Below the planned shape
the compiler still applies its local policies, but changing
the plan changes the compiled tree, the schedule pressure,
and the resulting metrics.

Appendix E: Architecture resource totals

The compiled-circuit resource counts used throughout
this section are summarized in Table XI.

We note that the total number of Toffoli injections is
different from the reported estimate in Part III, where
we used the accounting from previous work.

This is for three reasons: (1) as discussed in Sec. X,
we always execute conditional phase comparators in our
compiled circuits as opposed to only counting operations
if they are executed (as in previous work [2, 28]); (2) our
phase-fix lookup is implemented suboptimally, i.e., we
have not implemented the phaseup operation from [22];
and (3) the counts in Table XTI include the initial lookup
replacing the first point addition.

1. Footprint

Assuming an independent per-ion loss rate of pjoss =
10~7 per POC, a code block containing its n data ions
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TABLE XI: Compiled-circuit resource counts, assuming
conditional operations are always executed.

Resource Variable Total
Measurement-layer depth Dineas 75,251,329
Toffoli injections Nrof 40,420,330
Non-Toffoli logical measurements Npon.Tor 369,882,166
Peak measurement parallelism kgf ak) 24

and n syndrome ancillas requires an average reloading
rate

Rreload = (Qn)ploss- (El)

The resulting per-block rates for the three code types
used in the architecture are given in Table XII.

TABLE XII: Per-block ion-reloading rates at
Ploss = 10~ 7 per ion per POC.

Code n Physical qubits (2n) Expected losses per POC
Q102 102 204 2.04 x 107°
Q66 66 132 1.32 x 1075
C6 6 12 1.20 x 107©

Algorithm-wide exhaustion budget. For a reservoir of
capacity 7, we call the period between consecutive reser-
voir refills a refill interval, and let X be the number of
replacement ions demanded during that interval. We de-
fine exhaustion as the event X > r, in which the replace-
ment demand exceeds the available stock before the next
refill. We assume that exhaustion of any local or global
reservoir counts as a failed run and choose the reservoir
capacities to bound the total run-wide exhaustion prob-
ability below the target

Eres = 1073, (E2)

Meeting this target ensures that reservoir exhaustion con-
tributes at most 0.1 percentage points to the failure prob-
ability of an attempt.

For the runtime bound derived in appendix E 2, the
device operates for at most Dyeas = 75,251,329 mea-
surement layers, as listed in Table XI. Thus,

T(POC)

run = Dmeas X Tinj

= 75,251,329 x 147.48
= 1.10980 x 10'° POCs. (E3)

The device contains 69 + 4 = 73 Q102 blocks, where
the four additional blocks are the logical CliNR blocks.
The four magic factories contain four Q66 blocks and
eight C6 blocks, with two dedicated C6 blocks per East-
inthillation factory. Using these component allocations
gives the following total numbers of refill intervals across



all reservoirs:

Nqioz = 73709 /27 = 3.00057 x 10, E4

(E4)
Naes = AT 5O /17 = 2.61129 x 10°, (E5)
Neg = 8TE09) /5.4 = 1.64415 x 10*°, (E6)

(E7)

run
Nalobal = T /5000 = 2.21960 x 10°. E7
If ¢; is the exhaustion probability in one refill interval for
reservoir class ¢, the union bound gives
Pres S ZNlQZ (ES)

7

We choose the smallest local and global reservoir capaci-
ties for which this bound remains below ... The corre-
sponding sizing calculations follow.

To size each local reservoir, we assume that it can be
refilled between SECs and model the number of losses in
one SEC as a Poisson random variable with mean

A= (Qn)plossTSEC' (EQ)
We choose the smallest number of ions r in each code
block’s local reservoir that is consistent with the run-wide
exhaustion budget, using ¢;(r) = Pr[Poisson(A\) > r].
The resulting values are shown in Table XIII. With one
fewer ion, the Q102, Q66, and C6 contributions to the
run-wide union bound would be 0.835, 0.00492, and
0.345, respectively—all above the 10~3 exhaustion bud-
get.

TABLE XIII: Local ion-reservoir sizes, assuming only
one refill per SEC.

Code Tsgc (POCs) A r qi(r)

Q102 27.0 5.508 x 1074 3 3.83x 10 1®
Q66 17.0 2.244 x 10~* 3 1.06 x 10~16
C6 5.4 6.480 x 1076 2 4.53 x 10~17

Unlike the loss model of [1], the swap-loss model pro-
duces no cascading losses, so the global reservoir only
needs to buffer the independent steady-state loss stream
from the device components, including the cat-state bun-
dles and Bell-state resources. Based on the loading-rate
comparison below, we assume that the reservoir is replen-
ished once per second, or every Tyeq1 = 5000 POCs. For
a candidate global capacity Rgiobal, the mean number of
losses in this interval is

/\global = (Ncomponents + Rglobal)plossTreﬁll- (E10>
The peak component allocations contain 19,363 qubits
before the global reservoir is added. Applying our run-
wide reservoir-exhaustion budget gives a 34-ion global
reservoir, as summarized in Table XIV. Its exhaustion
probability per refill interval is 2.77 x 107'°. With a
33-ion buffer, the run-wide union bound would instead
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be 2.36 x 1073, so 34 is the smallest capacity consistent
with eq. (E2). The runtime conversion in appendix E 2
gives Tpoc = 200 ps. The mean reloading rate needed to
maintain the global reservoir is therefore

min 1. 10-3
Rl(oad) _ 19397 <107 ~ 9.70 ions/s.

El1
TPOC (ELD

This rate is modest compared with demonstrated load-
ing capabilities across the Walking Cat architecture’s tar-
geted qubit modalities. A trapped-ion experiment loaded
about ten barium ions per ablation shot at its highest
tested power. At the required mean rate, this yield cor-
responds to about 0.970 ablation shots per second [86].
In a neutral-atom system, continuous reloading has pro-
duced 30,000 initialized qubits per second [87].

TABLE XIV: Global reservoir sizing for independent
steady-state ion loss. Here pjoss is the expected number
of losses per POC and ggiobal is the exhaustion
probability per refill interval.

Device Total qubits Ploss Rglobal Gglobal
secp256k1 19,397  1.9397 x 1073 34 277 x 10710
Substitution into eq. (E8) gives

Pres < 7.32 x 1074 (E12)

Therefore, even if every exhaustion event aborts the com-
putation, the probability of completing a run without
reservoir exhaustion is at least 99.927%.

Memory and logical CliNR blocks. Both the memory
blocks and the logical CliINR blocks use Q102. Each
block contains n = 102 data ions, the same number of
syndrome ancillas, and the three-ion local reservoir from
Table XIII, giving the per-block footprint

n302 — 9n 4 rquee = 2(102) + 3 = 207.

phys

(E13)

So, the 69 memory blocks contribute 69 x 207 = 14,283
physical qubits. The four logical CliNR blocks contribute
a further 4 x 207 = 828 physical qubits, so the Q102
blocks occupy 15,111 physical qubits in total.

