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The science of quantum information has arisen over thewastecades centered on the manipulation of indi-
vidual quanta of information, known as quantum bits or qubQuantum computers, quantum cryptography and
quantum teleportation are among the most celebrated ilagkdve emerged from this new field. It was realized
later on that using continuous-variable quantum inforamatiarriers, instead of qubits, constitutes an extremely
powerful alternative approach to quantum information pesing. This review focuses on continuous-variable
quantum information processes that rely on any combinatf@daussian states, Gaussian operations, and Gaus-
sian measurements. Interestingly, such a restrictiongd@tussian realm comes with various benefits, since on
the theoretical side, simple analytical tools are avadladid, on the experimental side, optical components ef-
fecting Gaussian processes are readily available in ttoedadry. Yet, Gaussian quantum information processing
opens the way to a wide variety of tasks and applicationdydity quantum communication, quantum cryptog-
raphy, quantum computation, quantum teleportation, amehigun state and channel discrimination. This review
reports on the state of the art in this field, ranging from thsibdtheoretical tools and landmark experimental
realizations to the most recent successful developments.
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tion. sian quantum information. In particular, we focus@nical
Gaussian protocols as they are the natural choice of medium
for a lot of the protocols presented in this review. How-
A. Gaussian quantum information processing ever, we do make mention of Gaussian atomic ensemble pro-
tocols (Hammerees all, 2010) due to the close correspon-
This review reports on the state of the art of quantum in-dence between continuous vz_zlriables for light _and atomic en-
formation processing using continuous variables. The prisémbles. Furthermore, experiments (both optical and ajomi
mary tools for analyzing continuous-variable quantumiinfo Will be mentioned and cited where appropriate. We also note
mation processing are Gaussian states and Gaussian ticansﬁ:hat ferm|0n|c Gaussian Sta-.tes ha.Ve Q.lSO been Stud|ed n the
mations. Gaussian states are continuous-variable staes t literature (e.g., see_(Bravyi, 2005; Di Vincenzo and Terhal
have a representation in terms of Gaussian functions, ané00%; Eiseretall,[2010)) but are outside the scope of this
Gaussian transformations are those that take Gaussias staféview. We limit our discussion of entanglement, quantum
to Gaussian states. In addition to offering an easy degmnipt teleportation, quantum cloning, and quantum dense coding a
in terms of Gaussian functions, Gaussian states and transfghese have all been discussed in detail previously, e.g., se
mations are of great practical relevance. The ground state a Braunstein and van Loock (2005). On the other hand, we give
thermal states of bosonic systems are Gaussian, as are stafedetailed account of bosonic quantum channels, contiruous
created from such states by linear amplification and loss. Fr variable quantum cryptography and quantum computation.
quently, nonlinear operations can be approximated to a high We begin in Sed¢.I by introducing the fundamental theoret-
degree of accuracy by Gaussian transformations. For exanital concepts of Gaussian quantum information. This inetud
ple, squeezing is a process that decreases the variance of daaussian states and their phase-space representations and
continuous variable (position or electric field, for exagjpl Symplectic structure, along with Gaussian unitaries, Whie
while increasing the variance of the conjugate variable-(mothe simplest quantum operations transforming Gaussiéessta
mentum or magnetic field). Linear squeezing is Gaussian, anitito Gaussian states. We then give examples of both Gaussian
nonlinear squeezing can typically be approximated to first o states and Gaussian unitaries. Multimode Gaussian states a
der by a linear, Gaussian process. Moreover, any transformaliscussed next using powerful techniques based on the manip
tion of a continuous-variable state can be built up by Gamssi ulation of the second-order statistical moments. The quant
processes together with a repeated application of a simgle n entanglement of bipartite Gaussian states is presentbadiveit
linear process such as photodetection. various measures associated with it. We end this section by
In reviewing the basic facts of Gaussian quantumintroducing the basic models of measurement, such as homo-
information  processing | (Braunstein and Pati 2003:dyne detection, heterodyne detection and direct detection
Braunstein and van Loock, _200%; _Eisert and Plenio, _2003; In Sec[IIl we begin to go more deeply into Gaussian quan-
Ferraroer all,[2005) and in reporting recent developments, wetum information processing via the process of distinguighi
have attempted to present results in a way that is accessibbetween Gaussian states. We present general bounds and mea-
to two communities. Members of the quantum optics andsures of distinguishability, and discuss specific modeldi®
atomic physics communities are very familiar with the basiccriminating between optical coherent states. In Bek. IViwe i
aspects of Gaussian quantum states and transformatidans, lroduce basic Gaussian quantum information processing pro
may be less acquainted with the application of Gaussiamocols including quantum teleportation and quantum clgnin
techniques to quantum computation, quantum cryptography, In Sec.[¥ we review bosonic communication channels
and quantum communication. Members of the quantunhich is one of the fundamental areas of research in quan-
information community are familiar with quantum informa- tum information. Bosonic channels include communication
tion processing techniques such as quantum teleportatiopy electromagnetic waves (e.g., radio waves, microwaves, a
quantum algorithms, and quantum error correction, but mayjisible light), with Gaussian quantum channels being thetmo
have less experience in the continuous-variable versibns gmportant example. These channels represent the standard
these protocols, which exhibit a range of features that do namodel of noise in many quantum information protocols as
arise in their discrete versions. well as being a good approximation to current optical tebeco
The review is self-contained in the sense that study of thenunication schemes. We begin by first reviewing the gen-
introductory material should suffice to follow the detailed eral formalisms and chief properties of bosonic channeis, a
derivations of more advanced methods of Gaussian quantuspecifically, those of Gaussian channels. This naturadlgide
information processing presented in the body of the paper. Fto the study of the important class of one-mode Gaussian
nally, the review supplies a comprehensive set of refeencechannels. The established notions of Gaussian channel ca-
both to the foundations of the field of Gaussian quantum inpacity, both the classical and quantum versions, are piesen
formation processing, and to recent developments. next. Next up is entanglement-assisted classical capaity
guantum dense coding being a well-known example. This is
followed by the concepts of entanglement distribution over
B. Outline of review noisy Gaussian channels and secret-key capacities. ¥inall
we end with the discrimination of quantum channels and the
The large subject matter and page length limit means tha@rotocols of quantum illumination and quantum reading.
this review will take a mostly theoretical approach to Gaus- The state of the art in the burgeoning field of continuous-
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variable quantum cryptography is presented in Set. VI. Weviews ofl Scaranéz all (2009) and Cerf and Grandier (2007).
begin by introducing how a generic quantum cryptographicCluster state quantum computation using continuous vari-
scheme works followed by examples of the most commonlyables is treated in the books lof Kok and Lavett (2010) and
studied protocols. We then consider aspects of their sgcurilFurusawa and van Loack (2011).

including what it means to be secure along with the main types

of eavesdropping attacks. We continue with the practi¢al si

uation of finite-size keys and the optimality and full charac

terization of collective Gaussian attacks before deriin p. comment on notation

secret-key rates for the aforementioned protocols. We con-
clude with a discussion on the future avenues of research in
continuous-variable quantum cryptography.

Throughout this review, the variance of the vacuum noise
is normalized tol. Such a normalization is commonly and

In Sec[VIl we review the most recent of the continuous-¢q eniently thought of as setting Planck’s constario a
variable quantum information protocols, namely, quantumyarticylar value, in our cage= 2. Currently, in continuous-

computation using continuous-variable cluster statesb#¥e yariaple quantum information there is no general consensus
gin by listing the most commonly used continuous-variable, 1 the value of the variance of the vacuum, with common

gates and by discussing the Lloyd-Braunstein criteriorchi o gices being either/4 (h = 1/2),1/2 (h = 1) or 1. This

provides the necessary and sufficient conditions for gates tg jmportant to point out to the reader who, when referring to

form a universal set. The basic idea of one-way quantunine many references in this review, should be aware that dif-
computation using continuous variables is discussed Xt W erent papers use different choices of normalization. Aeot

teleportation providing an elegant way of understanding ho o enciature issue in the literature is the notation useléto

computations can be achieved using only measurements. fa the quadrature operators (and the corresponding eigen-

common and convenient way of describing cluster states, Vi@alues). Here we define the ‘position’ quadraturejand the
graph states and the nullifier formalism, is presented. Next,,omentum’ quadrature by. In this review, the logarithm

we consider the practical situations of Gaussian computaﬂog) can be taken to be base 2 for bits or In for ndteepre-
tional errors along with the various optical implementasof ¢ 1ic the identity matrix which may Bex 2 (for one mode) or

Gaussian cluster states. This leads into a discussion omdchow 9N x 2N (for arbitrary N modes). The correct dimensions, if
incorporate universal quantum computation and quantum efo¢ specified, can be deducted from the context. Since we deal
ror correction into the framework of continuous-variallese it continuous variables, we can have both discrete and con

ter state quantum computation. We end by introducing Wy o5 ensembles of states, measurement operatoreratcet
guantum computational algorithms and prowde_dlrectl(omsf In order to keep the notation as simple as possible, in some
future research. In Seic. VI, we offer perspectives and-conpa s we consider discrete ensembles. It is understootiat

cluding remarks. extension to continuous ensembles involves the replacemen
of sums by integrals. Finally, integrals are taken freno to
~+o0 unless otherwise stated.

C. Further readings

For additional readings, perhaps the first place to start for
an overview of continuous-variable quantum information isil. ELEMENTS OF GAUSSIAN QUANTUM INFORMATION
the well-known review article by Braunstein and van Loock THEORY
(2005%). Furthermore, there is also the recent review by
Anderseretall (2010) as well as two edited books on A. Bosonic systems in a nutshell
the subject byl Braunstein and Pati (2003) and @eul!

). On Gaussian quantum _information specifically A quantum system is called @ntinuous-variable system

there is the review article by Wangal| (2007) and the wherc11 it has anyinfinite—dimensional Hilbert space {jescribed

lecture notes of_Ferrarg all m)' For a quantum . ohservables with continuous eigenspectra. The progotyp
WWO&M@MOOSN a continuous-variable system is representedvblyosonic

t, m{?) approach _tod %uarzjtum information Sen,qes; corresponding ¥ quantized radiation modes of the
the textbooks by Walls and Milburn (2008). Kok and LoVett g octromagnetic field, i.eV' quantum harmonic oscillators.
(2010) and Furusawa and van Looek (2011) (who provide 8, general, N bosonic modes are associated with a tensor-

joint theoretical and experimental point of V|evy). WhI|S.t, roduct Hilbert spac®Y = ®N_ #, and correspond-
the current state of the art of continuous variables usmgﬁ1 N pairs of bosonic field operatoriy, al }Y_,, which
atomic_ensembles can be found in the review article Oar?a caIFIJed the annihilation anlcai creatiokr; %k gr:alt’ors respec
Hammereer al! (2010). For a detailed treatment of Gaus- . P i P

sian systems see the textbooK by Holévo (2011). An overvievyvely' These operators can be arranged in a vectorial tqrera

i ; . . — ST A At : . .
of Gaussian entanglement is presented in the review of ‘= (1,41, .an,ay)", which must satisfy the bosonic

Eisert and Plenio (2003). For an elementary introduction t¢ommutation relations
Gaussian quantum channels, see Eisert and Wolf (2007), and o
for continuous-variable quantum cryptography, see the re- [biyb;] =5, (4,5 =1,---,2N) (1)
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where(2;; is the generic element of tfEV x 2N matrix with continuous eigenvalueg € R andp € R. The two
eigensetd|q) } ;cr and{|p) } ,cr identify two bases which are
N w connected by a Fourier transform
Q::@w: . w:—(o 1> (2)
k1 ' —1o) |>7L/d67iqp/2|> |>7L/deiqp/2|>
= w q) = NG p p), Ip)= NG q q) -
9)

known as the symplectic form. The Hilbert space of this sysy, general, for theV-mode Hilbert space we can write
tem is separable and infinite-dimensional. This is becéawse t

single-mode Hilbert spac# is spanned by a countable ba- 27 |x) = x7T [x) (10)
sis{|n)}52,, called the Fock or number state basis, which is ’
composed by the eigenstates of the number opefiateraa, with x € R2V and [x) := (|I1>’.”7|I2N>)T_ Here the

i.e.,7n) = n|n). Over these states the action of the boson'(.:quadrature eigenvaluascan be used as continuous variables

operatotrst_ls weIII—thfmeld, betl_ng ldetermr:ned by the bosom?o describe the entire bosonic system. This is possible by in
commutation refations. In particular, we have troducing the notion of phase-space representation.

al0) =0, aln)=+vnln—1) (forn >1), 3

and 1. Phase-space representation and Gaussian states

atn) =vn+1|n+1) (forn>0). 4) All the physical information about théV-mode bosonic
system is contained in its quantum state. This is repredente
Besides the bosonic field operators, the bosonic system mdyy & density operatq#, which is a trace-one p95|t|ve®(?vperat0r
be described by another kind of field operators. These are trﬁ%'gg on the correspon%}r\}g Hilbert space, ige:, Y —
quadrature field operatofgjy, px }2_,, formally arranged in %" . We denote byD(#®™) the space of the density oper-

the vector ators, also called thg state space. Whengviera projector
(p* = p) we say thap is pure and the state can be represented
%= (G1, P15 4N, n)T . (5) asp = o) (| where|p) € H®N. Now it is important to

note that any density operator has an equivalent repregenta
These operators derive from the cartesian decomposition df terms of a quasi-probability distribution (Wigner furust)
the bosonic field operators, i.@y, := %(Qk +ipy) or equiva-  defined over a real symplectic space (phase space). Iné#ct, |
lently, us introduce the Weyl operator
Gr o=+, o= i(al — ax). (6) D(€) := exp(ix"QE), (11)
The quadrature field operators represent dimensionlessiean Where¢ € R*V. Then, an arbitranj is equivalent to a Wigner
ical observables of the system and act like the position angharacteristic function
momentum operators of the quantum harmonic oscillator. In .
fact, they satisfy the canonical commutation relationsatun x(§) =Tr[pD(§)], 12)
ral units (@ = 2) _ ] i )
and, via Fourier transform, to a Wigner function
T, 5] = 2005, 7
(2, 2] j (7) 2N .
W(x) = W exp (—ZX 95) x(€), (13)

R2N

which are easily derivable from the bosonic commutatorrela
tions of Eq.[[1). In the following, we will use both kinds of

2::3 gg::::g::’ the bosonic field operators and the qua@ratuwhich is normalized to one but generally non-positive (Gtuas

bability distribution). In Eq.L(1I3) th ti \atol
Now it is important to note that the quadrature operatoréDro ability distribution). In Eq[(113) the continuous \afrles

b bl ith i . tra. In factthe t < € R2N are the eigenvalues of quadratures operafors
are observables with continuous eigeénspectra. In 1aCWhe t 1 o g0 \ 5rigples span a real symplectic space- (R?V, )
quadrature operatorg (position) andp (momentum) have

. which is called thehase space. Thus, an arbitrary quantum
eigenstate’s statep of a N-mode bosonic system is equivalent to a Wigner
. . function W (x) defined over &N-dimensional phase space
qla) =ala), plp) =plp), ® x

The most relevant quantities that characterize the Wigner
representationsy( or W) are the statistical moments of the
1 s . . _ _ guantum state. In particular, the first moment is called the
r|ct|y_speak|nng> a_nd\p) areimproper eigenstates smce_they are non- displ ¢ t implv. th |
normalizable, thus lying outside the Hilbert space. Cqoeslingly,q and ISplacement vector or, simply, the mean value

p areimproper eigenvalues. In the remainder we take this mathematical
subtlety for granted. X = (%) = Tr(Xp), (14)



and the second moment is called the covariance mafiix character of a quantum state. Gaussian unitaries are gener-

whose arbitrary element is defined by ated viall' = exp(—iH /2) from Hamiltoniansi which are
L . . second-order polynomials in the field operators. In terms of
Vij =5 ({A%i, Adj}) (15)  the annihilation and creation operaté@s= (G, - ,an)"
At . (At AT ;
whereA#; := &; — (i;) and{, } is the anti-commutator. In andal := (aj, -+, ay) this means that

particular, the diagonal elements of the covariance mptox

, . . 7 iate+ 4 Fa + aTGal”
vide the variances of the quadrature operators, i.e., H=i(d'a+a'Fa+a'Ga" )+ h.c., (21)

Vi = V(). (16) wherea € CV andF, G are N x N complex matrices and
h.c. stands for ‘Hermitian conjugate’. In the Heisenberg pic-
whereV (#;) = ((A#;)?) = (2?) — (2;)2. The covariance ture, this kind of unitary corresponds to a linear unitary Bo
matrix is a2V x 2N, real and symmetric matrix which must goliubov transformation

satisfy the uncertainty principle (Simenall,[1994)
V +i2 >0, 17)

a—UlalU = Aa+Ba' +a, (22)

where theNV x N complex matriced andB satisfyAB” =
directly coming from the commutation relations of Egl (7), BA” andAA" = BB + I with I being the identity matrix.
and implying the positive definiteneds > 0. From the diag- In terms of the quadrature operators, a Gaussian unitary is
onal terms in Eq[{17), one can easily derive the usual Heisermore simply described by an affine map

berg relation for position and momentum

V(ar)V (pr) > 1. (18) , _ ,
whered € R?Y andS is a2N x 2N real matrix. This trans-
For a particular class of states the first two moments aréormation must preserve the commutation relations of[Bg. (7
sufficient for a complete characterization, i.e., we cartevri which happens when the mati$is symplectic, i.e.,
p = p(x, V). This is the case of th€aussian states ,
[ﬁg 1). By definition, these are bosonic states whose ss” = Q. (24)
Wigner representation¢(or W) is Gaussian, i.e.,

(S,d): % — Sk +d, (23)

Clearly the eigenvalues of the quadrature operataksmust
1 T follow the same rule, i.e(S,d) : x — Sx+d. Thus, an
X(€) = exp {_55[ (QVQT) §—i(0x) 5] (19 arbitrary Gaussian unitargl is e)quivalent to an affine symple
1 T _ tic map($S, d) acting on the phase space, and can be denoted
exp [~5(x — %)V (x — X)] (20) by Us,d.( In p?’;lrticular, we can always writés ¢ = D(d)Us,
2m)NVdet V where the canonical unitaifys corresponds to a linear sym-
alectic mapx — Sx, and the Weyl operatdP(d) to a phase-
_Space translatior — x + d. Finally, in terms of the statisti-
' cal momentsg and'V, the action of a Gaussian unitalys 4
is characterized by the following transformations

W(x) =

It is interesting to note that a pure state is Gaussian, if an
only if, its Wigner function is non-negative (Hud$dn, 1974
Mandilaraet all,[2009] Sotat all,[1983).

_ o X —>8x+d, V—8SvsT, (25)
2. Gaussian unitaries
Thus the action of a Gaussian unitdry 4 over a Gaussian

Since Gaussian states are easy to characterize, it turigatej(x, V) is completely characterized by EF125).
out that a large class of transformations acting on these

states are easy to describe too. In general, a quantum
state_undergoes a transformation called a quantum operg. Examples of Gaussian states and Gaussian unitaries
tion (Nielsen and Chuahg, 2000). This is a linear ngéap
p — E(p) which is completely positive and trace-decreasing, Here we introduce some elementary Gaussian states that
e, 0 < Tr[€(p)] < 1. A quantum operation is then play a major role in continuous-variable quantum informa-
called a quantum channel when it is trace-preserving, i.etion. We also introduce the simplest and most common Gaus-
Tr[E(p)] = 1. The simplest quantum channels are the onesian unitaries and discuss their connection with basic Gaus
which are reversible. These are represented by unitarg-transian states. In these examples we first consider one and then
formationsU = = UT, which transform a state according to two bosonic modes with the general case (arbitcydis-
the rulep — UpUT or, simply,|p) — U |p), if the state is  cussed in Se€_II]C.
pure.

Now we say that a quantum operation is Gaussian when
it transforms Gaussian states into Gaussian states. ¢learll. Vacuum states and thermal states
this definition applies to the specific cases of quantum chan-
nels and unitary transformations. Thus, Gaussian channels The mostimportant Gaussian state is the one with zero pho-
(unitaries) are those channels which preserve the Gaussigons @ = 0), i.e., thevacuum state |0). This is also the




eigenstate with zero eigenvalue of the annihilation operat of photons with frequency. Whenever the matching condi-

(a|0) = 0). The covariance matrix of the vacuum is just thetions for a degenerate optical parametric amplifier (OP&) ar

identity, which means that position and momentum operatorsatisfied|(Walls and Milburn, 2008), the outgoing mode is ide

have noise-variances equal to one, i1&(j) = V(p) = 1. ally composed of a superposition of even number st&2es);

According to Eq.[(IB), this is the minimum variance which The interaction Hamiltonian must then contain'd term to

is reachable symmetrically by position and momentum. It isgenerate pairs of photons and a tetfrto ensure hermiticity.

also known asacuum noise or quantum shot-noise. The corresponding Gaussian unitary is the one-mode squeez-
As we will soon see, every Gaussian state can be deconing operator, which is defined as

posed intothermal states. From this point of view, a ther-

mal state can be thought of as the most fundamental Gaussian S(r) == exp[r(a® — a'?)/2] , (31)

state. By definition, we call thermal a bosonic state which . . .
- wherer € R is called the squeezing parameter. In the Heisen-
maximizes the von Neumann entropy

berg picture, the annihilation operator is transformedhmsy t
S:=—Tr(plnp), (26) linear unitary Bogoliubov transformatian — (coshr)a —
(sinhr)a’ and the quadrature operatats= (4, p)” by the
for fixed energyTr(pa‘a) = n, wheren > 0 is the mean symplectic magk — S(r)%, where
number of photons in the bosonic mode. Explicitly, its

number-state representation is given by (e 0
. S(r) = 0 er (32)
th— n"
p () = Z (7t DnHt In) (n] . (27) Applying the squeezing operator to the vacuum we generate a
n=0 squeezed vacuum state ,),
One can easily check that its Wigner function is Gaussian, .
with zero mean and covariance mathix= (2n + 1)I where 0,7) = 1 Vv (2n)! tanh ™ [2n) . (33)

Tis the2 x 2 identity matrix. ~ Vcoshr = 2nn)

Its covariance matrix is given by = S(r)S(r)T = S(2r)
2. Displacement and coherent states which has different quadrature noise-variances, i.e. vanie

ance is squeezed below the quantum shot-noise, whilst the
The first Gaussian unitary we introduce is thigplacement  other is anti-squeezed above it.

operator, Which is just the complex version of the Weyl opera-
tor. The displacement operator is generated by a linear Hami
tonian and is defined by 4. Phase rotation

— SRy , . .
D(a) := exp(aa’ —a*a), (28) The phase is a crucial element of the wave behavior of the

wherea = (g + ip)/2 is the complex amplitude. In the electromagnetic field with no physical meaning for a single
Heisenberg picture, the annihilation operator is tramstat mode on its own. In continuous-variable systems the phase is
by the linear unitary Bogoliubov transformation— 4 + o, ~ usually defined with respect to a local oscillator, i.e., algo
and the quadrature operatdts= (¢, p)” by the translation matched classical beam. Applying a phase shift on a given
% — %+ d,, whered,, = (¢,p)7. By displacing the vacuum mode is done by increasing the optical path length of the beam
state, we generate coherent statés= D(a) |0). They have compared to the local oscillator. For instance, this can be
the same covariance matrix of the vacuuvh & I) but dif- dqne by. adding a transparent material of a tailored depth and
ferent mean valuet(= d,,). Coherent states are the eigen-V_V'th a higher refractive index than vacuum. The phase rota-
states of the annihilation operatofa) = «|o) and can be 0N operatoris generated by the free propagation Haniéton

expanded in number states as H = 20ata, so that it is defined byR () = exp(—ifa‘a). In
- the Heisenberg picture, it corresponds to the simple linaar
B 11 2 a” tary Bogoliubov transformatioé — ¢*°a for the annihilation
o) = exp (—3lal®) 3 ol ) - (29)  gperator. Correspondingly, the quadratures are trangfrm
n=0 via the symplectic mag — R.(0)%, where
Furthermore, they form an overcomplete basis, since they ar .
non-orthogonal. In fact, given two coh_erent stgtesand|s), R(6) i— ( co§9 sin ¢ ) ’ (34)
the modulus squared of their overlap is given by —sinf cosf
|(B ) |* = exp(—|8 — af?) . (30) is a proper rotation with angl

3. One-mode squeezing and squeezed states 5. General one-mode Gaussian states

When we pump a nonlinear crystal with a bright laser, some Using the singular value decomposition, one can show
of the pump photons with frequen@w are split into pairs that any2 x 2 symplectic matrix can be decomposed as
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S = R()S(r)R(¢). This means that any one-mode Gaus-wherel is the identity matrix andZ : = diag(1,—1). By
sian unitary can be expressed 88d)Us where Us =  applyingSz(r) to a couple of vacua, we obtain theo-mode
R(0)S(r)R(¢). By applying this unitary to a thermal state squeezed vacuum state, also known as atinstein-Podolski-
pen (1), the result is a Gaussian state with meand covari- ~ Rosen (EPR) state p" (r) = |r) (r|,,,., where

ance matrix

V = (27 + 1)R(6)S(2r)R(0)T . (35) Jepr = V1= N2 Z )" [n), In), (1)

This is the most general one-mode Gaussian state. This re-
sult can be generalized to arbitralyy bosonic modes as we
will see in Sec[I.C. Now, by setting = 0 in Eq. (35), we

achieve the covariance matrix of the most general one-mode V. vl V2 =172\ v 42
pure Gaussian state. This corresponds to a rotated and dis- ~ " V12— 17 vl = Vepr (V) (42)

placed squeezed stdte 0, ) = D(«)R(0)S(r) |0). . i ) i
wherer = coslr quantifies the noise-variance in the quan-
dratures (afterwards, we also use the notaﬁt)gpr). Using

Where\ = tanhr € [0, 1]. This is a Gaussian state with zero
mean and covariance matrix

6. Beam splitter Eq. (42) one can easily check that
~ _ ~ . _—2r
In the case of two bosonic modes one of the most important V@) =V(ps) =€, (43)
Gaussian unitaries is thieam splitter transformation, Which  \whereg_ .= (Go — @5)/V2 andpy == (ha + p3)/v/2. Note
is the simplest example of an interferometer. This tramséer  hat fory — 0, the EPR state corresponds to two vacua and
tion is defined by the previous variances are equal to 1, corresponding to the

guantum shot-noise. For every two-mode squeezing 0,
we havel’(¢_) = V(p+) < 1, meaning that the correlations
between the quadratures of the two systems beat the quantum
'shot-noise. These correlations are kKnowBR correlations
and they imply the presence of bipartite entanglement. én th
limit of » — oo we have an ideal EPR state with perfect cor-
relations:q, = ¢, andp, = —p,. Clearly, EPR correlations
can also exist in the symmetric case for andp_ using the
replacemenZ — —Z in Eq. (42).
a Vi—1 JT a The EPR state is the most commonly used Gaussian en-
( b ) - ( —VT \/ﬁ) ( b ) ’ (37) tangled state and has maximally-entangled quadratures) gi
its average photon number. Besides the use of a non-
and the quadrature operat&s= (gq, pa, Gs, p»)” are trans- degenerate parametric amplifier, an alternative way torgene
formed via the symplectic map ate the EPR state is by combining two appropriately rotated
squeezed vacuum states (outputs of two degenerate OPAS)
% B, B(r) = ( Vi—7l 7l ) (@ ona balanced beam splitter (Braunstein and van Loock/ 2005;
/7L V1—7I [Furusawar all, [1998). This passive generation of entan-
lement from squeezing has been generalized by Walf
). When one considers Gaussian atomic processing, the
7. Two-mode squeezing and EPR states same state can also be created using two atomic (macro¥copic
objects as shown b 00 ). Finally, let us
Pumping a nonlinear crystal in the non-degenerate OPAiote the important relation between the EPR state and the
regime, we generate pairs of photons in two different modeshermal state. By tracing out one of the two modes of the
known as the signal and the idler. This process is descriped bFEPR state e.g., modewe getTr, [0 (r)] = pth(n), where
an interaction Hamiltonian which contains the bilineanter 7 = sinh?~. Thus, the surviving mode is described by a ther-
atht. The corresponding Gaussian unitary is known as thenal state, whose mean photon number is related to the two-
two-mode squeezing operator and is defined as mode squeezing. Because of this, we also say that the EPR
R . state is the purification of the thermal state.
Sa(r) = exp [r(ab - atbt)/z} , (39)

where r quantifies the two-mode squeezing C. Symplectic analysis for multimode Gaussian States

(Braunstein and van Loock, 2005). In the Heisenberg . ) )
picture, the quadrature® := (4a,pa, ds, Pp)” undergo the In this section we discuss the most powerful approach to
symplectic map studying Gaussian states of multimode bosonic systems. Thi

is based on the analysis and manipulation of the second-orde
(40) statistical moments, and its central tools are Williamsahné-
’ orem and the Euler decomposition.

