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Variables Separable
You will need to remember:
d tan(x)
dx

= sec’(x) and dszc):((x) = sec(x) tan(x).

/tan(x) dx = In]|sec(x)|+ C and
dx

sec(x) = In|sec(x) + tan(x)| + C.

cos(2x) = cos?(x)—sin*(x) = 2cos?(x)—1 = 1—2sin?(x).

So: cos’(x) = %[1+cos(2x)], and  sin’(x) = %[1—cos(2x)].



Also remember:

X 1 9
/1—|—x2 dx = 5|n(1+x)—|—C

by u-substitution, but

1
/1+x2 dx = arctan(x) + C.



Variables Separable

2.2/BD11, BDM11 : xdx + ye *dy =0, y(0) = 1.

[ ydy = — [ xe* dx.
Use Integration by Parts.

y2 =2 —2xe* + C.

y =1 when x =0 and so
1=2—-0+Cor—-1=C.

y = +v2e¥ — 2xex — 1.

Plus sign from initial condition.



Homogeneous

2.2/ BD33; BDM28 : x% + 7z = 43

dz 22+2z-3  (z—1)(z+3)

X& 2—z 2—z

2—z A B

Z-D(z+3) (=1 (z+3)

2—z=A(z+3)+B(z—-1).
Substitute z = —3,1 to get



1 5
In|x|+C:+Z|n]z—1|—Zln\z—|—3|.

1 5 1 5
In|x|—|—C:+Z|n|y—x]—Z|n|y—|—3x|—zln|x|+zln|xl.

_ ly—=x
ly +3x[®



Linear Equations

2.1/ BD6 : ty' +2y = sin(t).
Make the coefficient of y’ equal to 1:

dy 2. sin(t)
dt+(t)y_ t

= exp[/%dt] — expl2In(t)] = £

d
tzd—}t/+2ty = [t?y] = tsin(t).

t?y = C — tcos(t) + sin(t).



Exact Equations

2.6/ BD9; BDM6 : Mdx + Ndy =
(ye¥ cos(2x) — 2e¥ sin(2x) + 2x)dx + (xe cos(2x) — 3)dy.

M N
ad_y = i—x = &Y cos(2x) + xye” cos(2x) — 2xe™ sin(2x).

F = / (xe™ cos(2x) — 3) dy = € cos(2x) — 3y + H(x).

F
3— = ye¥ cos(2x) — 2€* sin(2x) + H'(x)
x

=ye™ cos(2x) — 2e™ sin(2x) + 2x.

H(x) = x? and so e cos(2x) — 3y + x> = C.



Tank Problems

2.3/ BD2; BDM2 : V, = 120L, Sy = 0. Input and Output
2L/min. Concentration of Input vg/L.

In g/min: %:2.7_2%: 1209-5

60
dS dt

e % — 1207 = Cexp[—t/60].
S 1200 6o o 1207 = Cenl—t/60]

C = —120; S =1207y(1 — exp[—t/60]).
As t — oo S tends to 1207.



2.3/ BD4 : V, = 200gal, So = 100/b. Input 3gal/min, Output
2gal /min. Concentration of Input 1/b/gal.

In gal/min: £ =3-2=1.5 V = Vo+t:200+t.

In Ib/min: © =3.1-22 =3—

200+t

ds 2
dt 200+t

5$=3; p = (200 + t)°.

[(200+1)?S] = 3(200+t)?; (2004 t)2S = (200+ )3+ C;

So C — 2002100 — 200° = —2002100.
200 200
— (20048)-100(— 22 y2. V=1 (1/2)( 20
5 = (200+6) 1055055 o/ (/2200 + 1

)’



Interest Problems

2.3/ BD8; BDM6 : Initial Amount So = 0. Interest Rate
r%/yr. Input k$/yr.

d> ds
& K- _ds
dt rS+k; S+ (k/r) rdt

S+ (k/r)= Ce': C = (k/r).

S = (k/r)(e* ~1)

(b) 1,000,000 = (k/,075)(e.075~4o ~1).
(c) 1,000,000 = (4000/r)(e*" — 1). Can't solve explicitly.



2.3/ BD9; BDM7 : Initial Amount Sp = 8000. Interest Rate
.1%/yr. Output k$/yr. S3 = 0.

éz.lS—k; ds

_ 1dt.
dt S_1ok Mt

S — 10k = Ce't; 8000 — 10k = C.

~ 800e?®

_ .1 1 .
S =8000e™ —10k(e™ ~1); k= 5

= 3087.

Interest paid = 3k — 8000 = 1261.



Reduction of Order

2.9/ BD45 : 2y2y" +2y(y')2 =1
2y2vﬂ +2nw? =1, or (2y%v)dv+ (2yv?> —1)dy = 0.

Exact: y?v2 —y =G andso%:v:i—vcyﬁy.
Letu—C1+y

- C
:|:X+C2—/dX—/u 1 = 2432 —2Cut?

2
+x+ C2 AV Cl [ C1+y 2C1] =/ C1 +y[§(y—2C1)]



Miscellaneous Problems

BD1; BDML1 : Linear: Rewrite as: 2 + 2y = x2.

Q= exp[/ %dx] = exp[2In(x)] = x2.

d
[x%y] = x2d—§ +2xy = x*.