Cat-state register counts. We first determine the
number of cat-state verification rounds used by both code
types. For a target verification error ¢ = 10~!! and phys-
ical error rate p = 10~*, the Walking Cat architecture’s
verification-round formula [1] gives

- {211)?(;3)} — [1.49] = 2,

(2p)? =4 x 1078 > ¢, (2p)' =16 x 1071 <e.
(E14)
Thus, two verification rounds are sufficient and minimal
under this bound. We use the Walking Cat transport
timing 1 = 1/20 below.
For Q102, n = 102, Tsgc = 27 POCs from Ta-

ble IV, and wea; = 30. One long edge accommodates



$(102,30) = [102/30] = 3 factories. The three parallel
logical measurements therefore use three adjacent facto-
ries along the top edge, occupying 90 sites; no factories
are required along the bottom or either short edge. Every
factory has circulation distance Piyop(102) = 212 trans-
port steps, and

Tprep(30,2) = 14.8 POCs,

Tren(30,2) + 1oy (102) — 25.4 POCs, )
The total time is below the 27-POC SEC, so proposition 2
gives r = 1 for all three measurements.

For Q66, n = 66, Tsgc = 17 POCs, and wc,y = 16.
One long edge accommodates s(66,16) = |66/16| = 4
factories, so the three parallel logical measurements use
three adjacent factories along one long edge, occupying 48
sites. Every factory has circulation distance Ploop(66) =
140 transport steps, and

Tprep(16,2) = 13.45 POCs,

Torep(16,2) 4+ N Pioop(66) = 20.45 POCs. (E16)
The total time exceeds one 17-POC SEC but fits within
two, so proposition 2 gives r = 2 registers for each mea-
surement, or six weight-16 cat-state registers in total.

Cat-state bundle pairs and Bell-state resources. Let
kcat denote the maximum number of logical measure-
ments that the device must support in parallel. The reuse
schedule of Sec. XII C 2 assigns two mobile cat-state bun-
dles to each measurement stream. For Q102, each bundle
contains one weight-30 cat-state register and one weight-
30 verification bank; the weight 30 is set by the widest
logical measurement made in a Q102 block. Together, the
two bundles allocated to one measurement stream form a
cat-state bundle pair. Each bundle occupies 2 x 30 = 60
physical qubits, so each bundle pair occupies 120 physical
qubits. The resulting footprint is therefore

nS o (keat) = 2kcat (2 X 30) = 120kca;. (E17)

The peak compiled-circuit requirement is kP = 24

simultaneous logical measurements, as listed in Table XI.
The cat-state allocation is therefore
nat = 120%P) = 120(24) = 2,880.

phys cat

(E18)

In each cat-state production round, every LM2 mea-
surement involving memory blocks consumes kg Bell
pairs to stitch the two cat states used in that round,
where kpen is the number of pairs required to verify
the stitched cat state with undetected-error probability
at most €. Following the Walking Cat stitching proto-
col [1], each Bell pair is prepared with a small unitary
circuit. One qubit from each pair is routed to each of
the two target cat-state factories. At the two factories,
we measure a joint ZZ-stabilizer parity check between
each Bell-pair qubit and one qubit of the local cat state.
This procedure stitches the two cat states into a larger,
joint cat state. Each Bell pair supplies one stabilizer
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measurement of the joint cat state, so the kg pairs pro-
vide kgey redundant stitch checks. Writing p’ < 4p for
the error rate of one stitch check, including Bell-pair and
transport faults, an incorrect parity can induce a high-
weight X error on one half of the stitched cat state, but
the stitch is rejected unless all kg stitch checks return
the same wrong value. At p = 1074, choosing kpeyy = 4
gives (p/)FBen < (4p)* = 2.56 x 1074, below the target
precision € = 107!, We provision one Bell-state bundle
for each of the 12 simultaneous LM2 measurements at
peak demand. Each bundle therefore contains 2kpe; = 8
physical qubits, including while those qubits are in flight.
The four independent pairs can be prepared in parallel
in two POCs, well within the 13.45-14.8-POC cat-state
production interval; we assume that pre-positioning the
bundles similarly hides their transport latency, so no ad-
ditional Bell pairs are required for pipelining. Therefore,
our bell-state allocation is:

e M2 =12 5 ke x 2 =12 x 4 x 2 = 96.

(E19)

Magic  factories. The throughput analysis in
Sec. XIIE specifies a total of four Eastinthillation facto-
ries. Each factory contains one Q66 block, two dedicated
C6 blocks, a local reservoir provisioned with the three
Q66 replacement ions and two replacement ions for each
C6 block from Table XIII, and three weight-16 cat-state
factories. Including syndrome ancillas, each Q66 block
and its two C6 blocks occupy 2(66) and 2 x 2(6) physical
qubits, respectively, while each cat-state factory contains
two weight-16 registers and one bank of 16 verification
ancillas, occupying 3 x 16 physical qubits. Finally,
we count one additional six-qubit C6 Bell-state source
for each C6 block, as required by the measurement
construction in Sec. XIIE. Thus, the footprint of one
magic factory is

P — 9(66) + 2 x 2(6) + (3 + 2 x 2)

phys
+3(3 x 16) + 2(6) (E20)
= 319,
and the four factories occupy
N;?;Ew = 4ng‘}ffsw =4 x319=1,276 (E21)

physical qubits in total.
Combining the peak allocation of each component type
with the global reservoir gives the device footprint

Npnys = 69(207) 4 24(120) + 12(8)

+4(207) + 4(319) + 34 = 19,397.  (E22)

2. Runtime

The compiled algorithm has measurement-layer depth
Dieas = 75,251,329, as listed in Table XI. To obtain
an upper bound on the runtime, we assign every mea-
surement layer the mean duration of a CCZ injection.



Among the logical measurements used in the compiled
elliptic-curve point-addition circuits, a CCZ injection has
the longest mean duration. It also determines the critical
path whenever it appears in a parallel layer, because its
outcome is needed to resolve subsequent Clifford correc-
tions on the data blocks. The three independent Viterbi
processes in a CCZ injection have a joint average stopping
time of 5.46 Q102 SECs, as derived in eq. (26). Since one
Q102 SEC takes 27 POCs, this gives Ti,; = 147.48 POCs,
or approximately 0.02950 seconds, when evaluated using
the unrounded duration. The resulting expected-runtime
upper bound per attempt is therefore

Trun ,S Dmeas X 00294958 S
= 75,251,329 x 0.0294958 s

= 2,219,600 s ~ 25.7 days. (E23)

3. Logical failure probability

We include five contributions to the algorithm-wide
logical failure probability: memory errors in the Q102
blocks, errors in logical measurements, errors in the CCZ
states consumed by Toffoli gates, errors in the T states
consumed by the iQFT, and reservoir exhaustion.