B(6) = explf(ath — abh)] (36)

whered andb are the annihilation operators of the two modes,
andd which determines the transmissivity of the beam splitter,
7 = cos’§ € [0,1]. The beam splitter is called balanced
whenr = 1/2. In the Heisenberg picture, the annihilation
operators are transformed via the linear unitary Bogohubo
transformation

coshr I sinhr Z
sinhr Z coshr 1

X — Sz(T‘))A(, Sz(T‘) = (
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1. Thermal decomposition of Gaussian states very simple formula for the purification of an arbitrary Gaus
sian state| (Holevo and Werher, 2001). In fact, let us denote
According to Williamson’s theorem, every positive-defnit by A a system ofN modes described by a Gaussian state
real matrix of even dimension can be put in diagonal form byp (%, V), and introduce an additional reference systeof
a symplectic transformation (Williamson, 1936). In pastic N modes. Then, we havgs (X, V) = Trr[par(X’, V'),
lar, this theorem can be applied to covariance matriceserGiv wherep 4 is a pure Gaussian state for the composite system
an arbitraryN-mode covariance matri¥, there exists asym- AR, having mearx’ = (%, Q)T and covariance matrix

plectic matrixS such that
A%
VvV = {CTST V®] C:= @1/ —1Z. (50)

Whel’e the d|agona| matl’N@ |S Ca”ed the WI||IamSOH form 2. Euler decomposition of canonical unitaries
of V, and theN positive quantities;, are called the symplec-

tic eigenvalues oV. Here the symplectic spectrufw;, } The canonical unitanls in Eq. [49) can be suitably
can be easily computed as the standard eigenspectrum of thecomposed using the Euler decomposition

matrix |i€2V|, where the modulus must be understood in the;995), alternatwel known as the Bloch- Me35|ah reduc-
operatorial sense. In fact, the mati®V is Hermitian and  tjon ﬁ First of all, let us distinguish- be
is therefore diagonalizable by a unitary transformatidmerT,  tween active and passive canonical unitaries. By definition
by taking the modulus of it8V real eigenvalues, one gets the a canonical unitary/s is called passive (active) if it is pho-
N symplectic eigenvalues 6f . The symplectic spectrum is ton number preserving (non-preserving). A passiyecor-
very important since it provides powerful ways to express th responds to a symplectic matt$which preserves the trace
fundamental properties of the corresponding quantum.statef the covariance matrix, i.eTr(SVS?) = Tr(V) for any
For example, the uncertainty principle of EQ.](17) is equiva v. This happens when the symplectic mai§xs orthogo-
lent to nal, i.e.,.ST=S~!. Passive canonical unitaries describe mul-
ti ortinterferometers, e.g., the beam splitter in the cd$eo
V>0, Ve >1. (45) mpodes. By contrast, actgi]ve canonical FLJmitaries correspond
ymplectic matrices which are not trace-preserving aratgth

N
V=sves" v®.=Pul, (44)

In other words, a quantum covariance matrix must be positiv S

definite and its symplectic eignevalues must satigfy> 1. ore, cannot be _orthogonal. This IS the case of th_e one-_mode

Then, the von Neumann entrog(p) of a Gaussian statg squeezing matrix of quIBZ). Arbitrary symplectic matsice

can be written as (Holever al, 1999) contain both the previous elements. In fact, every symijglect
matrix S can be written as

N
N
0) = Zg(Vk)a (46) S—K S 51
2 5? (re) (51)
where whereK, L are symplectic and orthogonal, whir;), - - -,
(Tt | z+1 -1 | z—1 S(ry) is a set of one-mode squeezing matrices. Direct sums
9(@) = ( 9 ) © ( 2 ) - ( 2 ) g( 2 ) in phase space correspond to tensor products in the state. spa

As aresult, every canonical unitabig can be decomposed as
In the space of density operators, the symplectic decomposi

tion of Eq. [44) corresponds to a thermal decomposition for N
Gaussian states. In fact, let us consider a zero-mean @aussi Us = Uk |Q)S(rs)| UL, (52)
state(0, V). Because of Eq[(44), there exists a canonical k=1
unitary Us such thap(0, V) = Usj(0, V)U{, where i.e., a multiport interferometerlf), followed by a parallel

N set of N one-mode squeezers{S(r)), followed by another
50, V®) = ® Ath vl 1 (48) passive transformatiori/ik). Combining the thermal decom-
- P position of Eq.[(4B) with the Euler decomposition of Hg.l(52)
=1 we see that an arbitrary multimode Gaussian gigteV') can
is a tensor-product of one-mode thermal states whose phde realized by prepariny thermal statep(0, V®), applying
ton numbers are provided by the symplectic spectfugj of multimode interferometers and one-mode squeezers accord-
the original state. In general, for an arbitrary Gaussiatest ing to Eq. [52), and finally displacing them &y
(X, V) we can write the thermal decomposition

p(X, V) = D(X)Us [ﬁ(O,V@)] ng(,—()T ] (49) 3. Two-mode Gaussian states

Using the thermal decomposition of Ef.[49) and the fact Gaussian states of two bosonic mod&s-£ 2) represent a
that thermal states are purified by EPR states, we can deriveramarkable case. They are characterized by simple arallytic
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formulas and represent the simplest states for studyinggero  classical communications (LOCCs). By definition, a state is
ties like quantum entanglement. Given a two-mode Gaussiacalled entangled when it is not separable, i.e., the cdivels
statep(x, V), let us write its covariance matrix in the block betweenA andB are so strong that they cannot be created by

form any strategy based on LOCCs. In entanglement theory there
are two central questions to answer: “Is the state entafled
A C difth i hen “h h | doesi
V = pt , (53) andifthe answer is yes, then “how much entanglement does it
¢ B have?”. In what follows we review how we can answer those

T T ) two questions for Gaussian states.
whereA = A*, B = B* andC are2 x 2 real matrices.

Then, the Williamson form is simply® = (v_I) & (v41),

where symplectic spectrufwv_, v, } is provided by 1. Separability

A++VAZ —4detV As first shown by Horodeckir a1l (1996) and Peres (1996),
2 a key-tool for studying separability is the partial transition,
i.e., the transposition with respect to one of the two subsys

with A := det A + detB + 2detC and det is the  tems, e.g., system. In fact, if a quantum statgis separable,
determinant [(Serafini all, 2004). In this case the un- then its partial transpose’® is a valid density operator and

certainty principle is equivalent to the bona-fide condi-in particular positive, i.e.p”> > 0. Thus, the positivity of
tions (Pirandola, Serafini, and LIdyd. 2009: Serafini, 2006)  the partial transpose represents a necessary conditiseer
arability. On the other hand, the non-positivity of the frt

V>0,detV>1and A<1+detV. (55) transpose represents a sufficient condition for entangieme

An important class of two-mode Gaussian states has covari\-lOte that, in general, the positivity of the partial transpo

L = is not a sufficient condition for separability, since thexéese
l%%)matnx in the standard form (Duanu], 2000 Simoh, entangled states with positive partial transpose. Thegesst

are bound entangled meaning that their entanglement cannot
JI C e 0 be distilled into maximally entangled states (Horodeckil,

The partial transposition operation corresponds to a local
wherea, b, ¢1, c» € R must satisfy the previous bona-fide con- time reversall(Horodecki al!, [1998). For bosonic systems
ditions. In particular, for; = —c; := ¢ > 0, the symplec-  the quadraturex of the bipartite system + B undergo the
tic eigenvalues are simply. = [\/5 £ (b — a)]/2, where transformatiork — (I, @ Tp)X, wherel, is the N-mode
y = (a +b)? — 4¢>. In this case, we can also derive the ma-identity matrix whileTp := L, Z (Simon,[2000). Let us
trix S realizing the symplectic decompositiah = sves? consider an arbitrary Gaussian stat&, V) of t.he b|part|_te
This is given by the formula systemA + B, also kpown as am_/.x M b|pa_rt|te _Gagssmn

state. Under the partial transposition operation, its denae
S = < wil “—Z>, Lo ARV 5y

matrix is transformed via the congruence
w-Z w4l 2y V = (In ® Tg)V(Ia @ Tg) := V. (59)

where the partially-transposed matNxis positive definite. If
the state is separable, th&hsatisfies the uncertainty princi-
. . . le,i.e.,V+4+iQ2 > 0. SinceV > 0, this is equivalent to check
Entanglement is one of the most important properties o he conditionv® > I. whereV® is the Williamson form of
guantum mechanics, being central in most quantum mformav This is also eq_uivalent to check > 1, wherei is the

tion protocols. To begin with let us consider two bosonicsys | . ; : ; - -
tems, A with N’ modes and3 with M modes, having Hilbert Minimum eigenvalue in the symplectic spectrfim } of V.
The satisfaction (violation) of the conditioh. > 1 cor-

spaced{ 4 andH g, respectively. The global bipartite system ; - e
A + B has a Hilbert spactl = #.4 ® Hp. By definition, a r_esponds to having the_posmvny (non—p03|t|V|t_y) of _tharp
quantum statg € D(#) is said to be separable if it can be tlally trar_wfspos_ed Gaussian state. In some rest_nctedtua
written as convex combination of product states, i.e., this positivity is equivalent to separability. This happéar

1 x M Gaussian states (Werner and Wolf, 2001), and for a
P A o 5B SA(B) particular class ofV x M Gaussian states which are called
r Zpl pr@pr, i € PHa),  (58) bisymmetricl(Serafini, Adesso, and llluminati, 2005). Imge
eral, the equivalence is not true, as shown already far2
wherep; > 0 andy", p; = 1. Note that the index can also Gaussian states by Werner and Wolf (2001). Finally, note tha
be continuous. In such a case, the previous sum becomése partial transposition is not the only way to study selpira
an integral and the probabilities are replaced by a probability. In (Duanez all,[2000) the authors constructed an insepara-
ity density function. Physically, E._(b8) means that a s@pa bility criterion, generalizing the EPR correlations, wiigives

ble state can be prepared via local (quantum) operations arasufficient condition for entanglement (also necessaryxar

D. Entanglement in bipartite Gaussian states

2
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Gaussian states). Two other useful techniques exist tp fulland its reverse counterpart (Garcia-Pautwil, [2009). In
characterize the separability of bipartite Gaussian stafee  |Giedke, Duaner a1l (2001) it was shown that bipartite Gaus-

first uses nonlinear maps as shown|by Giedke, Kraug|  sian states are distillable if and only if they have a nonitjuas
(2001), where the second reduces the separability prolem partial transpose. However, the distillation of mixed Gaus
a semi-definite program (Hyllus and Eisert, 2006). sian states into pure Gaussian states is not possible using

only Gaussian LOCC operations (Eisert:l!, 2002] Fiurasek,
2002a; Giedke and Cirac, 2002), but can be achieved using
2. Entanglement measures non-Gaussian operations that map Gaussian states inte Gaus
sian states (Browne all,[2003), as recently demonstrated by
In the case of puréV x M Gaussian statgg), the entan-  [Takahashér all (2010).

glement is provided by thentropy of entanglement Evy (|¢)). The two previous entanglement measures, &g:(p) and
This is defined as the von Neumann entropy of the reduceg (), are unfortunately very difficult to calculate in full gen-
statespa.p = Trp.a(le) (¢]), i.e., Ev(lp)) = S(pa) =  erality. However, a measure easy to compute is the logarith-

S(pp) (Bennett, Bernsteirg all, [1996), which can be eas- mic negativity (Vidal and Wernelr, 2002)
ily calcuated using Eq[{46). The entropy of entanglement

gives the amount of entangled qubits (measured in e-bits) En(p) =log||p™% |1 (61)
that can be extracted from the state together with the amount B ) ) .
of entanglement needed to generate the state, i.e., atistill Which quantifies how much the state fails to satisfy the posi-
tion and generation being reversible for pure states (in théVity of the partial transpose condition. For Gaussiarestat
asymptotic limit) (Nielsen and Chugrig, 2000). Any bipartit reads

pure Gaussian state can be mapped, using local Gaussian uni-

A ~k
taries, into a tensor product of EPR states of covariancexmat En(p) = Z (") (62)
Vepr (Vi) (Botero and Reznlik, 2003; Holevo and Welner, k
). ALOCC mapping a Gaussian pure state to anotheror\ﬁhereF(I) — —log(z) for = < 1 and F(z) = 0 for
exists if and only ifv,, > v, for all k, where their respective . ~ (Vidal and Wernér[ 2002). It was shown to be an
vr andy;, are in descending order (Giedkeull, 2003). entanglement monotone (Eisert, 2001; Plenio, 2005) and an

Unfortunately, for mixed states we do not have a single def'upperbound oD(p) (Vidal and Werner, 2002). The logarith-
inition of measure of entanglemehlﬂjgmgﬁdmﬂv l29—0—9); mic negativity ofl x M andN x M bisymmetric Gaussian
Different candidates exist, each one with its own operafion giates was characterizedby Adesso and Illumihati (2007) an
interpretation. Among the most well known is therangle-  [pdessoer all (2004), respectively. Finally, we briefly men-

ment of formation (Bennett, DiVincenz 11996), tion that although the separability of a quantum state iespli
. ) zero entanglement, other types of quantum correlations can
Er(p) = i > peBv(ler) (60)  exist for separable (non-entangled) mixed states. One mea-
’ 2

sure of such correlations is the quantum discord and has re-
cently been extended to Gaussian states (Adesso and Datta,
12010; Giorda and Paris, 2010).

where the minimization is taken over all the possible decom
positionsp = ", pr k) (k| (the sum becomes an integral
for continuous decompositions). In general, this optimiza
tion is very difficult to carry out. In continuous variables,
we only know the solution for two-mode symmetric Gaus-
slan states (Giedke all ’I—”.OO ). These are two-mode Gaus- quantum measurement is described by a set of opera-
sian states whose covariance matrix is symmetric under the L ) fo
permutation of the two modes, i.é\, = B in Eq. (53), where tors{Ei}_sat|sfy!ng the completeness_ reIau@i_Ei B =1
Er() is then a function of._. Interestingly the optimal de- Where I is the identity operator. Given an input Tstate
composition{py, |ox) } leading to this result is obtained from the outcomei is found with probabilityp; = Tr(pE}E;)
Gaussian states;,). This is conjectured to be true for any the and the state is projected ontp = p; 'E;pE]. If we are
Gaussian state, i.e., the Gaussian entanglement of fanmati only interested in the outcome of the measurement we can
GEr(p), defined by the minimization over Gaussian decom-setII; := EZTEZ- and describe the measurement as a positive
positions satisfie§ Er () = Er(p) (Wolf ez all,[2004). operator-valued measure (POVM). In the case of continuous-
The distillable entanglemem(p) quantifies the amount of variable systems, quantum measurements are often describe
entanglement that can be distilled from a given mixed state by continuous outcomes= R, so thatp; becomes a probabil-
(Horodeckiez all,2009). It is easy to see thak(p) < Er(p), ity density. Here we define a measurement as being Gaus-
otherwise we could generate an infinite amount of entanglesian when its application to Gaussian states provides out-
ment from finite resources, where for pure states we haveomes which are Gaussian-distributed. From a practicalpoi
D([v)) = Er(|¥)) = Ev(]®)). The entanglement dis- of view, any Gaussian measurement can be accomplished us-
tillation is also hard to calculate, as it needs an optimizaing homodyne detection, linear optics (i.e., active ancipas
tion over all possible distillation protocols. Little is &wn  Gaussian unitaries), and Gaussian ancilla modes. A general
aboutD(p) for Gaussian states, except trivial lower-boundsproperty of a Gaussian measurementis the following: suppos
given by the coherent information (Devetak and Winter, 3004 a Gaussian measurement is made\omodes of anV + M

E. Measuring Gaussian states
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Gaussian state wherg, M > 1; then the classical outcome (vacuum) modes followed by homodyne measurements on all

from the measurement is a Gaussian distribution and the urthe output modes. Finally, a general noisy Gaussian POVM

measured\/ modes are left in a Gaussian state. is modeled as before but with part of the output modes traced
out.

1. Homodyne detection
3. Partial Gaussian measurement
The most common Gaussian measurement in continuous-
variable quantum information is homodyne detection, con- When processing a quantum system we are usually inter-
sisting of the measurement of the quadratfir@r p) of a  ested in measuring only part of it (for example, subsystem
bosonic mode. Its measurement operators are projectors ov8 which containsl mode) in order to extract information
the quadrature basiig) (| (or |p) (p|), i.e., infinitely squeezed and continue processing the remaining part (say, subsy4tem
states. The corresponding outcomor p) has a probability  with N modes). Let us consider a Gaussian state for the global
distributionP(q) (or P(p)) which is given by the marginal in- systemA + B where the covariance matrix is in block form
tegral of the Wigner function over the conjugate quadraturesimilar to Eq. [5B) (but withV + 1 modes). Measuring the
ie., G quadrature of subsystem transforms the covariance ma-
trix of subsystemA as follows (Eisertz all, [2002; Fiurasek,
P(q) = /W(q,p)dp, P(p) = /W(q,p)dq- (63) [20024)

—1 T
This can be generalized to the situation of partially hommdy V=A-C(IBI)™C", (64)
ing a multimode bosonic system by including the integrationwhereII := diag(1,0) and (IIBII)~! is a pseudoinverse
over both quadratures of the non-measured modes. ExpesinceIIBII is singular. In particular, we hav@IBII)~! =
mentally a homodyne measurement is implemented by comB;;' I, where By, is the top-left element oB. Note that
bining the target quantum mode with a local oscillator into athe output covariance matrix does not depend on the specific
balanced beam splitter and measuring the intensity of the ouresult of the measurement. This technique can be genetalize
going modes using two photo-detectors. The subtraction ofo model any partial Gaussian measurement, which congists o
the signal of both photo-detectors gives a signal propoealio appending ancillary modes to a system, applying a Gaussian
to ¢ (Braunstein and van Loock, 2005). Thegquadrature is  unitary, and processing the output modes as follows: part is
measured by applying @a/2 phase shift to the local oscil- homodyned, another part is discarded and the remaining part
lator. Corrections due to bandwidth effects or limited loca is the output system. As an example, we can easily derive
oscillator power have also been addressed (Brauhsteifi; 199the effect on a multi-mode subsystetnafter we heterodyne
Braunstein and Crouch, 1991). Homodyne detection is also a single-mode subsystef. By heterodyning the last mode,
powerful tool in quantum tomography (Lvovsky and Raymer,the first NV modes are still in a Gaussian state, and the output
[2009). For instance, by using a single homodyne detectogovariance matrix is given by
one can experimentally reconstruct the covariance mafrix o _ 1T
two-mode Gaussian states (Buonal), 12010} D’Auriaet al., V=4a-CB+D7C, (65)
[2009). In tandem to well known homodyne measurementsr, equivalently,V = A — 6‘1C(waT+I)CT, where
on light, homodyne measurements of the atomic Gaussia® := det B + TrB + 1, andw is defined in Eq.[(2).
spin states via a quantum non-demolition measurement by
light have also been developed. For example, the work of
[Fernholzer all (2008) demonstrated the quantum tomographict. Counting and detecting photons

reconstruction of a spin squeezed state of the atomic ensem- _ _
ble. Finally, there are two measurements, that despite being

non-Gaussian, play an important role in certain Gaussian

guantum information protocols, e.g., distinguishabiladf
2. Heterodyne detection and Gaussian POVMs Gaussian states, entanglement distillation and univqussai-

tum computation. The first one is the von Neumann measure-

The quantum theory of heterodyne detection was estabment in the number state basis, i.&, := |n)(n|. The

lished byl Yuen and Shapiro (1980) and is an important exsecond one is the avalanche photo-diode that discriminates
ample of a Gaussian POVM. Theoretically, heterodyne debetween vacuunE, = |0) (0| and one or more photons
tection corresponds to a projection onto coherent states, i £, = I — |0) (0|. Realistic avalanche photo-diode detectors
E(a) := 7~/?a) (al. A heterodyne detector combines the usually have small efficiency, i.e., they detect only a small
measured bosonic mode with a vacuum ancillary mode into &action of the impinging photons. This is modeled theoret-
balanced beam splitter and homodynes the quadrajuard  ically by adding a beam splitter before an ideal avalanche
p of the outcome modes. This approach can be generalized fthoto-diode detector, with transmissivity given by the-effi
any POVM composed of projectors over pure Gaussian statesiency of the detector. Recent technological developments
As shown by Giedke and Cifac (2002) and Eisert and Fleniallow experimentalists to approach ideal photon-counting
(2003), such measurements can be decomposed into a Gapswbility for photon numbers of up to five to ten (Litaal,
sian unitary applied to the input system and extra ancillar ).
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lll. DISTINGUISHABILITY OF GAUSSIAN STATES by the Helstrom bound (Helstrorm, 1976). Helstrom showed

that an optimal POVM is given b¥i; = P(v; ), which is a
The laws of quantum information tell us that in projector onto the positive pait. of the non-positive opera-

general it is impossible to perfectly distinguish be-tor~ := pg — p1, known as théelstrom matrix. As a result,

tween two non-orthogonal quantum statés (Fuchs, 1200Ghe minimum error probability is equal to tigIstrom bound

INielsen and Chuahf, 2000). This limitation of quantum mea-

surement theory (Helstrom, 1976) is inherent in a num- Demin = 1 [ = D(po, p1)] 67)

ber of Gaussian quantum information protocols including ’ 2

guantum cloning and the security of quantum cryptograynere

phy. Closely related to this iguantum state discrimination

which is concerned with the distinguisha_bility_ of quantum D(po, p1) := lTr 1po — p1| = lz I\l (68)

states. There are two commonly used distinguishabilitig-tec 2 2

niques (Bergour L, 2004; Chefles, 2000): (1) minimum er- s the r4ce distance between the two quantum states

ror state discrimination, and (2) unambiguous state diseri (Nielsen and Chuahf, 2000). Heyé|),| is the summation

nation. In minimum error state discrimination, a number of ot 1« ahsolute values of the eigenvalues of the matrix ..
approaches have been developed which allows one to (impeji5 the case of two pure states, i.6is = |to) (1| and

fectly) qlistinguish between quantum states provided wenall nﬁl — |4b1) (1], the Helstrom bound takes the simple form
a certain amount of uncertainty or error in our measurement

results. On the other hand, unambiguous state discrimina- 1 3

tion, is an error-free discrimination process but reliestom Pe,min = 5 (1 = V1= [{do|¥1)] ) . (69)

fact that sometimes the observer gets an inconclusivetresul

(Chefles and Barnett, 1998b; Erk, 2002). There also exists

an intermediate discrimination regime which allows fortbot 2. Quantum Chernoff bound

errors and inconclusive resulls_(Chefles and Barnett, 1998a

[Fiuradek/ 2003, Wittmaner aZl, [2010k). Here we discuss  In general, deriving an analytical expression for the trace

minimum error state discrimination which is more developeddistance is not easy and, therefore, the Helstrom bound

than unambiguous state discrimination in the continuousis usually approximated by other distinguishability mea-

variable framework particularly in the case of Gaussiatesta Sures. One of the most recent is theantum Chernoff
This section is structured as follows. In SECTII.A we beginbound (Audenaertr all, 2007 | 200€; Calsamigliet al.,2008;

by introducing some of the basic measures of distinguishabilNusshaum and Szkola, 2009). This is an upper boung, <

ity, such as the Helstrom bound, the quantum Chernoff boun#oc: defined by

and the quantum fidelity. We give their formulation for arbi-

trary quantum states, providing anaIy_ticaI formulas ingpe- . poc == 1 ( inf Cs) , Cy:="Tr (ﬁgﬁ%,s) ) (70)

cific case of Gaussian states. Then, in §ec.1lll.B, we conside 2 \0ss<1

the most common Gaussian discrimination protocol: distin-N

guishing optical coherent states with minimum error.

ote that the quantum Chernoff bound involves a minimiza-
tion in se [0,1]. In particular, we must use an infimum be-
cause of possible discontinuities©f at the bordes = 0, 1.