5 3

2 X X -2
= —+C; = — + Cx7°.

Xy 5—|— y 5+x

BD2; BDM2 : Variables separable: 2y + cosy = x +sinx + C.



BD 3; BDM3 : Not separable, linear, or homogeneous. Exact:
Rewrite as: (3 + 3y? — x)dy — (2x + y)dx = 0.

9 0
—(B+3y?—x)=-1=— —(2x+y).

8X ay
F(XaY):/(3+3y2—X)dy=3y+y3—xy+H(X).
OF )
$=—y+H(X):—(2x+y).

H'(x) = —2x; H(x) = —x°.
F(x,y) =3y +y®—xy —x% Solution: 3y +y* —xy —x* = C.
y(0) =0; andso C=0.



BD4; BDM4 : Variables Separable:
I =3(1—2x) +y(1—2x) = (3+y)(1 —2x).

3Cj_—yy:/(l—2x)dx; In3+y)=x—-x*+C.

y = =3+ Cexp[x — x°].
Linear: % +(2x — 1)y =3 —6x.

1= exp[—x+x%]; exp[—x+x*]y = /(3—6x)exp[—x+x2]dx.

u—sub:u=—x+x>: exp[-x+x%]y = —3exp[—x+x*]+ C.



BD5; BDMS5 : Exact: (x2+2xy)dy + (2xy +y?+1)dx

%(Xz +2xy) = 2x +2y = %(ZXy +y?+1).

Fixoy) = [ 00+ 29)dy =y 4292+ H(x),
oF 2 |y 2
§:2xy+y + H'(x) = (2xy + y~ + 1).
H'(x) =1; Hx) = x; F(x,y) = X%y +xy* + x

Xy +xy> +x=C.

= 0.



1

BD6; BDM6 : Linear, Combine y terms: % +(1+ %)y =
1
o= exp[/(l + _)dx] = xe*.
X
d
[xe*y] = Xexd_i +(x +1)e"y = €.
xy=€e+C; y(1)=0; 0=e+C; C=—e.

y=(1-e)/x.



BD8; BDM7 : Linear; BD9; BDM8 : Exact
BD10; BDM9 : Variables Separable:
d
(X +x =1y +x2(y —2)F =
-2 2 -1
Y 2y = _xex= o
y

x2

y—2lnly] =C—x—In|x| — x*.

BD11; BDM10 :. Exact; BD12 : Linear;



BD14; BDM11 : Exact: F(x,y) = xy + X; + y2.

2 2

Xy+%—|—y2 =C; y(2) =3, 6+24+9=C; xy—I—XE—i—y2 = 17.
Homogeneous: % = —X):Zyy; Let z = y/x.
dz 14z 222 +2z+1
Z— = —2z— =— .
dx 142z 142z
/ 1+2z d dx
———dz=— [ —.
222 4+2z+1 b%s
1
u—sub:§|n|222+2z+1|:—|nx+ C;

20y/x)?+2(y/x)+1=Cx? 2y +2xy+x*=C; C =34



BD28 : (2y +3x) = —xZ.
Linear: % + %y = -3

p=x% [xXy] =-3x% xXy=-x>+C;, y=-—x+Cx"

Homogeneous: 2 = —2(y/x) —3; Let z=y/x.
dz dz dx
£ - _3_3z - 3=
dx 2 +z 3 X

In[1+z]==3In|x|+C; 1+(y/x) =% X +x°y =C.



BD29; BDM22 : Homogeneous (not Exact): x% + z = 142,
1-=z dx
dz= | —.
/ 1+ 22 z X

arctan(z) — %In(l +2%) =In(x) + C = = In(x?) + C.

1
arctan(y/x) — 3 In(x* 4+ y?) = C.



Example y” — y = 0 via Reduction of Order:

VeQ/ =Y, V2:y2+C17

By Trig Substitution
ix+C2:|n|y+\/y2+C1|, \/y —f-Cl Cgeix—

Square to get C; = C3e*>* — 2C,ye™™. Finally,
y = CleX -+ Cze*X.

Instead, use y = e™ as test function. Characteristic Equation
r> —1 = 0 with roots r = 1. So directly,

y = Ge + Ge™.



Chapter 3, Section 3.1 - BD 3; BDM 3: 6y” —y' — y =0.
with characteristic equation 6r> — r — 1 = 0.
6r> —r—1=(3r+1)(2r — 1) with roots r = —1/3,1/2.

The general solution is y = Cie™ /3 + Gyet/?.

Chapter 3, Section 3.1 - BD 8; BDM 6 : y” — 2y’ — 2y = 0.
with characteristic equation r?> —2r — 2 = 0. By the Quadratic
Formula, the roots are 24+ 4+ 8]/2 = 14+ /3.

The general solution is y = C;e+V3)t 4 C,e(1-V3)t,



Chapter 3, Section 3.1 - BD 10; BDM 8 : y” + 4y’ +3y = 0.
with initial conditions y(0) = 2,y’(0) = —1.

The characteristic equation is 0 = r?> +4r+3 = (r +3)(r +1)
with roots r = —3, —1.

The general solution is y = Cie 3 + Coet. The initial
conditions yield the equations:

2=0G+ G, —1=-3C — G. Adding, we get 1 = —2(;.
So GG =—1/2and G; =5/2.

The solution of the IVP is y = (—1/2)e™3t + (5/2)e"".
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