Memory errors. As an upper bound, we assume that
all Dieas = 75,251,329 measurement layers occur on all
69 Q102 memory blocks in the device. But, in actual-
ity, only a small subset of qubits needs to hold quantum
information continuously for this whole time in the ap-
plication, so our upper bound is quite conservative. We
find

NSEC = Dmeas X Tg\égz X 69
= 75,251,329 x 758, x 69

= 2.83615 x 10%. (E24)

At the Q102 logical error rate pﬁlsoEQC =9.34 x 102 per
SEC from Table IV, this corresponds to a memory-failure
probability of

Na
prem =1- (1-pf45c)  =02327.  (E25)
The four Q102 logical CliNR blocks hold encoded states
only for the duration of frame clearing, rather than for
the full algorithm. Their exposure is therefore included
in the non-Toffoli logical-measurement count below, not
in the long-lived memory-failure total.

Although the calculated memory-failure probability is
relatively high, our estimate is substantially inflated by
the assumption that all 69 Q102 blocks continuously hold
quantum information throughout the algorithm. The
probability can also be readily reduced by increasing the
code distance or tuning the decoder, as discussed for the
memory-error bottleneck in the magic factory.
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Logical measurement errors. For a weight-30 Viterbi
measurement at physical error rate p = 10™4, the single-
round bit-flip model gives paip 30 = 2.1 x 30 x 1074 =
6.3 x 1073. A vote margin of five therefore has logical
error probability

1— pa; 5
1+ < pﬂ1p,30)
PAip,30
(E26)

For Npon-Tof = 369,882,166 such non-Toffoli logical mea-
surements, as listed in Table XI, their combined failure
probability is 1 — (1 — pyig 30) Veen-Tof = 0.00378.

Eastinthillation factory errors. The Eastinthillation
factory has logical error rate pC©% < 9.36 x 1071° per
accepted state from eq. (60). Using one accepted state
for each of Nto = 40,420,330 Toffoli injections from Ta-
ble XI, the cumulative failure probability of the East-
inthillation factories is

-1

DVit,30 = =1.02 x 1071

pocz =1 — (1—pC9%)"™ < 0.0371. (E27)

1QF T-stage errors. The 5,684 accepted T-state pairs
and 464 synthesized rotations used for the iQFT con-
tribute

pigrr < 7.64 x 1077, (E28)
as calculated in eq. (61).
Reservoir  exhaustion. The  device’s reservoir-

exhaustion probability is at most 7.32 x 1074,
Assuming these five failure mechanisms are statisti-
cally independent, their contributions combine to give
pfaﬂ’a]g S 1-— (1 — 02327)(1 - 000378)
x (1 —0.0371)(1 — 7.64 x 107°)
x (1 -7.32x107%)

= 0.2646 ~ 26%. (E29)
Appendix F: Swap-loss sensitivity
We choose pswap = 0.5 as a conservative order-one

swap probability. The precise choice has little effect on
the reported logical error rate: with the swap-resilient
LDU, the simulations show no discernible dependence on
Pswap Over the tested range [0, 0.75], within statistical un-
certainty, as shown in Fig. 22.
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FIG. 22: Swap-loss sensitivity of the [[102, 22, 9]] code.
The logical error rate per SEC is shown as a function of
Dswap at p = 1073, Pleak = 10743 and pioss = 107%. Each
point uses 10° shots of nine SECs, and the error bars
are exact 95% binomial confidence intervals converted
to per-SEC rates. The red ring marks the default
simulation setting pswap = 0.5.
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Appendix G: Q66 representatives for the Eastinthillation factory

65

This appendix gives physical Pauli representatives on the Q66 factory block for every measurement layer in Fig. 19.

TABLE XV: Q66 representatives for the RYO-RY3 layers.

Class Target Logical

wee Physical Pauli on qubits 0,...,65

0 L3/Y0 YIII 16 IYIYYITZITIITIIIIYIIIIIIIXXIIIIIIIIIZYITIIIIYIIIIZZXZIIIIITIIZIIIIIIVYI
L2/Y2 IIYI 15 XIIIIYIIIIXXIIIIIIIIZYZIIIIIXIIIIXIIZZYIIIIIIYIIIIIYIIIIIIIIIIIZII
TABLE XVI: Q66 representatives for the Acceptance layer.
Class Target Logical wee Physical Pauli on qubits 0,...,65
0 acceptance ZIII 11 ITIITITIITIIIIIIIIIIZIIIIZIIIIIZIIIIIZIIIIIIZZIIIIIIIZIIZIZIIIZIZII
1 acceptance XIXI 10 ITIIIIIIIIIIIIIIIIXIIXXIIXXIIIXIIIIIIIIIIIIIIIIIIIIXIITIIXXIIIXIIII
2 acceptance YIYI 14 IIIIIIIIIIIXIIIIYZIIIITIIZIIYYITZITIITIIIIITIIIIXIIYYIIXIIIIIIXYIIIIZI
3 acceptance IIZI 10 IIIIIIIIIIIIIIIIIIIIIZIIIIIIIIIZIIIIIIIZIIIIIIZZIIIIZZIZIIIIIIZZII
4 acceptance ZZII 11 IIIIIITIITIIIITIIIIZIZITIIIZIIIZIIZIIZIIIITIIZZIIIIIIIIIIIIIIIZIZIIIZ
5 acceptance XZXI 15 IXIIIITIIZYIIZIYIIIIIIIIIIIIIIIIYITIXYYIIYIITIIXZITIIIIITIIZIIIIIIIZXI
6 acceptance YZYI 16 IIIIIIIIXIIIIXIIIIIIZIIIVYIIIIIIZIITIIZIIIXIIYYIIXIIIIZIYYIZIIIIIIZ
7 acceptance IZZI 11 ITITIIITIITIIIIIIIIIIITIIZIIIIZIIIIIZIIIIIZITIIIIIZZIIIIIIIZIIZIZIIIZIZ
8 acceptance ZIIZ 10 IIIIIIIIIIIIZIIIIIZIIIIIIZIIIIZIIIIZIIIIIIZIIIIIIIIIZZIIIIZIIIIZII
9 acceptance XIXZ 15 ITIIXIIIIIIIZYYXIIIIIIIYZIIIIITIIYIIXXZIXIIIZITIIITIIIIIYIIITIIIIIIIY
10 acceptance YIYZ 16 IYIZITIIIZXIIIIYIIIIIIIIIZIIIIIIYIIZXYXIIXZIIIYZIIIIIIIIIIIIIIIIIVI
11 acceptance IIZZ 10 ITIITITIIIIIIIIIIIIIIZITIIIIIIIIZIIIIIIIZITIIIIIZZIIIIZZIZIIIIIIZZIII
12 acceptance ZZIZ 10 IIIIIIIIIIIIIZIIIIIZIIIIIIZIIIIZIIIIZIIIIIIZIIIIIIIIIZZIIIIZIIIIZI
13 acceptance XZXZ 14 ITIITIITIIIIIIIIIIIIXIVIIIIIYIZZZIYIITIIIIITIIITIITIIIIIIYIXXXIYIIIIIYIZ
14 acceptance YZYZ 14 IIIIIIIIIIIIIIIIIIIIIIIIXZYIYYIYXIIIIIIIIIIIIIIIIIIIIIIIZYIYYIYXZI
15 acceptance IZZZ 11 ITIITIITIIIIIIIIIIZIZIIIIZIIIZIIZIIZIIIIIIZZITIIIIIIIIIIIIIIZIZIIIZII

TABLE XVII: Q66 representatives for the CCZ injection layer.