By ignoring the minimization and setting= 1/2, we derive

A. Measures of distinguishabilit . L
g y a weaker but easier-to-compute upper bound. This is known

1. Helstrom bound as thequantum Bhattacharyya bound (Pirandola and Lloyd,
2008)
Let us suppose that a quantum system is described by an un- 1
known quantum statgwhich can take two possible form, pp = 5T (\/ po/ ﬁl) : (71)

or p1, with the same probability (more generally, the problem

can be formulated for quantum states which are not equiprob-

able). For discriminating betweefy, and 51, we can ap- a. General formula for multimode Gaussian states

ply an arbitrary quantum measurement to the system. With-  In the case of Gaussian states the quantum Chernoff

out loss of generality, we can consider a dichotomic POVMbound can be computed from the first two statistical mo-

{Ily,II; := I —IIp} whose outcome: = 0,1 is a logical ments. A first formula, valid for single-mode Gaussian

bit solving the discrimination. This happens up to an errorstates, was shown by Calsamighazl! (2008). Later,

probability Pirandola and Lloyd| (2008) provided a general formula for
AlA_ A _1lA_ A multimode Gaussian states, relating the quantum Chernoff

plu=00p=p) ;p(u 1p = o) ,  (66)  bound to the symplectic spectra (Williamson forms). Here we

review this general formula. Since it concerns the téfin
wherep(u|p) is the conditional probability of getting the out- Eq. [70), it also applies to the quantum Bhattacharyya bound

comeu given the statg. Then we ask: what is the minimum  First of all it is useful to introduce the two real functions
error probability we can achieve by optimizing over the (di-

chotomic) POVMs? The answer to this question is provided Gy(x) =2 [(z+ 1) — (= 1)*] ", (72)

Pe =
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and whereA := det(Vy + V1), 0 := (det Vo — 1)(det V; — 1)
(2 +1)° +( 1)° andd := z; — Zp. Using the fidelity, we can define the two
X Xr —

_ -, (73) fidelity boundsl|(Fuchs and de Grdaf, 1999)
(z+1)" —(x—1)

which are positive for: > 1 ands > 0. These functions can £ == 3 {1 —V1i- F(ﬁo,fh)] , Fy = 57/ F(po, )
be computed over a Williamson forM® via the rule (81)

v v which provide further estimates for the minimum error prob-
ability. In particular, they satisfy the chain of inequigi
F(ve)y =7 <@ yk1> =P rwnr. (74)
k=1 k=1
Using these functions we can state the following re-

sult (Pirandola and Lloyo, 2008). Let us consider tWo
mode Gaussian statgs,(Xo, Vo) andp, (X1, V1), whose co-
variance matrices have symplectic decompositions

A(z) =

F_ Spe,min SPQC <ps < F+ . (82)

4. Multicopy discrimination

In general, let us assume that we havecopies of the un-
V= SoVE'fSOT ,Vy = slv?s{ ) (75)  known quantum statg, which again can take the two possible
forms, oy or p1, with the same probability. In other words, we
Then, for every € (0, 1), we can write the Gaussian formula have the two equiprobable hypotheses

det II, d’sd M
o [ (LAY g I
det X, 2 Ho: p®M = pS™ :=po @ -+ @ po , (83)
whered := Xy — %; and Hy:p®M =M =pr@--@p; . (84)
———
M
I, == Gs(VY)G1-s(VY) (77)

¥, =S, [AS(VE‘E)] ST 1S, [Aps(V?)} sT. (78) The op_timal quantum m_easurementfordis_criminatingthe two
cases is now a collective measurement involving all itie

In the previous formula, the matrild is diagonal and very ~copies. This is the same dichotomic POVM as before, now
easy to compute, depending only on the symplectic spectra. IProjecting on the positive part of the Helstrom matix=

i —_ VP — — @M _ 5;9M - Correspondingly, the Helstrom bound for the
particular, for pure statei/(g9 =V} =1)we havell, = L Po py . Lorrespondingly,
By contrast, the computation &1, is not straightforward due M -copy state discrimination takes the form
to the explicit presence of the two symplectic matriSgand ]
S1, whose derivation may need non-trivial calculations in the (M) _ - [1-D (ﬁgbﬁﬂﬁ?M)] . (85)
general case (however dee I[IC.3 for two modes). If the com-

e,min 9
putation ofS, andS; is too difficult, one possibility is to Use  1his quantity is upper bounded by the genetalcopy ex-
weaker bounds which depend on the symplectic spectra Onl}ﬁress?on of t)rlle qugﬁtum Chernoff %/oundgi.e. Py

such as théfinkowski bound (Pirandola and Lloyd, 2008).
M
1
pgil)n < pg\é) = 3 < inf C’S> . (86)

3. Quantum fidelity 0<s<1

Further bounds can be constructed using ghentum fi- Interestingly, in the ”mit of many c;opie_M > 1), the quan-
delity. In quantum teleportation and quantum cloning, the fi-tum Chemoff bound is exponentially tlgfm%L
delity F is a commonly used measure to compare the inpu2007). This means that, for large, the two quantities, ,,,
state to the output state. Given two quantum stgkgandp;, andpg\? decay exponentially with the same error-rate expo-

their fidelity is defined byl (Jozsa, 1994; Uhimann, 1976)  nent, i.e.,

2
(M) _ (M) _
F([)Oaﬁl) = |:TI' ( V [)Oﬁl V [)0):| ) (79) pe,min - 196Xp( MK’) ) pQC — vexp( MK’) ) (87)
) whered < v andk is known as the quantum Chernoff in-
which ranges from zero (for orthogonal states) to oneormation (Calsamigliar all, [2008). Note that we can also

(fordidzntical_stat?st).A En tr{? )spegfic(cas‘e/ ()Jf tWOhSir‘g'e'consider other measures of distinguishability, like Atiecopy
mode Gaussian stat€g, (o, Vo) andpi (71, V1), We Nave  yersion of the quantum Bhattacharyya bound
(Holevo, [1975; Nha and Carmicha ; :
2006; Scutatu, 1998) 1 — —\1M
pod <" =5 [ (Vo) - (@8)

However, even though it is easier to compute, it is not expo-
(80) nentially tight in the general case.

A 2 1 B
F(Poapl) = mexp _§dT(V0+V1) 1d:| ,
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B. Distinguishing optical coherent states while IT; = I —1I selectsy;. The probability of error quanti-

fies the probability in misinterpreting which state was atiju
The distinguishing of coherent states with minimum errorreceived by Bob and is given by

is one of the fundamental tasks in optical communication the

ory. For example, we can consider a simple theoretical way pe = po p(Hi|po) + p1 p(Holp1), (90)

of modeling current telecommunication systems by consid- o ) . L

ering weak coherent states to send binary information whici'herep(Hi|p;) is defined as the conditional probability, i.e.,

has been encoded via the amplitude or phase modulation offfoPability that Bob decided it was hypothesgis when in

laser bearh Such states have small amplitudes and are largel{Ct it wasp;, for i 7 j. The conditional probabilities can be

overlapping (i.e., nonorthogonal) and hence the abiliuo- ~ Written as

cessfully decode this classical information is bounde t . . . .

minimu% error given the Helstrom bound. Note that gtﬁing p(Hilpo) = trlhipo],  p(Holpr) = tr[llopn]. (91)

off with orthogonal states might make more sense, however, iconsequently, in the binary phase-shift keyed setting we ca

orthogonal states were to_be used _thelr orthogonality B tyP \yrite the Helstrom bound as

cally lost due to real world imperfections such as energsidis

pation and excess noise on the optical fibre. By achieving the pe = po (a|II1 |@) + p1 (—a| g |—av) (92)

lowest error possible, the information transfer rate betwe

the sender and receiver can be maximized. We will now illusand for the amplitude modulation keyed encoding

trate a typical protocol involving the distinguishing ofre-

ent states. e = po (0|1 |0) + p1 (2a| I |200) . (93)
Suppose we have a sender, Alice, and a receiver, Bob. Al- . )
ice prepares one of two binary coherent stateand; where The optimal type of measurement needed to achieve the

one may be encoded as a logical “0” and the other a |Ogicat|-|elstrom bound when distinguishing between two coher-
“1”, respectively. These two states form what is known as€nt states was show@fo@%@ to correspond to a

the alphabet of possible states from which Alice can choose Schrodinger cat-state basis (i.e., a superposition of W/ ¢
to send and whose contents are also known by Bob. Furtheferent states_(Jeong and Ralph. 2007j): = [¢)) (v| with
more, the probabilities of each state being sngndp,, are  1¥) = c0(7)|0) + c1(v) |y) where the actual weightings:(
also known by Bob. Alice can decide to use either an am@ndc2) depend on the displacement After Helstrom in-

plitude modulation keyed encoding, or a binary phase-shiffoduced his error probability bound in 1968, it was not un-
keyed encoding, given respectively as, til 1973, that two different physical models of implement-

ing the receiver were discovered. The first construction, by
|0) and [2a), |a) and |-a). (89) [(1973), involved building a receiver based on di-

rect detection (or photon counting) that wa&ur-optimal,
We note that it is possible to transform between the two enk.€., an error probability that was larger than the optimal-H
coding schemes by using a displacement, e.qg., by applyéng ttstrom bound. However, building on Kennedy's initial pro-
displacement operatdp(«) to each of the two binary phase- posal/ Dolinar[(1973) discovered how one could achieve the
shift keyed coherent states we retrieve the amplitude modweptimal bound using an adaptive feedback process with pho-
lation keyed encodingsD(«) |—a) = |0) and D(a)|a) =  ton counting. Over the years other researchers have con-
12a). Bob’s goal is to decide with minimum error, which of tinued to make further progress in this aréa (Bondurant,
the two coherent states he received from Alice (over, for ex1993; Geremld, 2004; Olivares and Faris, 2004; Osaki,
ample, a quantum channel with no loss and no noise). Bobl2996). Recently, Kennedy’s original idea was improved upon
strategy is based oquantum hypothesis testing in which he  with a receiver that was much simpler to implement than
devises two hypothese&f, andH,. Here H, corresponds to Dolinar’s (although still near-optimal) but produced a #era
the situation wherg, was sent whilstd; corresponds tg, error probability than Kennedy’s. Such a device is called an
being sent. As mentioned earlier, the POVM that optimizeptimized displacement receiver (Takeoka and Sasaki,;2008
this decision problem is actually a projective or von Neuman \Wittmanner all, 2008). However, the simplest possible re-
measurement, i.e., described by the two operdigrandIl;,  ceiver to implement is the conventional homodyne receiver,
such thafll; > 0 fori = 0,1 andIly + II; = I. Here the a common element in optical communication which is also
measurement described by the operatgselects the stai@ near-optimal outperforming the Kennedy receiver, albeiyo

for small coherent amplitudes. We will now review each of

these receivers in more detail.

2 More specifically, fiber communications currently employiive optical
amplifiers, so the states that are received are bathed irifedmponta- 1. Kennedy receiver
neous emission noise and, moreover, received by directtaete Future

fiber systems — in which bandwidth efficiency is being soughill-go to IZéﬁﬁéa]' Zj §ﬂ3 ave the first practical realization of a re-
coherent detection, but they will use much larger than pirségnal con- ceiver with an err)ogr] robabilit tF\:/)vice that of the Helstrom
stellations, i.e., quadrature amplitude modulation. Lasenmunication P . Yy L. .

from space will use direct detection and-ary pulse-position modulation Pound. The Kennedy receiver distinguishes between the al-

rather than binary modulation. phabet/a)) and|—a) by first displacing each of the coherent
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states bya, i.e.,|—a) — |0) and|a) — |2a). Bob then and|—a). Such a setup is considered the simplest setup pos-
measures the number of incoming photons between the timesble and unlike the other receivers relies only on Gaussian
t = 0 andt = T using direct photon counting, represented byoperations. The POVMs for the homodyne receiver are mod-
the operators eled by the projectors

I = 0) (0] and 1T, = I —0) (0] (94) I, = /Oo de|z) (] and T, =11, (96)
If the number of photons detected during this time is zero 0
then|0) is chosen (as the vacuum contains no photons) othwhere a positive (negative) outcome is obtained identifyin
erwise it is assumed to have belgn). Hence, the Kennedy |a) (|—a)). It was proven by Takeoka and Sasaki (2008) that
receiver always choosé®) correctly (ignoring experimental the simple homodyne detector is optimal among all available
imperfections), where the error in the decision resultsnfro Gaussian measurements. In fact, for weak coherent states
the vacuum fluctuations if2a) (as any coherent state has (@amplitudes|a*> < 0.4), the homodyne receiver is near-
some finite overlap with the vacuum state). Using [Eqg] (93)0ptimal and has a lower error probability than the Kennedy
where from now on we use the least classical probability sitfeceiver. Such a regime corresponds to various guantum
uation ofp; = po = 1/2, the error probability is given by cor_nmunica.tion protocols as well as .deep space communi-
pk = 1 (20|11, [2a) which is equal to cation. Using Eq.[[92) with the projectors from E.](96)
and the fact that (—a|z)|> = 72 exp[—(z + |a|/2)?],

1 9 the error probability for the homodyne receiver is given
pe = 5 exp(—4fal?). (95) - i5. 2004 LEaki
e 9 by (Qlivares and Paris, 2004; Takeoka and Sasaki,|2008)
where we have used E@.{30). The above error bound is some- no 1
times known as th&hor-noise error. Pe =735 (1 —orf [|a|/2} )’ ©7)

whereerf[-] is the error function. This limit is known as the
2. Dolinar receiver homodyne limit.

(1978) built upon the results of Kennedy by con-
structing a physical scheme that saturates the Helstromdou
Using Eq.[69) with Eq[(30), the Helstrom bound for two pure
coherent statelsy) and|—«) is given by

4. Optimized displacement receiver

The optimized displacement receiver (Takeoka and Sasaki,

[2008) is a modification of the Kennedy receiver where instead
1 5 of displacingl«) and|—«) by «, both are now displaced by an
Demin = 5(1 — V1 —exp(—4fal?)). optimized value3, wherea, 8 € R. This displacemenb ()
is based on optimizing both terms in the error probability of
This is the lowest possible error in distinguishing betweergq. [92). When considering the Kennedy receiver, only the
two pure coherent states. Dolinar’s scheme combined phgy, (—a| I |—«) term is minimized. However, the optimized
ton counting with real-time quantum feedback. Here the inisplacement receiver, is based on optimizing the sum of the
coming coherent signal is combined on a beam splitter with &vo probabilities as a function of the displacement The

local oscillator whose amplitude is causally dependenhen t signal states+a) are now displaced by according to
number of photons detected in the signal beam. Such an adap-

tive process is continually repeated throughout the domadf |+a) — \i\/Fa + B> , (98)

the signal length where a decision is made based on the par- o ) o )

[Helstronh, [ 1976{ Takeoka ail, [2005). Many years after Kennedy receiver photon detection is used to detect the in-

Dolinar's proposal, other approaches, such as using ashighlcoming states and is described by the projectors given in

nonlinear unitary operatiof (Sasaki and Hirdta, 1996) et fa Ed. (33). Using Eqs[(92) and (30) but with the coherent state

feedforward [(Takeoker all, 2005), have also achieved the NOW given by Eq.[(98), the error probability can be expressed

Helstrom bound by approximating the required SchrodingefS

cat state measurement basis (the actual creation of suaisa ba 1

is experimentally very difficult (OQurjoumtsev all, [2007)). Pl = 3~ exp[—(7laf® + [8*)]sinh(2y/TafB).  (99)

However, an experimental implementation of Dolinar’s erig

inal approach was recently demonstrated in a proof-ofThe optimized displacement receiver outperforms boththe h

principle experiment (Cooks all,[2007). modyne receiver and the Kennedy receiver for all values. of
Itis interesting to note that such a receiver has applinatio
guantum cryptography where it has been shown to increase

3. Homodyne receiver the secret-key rates of certain protocdls (Wittmandal,
[20104.b). Furthermore, by including squeezing with the dis

As its name suggests the homodyne receiver uses a homplacement, an improvementin the performance of the receive
dyne detector to distinguish between the coherent states can be achieved (Takeoka and Sgsaki, 2008). The optimized
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displacement receiver has also been demonstrated experimavhere agair¥ : = diag(1, —1). This formula can be gener-
tally (Tsujinoet all,12011; Wittmanrez all, 2008). alized to virtual channelg(x, V) with arbitrary mearx =
To summarize, in terms of performance, the hierarchy for(qa. Pa, @, P»)” . This is possible if Bob performs the modi-
the above mentioned receivers is the following: (1) Dolinarfied displacemenb(y + ), wherey := [(G, — Ga) — i(Py +
receiver, (2) optimized displacement receiver, (3) Keyned p,)]/2v/2 (Pirandola and Mancini, 2006).
receiver and (4) homodyne receiver. Again, out of the ones In order to be truly quantum, the teleportation must have
mentioned, the Dolinar receiver is the only one that is optim a fidelity above a classical threshald;,.s. This value cor-
Furthermore, the Kennedy receiver has a lower error prébabiresponds to the classical protocol where Alice measures her
ity than the homodyne receiver for most values of amplitudestates, communicates the results to Bob who, in turn, recon-
Finally, we point out that our discussions of binary recesve structs the states from the classical information. In galner
(photon counters) presumes unity quantum efficiency with n@ necessary condition for having > Fi.ss iS the pres-
dark noise or thermal noise, and hence paints an ideal theoreence of entanglement in the virtual channel. For bosonic
ical comparison between all of the mentioned receivers. systems, this is usually assured by the presence of EPR cor-
relations. For instance, let us consider the case where the
input states are coherent states chosen from a broad Gaus-

IV. EXAMPLES OF GAUSSIAN QUANTUM PROTOCOLS sian distribution and the virtual channel is an EPR state
) ﬁePr(r). In this case, the teleportation fidelity is S|mply
A. Quantum teleportation and variants given by [Adesso and llluminati, 2005; Furusawad), 1998
Hantu P ! varl Mari and Vitali, 2008)
Quantum teleportation is one of the most beautiful F=(1+7)", v_=exp(=2]r]) . (101)

protocols in quantum information. Originally developed
for qubits (Bennettr all, 11993), it was later extended to Here the presence of EPR correlations> 0) guarantees
continuous-variable systems (Braunstein and Kimble, /1998&he presence of entanglememt_( < 1) and, correspond-
[Ralph and Lam, 1998; Vaidmlgn, 1994), where coherent statdagly, one hasF > 1/2, i.e., the fidelity beats the clas-
are teleported via the EPR correlations shared by two dissical threshold for coherent statés (Braunstein, Fuchg,
tant parties. It has also been demonstrated experime®001; Hammereer all, 2005). A more stringent thresh-
tally (Bowener all,2003] Furusawar al!,[1998] Zhangt all,  old for teleportation is to require that the quantum correla
[2003). Here we review the quantum teleportation protoaol fotions between the input field and the teleported field are re-
Gaussian states using the formalism of (Chizkaowl!, 2002;  tained (Ralph and Lam, 1998). In turn this implies that the
Fiurasek, 2002b; Pirandola and Mancini, 2006). teleported field is the best copy of the input allowed by the
Two parties, say Alice and Bob, possess two modes)d  no-cloning bound (Grosshans and Grangier, 2001). At unity
b, prepared in a zero-mean Gaussian siée V) whose co-  gain this requires that_ < 1/2 and corresponds to a co-
variance matrixV can be written in the4, B, C)-block form  herent state fidelity"" > 2/3 as was first demonstrated by
of Eq. (83). This state can be seen as a virtual channel thiiakeier al! M)
Alice can exploit to transfer an input state to Bob. In prin- In continuous variables, the protocol of quantum teleporta
ciple the input state can be completely arbitrary. In pcadti tion has been extended in several ways, including number-
applications she will typically pick her state from someyire phase teleportation|_(Milburn and Braunstein, 1999), all-
ously agreed alphabet. Consider the case in which she wishegptical teleportation| (Ral h._1999b), quantum telepatat
to transfer a Gaussian stgig, (X, Vi), with fixed covari-  networks l(van Loock and Braunstein, 2000), teleportatibn o
ance matrixV ;,, but unknown meag;,, (chosen froma Gaus- single photon states (Ide all, 2001; Ralph, 2001), quan-
sian distribution), from her input mode to Bob. To accom- tum telecloning [(van Loock and Braunstein, 2001), quan-
plish this task, Alice must destroy her stadtg by combining  tum gate teleportatlod_(B_a.r_tI_e_tLa.n_d_M_uth._Zb03) asdiste
modesin anda in a joint Gaussian measurement, known asguantum teleportation andataall, '2005), quantum tele-
a Bell measurement, where Alice mixesin anda in a bal-  portation amel-05) and teleportation chan
anced beam splitter and homodynes the output modesid  nels (W 2007). One of the most important variants of
+ by measuring_ andp ., respectively. The outcome of the the protocol is the teleportation of entanglement also know
measurement := (q_ + ipy)/2 is then communicated to asentanglement swapping (Jiaet all,[2004] Takekt all,[2005;
Bob via a standard telecom line. Once he receives this infoivan Loock and Braunstein, 1999). Here Alice and Bob pos-
mation, Bob can reconstruct Alice’s input state by applyingsess two entangled statgs,,, and ., respectively. Alice
a displacemenD(y) on his modeb, which outputs a Gaus- keeps mode and sends mod€ to a Bell measurement, while
sian stat€j,.; ~ pin. The performance of the protocol is Bob keeps modéand send$’. Oncea’ andb’ are measured
expressed by the teleportation fideli#y; This is the fidelity — and the outcome communicated, Alice and Bob will share an
between the input and the output states averaged over all tfeitput states,,, wherea andb are entangled. For simplic-
outcomes of the Bell measurement. Assuming pure Gaussidty, let us suppose that Alice’s and Bob's initial statesEBRR
states as input, one has (Fiurasek, 2002b) states, i.e.paa = pry = PP (r). Using the input-output re-
lations given in_Pirandolar al/ (2006), one can easily check
that the output Gaussian statg, has logarithmic negativity
En(pay) = Incosh(2r), corresponding to entanglement for

2
F=——— T:=2V,,+ZAZ+B-ZC—-C*Z". (100
VdetT ( )
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everyr > 0. By generalizing to two-mode entanglement, according to
polarization entanglement can be swapped and shown to still . .
%\Je a Bell inequality for- > 0 (Polkinghorne and Ralph, G1(2) = Gin + Ng1(2), Di(2) = Pin + Np1(2),  (102)
)- R R

Teleportation and entanglement swapping are protocol&/here Noi(2) and Ny, (o) stand for the added noise opera-
which may involve bosonic systems of different nature. Fortors on the output mode 1 (2). We may impds€;,(;)) =
example, in_Shersoer all (2006) a quantum state was tele- (N, (,)) = 0, so that the mean values of the output quadra-
ported from an optical mode onto a macroscopic object contures coincide with those of the original state. It is theivar
sisting of an atomic ensemble of abdwt'> Caesium atoms. ance of the added noise operators which translates thexgloni
Theoretically, this kind of result can also be realized bings  imperfection: a generalized uncertainty relation for tHdexd

radiation pressure. In fact, by impinging a strong mono€hronoise operators can be derived (Cerf, 2003; @eaf), [2000),
matic laser beam onto a highly reflecting mirror, it is possi- A R R A
ble to generate a scattering process where an optical mode AN{ ANy > 1, ANpiANg > 1, (103)

becomes entangled with an acoustic (massive) mode excited

over the surface of the mirror. Exploiting this hybrid entan Which is saturated (i.e., lower bounded) by this cloning ma-
glement, the teleportation from an optical to an acoustideno chine. The above inequalities clearly imply that it is im-

is possible in principle (Manciniz aZl, 2003] Pirandolar al, possible to have two clones with simultaneously vanishing
[2003), as well as the generation of entanglement betweenpise in the two canonically conjugate quadratures. This ca
two acoustic modes by means of entang|ement Swappinge straightforwardly linked to the ImpOSSIb”Ity of simaHt

(Pirandolaer all,[2006). neously measuring perfectly the two canonically conjugate
quadratures of the input mode: if we measgren the first

clone andp on the second clone, the cloning machine actu-
ally produces the exact amount of noise that is necessary to
B. Quantum cloning prevent this procedure from beating the optimal (heteredlyn

measurement (Lindblad, 2000).

Following the seminal works 6f Wootters and Zurek (1982) The Gaussian cloning machine was first derived in the
and[DieKs [(1982), it is well known that a quantum transfor-duantum circuit Ianguagm, 2000), which may, for

mation that outputs two perfect copies of an arbitrary inpu*@mPple, be useful for the cloning of light states onto atmi
state|t)) is precluded by the laws of quantum mechanics.Ensembles (Fiurasek all, 2004). However, an optical ver-

This is the content of the celebratgdantum no-cloning the- ~ SionWas later developed by Braunstein !(2001) and
orem. More precisely, perfect cloning is possible, if and onlyml), W_hICh is better sw.ted for.our pgrpomh
The cloning machine can be realized with a linear phase-

if, the input state is drawn from a set of orthogonal states, o o . _ ;
Then, a simple von Neumann measurement enables the pép_sensnwe amplifier of intensity gain two, followed by alba

fect discrimination of the states (see S&d. Il), which imtu anced beam splitter. The two clones are then found in the two

enables the preparation of exact copies of the measured staPUtPut ports of the beam splitter, while an anti-clone isnibu

In contrast, if the input state is drawn from a set of non-IN the idler output of the amplifier. The anti-clone is defined
orthogonal states, perfect cloning is impossible. A natabl @ &n imperfect version of the phase-conjugate of the in-

example of this are coherent states which cannot be perfectPUt Statela), wherea = (¢ + ip)/2 anda” = (¢ — ip)/2.
distinguished nor cloned as a result of EGql (30). Intergtin | "€ Symplectic trrflnsAforTmatlon on the quadrature operators
although perfect cloning is forbidden, one can devise appro X = (41,91, G2, P2, 43, p3)" of the three input modes reads
imate cloning machines, which produce imperfect copies of 2 C% C—Bel)IaS,) (104)
the original state. The concept of a cloning machine was in- ’ 2
troduced by Buzek and Hillery (1996), where the cloning mahereB is the symplectic map of a beam splitter with trans-
chine produced two identical and optimal clones of an arbiyittancer — 1/2 as defined in EqL{38%; is the symplectic
trary single qubit. Their work launched a whole new field of yap of a two-mode squeezer with intensity gasah? r = 2
investigation |(Cerf and FiuraSek, 2006; Scaxanil., 2005). a5 defined in EqLT30), arlis a2 x 2 identity matrix. The
Cloning machines are intimately related to quantum cryptoginput mode of the cloner is the signal mode of the amplifier
raphy (see Se€.VI) as they usually constitute the optimal afmode 2), while the idler mode of the amplifier (mode 3) and
tack against a given protocol, so that finding the best c®nin the second input mode of the beam splitter (mode 1) are both
machine is crucial to address the security of a quantum crypyrepared in the vacuum state. At the output, modes 1 and 2
tographic protocol (Cerf and Grangier. 2007). carry the two clones, while mode 3 carries the anti-clone. By
The extension of quantum clonin% to continuous-variablereordering the threé quadratures before the thrgequadra-

systems was first carried out (2000) and tures, we can express the cloning symplectic map as
[i;ﬁaﬁiéﬂl ), where a Gaussian cloning machine was

shown to produce two noisy copies of an arbitrary coherent 271/2 1 271/2 2712 1 —271/2
state (where the figure of merit here is the single-clonesxce C= | —27%/2 1 2712 | @ [ —27%/2 1 —271/2
noise variance). The input mode, described by the quadstur 0 1 21?2 0 -1 22

(Gin» Din), 18 transformed into two noisy clongs, (), p1(2)) (105)
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The second columns of thjeandp blocks immediately imply — deflected beam bypasses the amplifier and feeds the vacuum

that the two clones are centered on the input stéseps), input port of the beam splitter that yields the two clones. By

while the anti-clone is centered on the phase conjugateeof thtuning the transmittance of the beam splitters, one can gen-

input state(g2, —p2). We can also check that the covarianceerate the entire family of cloners saturating Hg. {103).sThi

matrix of the output modes can be expressed as idea can also be generalized to define the optimal asymmet-
ric cloner producing)/ different clones|(Fiurasek and Cerf,

Vi=Vy=Vi +1, Vs =7ZVi,Z+21  (106) [2007). Other research into Gaussian quantum cloning in-

whereV,, is the covariance matrix of the input mode (mode ggjri?nsdézzr\?;?it;%?:hitglc:ptgﬁgt?c;doning limit to the qwfngi

2) and againZ = diag(1,—1). Thus, the two clones suf- e . m—@mmns—aﬂd—e-d )

fe)r exact%/ one unit ofggdditic))nal shot-noise, while thei-ant )’ t_he optimal cloning of coherent states with a finite

clone suffers two shot-noise units. This can be expressed iﬂ'Str'bUt'On KM@L@LL 12004), the cloning of squee_zed

terms of the cloning fidelities of EJ._(B0). The fidelity of Gac and thermal stateé_(QlugLesau, 2006), and thg cloning

of the clones is given by — 2/3, regardiess of which co- of both entangled Gaussian states an_d _GauSS|an e_ntangle—

herent state is cloned. The anti-clone is noisier, and chafhent M&U, 12008). _Fmally, it is worth hoting
that all the Gaussian cloners discussed above are optimal if

acterized by a fidelity of" = 1/2. Note that this latter fi- ; . ) . .
delity is precisely that of an optimal joint measurementaf t the added noise variance is taken as the figure of merit. The

two conjugate quadraturels (Arthurs and Kelly, Jr., 1966), s ;E;ausga_n transf(_)rmathn of Em0|5) produg[esf clr?ntes W'th
that optimal (imperfect) phase conjugation can be claigica € m_|n_|ml|4m_;1;)r:se \_/arllancle, na:c_rgel_); one lﬁn' ors S(;-nmse.
achieved by heterodyning the state and preparing its phas%urp_rlsmg y, I the single-clone Tidelily 1S chosen insies

e figure of merit, the optimal cloner is a non-Gaussian

CORJU\?;Eanirff ?r:g Ig:;?iclarll 2C(|)OI’::22 was demonstrated eX_cloner which slightly outperforms the Gaussian clonerf{its

perimentally byl Andersea all (2005), where the ampli- delity is 2.4 % higher) for the cloning of Gaussian (coheyent
fier was replaced by a feed forward optical scheme whicﬁtatesm’ )-

only requires linear optical components and homodyne de-

tection , ). A fraction of the signal beam is

tapped off and measured using heterodyne detection. The

outcomes of this measurement are then used to apply an

appropriate displacement to the remaining part of the sig-

nal beam. This setup demonstrates near optimal quantu¥i BOSONIC GAUSSIAN CHANNELS

noise limited performances, and can aIs adapted to pro-
duce a phase-conjugate output (Jassgl, [2006). This 1- . . . .
to-2 Gaussian cloner can be straightforwardly extended to gfﬁgggg?gtﬁg&ggu:rnmgénf?gm:rt;onlitnh:;%gssghnﬁcsggﬁ_
more general setting, whefd identical clones are produced nels (Demoent al M Lind%lapljﬁO) In particular
from NV identical replica of an unknown coherent state with " ' i P '

a fidelity F — MN/(MN + M — N) (Cerf and Iblisdir, Gaussian channels represent the standard m_odel of noise in
many guantum communication protocols (Eisert and Wolf,

2000). More generally, one can add replica of the phase-
- .l - | B .
conjugate state at the input and proddéé= M + N’ — N 12007; Holevaet al’, 1999; Holevo and Werner, 2001). They

) L ; describe all those communication processes where thaater
- |(Cerf and Iblisdir, 2001a). ; . . ; i
anti-clones ! 1a). In this more elalter tion between the bosonic system carrying the informatiah an

scheme, the signal mode carries all inputs and clones, whilﬁ1 : . : X
; . . . e external decohering environment is governed by a linear
the idler mode carries all phase-conjugate inputs and anti-

clones. Interestingly, for a fixed total number of inpits- N’ a_nd/or bilinear Hamiltonian. In the sir_nplest sc_enario, Sau
the clones have a hi’gher fidelity N’ > 0, a property which sian channels are memoryless, meaning that different imson

. . systems are affected independently and identically. Bisa
holds regardless aff and even survives at the limit of a mea- .
. case of the one-mode Gaussian channels, where each mode
surementM — oo. So the cloning or measurement perfor-

e : sent through the channel is perturbed in this way (Holevo,
mances are enhanced by phase-conjugate inputs. For ex; Holevo and Werrler, 2001).

ple, the precision of measuring the quadratures of two phas
conjugate statels) |a*) is as high as that achieved when mea-  This section is structured as follows. In SEC_V.A, we give
suring four identical statq&>®4 though half of the mean en- a general introduction to bosonic channels and, partilyular
ergy is needed, as experimentally demonstrated by IXisé: Gaussian channels, together with their main propertiesnTh

). Furthermore, the cloning of phase-conjugate ecoheiin Sec[V.B, we discuss the specific case of one-mode Gaus-

ent states was suggested by Chen and Z 2007) and akian channels and their recent full classification. In S&&.
suggested, as well as demonstrated, by Sab (2007)  and VD we discuss the standard notions of classical and-quan
using the linear cloner of Andersenall (2005). tum capacity, respectively, with quantum dense coding and

Gaussian cloners have also been theoretically devised ientanglement-assisted classical capacity revealed ifVIec
an asymmetric setting, where the clones have differentfidel Entanglement distribution and secret key capacities ae di
ties (Fiuradek, 2001). The way to achieve asymmetry isé u cussed in SeE_MF. Finally, in S&c. V.G, we consider the prob
an additional beam splitter that deflects a fraction of tipeitn  lem of Gaussian channel discrimination and its potential ap
beam before entering the signal mode of the amplifier. Thiglications.
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A. General formalism an arbitrary Gaussian stgiéx, V) can be easily expressed in

terms of the first and second statistical moments. In fact, we
Let us consider a multimode bosonic system, with arbi-have (Holevo and Werner, 2001)

trary N modes, whose quantum state is described by an _ _ T

arbitrary density operatop € D(H®N). Then, anN- X—=2Tx+d, V2>TVI" +N, (108)

mode ]5)050'“(_3 channel is a linear m&p: p — £(p) € whered € RN is a displacement vector, whil& and

D(H®Y), which must be completely positive and trace-N — N7 are2N x 2N real matrices, which must satisfy

pl‘eserVIng (CPTL(_N.LQJ_S_QD_QD_d_QhLLbhg.._ZOOO) There are Seyhe Comp|ete p05|t|v|ty condition

eral equivalent ways to represent this map, one of the most . , -
useful being the Stinespring dilatiriE_iQ% N+ —iTQT" >0, (109)
depicted in Fig[1l, a multimode bosonic channel can be reRyhereQ) is defined in Eq[). Note that, fo¥ — 0 andT :—

resented by a unitary '”terf"‘c“‘m between the Input stat@ S symplectic, the channel corresponds to a Gaussian unitary
and a pure statgp) ;, of ancillary Ny modes associated with ; 4 (see Sed ILAR)

the environment. Then the output of the channel is given by S
tracing out the environment after interaction, i.e.,

B. One-mode Gaussian channels
E(p) =Trp [U(po[®) (|5) U] (107)

The study of one-mode Gaussian channels plays a cen-
tral role in quantum information theory, representing one
of the standard models to describe the noisy evolution of
one-mode bosonic states. Furthermore, these channels rep-
resent the manifest effect of the most important eavesdrop-

~ A ing strategy in continuous-variable quantum crypto h
| CD>E — — E D) ~-- 'A‘: Eno%/vn as c%)lllective Gaussian attacks,qwhich will gg fuﬁ;iﬁ
U T’D ! cussed in Se¢. VI.Bl4. One of the central results in the the-
A e - -YA ory of one-mode Gaussian channels is the Holevo’s canon-
P e > E(P) ical classification. This result was originally derived by
Holevod [2007) and then exploited by several authors to study
FIG. 1 Stinespring dilation of a bosonic chanfelThe input stat¢y ~ the degradability and security properties of these channel
interacts unitarily with a pure staté) ,, of the environment, which ~ (Caruscer al!, [2006; Pirandola, Braunstein, and Lloyd, 2008;
can be chosen to be the vacuum. Note that, besides the @l(tput  |Pirandola, Garcia-Patroer,.all,[2009).
there is a complementary outpfi5) for the environment. In some An arbitrary one-mode Gaussian changeis fully char-
cases, the two outputs are connected by CPT maps (see text).  acterized by the transformations of Ef._(1L08), where now

d € R? andT, N are2 x 2 real matrices, satisfying

Note that, in the physical representation provided by the N =N” >0, detN > (det T — 1)2 (110)
Stinespring dilation, the environment has an output too. In -7 - '
fact, we can consider theomplementary bosonic channel The latter conditions can be derived by specifying Eg.(109)
£ : p — E(p) which is defined by tracing out the sys- to one mode = 1). According to (2007), the
tem after interaction. For particular kinds of bosonic chan mathematical structure of a one-mode Gaussian chahnel

nels, the two output§(j) and€(p) are connected by CPT G(d, T, N) can be greatly simplified. As depicted in Hig. 2(a),

An important property of the Stinespring dilation is its gueé-
ness up to partial isometries (Paul 002). As a resiét, o
can always choos@) , = |0) , where|0) , is a multimode
vacuum state.

maps. This happens when the channeldsradable or anti-  everyG can be decomposed as
degradable. By definition, we say that a bosonic chanéigb R - ;
degradable if there exists a CPT map suchthatDo & = & G(p)=w [C(UPU )} wt, (111)

(Devetak and Shor, 2005). This means that the environment@lhere {7 and W are Gaussian unitaries, while the mép
output&(p) can be achieved from the system outgp) by  which is called thecanonical form, is a simplified Gaussian
applying qnother bosonic chanriel By contra_st, a bosonic channelc = C(d., T.,N,) with d. = 0 and T, N, di-
channek is calledanti-degradable wherj there is aCPTmap agonal. The explicit expressions @, and N, depend on
Asuch thatd o € = € (Caruso and Giovannetti, 2006) (see three quantities which are preserved by the action of thesGau

Fig.[I). _ _ _ Sian unitaries. These invariants are the generalizedmis-
The most important bosonic channels are the Gaussiagyiry r := det T (ranging from—oc to +o0), the rank of
channels, defined as those bosonic channels transformiRge channet := min[rank(T),rankN)] (with possible val-

Gaussian states into Gaussian states. An arbithayode  yes, = 0,1, 2) and thethermal number , which is a non-
Gaussian channel can be represented by a Gaussian dilatigizgative number defined by

This means that the interaction unitdfyin Eq. (I07) is Gaus-
sian and the environmental stgte) .. is pure Gaussian (or, (det N)l/2 , forr=1,
equivalently, the vacuum). Furthermore, we can choose an
environment composed dfz < 2N modes [(Caruser all, (det N)L/2 1

[2008)20111). The action of &-mode Gaussian channel over 20 —7 27

3

(112)
for £1.



These three invariants, r, n} fully characterize the two ma-
trices T, andN,, thus identifying a unique canonical form
C = C(r,r,n). In particular, the first two invariantsr, »} de-

termine therlass of the form. The full classification is shown
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in tablefl.
T |r Class Form T. N.
0 |0 Ay C(0,0,7) 0 (2n+ 1)I
0 |1 Ay ||C(0,1,m)| HZ (27 + DI
1|1 By C(1,L,0)|| I Lz
1 ]2 By ||C(1,2,n)] I nl
1 | 0| Bz2(Id) ||C(1,0,0) I 0
(0,1)] 2 ||C(Loss) ||C(7,2,n)|| v7I |(1—7)(27+ 1)I
>1(2||C(Amp)||C(T,2,n)| v/7I [(r—1)(2n+ 1)I
<02 D ||c(r,2,7)||vV/—7Z|(1 —T)(2R + 1)I
(113)

TABLE | The values of{r,r} in the first two columns specify a
canonical classly, Az, B1, B2, C or D (third column). Within each
class, the possible canonical forms are expressed in thiehfoal-
umn, where also the invariantmust be considered. The correspond-
ing expressions off'. and N, are shown in the last two columns,
whereZ := diag(1, —1), I := diag(1, 1) andO is the zero matrix.

Let us discuss the various classes. Cldsds composed
by forms which are completely depolarizing channels, iiee.,
placing input states with thermal states. Clas$gandB; are
special and involve canonical forms transforming the qaadr
tures asymmetrically. ClasB; describes the classical-noise
channels, transforming the quadraturesas> x + £ where
£ is Gaussian noise with classical covariance matiixThis
class collapses to the identity channel for= 0. ClassC
describes canonical forms with transmissivitiesc 7 # 1.
This class is further divided in two subclass&s(Loss) for
0 < 7 < 1, andC(Amp) for 7 > 1. Canonical forms
in C(Loss) are known agossy channels, also denoted by
L(r,n) :=C(0 < 7 < 1,2,7). These are the most important

ones, representing the basic model to describe commumricati

(a)
pe—U w > G(8)
(b)
—
1%
LEL|I>
pe—u — M=)
(c) = (d)
V) A (i)
EH > LE |
- A M N _ A M \

FIG. 2 (a) A generic one-mode Gaussian charhelan be repre-
sented by a canonical forg up to input and output Gaussian uni-
tariesU andW. (b) An arbitrary canonical forr@ = C(7,r,72) can

be dilated to a three-mode canonical unitaky which is described
by a class-dependent symplectic transformalios= L(r, ). This
unitary evolves the input staté together with an EPR state)
with noise-variancez = 27 + 1 and belonging to the environment.
(c) Apart from classBa, all the other classes can be dilated using
L(r,7) = M(7,r) @ I.. This means that only one mode of the
EPR statdv) is combined with the input modd. (d) Tracing out
modee, we get a thermal stai®7n) on modeE. Thus the canonical
forms of all the classes bug, can be represented by a single-mode
thermal state interacting with the input state via a two-enggim-
plectic transformatiofM.

lines such as optical fibers. In a lossy channel, the input sig
nals are attenuated and combined with thermal noise, iee., wyze L(r, r) for the various classes, starting fraBa. For null

havex — /7x++/1 — 7%, Whereky, are in a thermal state
with 7 photons. Canonical forms i@(Amp) are known as
amplifying channels, denoted byA(r,n) := C(r > 1,2,n).
They describe optical processes, such as phase-insersitiv
plifiers, where the input signals are amplified with the addit
of thermal noise, i.ex — /7% + V7 — 1Xy,. Finally, class

rank, classB, collapses to the identity and we simply have
L(1,0) = I. However, for full rank the symplectic matrix
L(1,2) does not have a simple expres&@%l:l%lmoon. If
we exclude the clasBs, the symplectic matridL, can always

be decomposed &(7,r) = M(r,r) @ I., whereM de-
scribes a two-mode canonical unitary acting on madiesd

D is associated with negative transmissivities. Its forms ca E, while I.. is just the identity on mode. As depicted in
be seen as complementary outputs of the amplifying channel&ig.[2(c), this means that only one mo#leof the EPR state

|v) is actually combined with the input modé Clearly by

We can easily construct the Stinespring dilation of all thetracing out the unused EPR modewe get a thermal state

canonical formg (Pirandola, Braunstein, and Lloyd, 2088).
depicted in Fig[R(b), an arbitrary for@(r,r,n) can be di-

lated to a three-mode canonical unitéfy corresponding to a
6 x 6 symplectic matrix.. This unitary transforms the in-
put states (mode A) together with an environmental EPR
state|r) (modesE ande) of suitable noise-variance [see
Eq. (42)]. In particular, the symplectic matrix is detergin
by the class, i.eL. = L(r,r), while the EPR state is deter-
mined by the thermal number, i.e.,= 27 + 1. Let us ana-

with 7 photons on modé?, as depicted in Fid.]2(d). Thus
the canonical formé&(r, r, ) of all the classes buB, admit

a physical representation where a single-mode therma stat
p(n) interacts with the input state via a two-mode symplec-
tic transformationM (7, ). Despite being simpler than the
Stinespring dilation, this unitary dilation involves a raten-
vironmental state and, therefore, it is not unique up toiglart
isometries. The explicit expressionsNf(r, r) are relatively

easy [(Caruser all, [2006). For classed;, A, and B;, we
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have in terms of bits per letter and quantified by the Shannon en-
147 tropy H(A) = — 3", palog p, (it is understood that when we
M(0,0) = ( 01 > , M(0,1) = < T2 Z{I > , (114) consider continuous variables, the probabilities areaes
1o I = by probability densities and sums by integrals.) By draw-
1 Ltz ing many times, Alice generates a random message;, - - -
M(1,1) = < 1-7z _21 > : (115)  whichis sent to Bob through the noisy channel. As long as the
2 channel is memoryless, i.e., it does not create correlatien
Then, for classe€§'(Loss), C(Amp) andD, we have tween different letters, Bob’s output message can be desstri
by drawings from another random variatBe:= {b, p,} cor-
M0 <7<1,2) = ( VZ2 BRI | ) (116) related to the input on® = A (A). On average, the number
’ —/1—-71 /71 ’ of bits per letter which are communicated to Bob is given by
— the mutual informatiord (A : B) = H(B) — H(B|A), where
M(r > 1,2) = ( V7L To1Z ) ; (117)  H(BJA) is Shannon entropy @B conditioned on the knowl-

VT =12 7l edge ofA (Cover and Thomas, 2006). Now, the channel ca-
V—1Z 1-71 ity C(\N), expressed in bits per channel use, is given b
M(r <0,2) = T . 118) PacityC(V), exp . p 2 IS given by
(r ) ( —V1—=71 —/—7Z > (118) maximizing the mutual information over all of Alice’s possi
ble inputs
Here it is important to note that Eq._(116) is just the beam P
splitter matrix (cf. Eq.[(38)). This means that the Stine- CN) = max I(A: B). (119)

spring dilation of a lossy channdl(r, ) is an entangling
cloner (Grosshans, van Assclkegl!, 12003), i.e., a beam It is important to note that many communication chan-
splitter with transmissivity- which combines the input mode nels, such as wired and wireless telephone channels ard sate
with one mode of an environmental EPR statg. Clearly, lite links are currently modeled as classical Gaussian chan
this implies the well-known physical representation foe th nels. Here the input variablé generates a continuous sig-
lossy channel where a beam splitter of transmissivityixes nal a with varianceP which is transformed to a continuous
the input state with a single-mode thermal state). A par-  outputb = 7a + £, wherer is the transmissivity of the
ticular case of lossy channel is the pure-loss chadite]0) channel, and is drawn from a Gaussian noise-variable of
which is given by settingi = 0. In this case the Stinespring varlanceV Shannon’s theory gives the capacityN') =
dilation is just a beam splitter mixing the input with the vac 3 log (1 + 7PV ') (Cover and Thomas, 2006). We remark
uum. that this result predicts an infinite communication ratetigh
Finally, let us review the degradability properties of thea noiseless channél” = 0). This counterintuitive result is
one-mode Gaussian channels. Since these properties are fHie to the lack of limitation to the measurement accuracy in
variant by unitary equivalence, we have that a degradablelassical physics. This is no longer true when we consider th
(antidegradable) channél corresponds to a degradable (an- actual quantum nature of the physical systems. In fact, if we
tidegradable) forng. All the formsC(7,r,7) with transmis- ~ encode classical information in the temporal modes (pllses
sivity 7 < 1/2 are anndegradablé_(Q_a.m_s_o_an_d_denetn of the quantized electromagnetic field, then the capacithef
@(5) This includes all the forms of classés, 4,, D and identity channel is no longer infinite but depends on the inpu
part of the forms of clas€, i.e., lossy channel§(r,n) with  energy. As shown by Yuen and Ozawa (1993), the capacity of
7 < 1/2. By unitary equwalence this means that one-modéhe identity channel is given byC(Z) = g(2m + 1), where
Gaussian channels with transmissivity< 1/2 are all an-  g(-) is given in Eq.[(4FF) andn is the mean number of pho-
tidegradable. For > 1/2 the degradability properties are not tons per pulse. Thus, a quantum mechanical treatment of the
so straightforward. However, we know that pure-loss chinne problem gives a finite solution for finite energy, showingttha
L(7,0) with 7 > 1/2 and ideal amplifying channeld(r, 0) guantum mechanics is mandatory in understanding the ulti-
are all degradable. mate limits of communication.
Since information is fundamentally encoded in a physical
system and quantum mechanics is the most accurate repre-
C. Classical capacity of Gaussian channels sentation of the physical world, it is therefore natural $& a
what are the ultimate limits set by quantum mechanics to com-
Shannon proved that sending information through a noisynunication? Since the 1980s several groups started swidyin
channel can be achieved with vanishing error, in the limit ofguantum encoding and detection over optical channels, mod-
many uses of the channel. He developed an elegant matieled as Gaussian quantum channels (Caves and Drummond,
ematical theory in order to calculate the ultimate limits on1994;Hall, 1994[ Shapird, 1984; Yuen and Shagiro, 1980).
data transmission rates achievable over a classical commmurAn important milestone was achieved with the Holevo-
cation channelV, known as the channel capacity (Sharinon,Schumacher-Westmoreland (HSW) theorém (Hdlévo, [1998;
[1948). Let us consider two parties, Alice and Bob, whichSchumacher and Westmorelahd, 1997), which laid the basis
are connected by an arbitrary noisy chaniél At the in-  for a quantum generalization of Shannon’s communication
put, Alice draws letters from a random variable (or alpha-theory. First of all, let us introduce the notions of quantum
bet) A := {a,p.}, Where the letter, occurs with probabil- ensemble and Holevo bound (Holevo, 1973). An arbitrary
ity p,. The information content of this variable is expressedrandom variabled = {a,p,} can be encoded in a quantum
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ensemble (or sourced = {j,,pa}, Where each letter is  C(M) > ¢ (M)? [Hastings[(2009) proved the existence
associated with a quantum letter-stateoccurring with prob-  of channels for which this is the case. However, for one-mode
ability p,. Since quantum states are generally non-orthogonahosonic Gaussian channels this is still an open question.
a non-trivial question is the following: what is the maximum A first step in this direction has been the computation of
information that we can extract frogh using a quantum mea- the capacity of a pure-loss channg}, := L(r,0). By
surement? This quantity is called the accessible infolonati exploiting the sub-additivity of the von Neumann entropy,
of the ensemble and is less than or equal to the Holevo bouniovannettier o/} (2004a) obtained an upper-bound oL
defined as coinciding with the lower-bound reported ﬁrﬁ_ﬁ)ﬂ
(1999) and Holevo and Werner (2001). As a result, a pure-
X(A) = S(64) = > paS(pa) , (120)  loss channelz, of transmissivity~ has classical capacity
a C(L,) = g(rp+ 1 — 1), wherep := 2m + 1 andm is
wheres(-) is the von Neumann entropy afd = 3~ puja is the mean nL_meer _of photqns per inp_ut mode. Interestingly,
. e one can achieve this capacity by sending coherent states mod
the average state of the ensemble (for continuous ensembleﬁated with a Gaussian distribution of variange— 1 — 1

the previous sums become integrals). Now, the key-result o . : :
. : . t the detection stage, collective measurements might be ne
the HSW theorem is that the Holevo bound is asymptotically e . :
essary. However, this is not the case in the regime of many

achievable when we consider a large number of extractions o - )
. hotons, where heterodyne detection is sufficient to aehiev
from the source and a collective quantum measurement. | e capacity

this limit, the Holevo boung,(A) provides the accessible in- The model of pure-loss channé, can be adopted to de-

formation per letter-state. . ST .
. . scribe broadband communication lines, such as wave guides,
These results can be directly applied to memoryless quan

tum channelsM. In this case, the letter-states drawn from where the losses are independent from the frequency. For a

N ; . . pure-loss channel of this kind which employs a set of fre-
a sourced = {p,,p,} are transformed identically and inde- Lencieso. — ksw for integerk. one can derive the ca-
pendently by the channel, i.61,, ® pa, -+ — M(pa,) @ d b ger®

N . ! pacity C = &v7PT, wherer is the transmissivity]' =
M(pa;) By performing a collective measurement on thezw/&u is the transmission time? is the average transmitted

g::;ps;mizsn?’]geﬁ'jg;tev,vﬁ(e):)ecan extract an averageAiM) power, and¢ is a constant (Giovannetti all, (2004a) 2003;

' Yuen and Ozawa, 1993). Another important scenario is free-
space optical communication. Here, transmitter and receiv
communicate through circular apertures of ardasand A,
which are separated by a distante Far-field regime corre-
Thus the Holevo boung(A, M) gives the optimal communi- sponds to having a single spatial mode, which happens when
cation rate which is achievable over the memoryless quantum; A4, w? (2mcL) ™% := 7(w) < 1, wherecis the speed of light
channelM for fixed sourced. Maximizing this quantity over ~andr(w) is the transmissivity of the optimal spatial mode with
all the sourcesA we obtain the (single-shot) capacity of the frequencyw (Yuen and Shapiro, 1978). We have a broadband

XA M) = SIM(64)] = paSIM(pa)] . (121)

channel far-field regime when we use frequencies up to a critical fre-
guencyw,, such that(w.) < 1. In this case, we can compute
cM(M) = mji%XX(A, M). (122)  the capacity
Yo
For bosonic systems, where memoryless channels are usu- C = (wcT/27Ty0)/ dz g[(e'/* —1)71], (124)
0

ally one-mode channels, the quantity of Hg, (122) must be

constrained by restricting the maximization over sourciéls w where 1y, is a parameter which is connected with the

bounded energ¥r(6.47) < m. energy constraint| (Giovannettiall, [2004&;| Guhal 2008;
Note that we have introduced the notation single-shot irShapiraez all,12005). Recently, the computation of this clas-

the definition of Eq.[{122). This is because we are restrictsical capacity has been generalized to the presence of op-

ing the problem to single-letter sources which input praductical refocusing systems between transmitter and receiver

states. In general, we can consider multi-letter sourcéshwh (Lupoez all, ).

input states that are (generally) entangled betweeses of

the channelM®". Then, we can define the full capacity of

the channel via the regularization 1. Bosonic minimum output entropy conjecture
. 1 Despite a huge research effortin recent years, little r
C(M) = lim —CO (M) . 123 P 9 : centyears, little (s
(M) nl—{r;on (M=) (123) has been achieved in the calculation of the classical ca-