Class Target Logical wge Physical Pauli on qubits 0,...,65
0 MZo III1Z 15 IIZZIIZITIIIIIIIIIZIIIIIZZIZZIIZITIIZIITIIZZITIIITIIZIIIIIIIZIIIIIIIIZI
MZ1 IZII 11 IZIIZIIZIIZIIZIIZIIZIIZIIZIIZIIZIIIIITIIIIIIIIIIIIIIIIIITIIIIIIIINIII
Mz2 ZIII 12 ZIIIIIIIZIIZIIIIIIIIZIIIIIIIIIIIIIIIIIZIIZZIIZIIIIZIIZIIIZIIIIIIIZ
1 MZo III1Z 10 IIIIZIZZIIIIIIIZIZZZIIIIIIIIIIZITIIIIITIIIIIZIIIIIIIIIIZIIIIIIIIIIII
MZ1 IZII 10 ITITIIIITIIIIIIZITIIIIZIIIIIIZIIIIZIIIIZIIIIIIZIIIIIIIIIZZIIIIZIIIIZ
MZ2 XIXI 10 ITITIITITIXIIXIIIIITIIXITIIXIIIIIIIITIITIIITIIIXITIXXXIIXIITIXIIIIIIII
2 MZo II1Z 10 ITIIIIIIIIIIIIZIIIIIIZIIIIIZIIIZIIIIIIZZIIIIIIIZIIIIIIIIIIZZIZIIII
MZ1 IZII 15 IIITIZIIZITIIZIIIIZZIZIZIZZIIZIZIIIIIIZIIIITIIZIIIIIZIIIIIIIIIIIIIZI
MZ2 YIYI 15 XIYIYIXXIIIZIZIYIIITIIIIIIIIIIIIIIYIYXIIIIZIIIZYIZITIIIIIIIIIIIIIIII
3 MZo III1Z 10 IIIIIIZIZZZIIIIIIIIIIZIIIIIIZIZZIZIIIIIIIIIIZIIIIIIIIIIIIIIIIIIIII
MZ1 IZII 10 IIIIIZIIIIIZIIIIIIZIIIIZIIIIIIIIIIIZIIIIIIIIIZZIIIIZIIIIZIIIIZIIII
MZ2 IIZI 10 ZZITIIIITIITIIIIIIIZITIIIIIIIIIIIIIZIIIIIIIIIZIIIIIZZZIIIIIIZIIIIIZII
4 MZO I11Z 10 ZIIIZITIIIIIIIIIIIIIZIIIIIIZITIIIIIZIIIIIIIIIZZITIIIIIIZITIIIIIIIIIZZ
MZ1 IZII 10 IIZIIIIIIZIIIIZIIIIIIIIIIIIIIZIIIIIIZZIIIIZIIIIZIIIIZIIIIIIZIIIIII
MZ2 ZZ11 11 IIIIIZIZIIZIIIIIIIIIIIIIZIIIIIIZIIIIIIIZIZIZIIIIZZIIIIIIIZIIIIIIII
5 MZo IIIZ 10 ITITIITIIIZITIIIIIZIZZIIIIIIIZIZZZIIIIITIIIIIIIIIIIIIIIIIZIIIIIIIIIIZ
MZ1 IZII 10 ZIITIZIIIIIIIIIIIITIIZIIITIIZIIIIIIZIIIIZITIIIZITIIIIIZIIIIIIIIIZZIIII
Mz2 XZXI 15 IIZYIIZIYIIIIIIIIIIIIIIIIYIIXIIIIIYIIIIXZIIIIIIIIZIIIIIIIZXIIIXYYI
6 MZO IIIZ 10 IIIIIIIIIZIIIIIIZIZZIIIIIIIZIZZZIIIIIIIIIIIIIIIIIIIIIIZIIIIIIIIIIZ
MZ1 IZII 10 ZIITIZIIIIIIIIIIIIIIZITIIIIZIIIIIIZITIIIZITIIZITIIIIIZIIIIIIIIIZZIIII
MZ2 YZYI 16 ITITIIXZYIYIYYZITIITIIXIIIIIIIIIIIIIIZIIYIYXIITIIIIITIXIIZIIIIIIZZII
7 MZO I11Z 13 IIIZIIZITIIIIIIIIIIIIZZIZIIZIIIIIZZIIIIIZIIIZIIIIIIZIZIZIIIIIIIIIII
MZ1 IZII 12 IZIIIIIIZIZZZIIZIZIIIIIIIIIZIIIIIIZZITIIIIZIIITIITIIZIIIIIIIIIIIIIIII
MZ2 I1ZZ1 13 IIIIZITIIIIIIIIIIIZZIIZIIZIIZIIZIIIIITIIITIIZIZZIIIIIZIIITIIZIIIIIIZI
8 MZO III1Z 11 ZIIIIIIIIIIIIIIIIIZIIIIIIIIZIIIIIIZZIIIIIIIZIIIIIZZZIIIIIIIIIIIIZZ
MZ1 IZII 11 IZIIZIIZIIZIIZIIZIIZIIZIIZIIZIIZIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
MZ2 Z11Z 11 IIZIIZIIZIIZIIZIIZIIZIIZIIZIIZIIZIIIIIIIIIIIIIIIIIIIIIIIIIIIIINIIII
9 MZo I11Z 10 ITITIITIITIIIIIIIIZIIIIIIIIIZIIIIIIIZIIIIIIZZIIIIZZIZIIIITIIZZITIIIIII
MZ1 IZII 12 IIIIIIIIIIIIIZZIIIIIIZZZZIIZIZIIIIIIIZIIIIIIIIIIIIIZIIZIIIIIIZIIII
MZ2 XIXZ 15 IYIXYIIIIIIIYIIIIIIIIIIIIIIIIIXIXYIIIIIIIIIYZZIIIIIIZIIIIIIZZIIXIY

Continued on next page
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Class Target Logical wge Physical Pauli on qubits 0,...,65