: . acity of other one-mode Gaussian channels. However,
For one-mode bosonic channels, the computation of Eq] (1235y using Gaussian encodings, we can easily give lower

mvt:jlves tthe lmdaX|tmt|zat|ond ov?_r spurctﬁs which enm{t bounds |(Lup@zall, 2011). For instance, using a coherent
mode entangled states and satisfying the energy constrai ate encoding at the input of a lossy chanbet, »), we can

~ . @n h ; . .
Tr(647%") < nm. Now an important question to ask is gompute the following lower bound for the capacity
if the presence of entanglement can really enhance the rate

of classical communication. In other words, do we have C(L) > g[ru+(1—7)v]—g[r+(1—7)v] := C(L), (125)
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wherev := 2 + 1, ;= 2m + 1, andm is the mean number whereprp := (Zr @ M)(Pra), Zr being the identity chan-
of photons per input mode (Holevoal!,[1999). Itis believed nel on the mirror systenk. The (single-shot) quantum capac-
that this lower-bound is tight, i.e(f(£) = C(£). This con- ity is computed by maximizing over all the input states
jecture is implied by another conjecture, known as the biason

minimum output entropy conjecture and stating that the min- o .

imum entropy at the output of a lossy channel is realized by QM) = mex J(M, pa). (127)

a vacuum state at the input, i.&]L(]0) (0|)] < S[L(p)] for

everyp. It seems extremely reasonable to assume that sendin
nothing through the channel is the best way of minimizing th

noise (entropy) at its output. However, such a simple stat : 3 s
ment is still today without a proof. Using Lagrangian min-e[-_s-mﬂhﬂﬂu’ 2011; | Smith and Yard,_2008), the correct

imization it has been possible to prove that vacuum is a lod€finition of guantum capacity is given by the regularizatio

cal minimum of the output entroply (Giovannedtiall,2004b; (Devetax| 2005; Lloyd. 1997: Shor, 2002)

ILloyd et all,[2009). In the work of Giovannet all (2004b) a

simulated annealing optimization suggested that outpats p 1 &n A

duced by a vacuum input majorize all the other outputs, and QM) = Jim npax J(ME", pan) (128)
therefore have smaller entropy. Other studies showedlibat t

output Rényi entropy of integer orders 2 is minimized by i )
the vacuum input and is also additiVe (Giovannetti and Ljoyd "/Nere the input statg. is generally entangled overuses
2004:[Giovannetti, Lloyder all, [2004). Unfortunately, the of the channel\®™. It is important to note that the coher-

von Neumann entropy is the Rényi entropy of ortlewhich ent information computed over bosonic channels is finiteeve
is therefore not covered by these results. By restrictireg th fOr infinite input energy. As a result the quantum capacity of

input states to Gaussian states it was proven that vacuupPSenic channels is still defined as in Eg. (128) without the
gives the minimal output entroply (Giovannettiull, 2004b; need of energy constraints. Another important considamnati
Hiroshiméa, 2006} Serafini, Eisert, and WaIf, 2D05): unfertu regards degradable and antidegradable channels. As st}own_ b
nately this does not preclude the possibility of having nonlD—eie—tak—a-n-d—S-h_buZQDS)' degradable channels have additive
Gaussian input states performing better. Finally, alternaduantum capacity, i.eQ(M) = Q' (M). By contrast, an-

tive approaches to the problem were also proposed, such ddegradable channels have null quantum capagityt) = 0

proving theentropy photon-number inequality 8), Caruso and Giovannetti, 2006).

which is a quantum version of the classieatropy power in- Let us consider the specific case of one-mode Gaussian

equality (Cover and Thomas, 2006). channels. In this case a lower bound can be computed
by restricting the quantum capacity to a single use of the
channel and pure Gaussian states. Thus, for an arbitrary

D. Quantum capacity of Gaussian channels one-mode Gaussian channglwith transmissivityr # 1,

_ we can write the lower-bound_(Holevo and Welner, 2001;
Quantum channels can be used to transfer not just clas$pirandola, Garcia-Patroer,all, 2009)

cal information but also quantum information. In the typi-

cal quantum communication scenario, Alice aims to transmit

quantum states to Bob through a memoryless quantum chan- (g) > Q(19)(g) = max {0, log T ’ — g(u)} 7

nel M. The quantum capacity (M) of the channel gives the -7

number of qubits per channel use that can be reliably trans- ) (129)
mitted. As shown by Schumacher and Nielden (1996), a cruwherev := 2n + 1 andn is the .thermal number of the chan-
cial role in the definition of the quantum capacity is playednel- Clearly this formula applies to all the canonical forms
by the coherent informatiofi(M, /.4 ), which is a function of ~ Of classes4,, A,, €' and D. There are remarkable cases
Alice’s input 54 and the channeM. In order to define this Where the bound in Ed.{IP9) is tight. This happens when the
quantity, let us introduce a mirror systefhand the purifica- ©On€-mode Gaussian channel is degradable. The proof given
tion B4 = |B) (B| ., of the input state,s — Trp(®pa), as N (Wolf erall,[2007) combines the additivity for degradable

shown in Fig[B. Then, the coherent information is defined bychannelsQ(g) = Q" (G) with the extremality of Gaussian
g )étatesQ(”(g) = QM9(G) (Woalf ez all, [2006). Important

ince this quantity is known to be non-additive

11998; [ Smith and Smolin, [ 2007;

_______A“_C_e__l Channel Bob examples of degradable one-mode Gaussian channels are the
' ¢ R LA B H ideal amplifying channelsl(r, 0) and the pure-loss channels
 €—o D M laea plitying T, p
b meooo- i - B L(,0) with transmissivityr > 1/2. Another case, where the

A previous bound is tight, regards all the one-mode Gaussian

FIG. 3 Alice’s inbut states « is trans 4 into Bob's outout stat channels with transmissivity < 1/2. These channels are
. ICe'S INput Stale 4 IS transtormed Into bobD'S output state in fact antidegradable and we ha@g) _ Q(l’g)(g) - 0.

pB by a generic memoryless channel. The input statg¢4 can be

purified by introducing an additional mirror systefn Note that We can also cqmpute a lower bound t(.) the quan-
tum capacity forr = 1 in the case of a canonical form
B,. This is achieved by using continuous-variable stabilizer

J(M,pa)=S(pB) — S(prB) (126)  codes|(Harrington and Preskill, 2001).
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E. Quantum dense coding and entanglement-assisted F. Entanglement distribution and secret-key capacities
classical capacity
Other important tasks that can be achieved in quantum in-
The classical capacity of a quantum channel can be information are the distribution of entanglement and seargsk
creased if Alice and Bob share an entangled state. Thisteffegyer guantum noisy channels. Given a memoryless channel
is known asjuantum dense coding. The analysis that reaches A1, its entanglement distribution capaciB(M) quantifies
this conclusion ignores the cost of distributing the enteng the number of entanglement-bits which are distributed per
ment. The rationale for doing this is that the entanglemenyse of the channel. As shown by Barnanuil (2000), this
does not carry any information per se. Originally introdiice quantity coincides with the quantum capacity, iB(M) =
in the context of qubits (Bennett and Wiesrier, 1992), densg)(M). Then, the secret-key capacify(M) of the chan-
coding was later extended to continuous variables! ([Barg;199 nel provides the number of secure bits which are distributed
Braunstein and Kimble, 1999; Ralph and Huntinglon. 2002)per use of the channel (Devetak, 2005). Since secret bits
with a series of experiments in both settin .2002;  can be extracted from entanglement bits, we generally have
Mattle et al!, 1996 Mizuncer all,2005; Pereirar al!,2000).  k(N) > E(M). Using classical communication, Alice
The basic setup in continuous variables considers the dissnd Bob can improve all these capacities. However, they
tribution of information over an identity chanriglby means need feedback classical communication, since the cagsciti
of a single bosonic mode. Here Bob possesses an EPR staigsisted by forward classical communication, ié., (M),
of varianceV'. This state can be generated by combining ag_, (M) andQ_, (M), coincide with the correspondingas-
pair of single-mode squeezed states with orthogonal squeeg;sreq capacities K (M), E(M) andQ(M) ,
ings into a balanced beam splitter. In particular, the sgeee 2000 DevetaK, 2005).
quadratures must have variankg = V — vV — 1. Bob Unfortunately, the study of feedback-assisted capadigies
sends one mode of the EPR state to Alice, while keeping thg very difficult task. Alternatively, we can introduce sirepl
other mode. To transmit classical information, Alice modu-capacities, called reverse capacities, defined by the nizaim
lates both quadratures and sends the mode back to Bob, Witlyn over protocols which are assisted by a single feedback
mean number of photons equalito To retrieve information,  ¢lassical communication (known as reverse protocols).-A re
Bob detects both received and kept modes by using a Be{lerse protocol can be explained considering the purified sce
measurement with detector efficiengye [0, 1]. The achiev-  nario of Fig[3. Alice sends to Bob a large numberiaihodes

able rate is given by (Ralph and Huntington, 2002) while keeping thek modes. Then Bob applies a quantum op-
NAm — Vg — 1/Veg + 2) eration over all the outpu® modes and communicates a clas-

Rdc(I) =log |1+

LV +1—1) (130)  sical variable to Alice (single final classical communioai.
MVsa K Exploiting this information, Alice applies a conditionalan-
This rate can exceed the classical capacity of the ideritiipe  tum operation on all thé? modes. Thus we have the reverse
nel C(Z) at the same fixed average photon numbefor a (<) entanglement distribution capacify(M) and the re-
considerable range of valuesaf, and. verse secret-key capacily¢ (M), which clearly must satisfy

The advantages of quantum dense coding can be extendddq(M) > E4(M). Interestingly, these capacities can be
to an arbitrary memoryless channgt. This leads to the lower bounded by a quantity which is very easy to compute.
notion of entanglement-assisted classical capacigfM),  Infact, as shown by Garcia-Patrémnal! (2009), we can define
which is defined as the maximum asymptotic rate of reliablghereverse coherent information

bit transmission over a chann&fl assuming the help of un-
limited pre-shared entanglement. As show Jr(M, pa) = S(pr) — S(prB) - (134)

(2002) this is equal to
R This quantity differs from the coherentinformatidM, 5 .4)
Ce(M) :HgaAXI(Mva)v (131)  py the replacemen$(pg) — S(pr) = S(pa). For this
A A o reason, we can havér (M, pa) > J(M, pa) for channels
wherel(M, pa) = S(pa) + J(M, pa) is the quantum mu-  which decrease entropy, i.eS(p4) > S(pp). Optimiz-
tual information associated with the channéland the input ing the reverse coherent information over all the inputs, we
statep 4 (J is the coherent information). For one-mode Gaus-can define the (one-shot) reverse coherent informationceapa
sian channels,_the (Eapzac@@_ must be_ computed under the ity Eg)(/\/l) and the corresponding regularizatiéi(M).
gg:;?]yecwonitrgl(hfg()pévne) h<_a \7/7;‘ (morfs\;gc;rll?jr’V]:/%rrseeu;%-(l)ols)s Interestingly, this quantity turns out to be additive fot al
p = MDY ’ channels, so that we simply hagz(M) = E{)(M).

Ce(Ly) =g(p)+g9(tu+1—7)—g(A_)—g(Ay), (132) Now the capacityEr(M) provides a lower bound for the
- ~ _ reverse capacities, i.el (M) > Eq(M) > Er(M).

wherey = 2m +1andAy = D £ m(1 —7), with The expression ofSz(M) can be very simple. As shown

D = {1+ m(r+1)]2 — drm(m + 1)}/2. (133) by [Pirandola, Garcia-Patroer,all (2009), an arbitrary one-

mode Gaussian channglwith transmissior # 1 has

This capacity is achieved by a Gaussian state.7~ef 1 we
have the identity channel and we @&t (Z) = 2¢(u), which

is twice its classical capacity(Z). Er(G) = max {0’ log

|-} a
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wherer := 2n + 1 andn is the thermal number of the chan- achieve the most rapid decaying behavior. In both cases find-
nel. Note thatE'z(G) can be positive for < 1/2, where the ing the optimal input state for fixed energy is an open problem
channel is antidegradable and, therefd&ég) = Q(G) = 0. However, we can try to answer related questions: for fixed
Thus, despite the fact that the unassisted (forward-asSist energy, does entanglement help? Or more generally: do we
capacities are zero, the use of a single feedback classizel ¢ need non-classical states for minimizipg..? By definition
munication is sufficient to distribute entanglemehit(G) >  a state is called classical (non-classical) when it cann@gn

0) and secret keysK 4(G) > 0). In cryptographic terms, be written as a probabilistic mixture of coherent states, i.
antidegradibility means that an eavesdropper is able wrec j = f daP(a)|a) (af, where|a) = |a1) ® - ® |apyar)
struct the output state of Bob. Despite this, Alice and Bab ar andP(«) is a probability density function. Classical states are
still able to extract a secret key from their shared corieat always separable and represent the standard sourcesyrstoda
by using a reverse secret-key protocol. This is a remarkablgptical applications. By contrast, non-classical stasesli as
feature of reverse reconciliation, further discussed iRh number states, squeezed and entangled states) are only gen-
ter[VIl erated in quantum optics labs. Thus, we can formulate the
following question: for fixed signal energyn(,; or m) and
optimal output detection, can we find a non-classical state
which outperforms any classical state in the discrimimatb
two Gaussian channels? This basic question has motivated

The discrimination of quantum channels represents OnraLIJtr;]eoIrDetlcal u(;vlgstlgatlorhls;Plrgngb_‘jm.éf_éoog
of the basic problems in quantum information thedry (A 2008; Usha Devi and Rajagopal. 20 uen and Nair )-

2001 [Child 1. 2000/ Chiribell . 20081D il In particular, it has been answered in two interesting seena
2009: [Harrower all. 2010:[ Havashi 204)9 \nvernizzial. ios, with non-trivial implications in quantum technology.
2011; Sacchli, 20d)$, Wang and Ying, 2006). Here we discuss

G. Gaussian channel discrimination and applications

the problem of distinguishing between two Gaussian chan: M g e

H H . Signals u
nels. Suppose that we have a black box which implement: l ™, u=0
one of two possible (one-mode) Gaussian chandglsr G:, ot A Black Box 3
with the same probability, and we want to find out which one state P u _
it is. In other words, the box contains an unknown Gaussiar T L Output u=1
channelg, encoding a logical bit: = 0,1 and we want to > Detection

Idlers

retrieve the value of this bit. The basic approach involves

probing the box with a one-mode quantum statand de-  FIG. 4 Gaussian channel discrimination. The input stedescribes
tecting the corresponding outpdt} := G, (p) by means of a M signal modes and idler modes. Only the signals probe the black
guantum measurement. However, this approach can be realabx which contains one of two possible (one-mode) Gaussian-c

ily generalized. In fact, we can consider multiple accesh@éo nelsGo or Gi (encoding a bit:). Atthe output, signals and idlers are
box by inputting)/ signal modes. Then, we can also considerdescribed by a dichotomic quantum statewhose detection gives
additionalL idler modes, which are not processed by the box@n estimate of the bit.

but are directly sent to the output measurement, as shown in

Fig.[@. Thus, for a given stat@ of the input)/ + L modes, The first scenario is known asantum illumination (Lloyd,

we have two possible output statés, andé, described by [2008) with Gaussian statés (Tamull,[2008). Here the Gaus-
the dichotomic staté,, = (G®M @ Z%5)(p), whereG®M  sian channel discriminatiofy, # G, is related with the prob-

is applied to the signals and the identif?” to the idlers. lem of sensing the presence of a low-reflectivity object in a
This output is detected by a multimode quantum measurebright thermal-noise environment. In this case, the blamk b
ment whose outcome estimates the encoded bit. Now, sina# Fig.[4 represents a target region from where the signals ar
6o and g, are generally non-orthogonal, the bit is decodedreflected back to the detector. If the object is absent @iter

up to an error probability.,... Thus, the main goal of the wu = 0) we have a completely depolarizing chan@é), 0, )
problem is the minimization of.,., which must be done on which replaces each signal mode with an environmental mode
both input and output. For fixed input statethe optimal de- in a thermal state witm > 1 photons. By contrast, if the
tection of the output is already known: this is the Helstrem’ object is present (bit-value = 1), we have a lossy channel
dichotomic POVM discussed in Séc.Tl.A. However, we do L(x,7’) with high lossx < 1 and high thermal number :=

not know which state is optimal at the input. More precisely,n/(1 — k) > 1. These channels are entanglement-breaking,
we do not know the optimal input state when we constrain the.e., no entanglement survives at the output. Now, assum-
signal energy irradiated over the box. Here there are twdkin ing very few photons per signal mode < 1 (local con-

of constraints that we can actually consider. The first one istraint), we ask if a non-classical state is able to outparfo

a global energy constraint, where we restrict the mean totadny classical state. To this goal, we construct an EPR trans-
number of photonsgn,,; irradiated over the box. In this case mitter composed of/ signals andV/ idlers in a tensor prod-
the minimum value of.,.- can be non-zero. The second one isuct of EPR states, i.e®y; := p11(r) ® - - ® pua (), where

a local energy constraint, where we restrict the mean numbe;; (r) is an EPR state of squeezingvhich entangles signal

of photonsm per signal mode. In this case, the valueygf,. modei and idler modg. The corresponding error probability
generally goes to zero fa¥/ — +oo and the problemis to p... = pepr(M) can be computed using the Gaussian for-
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mula of the quantum Chernoff bound (see $ec. 1II.A.2.a). Fopad (Vernair, 1926). Here two parties, Alice and Bob, share a
large M, we derivepgpr(M) ~ exp(—Mrm/n)/2, which  pre-established secret key unknown to a potential eavpsdro
decays to zero more rapidly than the error probability of anyper, Eve. In this technique, Alice encodes her message by
classical state witfi/ signals and arbitrary idlers. In partic-  applying a modular addition between the plaintext bits amd a
ular, if we restrict the classical states to coherent stédten  equal amount of random bits from the secret key. Then, Bob
we have an error probability.., (M) ~ exp(—M~rm/4n)/2  decodes the message by applying the same modular addition
which is 6 dB worse tharpepr(M) . 2008). In-  between the ciphertext received from Alice and the secret ke
terestingly, the quantum illumination advantage accrues d The main problem of the one-time pad is the secure genera-
spite the fact that no entanglement survives at the output. Ition and exchange of the secret key, which must be at least
fact, even if the output signal-idler correlations are witthe  as long as the message and can only be used once. Distribut-
classical bounds, there is no classical input state thapoan ing very long one-time pad keys is inconvenient and usually
duce a close approximation to this output state. Furthe&kstu poses a significant security risk. For this reason, pulig-k
ies on quantum illumination of targets have been pursued bgryptography is more widely used than the one-time pad.

Shapiro and Lloyd (2009) and Guha and Erkiien (2009). Quantum cryptography, or quantum key distribution (QKD)

_The second scenario regards_ the use of non-classical trangs it is more accurately knownis a quantum technology al-
mitters to read data from classical digital memories, sw&ch ajq,ing Alice and Bob to generate secret keys that can later
optical disks (CDs and DVDs). This is known gsantum  pe ysed to communicate with theoretically unconditional se
reading (Pirandolal 2011). Here the discrimination of Gaus-cyrity. This is used in conjunction with the one-time pad
sian channels is associated with the rgtrleva_l of mformra_tl or another symmetric cryptographic protocol such as pretty
from a memory cell, modeled as a medium with two p035|blegood privacy |_(_S_Q—h.D§_i|695). The unconditional security
reflectivities. This cell is equivalent to the black box off | ¢ QKD is guaranteed by the laws of quantum mechan-
where the_bnu =0,1 specifies two lossy chiannelsgno,ﬁ) ics (Gisinet all, 2002) and, more precisely, the no-cloning
and L(k1,n), with the s_ame_thermal numberb_ut dlfferent_ theorem (cf. Sed_VJE), which can be understood as a man-
lossesko # 1. For optical disks, we can consider low noise jfestation of the Heisenberg uncertainty principle. Thetfir
(n. < 1) apd k1 close tol. In these conditions, and irradi- QKD protocol was the BB84 protocdl (Bennett and Bradsard,
ating relatively few photons over the cell;,; ~ 10 (global  [1984). Since then QKD has become one of the leading fields
colnstra_mt),_ we can find an EPR transmitley;, with small i quantum information. Despite being a quantum technglogy
M, which is able to outperform any classical state with anyokp js not hard to implement experimentally. In fact, the use
M and L. As shown b}m'@l_ll_)’ the difference in of telecom components over normal optical fibers is sufftcien
the readout of information can be surprising (up to one bit peyq gistribute secret keys with reasonable rates over mefirop
cell), with non-trivial implications for the technology d&ta o network areas, as recently demonstrated by the European
storage. Follow up studies on the quantum reading of memQqy,ion’s SECOQC project (SECOQC, 2007). Today QKD can

ries have been pursued by various authors (Bisid,2011; e considered as a mature fidld (Scaraail, 2009) with sev-
Hirota,[20111 Nalr, 2011; Pirandot@al, 2011). eral start-up companies formed around the world.

In this section, we review the continuous-variable ver-
sion of QKD, whose key elements are the modula-
VI. QUANTUM CRYPTOGRAPHY USING CONTINUOUS tion (encoding) of Gaussian states and Gaussian measure-
VARIABLES ments (decoding), e.g., homodyne and heterodyne detec-
) ) o tion. The first continuous-variable QKD protocols were
Cryptography is the theory and practice of hiding informa-pased on a discrete modulation of Gaussian states (Hillery,
tion (Menezest all,11997). The development of the informa- - [Ralph,[ 1999al_Reid, 2000). The first protocol
tion age and telecommunications in the last century has madg;ced on a continuous (Gaussian) modulation of Gaus-
secure communication a must. In the 1970s, public-key Crypzjan states was introduced m)&_d ) and em-
tography was developed and deals with the tremendous dgjoyed squeezed states for the secret encoding. This idea
mand for encrypted data in finance, commerce and goverag readily extended By Grosshans and Grangier [2002) and
ment affairs. Public-key cryptography is based on the cphce (2003), with the design and im-
of one-way functions, i.e., functions which are easy t0 COMy|amentation of the first continuous-variable QKD protocol

pute but extremely hard to invert. As an example, most of th¢,a5e on the Gaussian modulation of coherent states and ho-
current internet transactions are secured by the RSA proto-

col, which is based on the difficulty of factorizing large num
bers (Rivestr all, 11978). Unfortunately, its security is not
unconditional, being based on the assumption that no efficie 3 Technically, quantum cryptography refers not only to quankey dis-

faCtorizatiO_n algorithmis known for ClaSSica! computdtar- tribution but also other secrecy tasks such as gquantum manen-
thermore, if quantum computers were available today, RSA tum secret and state sharifig (Larcall, 2004{ Tyc and Sandéfs. 2002),
could be easily broken by Shor's algorithm (SHor, 1997). quantum bit commitment (albeit with certain constraifitsafiner all,

. . 2010;[Mandilara and Cérf. 2011)), and quantum random nurgbaer-
Ideally, it Wou_ld b_e de_swable to h_a_ve a completel¥ SECUr® ,1ors [Gabriebr all, [2010). However. it is not uncommon for quantum
way of Commumcat'nQ' e, Uncond|t|0_na| secur N cryptography and quantum key distribution to be used symagly in

) proved that this is indeed possible using the one-tim the literature.
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modyne detection. Shortly afterwards, another coherag-s  signal states using a random number generator. IfSec.5/I.A.
protocol was proposed (Weedbroakal!, 2004,/ 2006) and we also discuss the entanglement-based representatierg wh
implemented|(Lancer all,'2005), known as the no-switching Alice’s preparation is realized by a suitable measuremest o
protocol, where homodyne detection is replaced by hetercan entangled source.

dyne detection. This enables the honest parties to exploit

both quadratures in the distribution of the secret key. It

is important to note that the coherent-state encoding-ntroy A generic protocol

duced by Grosshans and Grangier (2002) is today at the core
qf the rrr:osipromrising cqu;t_:nuo?s-\{ariable gKg irr|1plementa- Any QKD protocol, be it based on discrete or continuous
tions, thanks to the possibility of using standard telecomc | i o o b e divi;jed into two steps: )
- ) , ps: (1) guantum commu

pone.nts (Fossiat al, MJMemmmﬂ, 12007,12006, nication followed by (2) classical post-processing. Dgtine
+Lodewyck and Grangi )- guantum communication, Alice and Bob exchange a signifi-

_ In order to reach significant transmission distancesgant number of quantum states over a communication chan-
..e., corresponding to more thaf dB of loss, WO g| \yhich is modeled as a quantum channel. In each round,
main techniques are commonly used: reverse recomjice encodes a classical random variablento a quantum
ciliation (Grosshans. van Asscheal., 2003) and post- system which is sent to Bob. This system is measured by Bob
selection|(Silberhorer all,2002). Furthermore, the introduc- 44 the output of the channel, thus extracting a random vari-
tion of new protocols using two-way quantum communica-gp|ep, which is correlated to Alice’s. Repeating this procedure
tion (Pirandola. Mancini al’, 2008) and discrete modula- many times, Alice and Bob generate two sets of correlated
tion (Leverrier and Grangier, 2009, 2010b) have shown theata. known as the raw keys.
possibility of furthgr improvements in terms of transmissi Ql’Jantum communication is followed by classical post-
range. Recently, it WaS_ShO‘_Nn _MLe-e-db-mm (2010) rocessing where the two raw keys are mapped into a shared
that a secure key could, in prmuple, be generated OvenShOEecret key (i.e., the final key used to encode the secret mes-
dlstanpes at wav_elengths con.5|derablyllo_ngerthan OE”“"' sage). The classical post-processing is divided into séver
down into t.he microwave regime, providing a potential pIat—Staes (Gisinz all, [2002:[S i all. [2009:[van Assche,
form for .nO|se-toIer-antshort-rgnge QKD' , 2006). The first stage is thefting of the keys where Alice
The first security proof in_continuous-variable QKD 414 Boh communicate which basis or quadrature they used to
was given by Gottesman and Preskill (2001) using squeezegh ode/decode the information, thus discarding incorbieati
states. The proof used techniques from discrete-variablg,ia \We then haveurameter estimation, where the two par-
quantum error correction and worked for states with SqUe€Zjeg compare a randomly chosen subset of their data. This ste
ing greater thar2.51 dB. Subsequent proofs for continuous- 4ys them to analyze the channel and upper-bound the-infor
variable QKD followed, including a proof against individ- 1 ation stolen by Eve. Next, we haveror correction, where
ual attacks for coherent-state protocols (Grosshans arfd Ceyhe tyo parties communicate the syndromes of the errors af-
[2004) and an unconditional security proof which reduced COfecting their data. As a result, Alice’s and Bob’s raw keys ar
hefe”t attacks to collective attaCks_{B_e_an_e_r_a.n_d_UlLagﬂ)ZOO transformed into the same string of bits. Finally, we haxie
Using the latter result, a large family of QKD protocols ;.. smpiification. During this step, the two parties generate
can be analyzed against the simpler collective Gaussian af gmgler but secret key, reducing Eve’s knowledge of the key
tacks (Garcia-Patron and Gerf, 2006; Leverrier and Geing 5 negligible amount (van Assche, 2006). The amount of
2010a; | Navascugs all, 2006) which have been fully aa 1o discard is given by the upper-bound on Eve’s informa-
characterized by_Pirandola. Braunstein. and Lioyd (2008)q which has been computed during the parameter estima-
More rece_ntly, finite-size _effects _have begunn to be Stu_d'tion stage.
'?d LLMUM’M)’W'Fh.the aim of assessing uncondi- It is important to note that the classical post-processing
tional security when only a finite number of quantum systems,Stages of error correction and privacy amplification inestv
have_been gxchgnged. a public channel that Alice and Bob use by means of ei-
This section is structured as follows. In SEC. VI.A We e gne-way or two-way classical communication (the ini-
present the various continuous-variable QKD protocolsgisi ;) stages of sifting and parameter estimation alwayslie/o
Gaussian states. This is followed by an analysis of their seg, . \yay communication). Two-way classical communication
curity in Sec[VLB and finally, in Se¢. VIIC, we discuss the s ajiowed in the postselection protocol which we introduce
future directions of the field. later. When one-way classical communication is used and
is forward, i.e., from Alice to Bob, we have direct recon-
ciliation. In this case, Alice’s data is the reference which
A. Continuous-variable QKD protocols must be estimated by Bob (and Eve). By contrast, if one-
way classical communication is backward, i.e., from Bob
In this section we start by presenting a generic QKD prototo Alice, then we have reverse reconciliation, where Bob’s
col. Then we continue by illustrating the most importantfam data must be estimated by Alice (and Eve). As discussed
ilies of continuous-variable QKD protocols based on the usédy|Pirandola, Garcia-Patroer,all (2009), both direct and re-
of Gaussian states. These protocols are presenie@@ase-  verse reconciliation can be in principle realized by using a
and-measure schemes, where Alice prepares an ensemble afingle classical communication. This observation enables a
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simple definition of the most general protocols in direct andpeating these steps many times, Alice ends up with two string
reverse reconciliation (direct and reverse protocols)uing  of data(ag, a,) correlated with Bob’s datéb,, b,). Hetero-
these protocols we can define the direct and reverse secretyne detection allows for a simpler experimental setup; pro
key capacities of an arbitrary quantum channel (see[Sek. V.Fducing higher secret-key rates and can be used in conjunctio
Another important observation is that the public channetlus with all known continuous-variable QKD protocols.

for the classical communication must be authenticateds Thi

means that Alice and Bob have to identify themselves by us-

ing a pre-shared secret key (Renner and Wolf, 2005). As @ squeezed-state protocols

result, QKD does not create secret keys out of nothing, but
rather expands initial secret keys into longer ones.