10 Mzo I1IZ 10 IIIIIIIIIIIIIIIIZIIIIIIIIIZIIIIIIIZIIIIIIZZIIIIZZIZIIIIIIZZIIIIIII
MzZ1 IZII 10 IIIIIZIIIIIZIIIIIIZIIIIZIIIIIIIIIIIZIIIIIIIIIZZIIIIZIIIIZIIIIZIIII
MZ2 YIYZ 16 YZIIYIIIIIIIZZYIIIIIIIYIZIIIIIZIZXIIXIXIIIIYXIIIIIIIIYIIIIIIIIIIII

11 Mzo I11Z 15 IIIIIZIIIIIZZIIZIIZIIZIIIIIZIZIIZIIZIIIIIIIZIZIIIIIIIZIZIIIIIIIIIZ
MZ1 IZII 11 IZIIZIIZIIZIIZIIZIIZIIZIIZIIZIIZIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
MZ2 I1ZZ 12 IIIIIIZIZIIIIIIIIIIIIIIIZIIIIIZIIIIIIZZZIIIIIIIIZZIIIIIIIZIIIZZIII

12 Mzo I11Z 10 IIIIIIZIZZZIIIIIIIIIIZIIIIIIZIZZIZIIIIIIIIIIZIIIIIIIIIIIIIIIIIIIII
MZ1 IZII 10 IIIIIZIIIIIZIIIIIIZIIIIZIIIIIIIIIIIZIIIIIIIIIZZIIIIZIIIIZIIIIZIIII
MZ2 2717 10 IZIIIIIZIIIIIIZIIIIZIIIIIIIIIIIIIIIIIIIIIZZIIIIZIIIIZIIIIZIIIIIIZI

13 Mzo I11Z 10 ITIIIIIZITIIIZIIIZIIIIIIIIIIITIIIIZIIIIIIIIIIZZIZIIIIIIIIIZZIIIIIIIZ
MZ1 IZII 10 IIZIIIIIIZIIIIZIIIIIIIIIIIIIIZIIIIIIZZIIIIZIIIIZIIIIZIIIIIIZIIIIII
MZ2 XZXZ 15 XIIIIIIIIIIIIIIIIVIIIIVIXYZYIIIZIIIIIIIIIIIIIIIIZIXIIYXIIIXIIZIIYI

14 MzZo I1IZ 10 IIIIIIIIIZIIIIIIZIZZIIIIIIIZIZZZIIIIIIIIIIIIIIIIIIIIIIZIIIIIIIIIIZ
MZ1 IZII 10 ZIIIIZIIIIIIIIIIIIIIZIIIIIZIIIIIIZIIIIZIIIIZIIIIIIZIIIIIIIIIZZIIII
MzZ2 YZYZ 14 IIIIIIYIYIYYIXXZIIIIIIIIIIIIIIIIIIIIIZIYIYYIXYIIZIIIIIIIIIIIIIIIII

15 Mzo I1IZ 10 IIIIIIZIZZZIIIIIIIIIIZIIIIIIZIZZIZIIIIIIIIIIZIIIIIIIIIIIIIIIIIIIII
MZ1 IZII 10 IIIIIZIIIIIIZIIIIZIIIIIIIIIIIIIIZIIIIIIZZIIIIZIIIIZIIIIZIIIIIIZIII
MZ2 1Z72Z 11 IIIIIIIIIIIIIZIZIIIIZIIIZIIZIIIIIIIIIZZIIIIIIIIIIIIIIIZIZIIIZIIZII

TABLE XVIII: Q66 representatives for the protected phase-fixup singleton layer.

Class Target Logical wgg Physical Pauli on qubits 0,...,65
0 s I1IXZ 15 ITIIITIXIIIIIYIIXXITIIIIVIIIIIIIXIIIIIIZYIXIIYYIZIIIIIIZYIIIIIIIIZI
1 s IXIZ 14 ITITIIIIIIZIXIIIIIXIIIIITIYYYITIIIXIZITIIIIYYYIIITIIIZIIITIIZIXIIIIIIII
2 S IZXI 15 YIIIIYITIIXXIIIIIIIIIXIIIIZZYIIIIYIIIIYIIIIZIXIIIIZYIIIIIIZIIIIIII
3 s 1ZXZ 15 IXZITIIYIIYYZITIZXITIIIIIXITIIIIIYIXIIYXIIIIIIZIIYIIITIIIIIIIIIIIII
4 S XIYY 15 IIIIITIIIXIIIIIVIIXXIIIIIYIIITIIIIXIIIIIIZYIXIIYYIZITIIIIZYIIIIIIIIZ
5 8 XIZI 14 ITIIITIIIZIXIIITIIXIIIIIIYYYITIIIXIZITITIIYYYITIITIIZITIIIZIXIIIIIIIII
6 S XIZZ 16 IYYIITIXIIYIYZZIIIITIIIIIIYIIIIIIZXIIIZIIXIXXIIIIYXIIIIIIIIIIIIIIII
7 S XYYI 16 XIYIYITZIZITIIIZIZZYIIIIIIIXYIIIIXITIYIYITIIIIYIIIIIIYIIIIIIIIIIIII
8 S XYYZ 16 IIXZITYIXIIIIITIIIIITIIIIIXYIZITIIYZIYIIXZIIYIIIIXIYZIIIIIIIIIIIIIII
9 s XZYY 15 IIIYIZIZYYITIIIIITIIZXIIIIIIYIIIIXIZITYIIITIIYITIIIYIZITITIIIIIIIIIYI
10 s XZZI 16 IXXIZIIIIYIYXIZIZYYITIIIIXIIZIIIIYIIZITIIIZIYIIIITIIIIIIIIIIIIIIIIII
11 s XZZZ 16 IYIXXITITIIZIIIIYIIIIIIIYXIIIIIZIZIIYIIIIIXIZIIZIYIIIIIIIIIIIIIIIYZ
12 S YIXY 15 IIITYITIIYIIIITIIXITIIIIIYXIITIIZIXIIIIVYITIIIYITIIIYXXIIIIZIIIIIIIIIZZ
13 s YYXI 16 XIYIYITZITIITIIIIITIIIXIZITIIIIXYIIIIXIIYIYIZITIIIYZIIITIIXIZIIIIIIIIIII
14 S YYXZ 15 IIIIIYIIXIYIIITIIIIITIIIIXIYIITIIIYIYXIXIYIIIIZIIIIYIIIIIIZXIIIIIIIIY
15 8 YZXY 14 IIIIIVYIIIIVYIIIIXIIIIXXIIIZIIIIIYIZIIIIZIIIIYIIIIYIIIIIIYIIIIIXIIIZ
16 S ZXZZ 16 ZIYIXXIIITIIZIITIIYIIIIIIIYXIIITIIZIZIIYITIIIIXIZIIZIYIIIIIIIIIIIIIIIY
17 S ZZZX 16 IIYITIIXIIIIIZXIZIIYIIYIIIITIIXIIIIIIIIIIYIIYIIXIZXIIIIIZIIIYIIIIIIZ




TABLE XIX: Q66 representatives for the terminal phase-fixup DMG triple.