The ability to use coherent states was a milestone in
continuous-variable QKD and is currently, by far, the most
popular state to use both theoretically and experimentally
2. Coherent-state protocol (homodyne detection) However, the first protocol based on the Gaussian modulation

of Gaussian states with Gaussian measurements was given by

A seminal result in QKD using continuous variables|Cerfer all (2001) and involved using squeezed states. Here
was the discovery that coherent states are sufficient to difAlice generates a random hitand a real variable drawn
tribute secret keysl (Grosshans and Grangier, |2002; Ralplirom a Gaussian distribution of varian&g and zero mean.
[2003). Because coherent states are much easier to geBubsequently, she generates a squeezed vacuum state-and dis
erate in the lab than any other Gaussian state, thiplaces it by anamount Before sending the state through the
result opened the door to experimental demonstrationquantum channel, Alice applies a random phage-efur/2.
and field implementations. The first Gaussian mod-This is equivalent to randomly choosing to squeeze and dis-
ulated coherent state protocol utilized direct reconcilia place either thé or p quadrature. Averaging the output states
tion (Grosshans and Grangier, 2002), followed shortly af-over the Gaussian distribution gives a thermal state whose
ter by reverse reconciliation (Grosshans, van Asseh),  variancel is the same for. = 0 andu = 1, which prevents
[2003). Since then nearly all proposals have used coherefve from extracting information on which quadrature was se-
states as its substrate. The security of coherent-statieqole  lected by Alice. This imposes the constraijt+ 1/V =V
is based on the fact that coherent states are non-ortho@bnal on Alice’s modulation. Once the state has reached Bob, he
Eq.[30), which on its own is a sufficient condition for QKD generates a random hit informing him which quadrature
(i.e., the no-cloning theorem applies). The quantum commuhe should measure. Alice and Bob then publicly reveal their
nication starts by Alice generating two real variablesand  strings of random bits keeping only the data which corre-
ap, each drawn from a Gaussian distribution of variage sponds to the same measured quadrature.
and zero mean. These variables are encoded onto a coherenfAnother squeezed state protocol was developed by
state resulting in a mean ¢f,, a,). By imposingV, = V—1,  |Garcia-Patron and Cerf (2009) where Alice again randomly
we obtain an average output state which is thermal of vagiancsends displaced squeezed states to Bob. However, this time
V. For each incoming state, Bob draws a randomubind  Bob uses heterodyne detection rather than homodyne detec-
measures either thior p quadrature using homodyne detec- tion, but still disregards either one of his quadrature mea-
tion based on the outcome of. After repeating these steps surements, depending on Alice’s quadrature choice. This re
many times, Alice ends up with a long string of data encodingverse reconciliation protocol can be seen as a noisy version
the valuega,, a,) which are correlated with Bob’s homodyne of the protocol with squeezed states and homodyne detec-
outcomesh. The post-processing starts by Bob revealing histion. Thanks to this addition of noise, the protocol has an
string of random bits,’ and Alice keeping as the final string enhanced robustness versus the noise of the channel which
of dataa the values{, or a,) matching Bob’s quadratures.  can be interpreted as the continuous-variable countegbart

the effect described by Rennerall (2005) for qubit-based

protocols. Note that such an effect can also be seen in the
3. No-switching protocol (heterodyne detection) work of[Navascués and Acin (2005), where the protocol with

coherent states and homodyne detection has a better perfor-

In the previous protocols, Alice generates two real randoninance than the protocol with squeezed states and homodyne
variables but in the end only one is ultimately used for thedetection when using direct reconciliation. Further emicie
key after the sifting stage. Thus, one can modify the prdtocothat noise can improve the performance of QKD is provided

in order to use both values for the generation of the key, a§ the work of Pirandola, Garcia-Patramal. (2009).
shown byl Weedbrooks al! (2004). The quantum communi-

cation part of the protocol is equivalent to the previous pro

tocols except for Bob’s measurement which is now replaced. Fully-Gaussian protocols and entanglement-based

by heterodyne detection, and enables him to meagwaed representation

p simultaneously (albeit with a noise penalty demanded by

the uncertainty principle). Since there is no longer the ran The previous protocols based on coherent states encoding
dom switching between the two conjugated bases, the randoand homodyne detection, together with the no-switching pro
number generator at Bob’s side is no longer needed. After retocols and the squeezed states protocols are all based on the
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Gaussian modulation of Gaussian states followed by Gaugion on Alice’s data than what Bob is. However, two pro-
sian measurements. For this reason, we refer to these prpesals showed that such a limit can actually be surpassed,
tocols asfully-Gaussian protocols. Because they can be im- namely reverse reconciliation (as discussed previousiy) a
plemented in direct or reverse reconciliation, they regmes  postselectiorl (Silberhowt al!,12002). The quantum commu-
family of eight protocols. As we will discuss afterwardsgith  nication part of the postselection protocol is equivalerthie
unconditional security can be simply assessed againgiccoll previously mentioned coherent-state protocols. Howetaer,
tive Gaussian attacks. By adoptlng an entanglement-basedain difference occurs in the classical post-processiagest
representation_(Bennettall, [1992;[ Grosshans, CeHi,all,  In the sifting stage, once Bob has revealed which quadra-
[2003), these protocols can be described by a unique schemere he measured, Alice replies with the absolute value of he
(Garcia-Patrén, 2007) where Alice has an EPR sfdte,, , corresponding quadraturé:f| or |a,|). Subsequently, Bob,
with noise variancd/ and sends one modé to Bob while  depending on Alice’s revealed value and the absolute value
keeping the other modd’ for herself (see Fid.l5). Then, of his measurement outconj&, decides, following a pre-
established rule, whether they should discard or keep parts
of their data. The main concept is that, every pair of values
(lal, |b]) can be associated with a discrete channel and a bi-
nary protocol, based on the signsofandb. A theoretical
secret-key ratd{(|al, |b]) can be calculated for each channel
(|al, |b]) from the data obtained during the parameter estima-
tion stage of the post-processing. The postselection pobto
FIG. 5 Entanglement-based representation for the fullyssmn  discards those channels for whi¢f(|a|,|b]) < 0, keeping
protocols. Alice has an EPR stdf€) ,, , sending moded to Bob  only those channels with a positive contribution. A variaht
while keeping mode!’. Alice (Bob) mixes her (his) modé’ (B)  this protocol consists in Bob applying heterodyne instefad o
with a vacuum mode in a beam splitter of transmissivity(7z) and homodyne detection, i.e., a no-switching postselectiaopr
subsequently.homodynes the output quadratures. Depeaditite ) (I anceet all, (2005 Lorenzz al ,lZD_OJ). In such a case,
value ofr, Alice generates a source of squeezed states{1) Of  pjice and Bob can extract information from both quadra-
coherent states4 = 1/2). Then, Bob applies homodynef = 1) . . . .
or heterodyner(z — 1,/2) detection, tures thus_mcreasmg the secret-key rate. Thls versiohef t
postselection protocol has also been experimentally demon

strated|(Lancer all,[2005] Lorenzr all,[2006).

Alice mixes her moded’ with a vacuum mode” into a
beam splitter of transmissivity, followed by a measure-
ment of the output quadraturés andpc. As a result, she 7. Discrete modulation of Gaussian states
projects the EPR modd into a Gaussian state with mean
d = (7494, 7ppc) and covariance matri¥ = diag(z~!, z), The very first continuous-variable QKD protocols were
wherez = (uV +1)/(V 4+ p), p= (1 —74)/74 @and based on a discrete (and hence, non-Gaussian) encoding
of Gaussian states (Hillery, 2000; Ralph, 1999a; Reid,
TA(V2=1) VI =T74)(V2 - ) 2000). However, after the discovery of Gaussian modu-
Yo = AV + (1 —=74) T = (1—74)V +74 (136)  |ated coherent states as a viable resource, the discrete en-
coding took a back seat with only a small number of pa-
It is easy to check that Alice generates a source of squeezgubrs continuing with the idea (Heid and Liitkenhaus, 2006;
(coherent) states fary = 1 (r4 = 1/2). Then, Bob applies [Namiki and Hiranb] 2003, 20D6). In recent times though,
homodyne {5 = 1) or heterodyne®z = 1/2) detection de- there has been renewed interest in the discrete encoding
pending on which protocol they want to implement. It is im- of coherent stated_(Leverrier and Grangler, 2009, 2010b,c;
portant to note that the entanglement-based representatio  [Sych and Leuchs, 2009; Zhaoall,[2009) due to it being ex-
powerful tool to study many other QKD protocols, including perimentally easier to implement as well as its higher error
discrete modulation and two-way protocols. In general, anyorrection efficiencies which promotes continuous-vdeiab
prepare-and-measure protocol admits an entanglemeattbasQKD over longer distances. A generalized protocol using a
representation. This is because any ensemble of states ordiscrete modulatiorl (Sych and Leuchs, 2009) consists of an
systemA can be realized by applying a partial measuremenalphabet ofN coherent stategy) = |ae™ /) with rela-
on alarger bipartite system + A’ (Hughstorez all,[1993). tive phaserk/N, wherek encodes the secret key. Bob uses
either homodyne or heterodyne detection in order to estimat
k. Such a multi-letter encoding scheme can achieve higher
6. Postselection key rates under the assumption of a lossy channel. Of the pro-
posals introduced thus far, the classical post-processaue
Originally, it was believed that the range of continuous-uses either postselection or reverse reconciliation. The ¢
variable QKD protocols could not exceed theB loss limit,  rent drawback with discrete modulation Gaussian protocols
as first encountered by direct reconciliation. Exceedirgnsu is the infancy of their security analysis, although promisi
a limit corresponds to having less thah% transmission advances have been made recently (Leverrier and Grangier,
which intuitively means that Eve is getting more informa-[2009]2010b; Zhaer all,[2009).
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8. Two-way quantum communication 9. Thermal state QKD

Generally, it is assumed in all the previous continuous-
In standard QKD protocols the quantum communica-variable QKD protocols that Alice’s initial states origiea
tion is one-way, i.e., quantum systems are sent from Alfrom encoding classical information onto pure vacuum state
ice to Bob. In two-way protocols, this process is bidi- However, in practice this is never possible with some lefel o
rectional, with the systems transformed by Bob and senimpurity occurring due to experimental imperfections. Fhe
back to Alice (Bostrom and Felbinger, 2002, 2008). Re-mal state QKD therefore addresses this issue where the pro-
cently,| Pirandola, Mancinkz all (2008) introduced this idea tocol is now analyzed with respect to Alice using noisy co-
in continuous-variable QKD, showing how the use of two- herent states. This was first investigated by Fllip (2008) an
way quantum communication can increase the robustness ftdsenko and Filip/(2010) who showed that by using reverse
noise of the key distribution. As a result, bosonic channelseconciliation the distance over which QKD was secure, fell
which are too noisy for one-way protocols may become serapidly as the states became significantly impure. Extendin
cure for two-way protocols. This “security activation” can upon this initial work, Weedbrook: all (2010) showed that
have non-trivial applications, especially in realisticmouni- by using direct reconciliation, and provided that the ctednn
cation lines where the noise is high. For simplicity, we d&  transmissionr is greater thars0%, the security of quantum
only the two-way coherent-state protocol depicted in Eig. 6 cryptography is not dependent on the amount of preparation
which is a two-way extension of the no-switching protocol. noise on Alice’s states. This is a counterintuitive resaltve
Let Alice prepare a random coherent stai¢, whose am-  might naturally expect that as Alice’s states become mode an
more thermalized, secure transmission over any finitertista
would become impossible. Consequently, the best strategy t
.- deal with preparation noise is to use a combination of direct

\a) /’ \ o oFF (7 > 0.5) and reverse reconciliation (< 0.5). This moti-

/ \ Q} , vated analysis into secure key generation at different wave
Alice ' Eve | @ Bob a lengths and was shown that secure regions exists from the
T v T ly) optical and infrared all the way down into the microwave re-

/ gion (Weedbrook: all,2010).

.

y &

FIG. 6 Two-way coherent-state protocol. Alice sends a remdo-
herent state to Bob, who selects between two configurat@Nsor
OFF. In ON, Bob applies a random displacemént3). In OFF,
he heterodynes and prepares another random coherenpstatin — L .
both configurations, the output state is sent back to Alice yér- The strongest definition of security in a quantum scenario
forms heterodyne detection. The figure also displays a twdem Was given by Rennef (2005). A QKD protocol is said to be
attack (discussed later). e-secure if

-
/

B. Security analysis

D(pave,0ab @ pr) < € (137)
plitude « is Gaussian modulated. This state is sent to Bob, ) ) ] )
who randomly chooses between two configurations, ON ani’hereD is the trace distance as defined in iEq] (68)- Here
OFF. In ON, Bob applies a random displacemdiig) with 3 is the final joint state of Alice, Bob and Eve aﬁgi,@pg_ls .the
Gaussian modulated. In OFF, Bob heterodynes the incominigle@l secret-key state. Therefore, up to a probabiligjice
state with outcome’ and prepares another random coheren@nd Bob generate a shared secret key identical to an ideal key
state|y’). In both configurations, the state is finally sent backand with probabilityl — ¢ they abort. In the following we
to Alice, who performs heterodyne detection with outcomePresent the necessary tools to calculate the secret-leyrat
~. During sifting, Bob declares the configuration chosen infor various continuous-variable QKD protocols.
each round. In ON, Alice processesnd~ to estimates. In
OFF, Alice considersy ~ o/ and~ ~ ~'. During parame-
ter estimation, Alice and Bob analyze the noise properties o1. Main eavesdropping attacks
the channel, checking for the presence of memory between the
forward and backward paths. If memory is present, they selec To prove the unconditional security of a QKD protocol, the
the OFF configuration only. In this way, they can destroy thefollowing assumptions on Eve have to be satisfied: (1) full ac
effect of the memory in the post-processing, by choosing onl cess to the quantum channel; (2) no computational (cldssica
one of the two paths and processing its data in direct or sever or quantum) limitation; (3) capable of monitoring the pub-
reconciliation. In this case the protocol is at least assbba  lic channel, without modifying the messages (authentitate
the underlying one-way protocol. By contrast, if memory ischannel); (4) no access to Alice’s and Bob’s setups. Under
absent, Alice and Bob can use both the ON and OFF configuhese assumptions, the most powerful attack that Eve can im-
rations. In this case, the key distribution is more robushto  plement is known as aoherent attack. This consists in Eve
noise of the channel, with the enhancement provided by thpreparing a global ancillary system and making it interatt w
use of the ON configuration (see Sec. VI.BI5.d for details.) all the signals sent through the quantum channel, and then
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storing the output ancillary system into a quantum merhory 2008). In what follows we explain the most important fea-
Finally, after having listened to all the classical communi tures of finite-size analysis in the continuous-variabénseio
cation over the public channel, Eve applies an optimal jointLeverrieret al!,[2010). In such a situation, the secret-key rate
measurement on the quantum memory. The security againstads

coherent attacks is extremely complex to address. Interest

ingly, by using the quantum de Finetti theorem, proven by g — ¥ [BI(a:b) — S, (a(b):E) — A(n) — D(n)]

r7) for discrete variables an Cirac N o (i39)
) for continuous variables, we can prove uncondiliona\NhereN is the total number of signals exchangedis the

security in the asymptotic regime by analyzing the Sirnplernumbers of signals used for the establishment of the key

class of collective attacks. For an arbitrary QKD protocoI(N — n is used for parameter estimation};is the recon-

in the entanglement-based representation, if the multemod '

) ciliation efficiency (ranging from0 when no information is
erangled state (Share betueen Alee and Bob afer Mafracte o perec reconliaion). . o)1) s e
P y ' maximal value of Eve’s information compatible with the pa-

qguantum de Finetti theorem, this state can be approximater(%m]eter estimation dataA(n) is related to the security of
(asymptotically) by a mixture of independent and identical the privacy amplification and the speed of convergence of the

g:setrslibmut?grtlv;s?gf ae c?ct)ﬁfaecsti'v-(le—t;tst;glz responds to coriaigler smooth min-entropy towards the von Neumann entr@piy)

| P lecti  Eve h ' find d dis the penalty due to considering collective attacks irtstea
_In & collective artack Eve has a set of independent and o .,nerent attackd (Christanellall, 2009;[Renner, 2007:
!de_nt_|cally pre_pared systems (ancillas) each one IN\IRCt 2enner and Cirac, 2009). The principal finite-size negative
individually with a single S|gnal_ sent_by Al!ce. In the oftect in discrete-variable QKD is due to the parameter esti
entanglement-based representation, this implies thaddbe -0 (Caiand S . 2009) which is expected to be also
put state of Alice, Bob and Eve is in a tensor productof o <o for continuous-variable QKD (1 ienl],2010)

identical statesfape = ﬁfb’};). Eve’s ancillas are stored . 1
) i ; : a Cirac (2
in a quantum memory and then, after listening to Alice and Despite the fact that Renner and Girac (2009) have shown

Bob’s classical communication, Eve applies an optimal mea.t-hat collective e}ttack§ are as powerful as cohgrent attacks
the asymptotic regime, the correctidi(n) provided for

surement on the quantum memory. In the asymptotic regim - . )
(n — o), the secret-key rat& can be computed via the for- ﬁ:e finite regime leads to a result that could be improved.

[ et al £): An alternative approach using the natural symmetries of
mula (Renneet al.,12005): bosonic channels, was suggested by Leveeriet! (2009),
K = o[I(a:b) — S(a:E)] (138) with only partial results obtained so far (Leverrier andfCer

2009). An ideal solution would be finding a generalization

wherel(a:b) is the mutual information between the variables of thelngmoﬁ) result by showing that
of Alice (a) and Bob b) and S(x:E) is the Holevo bound _collec'uve Gaussn’;_m a}ttacks are optimal in the flr_nte regime
between Alice’s (Bob's) variable = a (z — b) and Eve's i.e., D(n) = 0 (which is the case for the asymptotic scenario

quantum memory, when direct (reverse) reconciliationésius 25 dis_cusseq in the next section). _The study of finite-size ef
For more on the mutual information and the Holevo bound Seéects n cpntmuous-vanable QKD is very recent and further
Sec[VC. The coefficienp € [0, 1] models the effect of the investigations are needed.

sifting. For instance, we hawe = 1 for the no-switching

protocol, whilepy = 1/2 for the protocol with coherent states

and homodyne detection.

3. Optimality of collective Gaussian attacks

The fully-Gaussian protocols, have the most developed se-
curity proofs due to their high symmetry. As we have dis-
) ) ) ) cussed09) have shown that, assuming
Until now we have considered the asymptotic scenariqne permutation symmetry of the classical post-processing
where Alice and Bob exchange infinitely many signals. Thisggective attacks are as efficient as coherent attacksreThe
ideal situation is useful when we are interested in comparinfore in order to guarantee the security against colleaiive
the optimal performances of different protocols. Howewrer, i5cks we need to know what type of collective attack is
practice the number of signals is always finite. The formalis he most dangerous. A crucial step in that direction was
to address this problem was recently developed for discretgne giscovery that the optimal attack Eve can implement is
variable QKD (Caiand Scarari. 2009; Scarani and Rennefyne hased on Gaussian operatians_(Garcia-Patron and Cerf
2006 Leverrier and Grangier, 2010a; Navasaues), 2006).
This consequently makes the security analysis much eas-
ier. |Garcia-Patron and Cerf (2006) showed that, for an
4 Quantum memory is a device that allows the storage andveliié quan- entanglement-based QKD protocol characterized by a tripar

tum information. It plays a role in many continuous-vareakjuantum in- tite states i e. resulting from Alice’s and Bob’s measure-
formation protocols. For more theoretical details and taéus of experi- € abE, 1.€., 9

mental demonstrations, see (2010) andl Lvovskyr all ments on the pure S@@)ABE. of Covarian(_?e matri¥v agp,
(2009). the secret-key is minimized by the Gaussian stgjg, of the

2. Finite-size analysis
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same covariance matrix, i.e., M, the extra unitaryU and the extra ancillaf'. As a re-
sult, the attack is simply described by the canonical ditati
K(par) > K(pS ). (140)  {L(7,r),|v)} and the one-mode Gaussian unitafés 17}

(see solid boxes in Fid.]7). As discussed in Ch. Il, the
As a result, collective Gaussian attacks represent the furGaussian unitarie§, W} can be further decomposed in dis-
damental benchmark to test the asymptotic security oplacements, rotations and squeezings. By definition, we cal
continuous-variable QKD protocols based on the Gaussiartanonical’ the attacks with/ = W = I. These attacks
modulation of Gaussian states. are fully described by the canonical dilatiqd.(r,r), |v)}
i i yd, 2008). The most impor-
tant canonical attack is the (collective) entangling-eloat-
4. Full characterization of collective Gaussian attacks tack (Grosshans, van Asscleal, 200$). In this attack, the
symplectic transformatio. represents a beam splitter of
The most general description of a collective Gaussianlattactransmissivity) < = < 1 mixing the incoming signal mode
is achieved by dilating the most general one-mode Gaussianith one mode only of the EPR stdté). Thus, from the point
channel into an environment which is controlled by Eve. Asof view of Alice and Bob, we have a lossy channel with trans-
discussed in SeE.MB, an arbitrary one-mode Gaussian chamissivity 7 and thermal numbet = (v — 1) /2. This channel
nel G is associated with three symplectic invariants: transds the most common, representing the standard descripion f
missivity 7, rank r, and thermal number. These quanti- communication lines such as optical fibers.
ties identify a simpler channel, the canonical fagifr, r, 72),
which is equivalent t@ up to a pair of Gaussian unitariés
andW (see Fig[lr). The canonical form can be dilated intog_ Secret-key rates
a symplectic transformatioh(r, ) which mixes the incom-

ing states with an EPR statgy) of variancer = 2n + 1 In this section, we discuss the secret-key rates of the
(see Fig[lr). Now if we treat the environment as a large butontinuous-variable QKD protocols given in SEC.VI.A. Taes
finite box, the dilation is unique up to a unitalywhich trans-  rates are derived in the presence of a collective entangling
forms the output EPR modds together with a countable set cjoner attack which is the most important collective Gaarssi
of vacuum mode#" (see Figl}). Thus, for each use of the 5iack in the experimental sense. This attack can be identi-
channel, Eve's modeisE, I} are transformed by soniéand  fied py the parameters of the corresponding lossy chaneel, i.

then stored in a quantum memory. This memory is detecteglansmission and thermal numbet. Equivalently, we can
at the end of the protocol by means of an optimal coherengonsiderr and the excess noise := 2a(1 — 7)r~!, i.e.,

measuremendt which estimates Alice’s data (in direct rec- {he nojse on Bob’s side referred to the input (Alice). These
onciliation) or Bob’s dat_a (_|n reverse reco_nC|I|at|0n)t ighs parameters are inferred by Alice and Bob during the param-
thg most general de§cr|pt|0n of a collective Gaussian lattacater estimation stage. Given a specific protocol, the corre-
(Pirandola, Braunstein. and Llayd, 2008). sponding secret-key rate can be expressed in terms of the two
_____________________________ channel parameters & = K (r, x). Furthermore, the equa-
tion K = 0 defines the security threshold of the protocol, ex-
pressed in terms of tolerable excess ngjseersus the trans-
Eve’s missivity of the channel, i.ey = x(7).

Note that we can derive more general expressions for the
secret-key rates by considering the most general form ofa co
L lective Gaussian attack (cf. SEc. VI.B.4). This generélira

—. booon can be found in_Pirandola, Braunstein, and Lloyd (2008) for
. o the no-switching protocol af Weedbroekal! (2004). The
Alice e— U W —> Bob secret-key rates of the other protocols could be genedhtize
well. This generalization involves not only the study ofeth
canonical attacks but also the analysis of phase-effedts (m
(1) Any one-mode Gaussian changetan be reduced to a canonical ing of the quadratures) which derive from th(_e Gaussian uni-
form C via two Gaussian unitarie§ and W. (2) FormC can be ,ta”eSU .andI/V_. These ef‘fe_cts can be taken mto account by
dilated into a symplectic transformatidnmixing the input statg:  introducing suitable corrections in the expressions offtes.
with an EPR statév). (3) In a finite box, the dilation is unique up Another possibility is reducing an attack to a canonicalakt
to a unitaryl’ combining the output EPR mod#&with a countable (U = W = 1) by means of random transformations in the
set of vacuum modeE. (4) After U all of the output is stored ina POSt-processing stage, which sacrifices part of the seatat d
quantum memory that Eve measures at the end of the protocol. ~ This symmetrization has been recently used b Prig

(2009) to delete phase-effects from lossy channels.