Class Target Logical wgs Physical Pauli on qubits 0,...,65
0 MXO0 IIIX 14 IXITIITIIIIXIXXXIIXIIXXIIXIIIXIIIIXIIIIIIIIIIXIIXIIIIIIIIIIIIIIIIIX
MX1 IXII 15 ITIIXXIIXIIIIIIITIIITIIIXXIXXIIXXIXIITIIXXIITIIIXIIIITIIIIITIXIIIIXIII
MX2 IIXI 11 IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIXIIXIIXIIXIIXIIXIIXIIXIIXIIXIIXI
1 MXo ITIX 12 ITTTIIXXITIXXIXIIIIIIIITIIXIIXIITIXXIXITIIITITIIITIIIIIIXIIITIIXIIIIIIII
MX1 YYXI 18 YZZIXITIIIIIIIIIIXIZYYITIYXIXIIZIIITIYIXITIITIZXIIIIYIIIIIZITIIIIIIII
MX2 IIXI 11 ITITIITIIIIIIIIIIIIIIIIIIIIIIIIIIIXIIXIIXIIXIIXIIXIIXIIXIIXIIXIIXI
2 MXO IIIX 11 XXIIITIIXIIIIIXIXIIIXIXIIXIIIIIIIIIIIIIIIIIIIIIXIIIIIXIIIIXIIIIIII
MX1 IXII 12 ITITIIXXIIIIIIIXIIXIIXITITIXIIIITIIIXIIXITITIIXXIIIIXIIIIIIIXIIIIII
MX2 XIZI 14 ITIIIXIIITIIIYYYIIITIIXIIIIIIIIIZIXIIIIZIIIIIZIXIIIIIIIIIZIIIIIYYYIII
3 MXO0 IIIX 11 XIIXIIIIXIIIIIXXIIIIIIIIIIIIIXIIIXIIIIIIIIXIXIIIIIIIXXIIIIIIIIIIII
MX1 XYYI 17 IIIIXIIIIIIIXIIIIVZIYIZZYIIIIIIIXIIIIXIZZIIIIIYIIYIYIIIIXIIIIIIIIZ
MX2 XZZ1 16 ITITIIYIIXXZIZIIIIIIIIIIIYYITIXITIZIIIYITIYITIIZIYZITIIIIIIYIIIIIYII
4 MXO0 YIXY 15 ITIVYIITIXXIIIIIIIIIXIIIIZZYIIIIYIIIIYIIIIZIXIIIIZYIIIIIIZITIIIIIIYI
MX1 IXII 10 ITITIXIIIIIIXXXIIIIIXIIIIIIIIIIIXIIIIIIIIIIIIXIIIIIIIIIIIIIIIXXXII
MX2 IIXI 10 IXIIIIXIIIIXIIIIXXIIIIIIIIIXIIIIIIIIIIIXIIIIXIIIIIIXIIIIIXIIIIIIII
5 MXO0 YZXY 14 IZITIIIYIIIIIIYITIIIYIIIIXIIIIXXIIIITIXIIIZZIITIIZIITIIYIITIIYIITIIIIVYI
MX1 YYXZ 15 IIXIYITITIIYIIIIIIYIIXIYIIIIIIIIIIIZXITIIIIITIIYYXIXIYIIIIZIIIIYIIIII
MX2 IIXI 10 ITIIIIIIIXIIIIIIXIIIIXIIIIXIIIIXXXIIIIIXIIIIIIIIIIIIIIXIIIIXIIIIII
6 MXO0 XIYYy 15 IIXIIIIIVITXXIIIIIYITITIIIIXITIIIIIZYIXIIYYIZIITIITIIZYIIIIIIIIZIIIIII
MX1 IXII 10 XIIIIIIXIXXIIIIXXIITIIIIXIIIIIIIIXIIIITIIIXIIIIIIIIIIIIIIIIIIIIIIXI
MX2 XI1Z2Z 16 ITIIXITITIIIIIYXITIIIXIVYIIIIIIIIZXIIIIIIZITIITIIZYZIIITIIYZITIIITIIXYYIII
7 MXO XZYY 15 IIIYIZIZYYIIIIIIIIZXIIIIIIYITIIIXIZIIYIIIIIIYIIIIIYIZIIIIIIIIIIIIYI
MX1 XYYZ 16 ITIIIIIIIITIXYIZITIIIYIIXZIIYIXIIIIIXIYZITITIIIIIIIIIITIIZIYIIXZIIYII
MX2 XZz2z 18 IIIIIIYITIIIZIIZIIYITIIZIIIIIIIIIIZIIIITIIZYXYIYZIZIIZIYYIYIIIIIIXIII

TABLE XX: Q66 representatives for the terminal phase-fixup DMG pair.



Class Target Logical wge Physical Pauli on qubits 0,...,65

0 MXO0 ITIX 11 XXITIITIXITIIIXIXIIIXIXIIXIIIIIIIIITIITIIITITIIITIXIITIIIXITIIIXIIIIIII
MX2 XIZI 14 ITIIXITITIIIYYYIITIIIXIIIIIIIIIZIXIIIIZIIITIIZIXIIIIIIIIIZIIIIIYYYIII

1 MX0 ITIX 11 XIIXITIIXIIIIIXXIIIIIIIIIIIIIXIIIXIIIIIIIIXIXIIIIITIIXXIIIIIIIIIIII
MX1 XYYI 17 IIIIXIIITIIIIXIIIIVZIYIZZYITIIIITIIXIIIIXIZZIIIIIYIIYIYIIIIXIIIIIIIIZ

2 PO ITIX 14 IXITIIITITIIXIXXXIIXIIXXIIXIIIXIIIIXIIITIIITIITIIXIIXIIIIIIIIIIIIIIIIIX
P1 ZXZI 17 IIIZIYIIIZIYIIIZXIIIIIIIIIIXIIIIIIYXYIIIZIIZIZIIZXIIIIIIIXXIIIIIII

3 PO IIXI 12 ITIXXIIXIIIXITIIIXXIIITIIXIITIIIXIXITIIIXIXIIIITIIIIITIIIIITIIIIITIIIIXI
P1 IZIX 20 IXXIIXYITITIIYIIIIIIYIIZZIIZIIZIIIXIXIIIIIIXIIZZIIIIIIIIIIIIZYYYIX

4 MX1 YYXI 18 YZZIXIIIIIIIIIIIIXIZYYIIIYXIXIIZIIIIYIXIIIIIZXIIIIYIIIIIZIIIIIIIII
MX2 IIXI 11 ITIIIIIITIITIIIIIIIIIIIITITIITIIIIIXIIXIIXIIXIIXIIXIIXIIXIIXIIXIIXI

5 MXO0 YZXY 14 IZITIIIYIIITIIIYITIIIYIIIIXIIIIXXIIIITIIXIIIZZIITIIZIIIIYIIIIYIIIIIIYI
MX2 IIXI 10 ITIIIIIIIXIIIIIIXIIIIXIIIIXITIIIXXXIIIIIXIIIIIIIIIIIIIIXIIIIXIIIIII

6 PO IIXZ 19 ITZITITIIIIIIIIIIXIZITIIITIIZITIIXIZZXXXIIXITIYXIIIIYYYITITIIYYITIIIIXI
P1 IXIZ 16 ZIITIXIIZITIIIXXIIITIIYYYIIITIIIXIYIIIITIIIIZIIIIYIIITIZIXIIIIITIIXYII

7 PO IIXZ 18 ZIIIIIIIIZIIIIIZIIIIIIIIIIIIIIIIIZXIIXIIXIIXIIYZIYZIXIIXIIYIIXIIYZ
P1 YYXI 18 IIIXIZIYIIIZZIIIIZIIYIIXYITIIXXIYIIIIIIIYIXZIIIIIXIIIIYIIIZIIIIIIII

8 PO IIXZ 17 ITITIIIXIIXIYXXITIIXYIYZITIIYIIXYIYYYYITIITITIIITIIIIITIIIIITIIIIIIIIIVI
P1 YYXZ 18 IIXIZYIIIYIYIIIIIIIIIIIIIIIXYIIIIIIIIIXZIXIZZXIIIIXZXIIIIIZIIIIIIZ

9 MXO0 XIYY 15 IIXIIITIVITXXIIIIIYIIIIIIIXIIIIIIZYIXIIYYIZIITIIIIZYIIIIIIIIZIIIIII
MX1 IXII 10 XIIIIIIXIXXIIIIXXIITIIIIXIIIIIIIIXIIIITIIIXIIITIIIIIIIIIIIIIIIIIIIXI

10 MX1 IXII 12 ITIIIIXXIIIIIIIXIIXIIXIIIIIXIIIIIIIXIIXIIIIIIXXIIIIXIIIIIIIXIIIIII
MX2 XIZI 14 IIIIXIIIIIIYYYIIIIIXIIIIIIIIIZIXIIIIZIIIIIZIXIIIIIIIIIZIIIIIYYYIII

11 PO IXII 11 XXXIIITITIIIXXIIIIXXIIIIIIXIIIIIIXITIITIIIXIIXIIIIITIIIIIIIIIITIIIIII
P1 Z1ZX 18 ITIXIIIYIZIZIIYIIIIIIIXIIIIXIZYITIIIYITIIIYIIYIXIYIITIIIXXIIIIIYZIIII

12 B1 IXIZ 14 IIIIIIZIXIIIIIXIIIIIIVYYYIIITIIXIIIIIIIVYYIIIIIIZIIIIIZIXIIIIIIIIIZI
B2 XIZI 14 IIZIXIIITIIXIIIIIIVYYIIIIIXIIIIIIIYYYIIIIIIZIIIIIZIXIIIIIIIIIZIIIII

13 PO IXIZ 18 XIIXIXYIZZZIXIIIIIIIXZIIIIIIYXYZXZITIITIIITIITIIYIIIIITIIIIIIIIIIIIIIXI
P1 XIzzZ 16 IIXIIIIZIIIIIIIIIIIIIIZZYIIIIIIIIIIIIXYZYIIIIIIYIIIIIZIIIIXXXIXIIZ

14 PO IZIX 18 ITITIITITIIIXIIITIIZIYXITIIIIIXITIIZITIXXYIYITIXYZZITIYIYIIIIZIIIIIIZ
P1 IZXI 18 IXIXIITIIIIIZZIIIIIYIIIZXIIIXIIXIIIYYIIITIYYITIITIIZIIZIIIZXIIIYIIII

15 PO IZIX 16 XIIYIIIIXZIIIIYXIIIIIIIIIIIIZYIIIYIZIZITIIIYIXIIZIIIIYXIIIIIIIIIIII
P1 XIZI 14 IIIIIYYYIIIIIXIIIIIIIIIZIXIIIIIXIIIIZIXIIIIIIIIIZIIIIIYYYIIIIIIZII

16 PO IZIX 20 XIIZZZZXIYXZITIXIIIXIIXIIIIIZYITIIYIIYIIXIIIYIIITIIIXIYIIIIIIIIIIIII
P1 XZZ1 17 IIIIIIIIIIIIIIIIIIIIIVIIIIZITIIIIYIXXIXZIIIIIXZZIIIIIIIZXXYIYIIIZIZ