This scenario can be greatly simplified if we use the Holevo
bound for Eve’s accessible information. For instance, this
happens when we consider the asymptotic regime, so that Fully-Gaussian protocols
Eq. (I38) holds. In this case, we can ignore the details of Here we discuss the secret-key rates for the family of fully-

c
4
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Canonical Form C

FIG. 7 Construction of a collective Gaussian attack in faeps.
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Gaussian protocols. In the entanglement-based desarjptioEve’s information is calculated using the Holevo bound be-
one mode of an EPR state of variarices sent through the tween Eve’s system and the information bits used as referenc
lossy channel with transmissivity and excess noisg. At  for the key ¢ in direct reconciliation and in reverse recon-
the output of the channel, Alice and Bob’s bipartite state isciliation). The key rate for a given pair of values {) reads
Gaussian with covariance matrix
AK = p max{fI(a:b) — S“*(E : x),0}, (146)
xl 27
Vap = , (141) . -
( zZ yl ) where againpy accounts for the sifting and for the recon-
ciliation efficiency. The postselection is then modeledHy t
r=V,y=71(V+x) andz = \/7(V? —1). Now the var-  maximum function, imposing a zero contribution of the effec-
ious protocols differ for the measurements of both Alice andtive binary channel whegI(a : b) — S**(E : x) < 0, as
Bob and the kind of reconciliation used. In order to estimateexpected. Finally, the evaluation of the overall secrgtsiate
Eq. (I38) we first calculate Alice and Bob’s mutual informa- needs to be calculated numerically and is given by

tion (Garcia-Patrom, 2007)

Iab) = Flog [(V+)/(x+ A7), (142)

K= /p(a, b) AK (a,b) da db, (147)

w = 2; then\ = V (A = 1) for protocols with coher- €xperimental analysis was carried out by Symulll (2007)
ent (squeezed) states. The calculation of Eve's informatio Using postselection with the no-switching protocol.
is more involved. As an example, we consider the calculation
of S(b:F) = S(F) — S(E|b) for reverse reconciliation using
coherent states and homodyne detection. First we use the fag Discrete modulation of Gaussian states _ _
that Eve’s systenk purifiesAB, i.e.,S(E) = S(AB), where One of the_ technlcal advantages of coqtlnuous-varlab_le
S(AB) can be calculated from the symplectic eigenvalues oRKD is that it relies solely on standard high-speed opti-
the matrixV 45 using Eq. [54), which are then substituted cal telecom components. However to date, field imple-
into Eq. [48). Next, to calculate the terfi{ £|b) we find the ~ Mentations have been restricted to short distane@sk(n
symplectic eigenvalues of the covariance mafrix,, com- Dy [Fossiekr all (2009)). The main reason is the low effi-
puted using Eq[{84), and then proceed as before. ciency of the reconciliation stage for protocols using Gears
modulation [(Lodewyckr all, [2007). This is especially true
at low signal-to-noise ratios (Leverrierall, 2008), which
b. Postselection is the working regime when distributing secret keys over
Determining the secret-key rates for postselection is moréong distances. On the other hand, extremely good rec-
challenging than either direct or reverse reconciliatire-  onciliation protocols exist for discrete modulations, &g t
spite the fact that the postselection protocol involvesszau €rror correction procedure is greatly simplified. In this
sian elements in the quantum communication part, its descri case, the problem can be mapped onto a binary channel
tion becomes non-Gaussian after the filtering of data. Gonsévith additive noise, for which there exists very good codes,
quently, using Eq[{140) to upper-bound Eve’s information n Such as low-density-parity check COdeLHM,
longer applies. Therefore, a subtler analysis has to be ¢ ). Unfortunately, protocols based on discrete mod-
ried out to obtain tighter bounds. Here we present the basiglation, even if using Gaussian states, have non-Gaussian
security analysis for the postselection protocol againt ¢ €ntanglement-based representations. As a result, the cal-
lective entangling cloner attacks (Heid and Liitkenha06;2  culation of Eve’s information can no longer rely on the
[Symulet all, ), When Bob performs homodyne detec-previous optimality proofs| (Garcia-Patron and Cerf, @00
tion, the mutual information between Alice and Bob for alLeverrier and Grangier, 2010a; Navascu&sl., 2006).

given pair of variables|,(,|, |b|) is given by Shannon's for- ~ However, the proof by_Garcia-Patron and Cerf (2006)
mula for a binary chann on, 1048) can still be used to provide a (non-tight) Gaussian up-

per bound on Eve’s information. This idea was used by
I(a:b) =1+ peclogpe + (1 —pe)log(l —pe) . (143)  [Leverrier and Grangier (2009), where a protocol with four co
_ ) o ) ~ herent states was shown to outperform Gaussian-modulated
Herep. is Bob’s error in determining the value of Alice’s sign protocols in the regime of low signal-to-noise ratio. Tha-cr

and is given by cial point was the observation that the four-state modusati
1 well approximates the Gaussian modulation for low modula-
pe = {1+ exp [8V/Tlagmbl/(1+X)]} (144)  tion variances. As a result, the Gaussian upper bound can

still be used, being nearly tight in the studied regime. The

Now if Bob performs heterodyne detection, we have to con—foIIOWing yearll G iér (2010b) proposed an-

sider the Shannon formula for two parallel binary channels ; : :
Lo bther non-Gaussian (but continuous) modulation protdalel a
one per guadrature, and is given by (Larcal., 2005) to exploit the Gaussian upper bound. In this protocol, Al-

-1 ice generates points centered on an eight-dimensionatesphe
Pe = {1 + exp {4V 27 |ag(p)bl /(1 + X)} } - (145)  to decide which ensemble of four successive coherent states
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are to be sent. Then, Bob uses the no-switching protocalkalistic scenario, for example, by improving the recancil
(heterodyne detection) to guess the point selected by Aliceation procedures and taking finite-size effects into actoun

The secret-key rate reached by this new protocol is higlyer, bT

nearly an order of magnitude, for realistic parameterschvhi

his could potentially provide extremely high secret-kates
over distances which are comparable to the ones of discrete-

enables the distribution of a secret keys over distanceseof t variable protocols (about 100 km). Thus, additional resear

order of 50 km, even after taking all finite-size effects into
account.

d. Two-way quantum communication

efforts are focused to extend the range of continuous-vigria

QKD protocols. As opposed to the single-photon detectors
of discrete-variable QKD, the use of homodyne detection in
continuous-variable QKD provides an outcome even for the

vacuum input. Filtering out this vacuum noise is the main

In general, the security analysis of two-way protocols isweakness in the_ reqonciliation progedures. From this glfint
quite involved. For simplicity, here we consider the twoywa V€W, postselection is the best choice. Therefore, prothieg

coherent-state protocol of Figl 6. Using symmetrization ar

guments/(Renner, 2005; Renner and C

unconditional security of the postselection protocol vaolog

009), one can raf great interest Another possibility is the design of new pro-

duce an arbitrary coherent attack to a two-mode attack, aftocols which are more robust to excess noise, i.e., withdrigh

fecting each round-trip independently. This attack carefeav S

ecurity thresholds. This would enable the reconciliagico:

residual memory between the two uses of the quantum chasedures to work much more efficiently. Such a possibility has
nel. If this memory is present, Alice and Bob use the OFFP€en already shown by the use of two-way protocols. Thus

configuration, thus collapsing the protocol to one-way quan‘c

urther directions include the full security analysis obm-

tum communication. Correspondingly, the attack is reduce©!S based on multiple quantum corpmunicatioln.
to one-mode, i.e., collective, which can be bounded by assum The further development of continuous-variable quantum

ing a Gaussian interaction (collective Gaussian attachisT
in OFF, the security threshold is given by the underlying-one
way protocol (the no switching protocol in this case). The ad

repeaters is also an important research direction. Quan-
tum repeaters would allow one to distribute entanglement be
tween two end-points of a long communication line, which

vantage occurs when no memory is present, which is the mo§en later be used to extract a secret key. This technique

practical situation. In particular, this happens when thg-o
inal attack is already collective. In this case, Alice andBo

combines entanglement distillation, entanglement swappi
and the use of quantum memories. Unfortunately, Gaus-

can use both the ON and OFF configurations to process thefian operations cannot distill Gaussian entanglementiwhic

data. While the OFF configuration is equivalent to two in-

poses a serious limitation to this approach. However, there

stances of one-way protocol (forward and backward), the ONtas been ongoing research effort in the direction of Gaus-
configuration is based on a coherent two-way quantum conian preserving optical entanglement distillation employ
munication. Let us consider the case of a collective entaggl ing non-Gaussian elements (Browael), 2003; Eisertz all,

cloner attack, which results in a one-mode lossy channél wit2004; | Fiura3ek: al!, 12003;| Menzies and Korolkova, 2007;

transmissivityr and excess noisg. For everyr € (0,1),
the key distribution is possible whenever the excess npise
is below a certain valug specified by the security threshold

X = (7). As shown by Pirandola, Manciniz all (2008), the

Ralph and Lund, 2009).

VIl. CONTINUOUS-VARIABLE QUANTUM COMPUTATION

security threshold in ON configuration is higher than the onq;ginG GAUSSIAN CLUSTER STATES

in OFF configuration. For instance, if we consider reverse re
onciliation, we haveyon(7) > Yorr(7) for everyr € (0, 1).
As a result, there are lossy channels whose excess gasse
intolerable in OFF but still tolerable in ON. Thanks to thés s
curity activation, the two-way coherent-state protocalide
to distribute secret keys in communication lines which ace t
noisy for the corresponding one-way protocol. This result,
which has been proven for large modulation and many round
(asymptotic regime), is also valid for other Gaussian madul
tion protocols, extended to two-way quantum communicatio
via the hybrid ON/OFF formulation.

C. Future directions

Continuous-variable QKD offers a promising alternative to
the traditional discrete-variable QKD systems (for a stite

Quantum computation using continuous variables was first

considered by_Lloyd and Braunstein (1999) in the circuit
model of quantum computing (Nielsen and Chuang, 2000).

They showed that arbitrary quantum logic gates (i.e., smpl
unitaries) could be created using Hamiltonians that arg-pol
nomial in the quadrature operataysandp of the harmonic
Sscillator. Years later, a different but computationakiyui-
alent model of continuous-variable quantum computation,

known as cluster state quantum computation, was developed

by(Zhang and Braunstéin (2006) and Menicuggil! (2006).

This measurement-based protocol of quantum computation

was originally developed by Raussendorf and Briegel (2001)

for discrete variables and forgoes actively implementingrg
tum gates. Instead, the computation is achieved via locat me

the-art comparison between the various QKD platforms see

Scarankt all (2009)). An important next step for continuous-
variable QKD is to prove unconditional security in a fully

5 At the time of writing a paper by Walkr al! (2011) has appeared which
addresses this issue.
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surements on a highly entangled multimode state, known asBhe position and momentum basis states are related via a
cluster state. In the ideal case, the continuous-varidbter ~ Fourier transform as defined in EJ (9). The Fourier déte
state is created using infinitely squeezed states, but io+ prais the Gaussian version of the qubit Hadamard gate and can
tice, is approximated by a finitely squeezed Gaussian entame defined in terms of the annihilation and creation opesator
gled state. as well as the quadrature operators

These two models of continuous-variable computation ) _ )
must be associated with a_fault tolera_nt and error corrmtab. F— exp(ﬂ)exp[ﬂfﬂd] = exp [E (QQ +ﬁ2)] (151)
system, where at some point the continuous variables are dis 4 2 8

cretized. With this in mind, there is a third type of continige n the phase-space picture, the Fourier gateigarotation
variable quantum computer, known as the Gottesman-Kitae\}- P P P ' 9 '

Preskill quantum computer (Gottesmarl), [2001). This €.g., from one quadrature to the other
proposal shows how to encode finite-dimensional qubits into FlaF — —p FloF — 6 152
the infinite-dimensional harmonic oscillator, thus faatiing ¢ b b ¢ (152)
fault tolerance and quantum error correction. In this secThe Fourier gate acts on the displacement gates as follows
tion, we focus primarily on cluster state quantum compatati
while still using important elements of the Gottesman-&ita FYZ(t)F = X(t), FX(s)F' = Z(s). (153)
Preskill computer and the Lloyd-Braunstein model.

This section is structured as follows. We begin by intro-Finally, the Fourier gate acting on the quadrature eigéesta
ducing important continuous-variable gates as well as defingives
ing what constitutes a universal set of gates. In §ec. VII.B
we introduce the notion of one-way quantum computation us- Flz), =lz),, Ft |z), = |-2), (154)
ing continuous variables and how one can gain an understand- F i pt _ 155
ing of it by considering a teleportation circuit. The impzort =) | x>‘1’ |I>P |x>‘1’ (155)
tools of graph states and nullifiers follows in Sec. VI.C,lh  \\here the subscript is used to remind us whether we are in the
the realistic case of Gaussian computational errors due to fbomputationa.y basis or the conjugagebasis. The phase gate
hite squeezing is discussed in Sec. VII.D. The various prop(;)) can be thought of as a type of shearing operation, i.e., a

posals for optically implementing Gaussian cluster states  ¢ombpination of rotations and squeezers. It is defined as
revealed in Se¢_VILEE. In Seds. VII.F ahd VII.G, achieving

universal quantum computation and quantum error cornectio my\ .

; ; : ; P(n) =exp|(— )§¢* (156)
for continuous variables, are discussed respectively. 8o =P \\7 )]
amples of algorithms for a continuous-variable quantum-com _
puter are given in SeE_VITH, before ending with future dire  Wheren € R. The phase gate acts on thes) displacement
tions of the field in Se¢_VIIlI. gate as

PIX(s)P = /4 X () Z(ns), (157)

A. Continuous-variable quantum gates

while leavingZ unaltered. The phase gate affects the quadra-

Before introducing the quantum gates used in continuoustures as

variable quantum computation we remind the reader that the
displacement gat®(«), the beam splitter gat8, and the one PYgP =g, PYHP = p+nq. (158)
and two-mode squeezing gatésand.S,, are important Gaus- i
sian gates which have already been introduced in [Sed. 11.BTh€ controlled-phase gate, oPHASE for short, is a two-
To begin with, in Gaussian quantum information processingnode Gaussian gate defined as
there are the Heisenberg-Weyl operators which comprise of

the position and momentum phase-space displacement opera- Cy = exp[(f)dl ® (jz} . (159)
tors, given respectively as 2

X (s) = exp(—isp/2), Z(t) = exp(itg/2), (148) The effect. of this two-mode gate on the computational basis

. : ) . states is given by

where X (s) gives a shift by an amountin the ¢ direction
andZ(t) a momentum shift by an amounti.e., in terms of C — l1a2/2 ’ 160
the displacement operatd¥(«) they can be rewritten a¥ = zlar) la2) 1) lg2) (160)
D(s/2) andZ = D(it/2). They are related vi&X (s)Z(t) =  In the Heisenberg picture, thePHASE gate transforms the

efiSt/QZ(t)X(S) and act on the position computational basismomentum quadratures according to
stateqq) as

X(s)|g)=lg+s),  Z(t)|g)=e""?|q).  (149)

and on the momentum basis stafgsas while doing nothing to the position quadratugs— ¢, and
isp/2 g2 — ¢o. TheCPHASEgate and the phase gate both get their
X(s)|p) =€ p), Z(t)|p) =1Ip+1t). (130)  npames from the analogous discrete-variable gates and their

P1 — P1 + Go, D2 — P2 + q1, (161)
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similar actions on the Pauli matrices (Nielsen and Chuangalone. After each measurement is performed the resulting
2000). measurement outcome is used to select the basis of the next
Finally, we note the graphical representation of the quanmeasurement. In general, the order in which measurements
tum gates in the circuit model of computation. The single-are made does matter, a property knownadsptiveness.
mode Gaussian gates: Heisenberg-Weyl displacement gaté$owever, when implementing only Gaussian gates, this
single-mode squeeze gate, Fourier gate and the phase gate eondition is relaxed and the order no longer matters, a
given respectively as property known asparallelism. The two basic steps of
continuous-variable cluster state quantum computation ca

(162)  be summarized as follows:

While the two-mode Gaussian gates: theHASE gate, the 1. Cluster state preparation: All qumodes are initialized
beam splitter gate and the two-mode squeeze gate, are denote a5 highly squeezed vacuum states, approximating mo-
respectively by mentum eigenstatés) . TheC, gate is applied to the
relevant qumodes in order to create the entangled clus-
- 1 (163) ter state.
B S
— — 2. Measurements: single-mode measurements are made

on the relevant qumodes where each result is used to
select the subsequent measurement basis.
1. Universal set of quantum gates
Here a quantum mode, gumode for short, is the continuous-

A continuous-variable quantum computer is said to be univariable analogue of the discrete-variable qubit and ipkim
versal if it can implement an arbitrary Hamiltonian with ar- a continuous-variable quantum state or mode. Note that, up
bitrarily small error. So what are the necessary and suffiuntil this point in the review, we have simply referred tolsuc
cient conditions for a continuous-variable quantum coraput states as modes. However in line with the terminology used in
to be universal? This is given by the Lloyd-Braunstein erite the current research of continuous-variable cluster state
rion (Lloyd and Braunstein, 1999) which tells us which gateswill refer to such guantum states as qumodes.
are needed to generate any unitary transformation to arpitr
accuracy. This consists of the two families of gates:

1. Z(t), P(n), F andUg (which is any multimode Gaus- 1. Understanding one-way computation via teleportation

sian gate, e.g('z or B), V t,n € R. This first family
generates all possible Gaussian operations. To get a feel of how measurements allow us to generate

arbitrary evolutions in cluster state computation, it i¢pfid
2. exp[itq"=?] (for some value of) which is a non-linear to look at quantum teleportation from the perspective of the
transformation of polynomial degre®or higher and quantum circuit model. The quantum circuit for the gate-tele
corresponds to a family of non-Gaussian gates. portation of a single-mode continuous-variable quantuatest

| is given by (Menicuccir al!,2006)

Note that if we were restricted to using only Gaussian gates w
would not be able to synthesize an arbitrary Hamiltonian. In R

fact, the continuous-variable versio artlettil), 12002) of ) _‘ p=m (164)
the Gottesman-Knill theore an, 1998) tells us tha
starting from an initial Gaussian state, Gaussian proegssi 0)  —e X (my)F )
(which includes Gaussian measurements and Gaussian opera-
tions) can be efficiently simulated on a classical computer.

The above circuit can be understood in the following way.
The input states consist of the arbitrary state that we

wish to teleport and a momentum eigenst@t)% (note that

we will begin by considering the unphysical case of perfectl
squeezed vacuum states with the realistic case of Gaussian

One-way quantum computation (Raussendorf and Bhegeﬁqueezed states discussed later). They are entangled using
2001) using continuous variables| (@i, 2009 a Cz gate. Ap quadrature measurement is performed re-

Menicuccier all, [2006; [Zhang and Braunstein, 2006) ’al- sulting in the outcomen;. The statg) is thus teleported

lows one to perform any computational algorithm by from the top quantum wire to the bqttor? V\ane and can be
implementing a sequence of single-mode measurements orfléllly restored by apP'y'”g the correctiods! X (. ) to thef .
specially entangled state known as a cluster state (note thguUiPut state. We will now go through the above circuit in
we often begin our analysis using a perfectly entanglee stat o€ detail. First, the wo initial input states can be writ-
but move to the more realistic case of a Gaussian clustdf" asjy) |O>p' Expanding them into the position basis gives
state as we progress). Here quantum gates are not requirdd) [0), = (V7)™ [ daidgai(a1) |a1) |g2) where[y) =

as arbitrary Hamiltonians are simulated via measurementf dqit(q1) |q1) and|(0), = (2y/7m)~ ! [dga|g2). Applying

B. One-way quantum computation using continuous
variables
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the CPHASEgate leads to the set of universal Hamiltoniagsg?, ¢ using only measure-
ments. We can forget about the two-mode Gaussianidate
1 j from the set as we have already used it in creating the cluster
C 0) = — [ dgd el1az/2 : ! Y fin 9
210 >” 2\/7?/ a1dgzp (1) 1) la2) via theC; gate. We also use the Hamiltonia®, rather than

(165)  any other higher order polynomial, because we know how to
optically implement it (more on this in Sdc. VII.F). This eor
After measuringp of the first mode, using the projector responds to the following three transformations
Im1) {m1],,, and obtaining the result; we get

UipUj=p+tg" (168)
1 /dqldq2¢(ql)eiql(q2—m1)/2 lg2) for j = 1,2, 3 and where the gates diagonal in the computa-
4 ’ tional basis are conveniently written & = exp|(it/25)¢’].

Notice thatlU; corresponds to the Heisenberg-Weyl displace-
where we usedm, [q1) = (2v/7) 'exp(—igimi/2). The  mentoperatof(t), U, is the phase gatB(t) andUs is known
above state can be rewritten ag)’) = X(m1)F'[¢). As  asthe cubic phase gate, denotetf&s. So how are the above
mentioned before applying the corrections gives back the in transformations optically implemented? Well, the first ime
tial state: 1 X (m1) [¢/) = [¢)). achieved by simply measurinigand adding to the measure-

Having considered the teleportation of an arbitrary staée, ment result. The second one is a homodyne measurement in
are now in a position to consider the teleportation of a quana rotated quadrature basig: cosf — § sinf)/cosf. However,
tum gatel(Bartlett and Munro, 2003), which is at the heart ofihe cubic Hamiltonian is a little more difficult to implement

the measurement-based model of computation. This requirg@an the previous two and will be discussed in more detail in
only a slight alteration to the previous circuit as we will be Sec[VITE.

considering teleporting gates that are diagonal in the edaap

tional basis and thus commute through @RHASEgate. For

example, the circuit below teleports the staté) = U |¢)  C. Graph states and nullifiers
whereU = exp[if(§)] is a gate diagonal in the computational

basis 1. Graph states

U |y) —« D=m (166) A common and convenient way of depicting cluster states
is by using graphs. The continuous-variable version oflgrap

states was defined by Zhang and Braunistein (2006) where ev-

0), —¢——— X(m1)FU [¢) ery continuous-variable cluster state can be represeryted b
graph (Guet all,[2009) known as a graph stéteSpecifically,

The above circuit is equivalent to the circuit below, whére a graphG' = (V, E) consists of a set of vertices (or nodes)

can be absorbed into the measurement process V and a set of edgeB. The following recipe allows us to
construct a corresponding graph state
;_l T 55U = .
V) — UlpU=m (167) 1. Each squeezed momentum eigenstate becomes a vertex
in the graph.
0), —¢——— X(m1)FU[¢) 2. EachC; operation applied between two qumodes is an

edge in the graph.
The above circuit forms the basis for our understanding otl_ ilustrate. we give a simple example of a two-mode clus-
measurement-based quantum computation. Let us stop fOrté)r Istl¢J';1te Belvgw 8\;\(; have tr?e fir;(t sttleo of initi\évlizin the nl:/o
moment to consider why this is. CirculL(1I66) is the typical S ueeze'd momentum eigenstates (represented b g\]/ert'nt:es an
guantum circuit where an algorithm (in this case gate terlepolqb lod q h 9 d P ' by lied
tation) is achieved by first implementing a quantum dédte abeled and2). In the second step thez gate is applied,

onto a quantum statl)). However, circuit[167) shows us indicated by the edge joining verticésand2. The final step

that we no longer need to explicitly implement the quantumiIIustrates how measurements are indicated on a graph. Here

gate but we can simulate the effect of the gate using only me£ﬁ guadrature measurement on the first node is implemented

surements in a new basis. This effect is the building block of @ @ . @_@ . (169)
cluster state computation where we can concatenate a number

of these circuits to form a larger cluster state.

2. Implementing gates using measurements 6 From now on we will use the terms “cluster states” and “graales” in-
terchangeably. Note that some authors technically refer d¢tuster state
We have just shown that by performing a measurement in s one which has a graph that is universal for measuremsatibeom-

‘T THA ] putation (e.g., a square lattice); while a graph state cbeldany arbi-
the basis/TpU we can simulate the effect of ttié gate on trary graph. However, in the continuous-variable literat{Flammiaez all,

an arbitrary state. Using this result with the previouslynme  [2009;Menicucti 2011 Menicucet all, (2008, 2011[ 2010, 2006) it is
tioned Lloyd-Braunstein criterion, we are able to implemen common to use them synonymously with context providingitgtar
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Previously we introduced the quantum circuit formalism tograph. We note another useful way of analyzing graph states,
understand measurement-based computation. Therefore wéher than the nullifier formalism, is by using the Wigner-rep
give below an equivalence between the teleportation dircuiresentation (Gur all,[2009).

(on the left) and the graph state formalism (on the right)

P —4 = . : 1 H :
|0) p=m (170) 3. Shaping clusters: removing nodes and shortening wires

The nullifier formalism provides a useful way of under-

|0>p — standing how graph states are transformed by quadrature mea

The concept of continuous-variable graph states ha§Urements. It can be shown (Guull, m) thay (compu-
haniatlonal) measurements remove a given node (modulo some

been developed in a number of papers by Zhang (Z ; _ =
) and independently by othé it nown displacement), whilg quadrature measurements also

2011: [ Elammiaz all, 2009 ini. 2009; remove the node but preserve the correlations between-neigh

Menicuccier al. 200$’ 2007: Plister. 2007: Zaiefial. 2008 " boring nodes (modulo a displacement and Fourier transform)
Zhanger all, [2009). Recently, a more general approach wad0r example, in the graph state picture, a position quaratu
introduced by Menicucair Z] (2011) allowing the graphical measurement on the second node has the following effect

calculus formalism to be applied to the practical case where

continuous-variable cluster states are created usingelfmit — @ @

squeezed Gaussian states rather than ideal perfectlyzapliee

eigenstates. and a momentum measurement on the second node we have

- (-3
2. Stabilizers and nullifiers

The stabilizer formalism [(Gottesmlah, 1097) for con- Using the above techniques we can shape a Gaussian cluster

tinuous variables| (Barnes. 2004: Gottesraaal]. [2001: in order to put it into the required topology to perform a spe-
van Loockez all, 2007) is a useful way of both défining a'md cific algorithm. For example, below we can create the graph

state on the right by first performing a sequence of quadzatur

analyzing cluster states (or graph states). An operaia measurements on an initiélx 5 cluster given on the left

a stabilizer of a statéy) if O|y) = [¢), i.e., it has an

eigenvalue of+1. For example, a zero momentum eigen- - _C
state |0),, is stabilized by the displacement operafd(s), Q O Q

ie., X(s) |O)p = |0>p for all values ofs. For an arbitrary ‘_&_‘ ‘ =Y
continuous-variable graph staf@) with graphG = (V, E) @ a @ @ Q O QQ

onn qumodes, the stabilizers are defined as . Q‘Q‘ Q

Ki(s) = Xi(s) jel;l(i) Z;j(s), (171) Q{B‘QO

fori =1,...,nand foralls € R. HereN (i) means the set of — )

vertices in the neighborhood of, i.e., N (i) = {j|(vj,v;) € (173)

E}. Avariation of these stabilizer®; involves using what is

known asnullifiers H;. Here every stabilizer is the exponen- Recently, an experimental demonstration of continuous-
tial of a nullifier, i.e., K;(s) = e~**Hi forall s € R. This variable cluster state shaping was performed using a four-
results inH; |¢) = 0 where the set of nullifiers are given by  mode linear cluster using homodyne detection and feedfor-

ward (Miwa, ez all,2010).