17 PO IZXI 22 XZXXZIIZITYIIZITIZIXYXXYXXYIXZXIZIIIIIIIIIIIIIIIIIIIITIIIIIIIIIIIIXI
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Class Target Logical wge Physical Pauli on qubits 0,...,65
P1 YIXY 22 IIITIZIITIITIIIIIIIIIIIIIIIIIIIIIIIZZXZIXIZXZIYZZYZZYZIXIIXIIYIIXIIX
18 PO IZXI 17 XIIYZZYXIZIZIIXIIIIIXXIIIIIIYZIIIYIIYIIIIIIYIIIIIIIIZIIIIIIIIIIIII
P1 YZXY 19 IYIIIIIIZIIIIIIZIIIIIIXIIIIXIIYIIIYITIIXXIXIIIIIIYZIIIZIXZZIIYIIYIX
19 MXO0 XIYY 15 ITXIIITIVIIXXIIIIIYIIIIIIIXIIIIIIZYIXIIYYIZIITIITIIZYIIIIIIIIZIIIIII
MX2 XIZZ 16 ITIIXITITIIIIIYXITIIIXIYITIIIIIIZXIIIIIIZIIITIIZYZIIIIIYZITIIITIIXYYIII
20 PO XIYY 15 ITIVIIIITIIXIIITIITIIXIIIIIVITXXITIZYITIIIIITIIZIIIIIIZYIXIIYYIZIIIII
P1 ZXZI 15 ITITIIIXYYITIITIIZITYYIIZIXXIIIIIIXIIIIIZYIIIIITIXIIYIIIIZIIIIIIIIII
21 PO XIZX 15 XIIIIIYIIXXIIIIIYIIIIIIIXIIIIIIIIIXIIVYYIZIIIIIIZYIIIIIIIIZIIIIIIZY
P1 ZXZZ 16 ITIIXIXIIIIIYIIIIIIZXIYYIIZIYYIIIIIIYYIIIIIIIZIIIIIIIZYIIIIIIZIIIII
22 PO XI1z2z 16 IZITIITIXIIIZIIIIIIIZIIIIIIIZIXIIYIYZIIIIIIYYIXIIIIZIYITIIIIIIIIIXY
P1 XZYY 15 ITIIXITIIIYIZIZYYIIIIIIIIZXIIIIIIYIIIIYIZIIYIIIIIIYIIIIIYIZIIIIIIII
23 MX1 XYYI 17 ITIIIXIIIIIIIXIIIIVZIYIZZYIIIIIIIXIIIIXIZZIIIIIYIIYIYIIIIXIIIIIIIIZ
MX2 XZZ1I 16 ITITIIYIIXXZIZIIIIIIIIIIIYYITIXITIZIIIYITYITIZIYZITIIIIIIIYIIIIIYII
24 PO XYYI 16 XIYIYITZIZITIIIZIZZYIIIIIIIXYITIIIXIIYIYITITIIIYIIIIIIYIIIIIIIIIIIII
P1 XZzX 16 IYIIIIXIXIYIIIIIIIIIIIIZYIIIIXIIZIXZIIIIYIIZIIIYXIIIIIIIIIIIIZYIII
25 PO XYYI 16 XIYIYIIZIZITIIIIZIZZYIIIIIIIXYIIIIXIIYIYITITIIIYIIIITIIYIITIIITIIIIIIII
P1 XZz2Z 16 IZITIIZITIIIIIIZITIIIIIVIZIZITIIIIXIYXIYIZIITIIXIIIIITIIIIIYYXIYIIIIII
26 PO XYYI 16 ZYIIIIITIXYIIIIXIYIYIIZIZIIIIIZIZIYIIIIIIIIIIIIIXIIYIYIIIIIIYIIIII
P1 Z1ZX 17 IIIIIIIIIIIIVIIIIIZIXXIIIIIYIIIIIZIVYIIYYYZYIIYIIIYIIIIIIIZIYIIIIZI
27 MXO0 XZYY 15 ITIYIZIZYYITIIIIITIZXIIIIIIVYIIIIXIZITIYIIIIIIYITIITIIYIZITITIIIIIIIIIYI
MX1 XYYZ 16 IIIIIIIIIIIIXYIZIIIIYIIXZIIYIXIIIIIXIYZIIIIIIIIIIIIIIIZIYIIXZIIYII
28 PO XYYZ 16 YIYIXZIIIIIIIIIIIIIYIIIIIIZXXIIIIXZIYIYITITIZZXITIIIIIYIIIIIIIIIIIII
P1 XZZ1 16 ITITIIIXXIIIITIIXIYYIZIZYYIIIIIIXIIIIITIIYZITIIIIZIIYIZIIITIIIIIIIIIIZ
29 MX1 XYYZ 16 IIIIIIIIIIIIXYIZIIIIYIIXZIIYIXIIIIIXIVYZIIIIIIIIIIIIIIIZIYIIXZIIYII
MX2 XZzZ 18 IIIIIIYIIIIZIIZIIYITIIZIIIIIIIIIIZIIIIIIZYXYIYZIZIIZIYYIYIIIIIIXIII
30 PO XYYZ 16 ITIVYIYIIZIIIIIIITIIIIIXYIIIIIIYIIXIIXIZIYIZIIXIYZIITIIIIIZIIIIIIIIIX
P1 ZIYY 16 YIXIZITZITIITIIIIIIXIIIIIIIXYIZIIXIIYIYIIIZITIYITIIIIIYZITIITIIIIIIIIIXI
31 MX0 XZYY 15 ITIVIZIZYYITIIIIIIIZXIIIIIIYITIIXIZITYIIITIIIYITIIIIYIZITIITIIIIIIIIIVI
MX2 XZz2z 18 IIIIIIYITIIIZIIZIIYITIIZIIIIIIIIIIZIIIITIIZYXYIYZIZIIZIYYIYIIIIIIXIII
32 PO XZYY 18 IIIZIIYIIYIIIIIIIIXIIIIIIIIXIIZIIZIYIIYIXIYXXYIIIIIXYZIIIIIYIIIIII
P1 YYXZ 19 IIXIIIIIYIXIIXIZIZITIIIYIIIVYIXZIYIIIIIIIIIXIIIIXIIZIIIIXIIYYIIIXZII
33 PO YIIY 20 IIYIXYIIZIIZXIZIIZITYXXYXXYXIYIXZXIIIIITIIIIITIIIIIIIITIIIIIIIIIIIIII
P1 ZXZZ 18 IZITIIIYIIZIIZIITIIXIIIIIIIIIIIIIIIIIIZIZIXYXIXZIIZIIIXXIYZIIIIIYII
34 PO YIXY 15 ITIYITIIIIIXIIIIIIYXIIIIZIXIIIIYIIIIYIIIIYXXIIIIZIIIIIIIIIZZIIIIYI
P1 ZXZI 15 YYITZIXXIIIIIIXIIIIIIXYYIIITITIZITIIIIIZIIIIIIIIIIIIIIIZYIIIIIIIXIIY
35 PO YYXI 17 IYIIIIIIIZIIIIYIIIIIIIIIZIIIIIZIIXXYIYIIYZIZYIIXIIIIIIYIIIIIIIIIYX
P1 ZIYY 16 IIIIXYIZIIIIYIIXZIIYIXIIIIIIIIIIIIIIIIIIIIIIIIZIYIIXZIIYIIIIXIYZII
36 PO YYXI 16 ITIYIZXIIIZITIIIYIIIIIIIIXYITIIIIIYIIYIZIXIIYIIIYYIXIIIIITIIIIIIIIIIZ
P1 Z1ZX 16 ITIZIIYYIIZIIIXIIIIXIIIIIIXIYYIXIIITIIIZITIIZITIIIITIXIITIIIIYYIIIXI
37 PO YYXZ 15 ITIIIYIIXIYIIIIIIIIIIIIXIYIIIIIYIYXIXIYIIIIZITIIIYIIIIIIZXIIIIIIIIY
P1 YZIY 15 IYXIIIIZIXIIIIYITIIIYIIIIITIXIIIIIIIIIIIIIZZIIIIVYIIIIYITIIIYXXIIIIZI
38 MXO YZXY 14 IZITIIIYIIITIIIYITIIIYIIIIXIIIIXXIIIIIIXIIIZZIITIIZIIIIYIIIIYIIIIIIYI
MX1 YYXZ 15 IIXIYIIIIIYIIIIIIYIIXIYIIIIIIIIIIIZXIIIIIIIIYYXIXIYIIIIZIIIIYIIIII
39 PO ZIYY 16 YIXZIIIITIIIIIIITIIYIIIIIIZXXIIIIYIIYIYITITZZXITIIIIIYIIIIIIIIIIIIIXZ
P1 ZXZZ 16 ITITIYIIIITIIZXIYYIIZIYYITIIIIIIXIXIIIIIZITITIIIIZYIITIITIIZIIIIIIIYYII
40 PO Z1ZX 20 IIIZXIIIIIIZZXIXXYIIYIIXYIIYIIIYIIIYYIIIIZIIIIIXIIYIIZIIIIIIIIIIZI
P1 ZXZI 18 IIIIITIIIXIIIIIYIIIIIIYIIIYIIZYIIXIIIIXYYZIIIIIIIZITIIIIYXXIIIZIIYIZ
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