Hi=p— > i (172)
JEN (i)
D. Gaussian errors from finite squeezing
Therefore the graph stal@) is a zero eigenstate of the above
nullifiers where any linear superposition satisfiés|y) = 0 In the next section, we will look at ways in which Gaus-
and[H;, H;] = 0. An example might be helpful here. Sup- sian cluster states can be implemented optically. As soon as
pose we have a simple three-node linear cluster where thee start discussing practical implementations we havete co
nodes are labeletl, 2 and3. Then, according to EqC{1lF2), sider using finitely squeezed Gaussian states in our asalysi
the nullifiers are given byp, — ¢2, p2 — 41 — 3, p3 — ¢=. Fur-  which inevitably introduces errors into our computatioms.
thermore, according to Eq._(171), the set of stabilizers cailustrate the effect of finite squeezing we show what hagpen
be written as: X1 (s)Za(s), Z1(s)X2(s)Z3(s), Z2(s)X3(s),  tothe propagation of quantum information in a simple tetepo
for all s. Therefore, by simply looking at a given graph we tation protocol. We now go back to the teleportation cirguit
can write down the nullifiers and stabilizers of that patdcu  from Sec[VI[.B.1 where we showed the effect of teleporting,
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first a qumode and then a gate diagonal in the computationan optical Gaussian cluster state. By that we mean each
basis, from one quantum wire to another. In that particulamode is first prepared as a momentum squeezed vacuum
scenario, the nodes of the cluster were momentum eigesstatestate and then an appropriate number @ gates are
In the calculations that follow they will be replaced by Gaus applied to create the required cluster. Tbg gate is
sian squeezed states, i.m.)p — |0,Vs)p whereVs < 1is  optically implemented using two beam splitters and two
the variance of the input squeezing. Suppose we initiagdlst st online’ squeezers_(Walls and Milburh, 2008;_Yurke, 1985).
off with the two input stateg)) and|0, V), where both can  One of the advantages of this method is that ¢he gates
again be expanded in terms of arbitrary position bases, i.ecommute with one another (i.e., the order in which they
[v) = [ dg1v(q1) |q1) and are applied does not matter) and thus facilitates thealetic
analysis. On the other hand, the im Iementaof(ﬂ}e
_ ~1/4 —q2/2Vs gate is experimentally challenging (Ukaiall, [2011) due
0, Vi) = (V) /dq2 ¢ g2) (174) to the difficulty of online squeezind (La Poraall, [1989;
Yoshikawaer al!,[2007] Yurke, 1985) and therefore is not very
efficient asC'z gates are needed for every link in the cluster.
) } Note that the demonstration of another type of quantum
(WVS)_1/4/dmdqw(m)e_q?/?vs6““”/2 lq1) [q2) - non-demolition (QND) gate (the SUM gate) has also been

(175) achieved|(Yoshikawar al.,[2008).

Applying theCPHASEgate to these two states gives

After performing a measurement on the first mode in the mo-
mentum basis we end up witht’) = MX (mq)F [¢), where
M is a Gaussian distortion (Menicuggial!, 2006)

2. Linear-optics method

) The linear-optics method was conceived by van
M) O</dq e V3% 1g) (q| ). (176)  Loock (vanLoockerall, [2007) and provided a way of
greatly simplifying the optical implementation of the cano
So effectively what we have is a Gaussian distortion, witbze ical method. Put simply, the linear-optics method allows
mean and varianck/Vs, applied to the original input state as the creation of a cluster state using only offline squeezed
a result of propagating through a cluster created usingefinitstates and a beam splitter network. Experimentally this
squeezing (equivalently, this can be thought of as a convoluepresented an important advancement in the building of
tion in momentum space by a Gaussian of variavige The  continuous-variable cluster states as the difficult part of

same reasoning holds when we consider the gate teleportanline squeezing was now moved offline (Gul, ).
tion situation where the output is given B X (m1)FU |¢). In this work (van Loockez al), [2007) two algorithms were

We note that the above distortions due to finite squeezing edeveloped using squeezed vacuum states and linear optics to
rors of both state propagation and universal gate telefimnta create two varieties of cluster states: (1) canonical Ganss
have also been analyzedlby @il (2009) from the pointof  cluster states and (2) generalized cluster-type states fifh
view of the Wigner representation. algorithm, known as the decompositional algorithm, used th
Bloch-Messiah reduction (cf. Sec.I.C.2) to show that the
canonical method can be decomposed into offline squeezed
E. Optical implementations of Gaussian cluster states states and beam splitters to create the original canonical
cluster. The second algorithm (this time independent of
Here we look at the various methods to optically implementthe Bloch-Messiah reduction) showed how to create a more
continuous-variable cluster states using Gaussian elsmengeneral class of Gaussian cluster states, known as chygter-
The advantage of the continuous-variable optical approachstates (from which the canonical cluster states are a dpecia
compared to the discrete-variable approach, is that the geease). This was shown by requiring that the final cluster
eration of continuous-variable cluster states is comfylete-  state (again created from squeeze vacuum states and bareful
terministic. Furthermore, once the cluster is setup ontyo  configured passive linear optics) satisfies the nullifieatieh
dyne detection is needed to implement any multimode Gausof Eq. (I72) in the limit of infinite squeezing. However, when
sian transformation_(Ukai, Yoshikawer,all, 2010). How-  the finite squeezing case is also considered a larger farhily o
ever, the errors introduced into the computations, duedo thnon-canonical cluster states are created.
finitely squeezed resources, are a downside to this uncondi- one of the benefits of the second algorithm is that the an-
tionality. The five methods for cluster state production argjsqueezing components are suppressed thus making it ex-

outlined below. perimentally more appealing_(Yukawaall, [2008). Also
smaller levels of input squeezing are required to creatdeiu

1. Canonical method

The ca_nonlc_al methoq was _first mtrOd_uced N7 An online sgueezer (also known as inline squeezer) is theespg of an
2006 (Menicucct all, 2006;| Zhang and Braunstein, 2006) arbitrary, possibly unknown, state. An offline squeezehésgqueezing of

and proposed a literal interpretation of how to implement aknown state, typically the vacuum.
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type states compared to using the canonical method to cré- Single-QND-gate method
ate canonical states with the same kind of correlations. A
number of experiments using the linear-optics method have In the four years since the canonical method, and
been demonstrated from setting up an initial four-modets reliance onCz gates, all of the previous methods
Gaussian cluster (St all, 2007;| Yukawaet al!, [2008) (in-  have purposely shied away from using this non-demolition
cluding linear, T-shape and square cluste @, gate due to its difficulty in being experimentally imple-
2008)) to simple continuous-variable one-way quantum commented [(Ukakzall, [2011).  However, in a novel ap-
putations on a four-mode linear cluster (Miwagll, [2010;  proach [(Menicuccir all, [2010), theC; gate once again
\Ukai, Iwata,ez all,[2011). makes an appearance in a compact scheme devised to gen-
erate arbitrarily large cluster states. In the canonicah
O(N?) low-noiseCz gates are needed to set up the initial
N-mode cluster. However, in this new approach, all that is
3. Single-OPO method required is a singl€’, gate. In fact, for universal quantum
computation, only a single copy of the following key opti-
The  single-OPO-method | (Flammiaal, 12009; cal ingredients are needed: a single-mode vacuum squeezer,
Menicuccier all, 2008,12007) was developed around the(C, gate, a homodyne detector and a photon counter. The ba-
same time as the linear-optics method and shows how to creic premise of the single-QND-gate method involves bugdin
ate an ultra-compact and scalable, univergamode cluster the cluster on the go where the cluster is extended and mea-
state using only a single optical parametric oscilB0PO).  sured as needed, according to the particular algorithm to be
Effectively this means that the cluster state can be craated executed.
just a single step using a top-down approach and requires the The specific design of this method can be understood from
same amount of resources as the linear-optics method (i.&ensidering a simple linear cluster. In this case momentum
O(N?)). However, unlike the linear-optics method it does squeezed vacuum states are generated at regular intemdals a
not require an interferometer which can be cumbersome fonrepeatedly fed into a singl€, gate. One output of the gate
large N thus removing the beam splitter network altogethers directed towards a detector while the other is fed baak int
It therefore holds great promise of scalability for uniars the ', gate. Because in general all qumodes travel the same
continuous-variable cluster states. optical path, but importantly at different times, the eriogd
The initial proposall(Menicuceit al!, 2007) showed that, scheme of the qumodes is temporal. This process of creating
by using an appropriately constructed multi-frequency pum and measuring is repeated over and over during the duration
beam, the single OPO could generate any continuous-variabbf the algorithm and can be extended in much the same way to
cluster state with a bipartite graph. Mathematically tleis r create universal cluster states. One advantage that tile-sin
sult relied on showing a connection between continuousQND-gate method offers over the previous approaches is that
variable cluster states and Hamiltonian graphg{sgraphs  maintaining the coherence of a large cluster becomes less of
for short (Flammia: al!, 12009, Flammia and Severini, 2009; an issue. This is because we are only concerned with the co-
Menicucciet all, 12008, 2007 Zaider al), [2008). TheseH-  herence of a small instance of the cluster at any one time.
graphs correspond to those states produced by an OPO. With
this result we have effectively gone from requiridgsingle-
mode squeezers (OPOs) to a single multimode OPO whic
is pumped by anO(N?)-mode beam. Further progress

continuous-variable cluster states where the encodingnseh and combines the essential features and benefits of the pre-
. ) . . vious three methods into one. This method, known as the
of the single-OPO involves using the optical frequency Combtemporal-mode-linear optics method, offers an improvemen
Here each independent qumode corresponds to a different erver the single-QND-gate approach’in that it uses the tech-
guency in the optical frequency comb (which derives its nam iques from the linear-optics scheme to move the experi-

from the equal spacings between each qumode). The main a entally challenging online squeezing, offline. This new

vantage of this method is that the number of pump frequencie, i . . .
is not O(N?) but in fact constant. Recently, the first experi- t%mporal mode encoding, where again the input squeezed

mental demonstration of cluster state generation in thealpt oo states are repeatedly sent through the same optical
freqUency Was erformemogll) HEF@uadri arF-) hardware but at different times, still maintains the finite c

req y P o € P herence and scalability features of the previous models Thi
tite cluster states were created 0%¥@rcavity qumodes, ex-

hibiting its potential for scalable quantum computation implementation is achieved by recognizing that the output
grisp q P ' states of the single-OPO method are in fact Gaussian pediect

entangled pair states (Ohligerall, [2010). Gaussian pro-
jected entangled pair states are pairs of Gaussian two-mode
8 A . . . . _ squeezed states that are locally projected down to a lower-
A simple OPO consists of an optical cavity (e.g., two facingans) with a dimensional subspace. For example. in the cluster state for
crystal inside. Typically this crystal is nonlinear (e second-ordes (2)) ) . p : A ple,
and is pumped by a laser beam which can lead to the down-comesr ~ Malism, this corresponds to having two two-node graphstate
the up-conversion of the initial frequencies. where a measurement projects the ends of both nodes down

E_ Temporal-mode-linear-optics method
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to a single node and in doing so creates a linear three-nodé’ can be decomposed into two squeeze gates and the cubic

graph (Ohligeer all, [2010). The graphical formalism devel- phase gate (Gottesmanal),[2001), i.e.,

oped by Menicuccéz all (2011) is used to describe and for- ' n

mulate this Gaussian projected entangled pair statesroconst Vi=S8(HVSi(h), (181)

tion and can be optically implemented using single-mode ofwheref := f(n) = [y/+/(n)]/3. Once these squeezing cor-

fline squeezers and linear optics. rections are implemented the cubic phase state can be synthe
sized.

F. Universal quantum computation
2. Implementing the cubic phase gate
As previously noted, the Lloyd-Braunstein criterion tells
us that in order to achieve universal quantum computation, Now that we have a way of creating the cubic phase state
i.e., the ability to generate an arbitrary Hamiltonian, wewe look at two possible approaches to inducing the action of
need the addition of a non-Gaussian element, such as a noffie cubic phase gate onto an arbitrary state using the cubic
Gaussian operation or a non-Gaussian state, to our tool boRhase state as a resource. The first approach deviates feom th
In continuous-variable cluster state quantum computatien typical measurement-based scheme by performing Gaussian
cubic phase gate and the cubic phase state, respectively, dneasurements on a non-Gaussian cluster state. The second
examples of such elements. The cubic phase gate is defin@@proach revisits the typical setup of a Gaussian cluster bu
as requires that the measurement tool box now consists of both
Gaussian and non-Gaussian measurements.

V = exp(ing?), a7

wherey € R. The action of the cubic phase gate on a zero® Non-Gaussian cluster and Gaussian measurements _
momentum eigenstate) , creates what is known as the cubic In the standard cluster-state model of computation all

phase statey) which is an unnormalizable non-Gaussian statg’0des are initialized as zero momentum eigenstates bedere b
coming entangled via thePHASEgate. However, one way to

1 i implement the cubic phase gate is to first embed the cubic
lv) =V10), = NG /dq e |q). (178)  phase state into the original cluster. In the regime of finite
squeezing the initial Gaussian cluster state now becontes no

Ultimately the cubic phase state will be used as a resourcgaussian. A computation is performed as before using only
to implement the cubic phase gate onto an arbitrary state ifaussian (homodyne) measurements. Once the cubic phase
the cluster. We begin by first showing how to create such $tate|y) is part of the initial cluster a variation of gate tele-
state and then explore two methods of implementing the cubiBortation can be used to telepdftonto an arbitrary states)

phase gate. of the cluster (where for instange) is the state of a node in
the cluster at a particular point in time). The followingauiit
achieves thig (Gur all,[2009)

1. Creating the cubic phase state ) —4 p=m (182)

It was shown by Gottesmamall (2001) that the cubic ) =V 0), A p=ms

phase state could be created by implementing the following ) o

quantum circuitl(Guwr all,[2009) 10, ¢ ~|¢') = e )
modulo known Gaussian corrections_(Weedbrook, 2009)

S(r)|0) —« XHaX (179)  (hence thex). In the graph state formalism the above circuit

is depicted as

RO Y0 OB 0L 020

where V' = exp(iy’(n)¢®) and the strength of the gate

depends on the probabilistic measurement resylfn) = Note that the above graph corresponds to a subgraph of a
(64/2n + 1)~1. Therefore the above circuit corresponds tomuch larger cluster. One way to think about what is happen-
a simple two-mode graph state with a displaced photon couning is that we have the cubic phase gateacting on a zero

ing measurement on the first node momentum eigenstate on the second node and by performing
momentum quadrature measurements on the first and second
nodes we are effectively teleportingonto|¢) (modulo cor-
—@ (180)  rections) with the resulting state appearing at the thirdeno
The beauty of using a non-Gaussian cluster from the begin-

ning is that once it is created only quadrature measurements
Notice that the output state above is not quite in the form were needed to perform any algorithm. However, creating such
would like, i.e., it isy’ and noty. To correct this note that an improved resource is experimentally challenging.
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b. Gaussian cluster and non-Gaussian measurements being introduced. Even if these errors are small, when large
Now the previous approach is tailored to creating the cuscale quantum processing is considered, we have to worry
bic phase state offline, i.e., as one of the initial resoutates  about their propagation during gate operations. If unabec
prior to the entangling gate. However, if we wanted to enaulat such errors will grow uncontrollably and make the computa-
the original cluster state formalism by beginning with a-uni tion useless. The answer to this problem is fault toleramtrer
versal Gaussian cluster, our set of measurements would needrrection [(Shor, 199%; Steane, 1996). Thus to make a nec-
to be both Gaussian and non-Gaussian (e.g., photon colintingssary and sufficient argument that a particular physical sy
One consequence of this is the need to perform the squeezitgm is capable of continuous-variable quantum computation
corrections of EqL(181) online. With this in mind circlii8d)  strictly one must also show that fault tolerant error caticec

now becomes is possible.
1 L The idea of error correction is self-explanatory, though th
) —5(/) LA p=mi (183) description of its application to quantum systems requires
V' (0) = o some care. Classically we might consider using a redundancy
P A p=m2 code such that, for example, — 000 and1 — 111. If a
bit flip occurs on one of the bits we might end up with0
0), ————{ST(f,m1) | |¢/) = V) or 101 but we can recover the original bit value by taking a

majority vote. An example of a quantum redundant encoding
where the second squeezing correction is dependent on ther qubits isa|0) + B|1) — a|000) + B]111) where we have
first measurement resuit; because it is itself dependent on created an entangled state rather than copies. It is thesi pos
the photon counting resuit (Weedbrook| 2009). Translat- ble to identify an error without collapsing the superpasiti
ing the above circuit into the graph state formalism and@isin by reading out the parity of pairs of qubits. For example a

graph [I8D) gives the following bit-flip error might result in the state|001) + 3|110). The
parity of the first two qubits will be zero whilst the parity of
the second two qubits will be one, thus unambiguously iden-
tifying that an error has occurred on the last qubit. Because

we are measuring the parity, not the qubit value, the superpo
sition is not collapsed. Such codes can be expanded to cope

|
with the possibility of more than one error occurring betwee
T - . .
-S(f) ST(f,ma) correction attempts and to cope with multiple types of exror
Of course the gates being used to detect and correct theserror

may themselves be faulty. An error correction code is said to
a,? fault tolerant if error propagation can be prevented éven
the squeezing corrections)(f) and S'(f.m,), are imple- the components used to do the error correction introduce er-
mented via homodyne measureme2007). Arfors thems_elvgs. Typically this is only possible if the eraie
other consequence of the non-Gaussian measurement is R4’ operation is below some level known as the fault tolerant
the concept of parallelism is not longer valid as the cemter t threshold.
node needs to be measured first due to the probabilistic na- The first error correction protocol for continuous vari-
ture of the measurement outcome. After which the amount ogbles [(Braunstein, 1998a; Lloyd and Slotine, 1998) was de-
squeezing required on the first node is dependent on the resiveloped as a direct generalization of the qubit redun-
n. Hence the time ordering of measurements now matters ar@ancy codes| (Shot, 1995). In Braunstein's simplified ver-
adaptiveness plays a role (depending on the specific digorit sion (Braunsteln, 1993b), eight ancilla squeezed states ar
performed, the value of might also depend on previous mea- mixed on beam splitters with the signal state to create a
surement results as well). From the above graph one can ngine-mode encoded state. Decoding is similarly achieved
tice that ideally the top center node is only attached to teen ~ with beam splitters, with homodyne detection on eight of the
below it. This is where the shaping tools from Sec. VITIC.3modes providing information about errors on the remaining
play a part. For example, if there is a point in the compuratio Signal mode. This protocol has recently been demonstrated
on the Gaussian cluster where the cubic phase state needsexperimentally/(Aokier all,2009). On any particular run the
be created then removing or deleting nodes from the clusteode can correct any error that occurs on any single mode of
would allow one to have it in the required form. the encoded state (Walker and Braunstein, 2010). This was
shown to extend to multiple errors provided they occur in a
stochastic wayl (van Lookk, 2008). Unfortunately, error mod
G. Quantum error correction els of this kind are non-Gaussian error models and do not cor-
respond to the Gaussian errors that typically occur in éxper
To argue that a particular physical system is capable of uniments due to loss and thermal noise. Other protocols for cor-
versal quantum computation it is not sufficient to show thatrecting more specific types of non-Gaussian noise imposed
the system in question can implement arbitrary unitaryw@vol on Gaussian states have been proposed and experimentally
tions. In any physical implementation there will be imperfe demonstrated (Lassenal, [2010; Nisetr all, 2008). It has
tions in the system that will inevitably lead to random esror been proven that error correction of Gaussian noise, inthose

where the input statég) is the first node from the left.
Here the square boxes represent subgraphs through whi
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on Gaussian states, using only Gaussian operations is impod. Continuous-variable algorithms

sible (Niseter all,[2009).

This no-go theorem does not apply if the initial states are Finally, before discussing future directions, we briefly
non-Gaussian. An example of such a protocol is that develmention two algorithms that have been developed for a
oped by Gottesmasr al! (2001). Here, the informationiis dis- continuous-variable quantum computer: Grover's search
cretized by encoding qubit states as non-Gaussian cont#uo algorithm (Grover, | 1997) and the Deutsch-Jozsa al-
variable states. Such states could be generated in opticgbrithm (Deutsch and Jozsa, 1992). These algorithms
modes by means of cross-Kerr interactim, were originally developed for discrete-variable sys-
[2004). Error correction against Gaussian errors can then bems (Nielsen and Chuang, 2000) and later analogs were
achieved using Gaussian operations. This protocol is knowfound for continuous-variable systems in terms of the quan-
to be fault tolerant, although the threshold requiremergs a tum circuit model formalism. Grover’'s search algorithm
quite extreme! (Glancy and Kill, 2006). A simpler encodingusing continuous variables was presented by&ati (2000)
of qubits into continuous-variable states is the coher&tes and showed that a square-root speed-up in searching an
encodingl(Ralpfer all, 2003). Fault tolerant error correction unsorted database could be achieved in analogy with the qubi
against Gaussian errors can also be achieved with thissystecase. A continuous-variable version of one of the earliest
with a better threshold behavior (Lurdazl, 2008). The price  quantum algorithms, the Deutsch-Jozsa algorithm, was first
paid for this improvement though, is that non-Gaussian-operdeveloped by_Pati and Braunstein (2003). Here the goal
ations are also required. of determining whether a function is constant or balanced

A third possibility that is not explicitly forbidden by theen ~ was constructed in the ideal case of perfectly squeezed
gotheoremiis to error correct Gaussian states against @aussqumodes. Later, this algorithm was analyzed in more detail
noise using non-Gaussian operations, that none-thedssk r by |Adcocker all (2009) and reformulated using Gaussian
in a Gaussian output state. Such protocols have been prstates by Zwierzz al! (2010).
posed [(Browner all, [2008) and demonstrateld (Xiangall,

[2010) for continuous-variable entanglement distillatidn-
tanglement distillation| (Bennett, Brassaedal., [1996) is a
non-deterministic error detection protocol, useful for- ex
tending the reach of quantum communication system

Continuous-variable protocols have also been developed to

distill entanglement against non-Gaussian n Research interest in the field of continuous-variable quan-

[2008; Hage’r all, [2008) and for non-Gaussian states againstum computation has increased significantly in the last few

Gaussian noisel_(Ourjoumtsenal], [2009). In principle, Yyears. This is particularly true in the case of cluster state

continuous-variable teleportation and continuous-\aeidis- ~ quantum computation. Therefore it is worth making a brief

tillation protocols based on noiseless amplification can b&omparison between the continuous-variable cluster sstate

combined to error correct Gaussian states against Gaussidiscussed here and the discrete-variable approach based on

noise [(Ralphl_2011). However, it is not currently known if e-hoton qubits and linear optics techniques (KmidlZ],

such protocols can be made fault tolerant. ;h . 2004). The key trade-off is between construc
Error correction cannot be directly introduced into thetion of the cluster and its measurements. In the continuous-

continuous-variable cluster state model by simply simulat Variable approach construction is deterministic, whitstrie
ing a circuit model error correction protocol with the clus- Single-photon approach it is non-deterministic and regpia

ter (Cable and Browhé, 2010 Ohligeral, 2010). This is very large overhegd in terms of |:_Jh_ot_on sources and memory
a generalization of the result bf Nielsen and Dawson (2005} order to make it near deterministic. On the other hand,
that similarly restricts error correction for discreteiable @l réquired measurements are trivial in the single-phaion
cluster states. These authors showed that error correctigfo@ch, whilstnon-Gaussian measurements pose a majer chal
could only be incorporated into the cluster state compuutati lenge in the continuous-variable approach. At this poir it
model provided the construction and measurement of the cludlifficult to say which of these problems represents the tigge
ter occurred concurrently, and the off-line, non-deteigtia MmPediment to building a large scale system.

production of special states was allowed. In continuous- There are a number of important avenues for future re-
variable cluster state computation, without fully-fletdhe search in continuous-variable quantum computation. Per-
continuous-variable fault tolerance, continuous-vddgalus-  haps the most important at this stage is the development
ter states based on any finite squeezing are strictly speakf continuous-variable fault tolerance for cluster staterg

ing not resources for continuous-variable cluster stangu tum computation. Another avenue would be to incorporate
tum computing [(Ohligeer all, 2010). However, it has continuous-variable quantum algorithms, such as Groeds’s
been argued that in principle, combining the techniquegorithm and the Deutsch-Jozsa algorithm, into the clusite s

of INielsen and Dawsor (2005) with the oscillator encodingmodel. Additionally, the development of further algoritam
scheme of Gottesmamall (2001) would allow fault toler-  for a continuous-variable quantum computer, e.g., an aptic
ant continuous-variable cluster state computation to béeth  version of Shor's factoring algorithrn (Sh 97), woulsba

out (Guer all, [2009), though this has not been shown explic-be interesting, especially for future experimental dertrans

itly. tions.

SI. Future directions
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VIil. CONCLUSION AND PERSPECTIVES tems.

In conclusion, we anticipate that Gaussian quantum infor-

This review examined the power of continuous-variablemation will play a key role in future developments of quantum

quantum information from a Gaussian perspective. The proiformation sciences, both theoretical and experimeiitails
cessing of Gaussian quantum information involves the use dé due to the simplicity and versatility of the involved pret
any combination of Gaussian states, Gaussian operatiods, acols as well as the availability of the required technolsgie
Gaussian measurements. The ability to characterize Gau¥ve hope that this review will help encourage these develop-
sian states and operations via their first and second-otaler s ments.
tistical moments offers a major simplification in the mathe-
matical analysis of quantum information protocols. Over th
last decgde, optica_l and atomic Gaussian states and cqmrati Acknowledgments
have being recognized as key resources for quantum informa-
tion processing. For example, continuous-variable quantu
teleportation only requires Gaussian entanglement ang-Gau
sian operations, while it can be used to teleport arbiteugn
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variable quantum key distribution works with coherentesat
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